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12. Interio r-point metho ds

² inequality constrainedminimization

² logarithmic barrier function and central path

² barrier method

² feasibility and phaseI methods

² complexity analysisvia self-concordance

² generalizedinequalities
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Inequalit y constrained minimization

minimize f 0(x)
subjectto f i (x) · 0; i = 1; : : : ; m

Ax = b
(1)

² f i convex,twice continuouslydi®erentiable

² A 2 Rp£ n with rank A = p

² we assumep? is ¯nite and attained

² we assumeproblemis strictly feasible:there exists~x with

~x 2 dom f 0; f i (~x) < 0; i = 1; : : : ; m; A ~x = b

hence,strong duality holdsand dual optimum is attained

Interior-point methods 12{2



Examples

² LP, QP, QCQP, GP

² entropy maximizationwith linear inequality constraints

minimize
P n

i =1 x i logx i

subjectto F x ¹ g
Ax = b

with dom f 0 = Rn
++

² di®erentiability may requirereformulating the problem,e.g.,
piecewise-linear minimizationor `1 -norm approximation via LP

² SDPsand SOCPsare better handledas problemswith generalized
inequalities(seelater)
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Logarithmic barrier

reformulation of (1) via indicato r function:

minimize f 0(x) +
P m

i =1 I ¡ (f i (x))
subjectto Ax = b

whereI ¡ (u) = 0 if u · 0, I ¡ (u) = 1 otherwise(indicator function of R¡ )

approximation via logarithmic barrier

minimize f 0(x) ¡ (1=t)
P m

i =1 log(¡ f i (x))
subjectto Ax = b

² an equality constrainedproblem

² for t > 0, ¡ (1=t) log(¡ u) is a
smooth approximation of I ¡

² approximation improvesas t ! 1
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logarithmic barrier function

Á(x) = ¡
mX

i =1

log(¡ f i (x)) ; dom Á = f x j f 1(x) < 0; : : : ; f m (x) < 0g

² convex(follows from composition rules)

² twice continuouslydi®erentiable,with derivatives

r Á(x) =
mX

i =1

1
¡ f i (x)

r f i (x)

r 2Á(x) =
mX

i =1

1
f i (x)2r f i (x)r f i (x)T +

mX

i =1

1
¡ f i (x)

r 2f i (x)
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Central path

² for t > 0, de¯ne x?(t) as the solution of

minimize tf 0(x) + Á(x)
subjectto Ax = b

(for now, assumex?(t) existsand is uniquefor eacht > 0)

² central path is f x?(t) j t > 0g

example: central path for an LP

minimize cT x
subjectto aT

i x · bi ; i = 1; : : : ; 6

hyperplanecT x = cT x?(t) is tangent to
levelcurveof Á through x?(t)
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Dual points on central path

x = x?(t) if there existsa w suchthat

tr f 0(x) +
mX

i =1

1
¡ f i (x)

r f i (x) + AT w = 0; Ax = b

² therefore, x?(t) minimizesthe Lagrangian

L(x; ¸ ?(t); º ?(t)) = f 0(x) +
mX

i =1

¸ ?
i (t)f i (x) + º ?(t)T (Ax ¡ b)

wherewe de¯ne ¸ ?
i (t) = 1=(¡ tf i (x?(t)) and º ?(t) = w=t

² this con¯rms the intuitive idea that f 0(x?(t)) ! p? if t ! 1 :

p? ¸ g(¸ ?(t); º ?(t))

= L(x?(t); ¸ ?(t); º ?(t))

= f 0(x?(t)) ¡ m=t
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Interp retation via KKT conditions

x = x?(t), ¸ = ¸ ?(t), º = º ?(t) satisfy

1. primal constraints: f i (x) · 0, i = 1; : : : ; m, Ax = b

2. dual constraints: ¸ º 0

3. approximate complementary slackness:¡ ¸ i f i (x) = 1=t, i = 1; : : : ; m

4. gradientof Lagrangianwith respect to x vanishes:

r f 0(x) +
mX

i =1

¸ i r f i (x) + AT º = 0

di®erencewith KKT is that condition 3 replaceş i f i (x) = 0

Interior-point methods 12{8



Force ¯eld interp retation

centering problem (for problemwith no equality constraints)

minimize tf 0(x) ¡
P m

i =1 log(¡ f i (x))

force ¯eld interp retation

² tf 0(x) is potential of force ¯eld F0(x) = ¡ tr f 0(x)

² ¡ log(¡ f i (x)) is potential of force ¯eld Fi (x) = (1=f i (x)) r f i (x)

the forcesbalanceat x?(t):

F0(x?(t)) +
mX

i =1

Fi (x?(t)) = 0
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example
minimize cT x
subjectto aT

i x · bi ; i = 1; : : : ; m

² objectiveforce ¯eld is constant: F0(x) = ¡ tc

² constraint force ¯eld decays asinversedistanceto constrainthyperplane:

Fi (x) =
¡ ai

bi ¡ aT
i x

; kFi (x)k2 =
1

dist (x; H i )

whereH i = f x j aT
i x = bi g

PSfragreplacements ¡ c PSfragreplacements
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Barrier metho d

given strictly feasiblex , t := t (0) > 0, ¹ > 1, tolerance² > 0.
repeat

1. Centeringstep. Computex ?( t ) by minimizing tf 0 + Á, subjectto Ax = b.
2. Update. x := x ?( t ) .
3. Stoppingcriterion. quit if m=t < ² .
4. Increaset . t := ¹t .

² terminateswith f 0(x) ¡ p? · ² (stoppingcriterion follows from
f 0(x?(t)) ¡ p? · m=t)

² centeringusuallydoneusingNewton'smethod, starting at current x

² choiceof ¹ involvesa trade-o®:large ¹ meansfewer outer iterations,
more inner (Newton) iterations; typical values:¹ = 10{ 20

² severalheuristicsfor choiceof t (0)
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Convergence analysis

number of outer (centering) iterations: exactly

»
log(m=(²t (0) ))

log ¹

¼

plus the initial centeringstep (to computex?(t (0) ))

centering problem

minimize tf 0(x) + Á(x)

seeconvergenceanalysisof Newton'smethod

² tf 0 + Á must haveclosedsublevelsetsfor t ¸ t (0)

² classicalanalysisrequiresstrong convexity, Lipschitzcondition

² analysisvia self-concordancerequiresself-concordanceof tf 0 + Á
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Examples

inequalit y form LP (m = 100 inequalities,n = 50 variables)
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² starts with x on central path (t (0) = 1, duality gap 100)

² terminateswhent = 108 (gap 10¡ 6)

² centeringusesNewton'smethod with backtracking

² total number of Newton iterations not very sensitivefor ¹ ¸ 10
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geometric program (m = 100 inequalitiesand n = 50 variables)

minimize log
³ P 5

k=1 exp(aT
0kx + b0k )

´

subjectto log
³ P 5

k=1 exp(aT
ik x + bik )

´
· 0; i = 1; : : : ; m
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family of standard LPs (A 2 Rm £ 2m )

minimize cT x
subjectto Ax = b; x º 0

m = 10; : : : ; 1000; for eachm, solve100 randomlygeneratedinstances
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number of iterations grows very slowly as m rangesovera 100: 1 ratio
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Feasibility and phase I metho ds

feasibilit y problem: ¯nd x suchthat

f i (x) · 0; i = 1; : : : ; m; Ax = b (2)

phase I: computesstrictly feasiblestarting point for barrier method

basic phase I metho d

minimize(over x, s) s
subjectto f i (x) · s; i = 1; : : : ; m

Ax = b
(3)

² if x, s feasible,with s < 0, then x is strictly feasiblefor (2)

² if optimal value ¹p? of (3) is positive, then problem(2) is infeasible

² if ¹p? = 0 and attained, then problem(2) is feasible(but not strictly);
if ¹p? = 0 and not attained, then problem(2) is infeasible
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sum of infeasibilities phase I metho d

minimize 1T s
subjectto s º 0; f i (x) · si ; i = 1; : : : ; m

Ax = b

for infeasibleproblems,producesa solution that satis¯esmany more
inequalitiesthan basicphaseI method

example (infeasibleset of 100 linear inequalitiesin 50 variables)
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right: sumof infeasibilitiesphaseI solution; satis¯es79 solutions

Interior-point methods 12{17

example: family of linear inequalitiesAx ¹ b+ ° ¢ b

² data chosento be strictly feasiblefor ° > 0, infeasiblefor ° · 0

² usebasicphaseI, terminate whens < 0 or dual objectiveis positive
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number of iterations roughlyproportional to log(1=j° j)
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Complexit y analysis via self-concordance

sameassumptionsas on page12{2, plus:

² sublevelsets(of f 0, on the feasibleset) are bounded

² tf 0 + Á is self-concordant with closedsublevelsets

secondcondition

² holdsfor LP, QP, QCQP

² may requirereformulating the problem,e.g.,

minimize
P n

i =1 x i logx i

subjectto F x ¹ g
¡ ! minimize

P n
i =1 x i logx i

subjectto F x ¹ g; x º 0

² neededfor complexity analysis;barrier method works evenwhen
self-concordanceassumptiondoesnot apply
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Newton iterations per centering step: from self-concordancetheory

# Newton iterations·
¹tf 0(x) + Á(x) ¡ ¹tf 0(x+ ) ¡ Á(x+ )

°
+ c

² bound on e®ort of computingx+ = x?(¹t ) starting at x = x?(t)

² ° , c are constants(depend only on Newton algorithm parameters)

² from duality (with ¸ = ¸ ?(t), º = º ?(t)):

¹tf 0(x) + Á(x) ¡ ¹tf 0(x+ ) ¡ Á(x+ )

= ¹tf 0(x) ¡ ¹tf 0(x+ ) +
mX

i =1

log(¡ ¹t¸ i f i (x+ )) ¡ m log¹

· ¹tf 0(x) ¡ ¹tf 0(x+ ) ¡ ¹t
mX

i =1

¸ i f i (x+ ) ¡ m ¡ m log¹

· ¹tf 0(x) ¡ ¹tg (¸; º ) ¡ m ¡ m log¹

= m(¹ ¡ 1 ¡ log¹ )
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total number of Newton iterations (excluding¯rst centeringstep)

# Newton iterations· N =
»

log(m=(t (0) ²))
log ¹

¼µ
m(¹ ¡ 1 ¡ log¹ )

°
+ c

¶
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² con¯rms trade-o®in choiceof ¹

² in practice, # iterations is in the tens; not very sensitivefor ¹ ¸ 10
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polynomial-time complexit y of barrier metho d

² for ¹ = 1 + 1=
p

m:

N = O
µ

p
m log

µ
m=t(0)

²

¶¶

² number of Newton iterations for ¯xed gap reductionis O(
p

m)

² multiply with cost of oneNewton iteration (a polynomialfunction of
problemdimensions),to get bound on number of °ops

this choiceof ¹ optimizesworst-casecomplexity; in practice we choose¹
¯xed (¹ = 10; : : : ; 20)
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Generalized inequalities

minimize f 0(x)
subjectto f i (x) ¹ K i 0; i = 1; : : : ; m

Ax = b

² f 0 convex,f i : Rn ! Rk i , i = 1; : : : ; m, convexwith respect to proper
conesK i 2 Rk i

² f i twice continuouslydi®erentiable

² A 2 Rp£ n with rank A = p

² we assumep? is ¯nite and attained

² we assumeproblemis strictly feasible;hencestrong duality holdsand
dual optimum is attained

examplesof greatestinterest: SOCP, SDP
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Generalized logarithm for proper cone

Ã : Rq ! R is generalizedlogarithm for proper coneK µ Rq if:

² dom Ã = in t K and r 2Ã(y) Á 0 for y ÂK 0

² Ã(sy) = Ã(y) + µlogs for y Â K 0, s > 0 (µ is the degreeof Ã)

examples

² nonnegativeorthant K = Rn
+ : Ã(y) =

P n
i =1 logyi , with degreeµ = n

² positivesemide¯niteconeK = Sn
+ :

Ã(Y ) = logdet Y (µ = n)

² second-order coneK = f y 2 Rn +1 j (y2
1 + ¢¢¢+ y2

n )1=2 · yn +1 g:

Ã(y) = log(y2
n +1 ¡ y2

1 ¡ ¢¢¢¡ y2
n ) (µ = 2)
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properties (without proof): for y Â K 0,

r Ã(y) º K ¤ 0; yT r Ã(y) = µ

² nonnegativeorthant Rn
+ : Ã(y) =

P n
i =1 logyi

r Ã(y) = (1=y1; : : : ; 1=yn ); yT r Ã(y) = n

² positivesemide¯niteconeSn
+ : Ã(Y ) = logdet Y

r Ã(Y ) = Y ¡ 1; tr (Y r Ã(Y )) = n

² second-order coneK = f y 2 Rn +1 j (y2
1 + ¢¢¢+ y2

n )1=2 · yn +1 g:

Ã(y) =
2

y2
n +1 ¡ y2

1 ¡ ¢¢¢¡ y2
n

2

6
6
4

¡ y1
...

¡ yn

yn +1

3

7
7
5 ; yT r Ã(y) = 2
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Logarithmic barrier and central path

logarithmic barrier for f 1(x) ¹ K 1 0, . . . , f m (x) ¹ K m 0:

Á(x) = ¡
mX

i =1

Ãi (¡ f i (x)) ; dom Á = f x j f i (x) ÁK i 0; i = 1; : : : ; mg

² Ãi is generalizedlogarithm for K i , with degreeµi

² Á is convex,twice continuouslydi®erentiable

central path: f x?(t) j t > 0g wherex?(t) solves

minimize tf 0(x) + Á(x)
subjectto Ax = b
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Dual points on central path

x = x?(t) if there existsw 2 Rp,

tr f 0(x) +
mX

i =1

Df i (x)T r Ãi (¡ f i (x)) + AT w = 0

(D f i (x) 2 Rk i £ n is derivativematrix of f i )

² therefore, x?(t) minimizesLagrangianL(x; ¸ ?(t); º ?(t)) , where

¸ ?
i (t) =

1
t
r Ãi (¡ f i (x?(t))) ; º ?(t) =

w
t

² from propertiesof Ãi : ¸ ?
i (t) ÂK ¤

i
0, with duality gap

f 0(x?(t)) ¡ g(¸ ?(t); º ?(t)) = (1=t)
mX

i =1

µi
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example: semide¯nite programming (with F i 2 Sp)

minimize cT x
subjectto F (x) =

P n
i =1 x i Fi + G ¹ 0

² logarithmic barrier: Á(x) = logdet(¡ F (x) ¡ 1)

² central path: x?(t) minimizestcT x ¡ logdet(¡ F (x)) ; hence

tci ¡ tr (Fi F (x?(t)) ¡ 1) = 0; i = 1; : : : ; n

² dual point on central path: Z ?(t) = ¡ (1=t)F (x?(t)) ¡ 1 is feasiblefor

maximize tr (GZ )
subjectto tr (Fi Z ) + ci = 0; i = 1; : : : ; n

Z º 0

² duality gap on central path: cT x?(t) ¡ tr (GZ ?(t)) = p=t
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Barrier metho d

given strictly feasiblex , t := t (0) > 0, ¹ > 1, tolerance² > 0.
repeat

1. Centeringstep. Computex ?( t ) by minimizing tf 0 + Á, subjectto Ax = b.
2. Update. x := x ?( t ) .
3. Stoppingcriterion. quit if (

P
i µi )=t < ² .

4. Increaset . t := ¹t .

² only di®erenceis duality gap m=t on central path is replacedby
P

i µi =t

² number of outer iterations:
&

log((
P

i µi )=(²t (0) ))
log ¹

'

² complexity analysisvia self-concordanceappliesto SDP, SOCP
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Examples

second-order cone program (50 variables,50 SOCconstraintsin R6)
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semide¯nite program (100 variables,LMI constraint in S100)
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family of SDPs (A 2 Sn , x 2 Rn )

minimize 1T x
subjectto A + diag (x) º 0

n = 10; : : : ; 1000, for eachn solve100 randomlygeneratedinstances
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Primal-dual interio r-point metho ds

more e±cient than barrier method whenhigh accuracyis needed

² update primal and dual variablesat eachiteration; no distinction
betweeninner and outer iterations

² often exhibit superlinear asymptoticconvergence

² search directionscan be interpreted as Newton directionsfor modi¯ed
KKT conditions

² can start at infeasiblepoints

² cost per iteration sameas barrier method
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