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12. Interior-point methods

2 inequaliy constrainedminimization

2 logaithmic barrier function and central path
2 barrier methad

2 feasibility and phasel methads

2 complexiy analysisvia self-concodance

2 generalizednequalities
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Inequality constrained minimization

minimize f(X)
subjectto fi(x)- O0; i=1:::;m (1)
AX =Db

2 f; convex,twice continuouslydi®erentiable
2 A2 RPEM with rank A = p
2 we assumep’ is nite and attained

2 we assumeproblemis strictly feasible:there existsx with
x 2 dom foq; fi)) <0 1=1;::0;m; Ax=Db

hence,strong duality holdsand dual optimum is attained
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Examples

2 LP, QP, QCQR GP
2 entropy maximizationwith linea inequality constraints

I P
minimize i—1 Xi logx;
subjectto Fx?! g

Ax = b

with dom fo = R,

2 di®erentiabiliy may requirerefarmulating the problem, e.g.,
piecewise-lingaminimizationor "3 -norm approximation via LP

2 SDPsand SOCPsare better handledas problemswith generalized
inequalities(seelater)
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Logarithmic barrier
reformulation of (1) via indicator function:

P
minimize fo(x)+ 2 I, (fi(x))
subjectto Ax = b

wherel; (u) = 0ifu- O, 1; (u) = 1 otherwise(indicator function of R; )
approximation via logarithmic barrier

P
minimize fo(x) i (1=t) i”ll log(i fi(x))
subjectto Ax = b

2 an equality constrainedproblem

2 fort> 0, (1=t)log(j u) isa
smooth approximation of |,

2 appoximationimprovesast! 1
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logarithmic barrier function

X0
AX) = j log(j fi(x)); dom A= fxjfi(x)< 0;:::;fm(x) < Og

i=1

2 convex(follows from composition rules)

2 twice continuouslydi®erentiablewith derivatives

) A | .
r A(x) = rfi(x
0 = g i
r 2A(x) = 1, fi0)r fi(x)T + . r 2fi(x)
_, (02 i
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Central path

2 for t > 0, de ne x’(t) asthe solution of

minimize tf o(x) + A(X)
subjectto Ax = Db

(for now, assumex’(t) existsand is uniquefor eacht > 0)

2 centralpathis fx?(t) jt > Og

example: central path for an LP

minimize ¢’ x
subjectto a'x - b; i=1:::;6

hyperplanec’ x = c"x?(t) is tangentto
levelcurve of A through x”(t)
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Dual points on central path

x = x°(t) if there existsa w suchthat

X0
—r fi(x)+ ATw=0; Ax = b

f
tr fo(x) + 1|f()

2 therefae, x?(t) minimizesthe Lagrangian

X1
L0, 7(0:07(1) = fo(x) + L {(OFi(x) + °7(1) " (Ax i D)

i=1
wherewe de ne , 7(t) = 1=(j tf;(x?(t)) and®?(t) = w=t
2 this con rms the intuitive ideathat fo(x?(t)) ! p’ift! 1 :

PP gl ():07()

L(X(t);, *(t);°° (1))
fo(x’(1)) i m=t
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Interpretation via KKT conditions

x = x2(t), . = (1), ° = °7(t) satisfy

1. primal constraints:f;(x) - 0,i=1;:::;m, AX =

2. dual constraints:, © 0O

4. gradientof Lagrangianwith respect to x vanishes:

X0
rfo(x)+ ,irfi(x)+AT°=0
i=1

di®erencavith KKT is that condition 3 replaces, ifi(x) = 0

Interior-point methods
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Force eld interpretation

centering problem (for problemwith no equalily constraints)

minimize tf o(X) j P M log(i fi(x))

force eld interpretation
2 tf o(x) is potential of force eld Fo(x) = j tr fo(Xx)
2 i log(j fi(x)) is potential of force eld Fi(x) = (1=f;(x))r f;(x)

the forcesbalanceat x?(t):

x
Fox’() +  Fi(X’(1) = 0

i=1
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example

minimize ¢’ x

subjectto a'x - b; i=1;:::;m
2 objectiveforce eld is constant: Fo(x) = j tc

2 constraintforce eld decas asinversedistanceto constrainthyperplane:

S

Fix) = hiax’ dist (x; H;)

whereH; = fxja'x = hg
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Barrier method

given strictly feasiblex, t := t© > 0,1 > 1, tolerancez > 0.
repeat

1. Centeringstep. Computex ’(t) by minimizingtf o + A, subjectto Ax
2. Update. x := x’(t).

3. Stoppingcriterion. quit if m=t < 2.

4. Increaset. t := .

b.

2 terminateswith fo(x) i p° - 2 (stopping criterion follows from
fo(x’(1)) i p’- m=t)

2 centeringusuallydoneusing Newton's method, starting at current x

2 choiceof ! involvesa trade-o®:large! meansfewer outer iterations,

more inner (Newton) iterations; typical values:* = 10{20

2 severalheuristicsfor choiceof t©
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Convergence analysis

number of outer (centering) iterations: exactly

7
"log(m=(t©)) "
log?

plusthe initial centeringstep (to computex?(t©@))

centering problem
minimize tf o(x) + A(X)

seeconvergencenalysisof Newton's method

2 tf o + A must haveclosedsublevelsetsfor t | t©)

2 classicalanalysisrequiresstrong convexit, Lipschitzcondition

2 analysisvia self-concedancerequiresself-concedanceof tf o + A

Interior-point methods
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Examples

inequality form LP (m = 100 inequalities,n = 50 variables)
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Newton iterations 1

2 starts with x on central path (t© = 1, duality gap 100
terminateswhent = 108 (gap 10 ©)
2 centeringusesNewton's methad with backtracking

total number of Newton iterations not very sensitivefor 1 | 10

N

N
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geometric program (m = 100inequalitiesand n = 50 variables)
3 .
minimize  log, ket exp(ag X + bok)
i 5 T R T
subjectto log ., exp(agx+ byx) - 0, i=1:::;m
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Newton iterations
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family of standard LPs (A 2 R™£2™)

minimize c'x
subjectto Ax =b; x° 0

35

Newton iterations

15~

101 102 108
m

number of iterations grows very slowvly asm rangesovera 100: 1 ratio
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Feasibility and phase | methods

feasibility problem: nd x suchthat
fix)- 0, i=1:::;m; Ax = b
phase I: computesstrictly feasiblestarting point for barrier method

basic phase | method

minimize(overx, s) s
subjectto fi(x)- s; i=1:::;m
Ax = b
2 if x, s feasible,with s < 0, then x is strictly feasiblefor (2)
2 if optimal valuep? of (3) is positive, then problem (2) is infeasible

2 jf p° = 0 and attained, then problem (2) is feasible(but not strictly);
if p7 = 0 and not attained, then problem(2) is infeasible

(2)

3)
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sum of infeasibilities phase | method
minimize 1Ts
subjectto s° 0; fi(X)- si; 1=1:::;m
Ax = b

for infeasibleproblems,producesa solutionthat satis esmany more

inequalitiesthan basicphasel method

example (infeasibleset of 100 linea inequalitiesin 50 variables)
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g 40 & 40
5 5
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0 M e on Il 0 S IO HHI (e e Il
il 05 0 T0:5 1 1.5 i1 05 0 - : 1 1.5
bi i aj Xmax bii a; Xsum
left: basicphasel solution;satis es39 inequalities
right: sumof infeasibilitiesphasel solution; satis es79 solutions
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example: family of linea inequalitiesAx 1 b+ °¢ b

2 data chosento be strictly feasiblefor ° > 0, infeasiblefor ° -

0

2 usebasicphasel, terminate whens < 0 or dual objectiveis positive

2 100}
§e] ) ; .
§ 80; Infeasible Feasible
Q
= ‘
i) !
= !
[0 |
z s
|01 i 0:5 1o] 0:5 1
é’loo gloo—
= 80 £ 80
2 60 2 60r
§ 40 S 40|
s 20 2 20
< 0 < 0
i1 ;102,104 ;1068 101 © 100 4 , 10i 2

number of iterations roughly proportional to log(1=°j)

Interior-point methods
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Complexity analysis via self-concordance

sameassumptionsas on pagel12{2, plus:

2 sublevelsets(of f o, on the feasibleset) are bounded

2 tf , + Ais self-concodant with closedsublevelsets

secondcondition

2 holdsfor LP, QP, QCQP

2 may requirerefarmulating the problem, e.g,

P
minimize ., xjlogx; ! minimize [, x; logx;
subjectto Fx1! g subjectto Fx?! g; x° 0

2 neededfor complexiy analysis;barrier method works evenwhen
self-concodanceassumptiondoes not apply
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Newton iterations per centering step: from self-concodancetheay

1 oo(x) + AX) i Mf o(x*) i AX*) c

o

# Newton iterations -

2 poundon e®at of computingx* = x?(1t ) starting at x = x”(t)
2 ° c are constants(depend only on Newton algaithm parameters)
2 from duality (with | =, ?(t), © = °?(t)):

uf o(x) + A(X) i Hf o(x*) i AX")
X
U o(x) i Hf o(x™)+  log(i %, ifi(x"))i mlog*
i=1
X
uf o(x) i Mf o(x¥)i t ,ifi(x")j mj mlog?
i=1
4f o(x)i g (,;°)i mj mlog?
= m(*j 1j log?)
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total number of Newton iterations (excluding rst centeringstep)

”logm=(t®@2) P ma i 11 logt)
# Newton iterations- N = g ! o' 94 ¢

log*?
510%
4104 — i °
gure shovs N for typical valuesof °, c,
310%
m
Z — —
210% m = 100 t@2 10

110%

O 11 1:2
1

2 con rms trade-o®in choiceof !

2 in practice, # iterationsis in the tens; not very sensitivefor * | 10
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polynomial-time complexity of barrier method

2 for! = 1+ 1:pﬁ:

Hy M M=t

) 19
N=0O m log 5

2 number of Newtoniterationsfor xed gap reductionis O(IO m)

2 multiply with cost of one Newton iteration (a polynomialfunction of
problemdimensions)to get bound on number of °ops

this choiceof 1 optimizesworst-casecomplexiy; in practice we choose?
xed (* = 10;:::;20)
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Generalized inequalities

minimize fo(X)
subjectto fi(x) 1k, 0; i=1;:::5;m
AX = b

2 f, convex,fi : R" ! R"i, i = 1;:::;m, convexwith respect to proper
conesK; 2 R

2 f; twice continuouslydi®erentiable
2 A2 RPEM with rank A = p
2 we assumep’ is nite and attained

2 we assumeproblemis strictly feasible;hencestrong duality holdsand
dual optimum is attained

examplesof greatestinterest: SOCR SDP
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Generalized logarithm for proper cone

A:RY! R isgeneralizedogaithm for proper coneK p RY if:

2 dom A= intK andr 2A(y) A Ofory Ax O
2 A(sy) = A(y) + plogs for y Ak 0, s> 0 (pis the degreeof A)

examples
~ P
2 nonnegativeorthant K = R : A(y) = i”:l logy;, with degreep = n

2 positive semide niteconekK = S :

A(Y) = logdetY (L= n)

2 second-oder coneK = fy 2 R™ j (y2 + ¢¢¢+ y2)1=2 . yo.1 0

A(y) = log(y2,, i Y2i ¢¢ y2)  (u=2)
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properties (without proof): for y Ak 0,
rAy)°ke=0, y'rAy=pu
2 nonnegativeorthant R} : A(y) = P ", logy;
rA(y) = 1=y 15n); yIrA(y)=n

2 positive semide nitecone S : A(Y) = logdetY

rAY)=YiL tr (Yr A(Y)) = n

2 second-ederconeK = fy 2 R"* j (y2+ ¢t¢+ y2)1=2 . y .0

2 3
i Y1
Aly) = ; r Aly) = 2
=S v e vz d i y'r AW
Yn+1
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Logarithmic barrier and central path

logarithmic barrier for f1(x) 2 «, 0, ..., fm(X)* k,, O

] X ) ]

A(X) = j Ai(i Ti(x)); dom A= fxjfi(x) Ax, 0, i= 1,:::;mg
i=1

2 A is generalizedogaithm for K ;, with degreey

2 Ais convex,twice continuouslydi®erentiable

central path: fx?(t)jt > 0g wherex’(t) solves

minimize tf o(x) + A(X)
subjectto Ax = Db
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Dual points on central path
x = x?(t) if there existsw 2 RP,

X0
tr fo(x)+  Dfi(x)"r Ai(j fi(x)) + ATw= 0
i=1

(Dfi(x) 2 RYE" is derivativematrix of f;)
2 therefae, x?(t) minimizesLagrangianL (x; , *(t);°°(t)), where

Jm = AGHEO)N: ot = Y

2 from propertiesof A;: | 7(t) Ak = 0, with duality gap

? ? ? )(n
fo(x“(1)) i 9(, “(1);°°(1) = (1=1)
i=1
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example: semide nite programming (with F; 2 SP)

minimize c¢'x P
subjectto F(x)= ', xiFi+G* 0

N

logarithmic barrier: A(x) = logdet(j F(x)i 1)

2 central path: x”(t) minimizestc" x i logdet(j F(x)); hence
tej tr (FF(XP() H =0, i=1:::;n

2 dual point on central path: Z?(t) = i (1=t)F (x?(t))i ! is feasiblefor
maximize tr (GZ)

subjectto tr(FiZz)+ ¢ =0; i=1:::;n
Z°0

N

duality gap on central path: c"x?(t) j tr (GZ7(t)) = p=t
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Barrier method

given strictly feasiblex, t :== t© > 0,1 > 1, tolerance? > 0.

repeat

1. Centeringstep. Computex ’(t) by minimizingtf o + A, subjectto Ax = b.
2. Update. x 1= x’°(t).

3. Stoppingcriterion. quit if ()=t < 2.

4. Increasd. t ;== 1t .

P
2 only di®erences duality gap m=t on central path is replacedby ; i =t

2 number of outer iterations:
& P '
log((" ; k)=(3t?))
log?

2 complexiy analysisvia self-concadanceappliesto SDP, SOCP
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Examples

second-arder cone program (50 variables,50 SOC constraintsin R®)

102 0
o S 120
& 10° b=
2 o
2 10i & = 80 1
= - |
i 4 =
-g 10! L q;) 40} 1
1006 1 =501 =200 = 2{ = * 1
0O 20 40 60 80 0720 60 100 140 180
Newton iterations 1

semide nite program (100 variables,LMI constraintin S'%°)
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Newton iterations 1

Interior-point methods
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family of SDPs (A2 S", x 2 R")

minimize 17x
subjectto A + diag(x)° O

35

Newton iterations

154

101 102 108
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Primal-dual interior-point methods

more excient than barrier method whenhigh accuracyis needed

2 update primal and dual variablesat eachiteration; no distinction
betweeninner and outer iterations

2 often exhibit superlinea asymptoticconvergence

2 seach directionscan be interpreted as Newton directionsfor modi ed
KKT conditions

2 canstat at infeasiblepoints

2 cost per iteration sameas barrier method
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