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3. Convex functions

² basicpropertiesand examples

² operationsthat preserveconvexity

² the conjugatefunction

² quasiconvexfunctions

² log-concaveand log-convexfunctions

² convexity with respect to generalizedinequalities
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De¯nition

f : Rn ! R is convexif dom f is a convexset and

f (µx + (1 ¡ µ)y) · µf (x) + (1 ¡ µ)f (y)

for all x; y 2 dom f , 0 · µ · 1

PSfragreplacements

(x; f (x ))

(y ; f (y ))

² f is concaveif ¡ f is convex

² f is strictly convexif dom f is convexand

f (µx + (1 ¡ µ)y) < µf (x) + (1 ¡ µ)f (y)

for x; y 2 dom f , x 6= y, 0 < µ < 1
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Examples on R

convex:

² a±ne: ax + b on R, for any a;b 2 R

² exponential: eax , for any a 2 R

² powers: x® on R++ , for ® ¸ 1 or ® · 0

² powersof absolutevalue: jxjp on R, for p ¸ 1

² negativeentropy: x logx on R++

concave:

² a±ne: ax + b on R, for any a;b 2 R

² powers: x® on R++ , for 0 · ® · 1

² logarithm: logx on R++
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Examples on Rn and Rm £ n

a±ne functionsare convexand concave;all norms are convex

examples on Rn

² a±ne function f (x) = aT x + b

² norms: kxkp = (
P n

i =1 jx i jp)1=p for p ¸ 1; kxk1 = maxk jxk j

examples on Rm £ n (m £ n matrices)

² a±ne function

f (X ) = tr (AT X ) + b =
mX

i =1

nX

j =1

A ij X ij + b

² spectral (maximumsingular value)norm

f (X ) = kX k2 = ¾max (X ) = (¸ max (X T X ))1=2
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Restriction of a convex function to a line

f : Rn ! R is convexif and only if the function g : R ! R,

g(t) = f (x + tv); dom g = f t j x + tv 2 dom f g

is convex(in t) for any x 2 dom f , v 2 Rn

can checkconvexity of f by checkingconvexity of functionsof onevariable

example. f : Sn ! R with f (X ) = logdet X , dom X = Sn
++

g(t) = logdet(X + tV ) = logdet X + logdet(I + tX ¡ 1=2VX ¡ 1=2)

= logdet X +
nX

i =1

log(1 + t¸ i )

where¸ i are the eigenvaluesof X ¡ 1=2VX ¡ 1=2

g is concavein t (for any choiceof X Â 0, V ); hencef is concave
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Extended-value extension

extended-valueextension ~f of f is

~f (x) = f (x); x 2 dom f ; ~f (x) = 1 ; x 62dom f

often simpli¯es notation; for example,the condition

0 · µ · 1 =) ~f (µx + (1 ¡ µ)y) · µ ~f (x) + (1 ¡ µ) ~f (y)

(as an inequality in R [ f1g ), meansthe sameas the two conditions

² dom f is convex

² for x; y 2 dom f ,

0 · µ · 1 =) f (µx + (1 ¡ µ)y) · µf (x) + (1 ¡ µ)f (y)
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First-order condition

f is di®erentiable if dom f is open and the gradient

r f (x) =
µ

@f (x)
@x1

;
@f (x)
@x2

; : : : ;
@f (x)
@xn

¶

existsat eachx 2 dom f

1st-order condition: di®erentiablef with convexdomainis convexi®

f (y) ¸ f (x) + r f (x)T (y ¡ x) for all x; y 2 dom f

PSfragreplacements

(x; f (x ))

f (y )

f (x ) + r f (x )T (y ¡ x )

¯rst-order approximation of f is globalunderestimator
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Second-order conditions

f is twice di®erentiable if dom f is open and the Hessianr 2f (x) 2 Sn ,

r 2f (x) ij =
@2f (x)
@x i @x j

; i; j = 1; : : : ; n;

existsat eachx 2 dom f

2nd-order conditions: for twice di®erentiablef with convexdomain

² f is convexif and only if

r 2f (x) º 0 for all x 2 dom f

² if r 2f (x) Â 0 for all x 2 dom f , then f is strictly convex
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Examples

quadratic function: f (x) = (1=2)xT Px + qT x + r (with P 2 Sn )

r f (x) = Px + q; r 2f (x) = P

convexif P º 0

least-squares objective : f (x) = kAx ¡ bk2
2

r f (x) = 2AT (Ax ¡ b); r 2f (x) = 2AT A

convex(for any A)

quadratic-over-linea r: f (x; y) = x2=y

r 2f (x; y) =
2
y3

·
y

¡ x

¸ ·
y

¡ x

¸ T

º 0

convexfor y > 0
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log-sum-exp: f (x) = log
P n

k=1 expxk is convex

r 2f (x) =
1

1T z
diag (z) ¡

1
(1T z)2zzT (zk = expxk )

to show r 2f (x) º 0, we must verify that vT r 2f (x)v ¸ 0 for all v:

vT r 2f (x)v =
(
P

k zkv2
k )(

P
k zk ) ¡ (

P
k vkzk )2

(
P

k zk )2 ¸ 0

since(
P

k vkzk )2 · (
P

k zkv2
k )(

P
k zk ) (from Cauchy-Schwarz inequality)

geometric mean: f (x) = (
Q n

k=1 xk )1=n on Rn
++ is concave

(similar proof as for log-sum-exp)
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Epigraph and sublevel set

®-sublevel set of f : Rn ! R:

C® = f x 2 dom f j f (x) · ®g

sublevelsetsof convexfunctionsare convex(converseis false)

epigraph of f : Rn ! R:

epi f = f (x; t) 2 Rn +1 j x 2 dom f ; f (x) · tg

PSfragreplacements

epi f

f

f is convexif and only if epi f is a convexset
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Jensen's inequalit y

basic inequalit y: if f is convex,then for 0 · µ · 1,

f (µx + (1 ¡ µ)y) · µf (x) + (1 ¡ µ)f (y)

extension: if f is convex,then

f (E z) · E f (z)

for any randomvariable z

basicinequality is specialcasewith discretedistribution

prob (z = x) = µ; prob (z = y) = 1 ¡ µ
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Operations that preserve convexity

practical methods for establishingconvexity of a function

1. verify de¯nition (often simpli¯ed by restricting to a line)

2. for twice di®erentiablefunctions,show r 2f (x) º 0

3. show that f is obtainedfrom simpleconvexfunctionsby operations
that preserveconvexity

² nonnegativeweightedsum
² composition with a±ne function
² pointwisemaximumand supremum
² composition
² minimization
² perspective
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Positive weighted sum & composition with a±ne function

nonnegative multiple: ®f is convexif f is convex,® ¸ 0

sum: f 1 + f 2 convexif f 1; f 2 convex(extendsto in¯nite sums,integrals)

composition with a±ne function : f (Ax + b) is convexif f is convex

examples

² log barrier for linear inequalities

f (x) = ¡
mX

i =1

log(bi ¡ aT
i x); dom f = f x j aT

i x < bi ; i = 1; : : : ; mg

² (any) norm of a±ne function: f (x) = kAx + bk
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Pointwise maximum

if f 1, . . . , f m are convex,then f (x) = maxf f 1(x); : : : ; f m (x)g is convex

examples

² piecewise-linear function: f (x) = maxi =1 ;::: ;m (aT
i x + bi ) is convex

² sumof r largest componentsof x 2 Rn :

f (x) = x [1] + x [2] + ¢¢¢+ x [r ]

is convex(x [i ] is i th largest component of x)

proof:

f (x) = maxf x i 1 + x i 2 + ¢¢¢+ x i r j 1 · i 1 < i 2 < ¢¢¢< i r · ng
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Pointwise supremum

if f (x; y) is convexin x for eachy 2 A, then

g(x) = sup
y2A

f (x; y)

is convex

examples

² support function of a set C: SC (x) = supy2 C yT x is convex

² distanceto farthest point in a set C:

f (x) = sup
y2 C

kx ¡ yk

² maximumeigenvalueof symmetricmatrix: for X 2 Sn ,

¸ max (X ) = sup
kyk2=1

yT X y
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Composition with scalar functions

composition of g : Rn ! R and h : R ! R:

f (x) = h(g(x))

f is convexif
g convex,h convex,~h nondecreasing
g concave,h convex,~h nonincreasing

² proof (for n = 1, di®erentiableg; h)

f 00(x) = h00(g(x))g0(x)2 + h0(g(x))g00(x)

² note: monotonicity must hold for extended-valueextension~h

examples

² expg(x) is convexif g is convex

² 1=g(x) is convexif g is concaveand positive
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Vector composition

composition of g : Rn ! Rk and h : Rk ! R:

f (x) = h(g(x)) = h(g1(x); g2(x); : : : ; gk (x))

f is convexif
gi convex,h convex,~h nondecreasingin eachargument
gi concave,h convex,~h nonincreasingin eachargument

proof (for n = 1, di®erentiableg; h)

f 00(x) = g0(x)T r 2h(g(x))g0(x) + r h(g(x)) T g00(x)

examples

²
P m

i =1 loggi (x) is concaveif gi are concaveand positive

² log
P m

i =1 expgi (x) is convexif gi are convex
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Minimization

if f (x; y) is convexin (x; y) and C is a convexset, then

g(x) = inf
y2 C

f (x; y)

is convex

examples

² f (x; y) = xT Ax + 2xT B y + yT Cy with

·
A B

B T C

¸
º 0; C Â 0

minimizingovery givesg(x) = inf y f (x; y) = xT (A ¡ B C¡ 1B T )x

g is convex,henceSchurcomplementA ¡ B C ¡ 1B T º 0

² distanceto a set: dist (x; S) = inf y2 S kx ¡ yk is convexif S is convex
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Perspective

the perspective of a function f : Rn ! R is the function g : Rn £ R ! R,

g(x; t) = tf (x=t); dom g = f (x; t) j x=t 2 dom f ; t > 0g

g is convexif f is convex

examples

² f (x) = xT x is convex;henceg(x; t) = xT x=t is convexfor t > 0

² negativelogarithm f (x) = ¡ logx is convex;hencerelativeentropy
g(x; t) = t log t ¡ t logx is convexon R2

++

² if f is convex,then

g(x) = (cT x + d)f
¡
(Ax + b)=(cT x + d)

¢

is convexon f x j cT x + d > 0; (Ax + b)=(cT x + d) 2 dom f g
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The conjugate function

the conjugate of a function f is

f ¤(y) = sup
x 2 dom f

(yT x ¡ f (x))

PSfragreplacements

f (x )

(0 ; ¡ f ¤(y ))

xy

x

² f ¤ is convex(evenif f is not)

² will be usefulin chapter5
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examples

² negativelogarithm f (x) = ¡ logx

f ¤(y) = sup
x> 0

(xy + logx)

=
½

¡ 1 ¡ log(¡ y) y < 0
1 otherwise

² strictly convexquadratic f (x) = (1=2)xT Qx with Q 2 Sn
++

f ¤(y) = sup
x

(yT x ¡ (1=2)xT Qx)

=
1
2

yT Q¡ 1y
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Quasiconvex functions

f : Rn ! R is quasiconvexif dom f is convexand the sublevelsets

S® = f x 2 dom f j f (x) · ®g

are convexfor all ®

PSfragreplacements

®

¯

a b c

² f is quasiconcaveif ¡ f is quasiconvex

² f is quasilinear if it is quasiconvexand quasiconcave
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Examples

²
p

jxj is quasiconvexon R

² ceil(x) = inf f z 2 Z j z ¸ xg is quasilinear

² logx is quasilinear on R++

² f (x1; x2) = x1x2 is quasiconcaveon R2
++

² linear-fractional function

f (x) =
aT x + b
cT x + d

; dom f = f x j cT x + d > 0g

is quasilinear

² distanceratio

f (x) =
kx ¡ ak2

kx ¡ bk2
; dom f = f x j kx ¡ ak2 · kx ¡ bk2g

is quasiconvex
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internal rate of return

² cash°ow x = (x0; : : : ; xn ); x i is payment in period i (to us if x i > 0)

² we assumex0 < 0 and x0 + x1 + ¢¢¢+ xn > 0

² presentvalueof cash°ow x, for interest rate r :

PV(x; r ) =
nX

i =0

(1 + r )¡ i x i

² internal rate of return is smallestinterest rate for which PV(x; r ) = 0:

IRR( x) = inf f r ¸ 0 j PV(x; r ) = 0g

IRR is quasiconcave:superlevelset is intersectionof halfspaces

IRR( x) ¸ R ( )
nX

i =0

(1 + r )¡ i x i ¸ 0 for 0 · r · R
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Properties

modi¯ed Jensen inequalit y: for quasiconvexf

0 · µ · 1 =) f (µx + (1 ¡ µ)y) · maxf f (x); f (y)g

¯rst-o rder condition: di®erentiablef with cvx domainis quasiconvexi®

f (y) · f (x) =) r f (x)T (y ¡ x) · 0

PSfragreplacements

x
r f (x )

sums of quasiconvexfunctionsare not necessarily quasiconvex
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Log-concave and log-convex functions

a positive function f is log-concaveif log f is concave:

f (µx + (1 ¡ µ)y) ¸ f (x)µf (y)1¡ µ for 0 · µ · 1

f is log-convexif log f is convex

² powers: xa on R++ is log-convexfor a · 0, log-concavefor a ¸ 0

² many commonprobability densitiesare log-concave,e.g., normal:

f (x) =
1

p
(2¼)n det §

e¡ 1
2(x ¡ ¹x )T § ¡ 1(x ¡ ¹x )

² cumulativeGaussiandistribution function © is log-concave

©(x) =
1

p
2¼

Z x

¡1
e¡ u2=2 du
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Properties of log-concave functions

² twice di®erentiablef with convexdomainis log-concaveif and only if

f (x)r 2f (x) ¹ r f (x)r f (x)T

for all x 2 dom f

² product of log-concavefunctions is log-concave

² sumof log-concavefunctions is not always log-concave

² integration: if f : Rn £ Rm ! R is log-concave,then

g(x) =
Z

f (x; y) dy

is log-concave(not easyto show)

Convexfunctions 3{28



consequencesof integration property

² convolutionf ¤ g of log-concavefunctionsf , g is log-concave

(f ¤ g)(x) =
Z

f (x ¡ y)g(y)dy

² if C µ Rn convexand y is a randomvariable with log-concavepdf then

f (x) = prob (x + y 2 C)

is log-concave

proof: write f (x) as integral of product of log-concavefunctions

f (x) =
Z

g(x + y)p(y) dy; g(u) =
½

1 u 2 C
0 u 62C;

p is pdf of y
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example: yield function

Y(x) = prob (x + w 2 S)

² x 2 Rn : nominalparametervaluesfor product

² w 2 Rn : randomvariations of parametersin manufacturedproduct

² S: set of acceptablevalues

if S is convexand w hasa log-concavepdf, then

² Y is log-concave

² yield regionsf x j Y (x) ¸ ®g are convex
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Convexity with respect to generalized inequalities

f : Rn ! Rm is K -convexif dom f is convexand

f (µx + (1 ¡ µ)y) ¹ K µf (x) + (1 ¡ µ)f (y)

for x, y 2 dom f , 0 · µ · 1

example f : Sm ! Sm , f (X ) = X 2 is Sm
+ -convex

proof: for ¯xed z 2 Rm , zT X 2z = kX zk2
2 is convexin X , i.e.,

zT (µX + (1 ¡ µ)Y )2z ¹ µzT X 2z + (1 ¡ µ)zT Y 2z

for X ; Y 2 Sm , 0 · µ · 1

therefore (µX + (1 ¡ µ)Y )2 ¹ µX 2 + (1 ¡ µ)Y 2
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