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De nition
f :R" ! R isconvexif dom f is a convexsetand
fx+ @1 wy) - )+ @i wfy)

forallx;y2domf,0:- pu- 1

(y;f(y)
(x; f(x))

2 f isconcaveif j f isconvex

2 f is strictly convexif dom f is convexand

flx+ (1 Wy) <)+ @i wfly)

forx;y2domf,x6y, 0<pu<1
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Examples on R

convex:

2 atne: ax+ bonR, foranya;b2 R

2 exponential: e, for anya 2 R

2 powers: Xx® onRs, ,for®, 1or®: 0

2 powersof absolutevalue: jxj° on R, for p, 1

2 negativeentropy: xlogx on R4+

concave:
2 atne: ax+ bonR, foranya;b2 R
2 powers: x® onRy, ,for0- ®- 1

2 logaithm: logx on R4+
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Examples on R" and R™£"

axne functionsare convexand concave:all norms are convex

examples on R"
2 axne functionf (x) = a'x+ b

P
2 noms: kxkp = (¢ Ly jxijP)P for p, 1 kxky = max jX]

examples on R™£" (m £ n matrices)
2 axne function

X0 X
f(X)=tr(ATX)+ b= Aj X +b
i=1 j=1

2 gpectral (maximum singula value) norm

f(X) = kXkz = ¥nax (X) = (, maX(XTX))1:2
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Restriction of a convex function to a line

f :R" ! R isconvexif andonlyif the functiong: R! R,
g(t) = f (x + tv); domg=ftjx+tv2domfg

is convex(in t) for anyx 2 dom f,v2 R"
cancheckconvexiy of f by checkingconvexiy of functionsof onevariable

example. f : S" ! R with f (X) = logdetX, dom X = S,

g(t) = logdet(X + tV)

logdetX + logdet(l + tX | 172y X i 172)

X
logdet X + log(1+t, ;)

i=1

where, ; are the eigenvaluesf X | 172y X i 1=2

g is concavein t (for any choiceof X A 0, V); hencef is concave
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Extended-value extension

extended-valuextensionf~ of f is

fx) = f(x); x2domf; fx)=1; xo62om f

often simpli es notation; for example,the condition
O- pu- 1 =) fx+ @i py) - fx)+ @i pfty)
(asaninequality in R[ flg ), meansthe sameasthe two conditions

2 dom f is convex

2 for x;y 2 dom f,

0- pu- 1 =) f(ux+ @i Wy X))+ @i W)
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First-order condition

f is di®erentiable if dom f is openandthe gradient

"eaw) @) @K

R e A AR

existsat eachx 2 dom f

1st-order condition: di®erentiabld with convexdomainis convexi®

f(y), f)+rf(xX)T(yi x) forallx;y2 dom f

f(y)
FOO+rfe)T(yi x)

(x; f(x))

“rst-order approximation of f is global underestimato
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Second-order conditions

f is twice di®erentiable if dom f is open and the Hessiarr °f (x) 2 S",

)= L

existsat eachx 2 dom f

2nd-order conditions: for twice di®erentiabld with convexdomain
2 f is convexif andonly if

r?f(x)° 0 forallx2 dom f

2 jfr 2f (x) A Oforall x 2 dom f, thenf is strictly convex
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Examples

quadratic function: f(x) = (1=2)x"Px+ q'x + r (with P 2 S")

convexif P° 0

r f(x) = Px+q

r2f(x)=P

least-squares objective: f (x) = kKAx | bk3

r f(x)= 2AT(Ax i b);

convex(for any A)

quadratic-over-linear: f (x;y) = x?=y

2
2¢ (v ) =
ref(xy) = ¥e

convexfory > 0
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r 2f (x) = 2ATA

f(xy)

P
log-sum-exp: f (x) = log ,_; expxy is convex

r %f (x) = %diag (2) i
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Vil

(zx = expxk)

to shov r ?f (x) © 0, we must verify that v'r f (x)v, 0 for all v:

vir 2f (x)v =

. P 9
since( | Vkzx)* -

P o, P P ,
( ezl gz i (g VkZ)

P =
A

!

5

Kk Zk)2

: Q _ .
geometric mean: f(x) = (-, Xk)}™" onRY, is concave

(similar proof asfor log-sum-exp)
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« Zk) (from Cauchy-Scharz inequality)
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Epigraph and sublevel set
®-sublevel setof f :R" ! R:
Cep=fx2domf jf(x) - ®g

sublevelsetsof convexfunctionsare convex(converseis false)

epigraph of f :R" ! R:
epif = f(x;t) 2 R"™ jx 2 dom f; f(x)- tg

epi f

f is convexif andonly if epi f is a convexset
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Jensen's inequality

basic inequality: if f is convex,thenfor O - p- 1,

fx+ @1 wy) - )+ @i wfy)

extension: if f is convex,then
f(Ez) - Ef(2)
for any randomvariable z

basicinequaliy is special casewith discretedistribution

prob (z=x)=  prob(z=y)=1j u
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Operations that preserve convexity

practical methods for establishingconvexiy of a function

1. verify de nition (often simpli ed by restrictingto a line)
2. for twice di®erentiablgfunctions, shav r %f (x) © 0

3. show that f is obtainedfrom simpleconvexfunctionsby operations
that preserveconvexiy

nonnegativeweightedsum
composition with atne function
pointwise maximumand sugemum
composition

minimization

perspective

N N N M M DN
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Positive weighted sum & composition with atne function

nonnegative multiple: ®f is convexif f is convex,®, 0
sum: f1 + f, convexif fq;f, convex(extendsto in nite sums,integrals)

composition with atne function: f (Ax + b) is convexif f is convex

examples
2 log barrier for linea inequalities
xXn

f(x)= log(b i a] x); domf =fxja/x<h;i=1:::;mg
i=1

2 (any) norm of atne function: f (x) = kAx + bk
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Pointwise maximum

2 sumof r largestcomponentsof x 2 R":
f(x)= Xyt X t ¢ee+ X[r]

is convex(Xp;j isith largestcomponent of x)

proof:

f(x) = maxfx;, + Xj, + ¢¢¢+ x;, j1- i;<ip< ¢C¢< i, -

Convexfunctions

Pointwise supremum
if f (Xx;y) isconvexin x for eachy 2 A, then
g(x) = supf (x;y)
y2A

IS convex

examples
2 support function of asetC: Sc(x) = sup,c yT X is convex

2 distanceto farthest point in a setC:

f(x) = supkx i yk
y2C

2 maximumeigenvalueof symmetricmatrix: for X 2 S",

. max (X)) = sup yTxy
kyko=1

Convexfunctions
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Composition with scalar functions
compositionof g: R"! Randh:R! R:
f(x) = h(g(x))

f is convexif 9 Convex.h convex,ii nondecreasing
g concave h convex,i nonincreasing

2 proof (for n = 1, di®erentiableg; h)
f2%) = hRg(x)) g1x)* + h%g(x)) g°{x)
2 note: monotonicity must hold for extended-valuextensionhn

examples
2 expg(x) is convexif g is convex

2 1=g(x) is convexif g is concaveand positive
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Vector composition

compositionof g: R"! R andh:R¥! R:

f is convexif g convex,h convex,i nondecreasingn eachargument
g concaveh convex,fT nonincreasingn eachargument

proof (for n = 1, di®erentiableg; h)

£%x) = g0 Tr 2h(g(x))g%x) + r h(g(x)) " g°(x)

examples
P : : "
2 i"ll loggi(x) is concaveif g, are concaveand positive

P
2 log i”;l expgi(x) is convexif g, are convex
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Minimization
if f (x;y) is convexin (x;y) and C is a convexset, then
9(x) = inf ()

IS convex

examples
2 f(x;y) = XxTAX + 2x"By + y' Cy with

A B’

o N A
BT o ° 0 CAO

minimizingovery givesg(x) = infy f (x;y) = x"(Aj BCi 1BT)x
g is convex,henceSchurcomplementA | BCi BT © 0

2 distanceto a set: dist (x; S) = infyos kx i yk is convexif S is convex
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Perspective

the perspective of a functionf : R" ! Risthe functiong:R"£ R! R,
g(x; t) = tf (x=t); domg=f(x;t)jx=t2 dom f; t> Og

g is convexif f is convex

examples
2 f(x) = x"x is convex;henceg(x; t) = x" x=t is convexfor t > 0

2 negativelogaithm f (x) = j logx is convex;hencerelative entropy
g(x;t) = tlogt i tlogx is convexon RZ,

2 if f is convex,then
i ¢
g(x) = (c"x + d)f (Ax + b=(c"x + d)

isconvexonfxjc'x+ d> 0; (Ax + b=(c"x + d) 2 dom f g
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The conjugate function

the conjugate of a functionf is

fy)= sup (y'xi f(x))

x2 dom f

f(x)

\/ e U f(y))
2 f% s convex(evenif f is not)

2 will be usefulin chapter5

Convexfunctions 31
examples
2 negativelogaithm f (x) = j logx
foy) = iug(xw logx)
’ i 1j log(iy) y<O
1 otherwise

2 strictly convexquadraticf (x) = (1=2)xT Qx with Q 2 S!,

f(y) sup(y' x i (1=2)x" Qx)

_ETil
= 2YQ y
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Quasiconvex functions

f :R" ! R isquasiconvexf dom f is convexand the sublevelsets
Se=fx2domf jf(x) - ®g

are convexfor all ®

2 f isquasiconcavef j f is quasiconvex

2 f is quasilineaif it is quasiconvexand quasiconcave
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Examples

2 P jXj is quasiconveon R

2 ceil(x) = inffz2 Zjz,k6 xgisquasilinea
2 logx is quasilineaon R..

2 f(xq;X2) = X1X» is quasiconcaven R?,

2 |inea-fractional function

f(x) = %’; dom f = fxjc'x+ d> Og
IS quasilinea
2 distanceratio
kx i aky

f(x)= domf = fxjkxj aks, - kxij bkyg

kx i bky’

IS quasiconvex
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internal rate of return

2 we assumexg < 0 andxg + X1 + ¢¢¢+ x, > 0

2 presentvalueof cash®ow x, for interestrate r:

X .
PV(;r)=  (1+r) 'x
i=0

2 internal rate of return is smallestinterestrate for which PV (x;r) = O:

IRR(x) = inffr , 0jPV(x;r) = 0g

IRR is quasiconcavesuperlevelsetis intersectionof halfspaces

X0 .
IRR(x), R () (1+r)i'x;, Ofor0O- r- R
i=0
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Properties
modi ed Jensen inequality: for quasiconvex

O- p- 1 =) f(x+ @i py) - - maxtf(x);f(y)g

“rst-o rder condition: di®erentiablé with cvx domainis quasiconvex®

fy)- f(x) =) rfx)'(yix) -0

rf(x)

sums of quasiconvexXunctionsare not necessaly quasiconvex
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Log-concave and log-convex functions

a positive function f is log-concavaf logf is concave:

fx+ @i wy), fOM )" foro- p- 1

f islog-convexf logf is convex

2 powers: x2 on R;; islog-convexfor a - 0, log-concavdor a, 0

2 many commonprobability densitiesare log-concaveg.g., normal:

f(x)=p ! el 3(xi )78 H(xi %)

" (2¥)" dets

2 cumulative Gaussiardistribution function © is log-concave
Z
1 X 42
©(x) = p— e du

il

RS
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Properties of log-concave functions

2 twice di®erentiabld with convexdomainis log-concaveaf and only if
fOOr 2f(x) 2 rfx)r f(x)7
for all x 2 dom f
2 product of log-concaveunctionsis log-concave
2 sum of log-concavdunctionsis not always log-concave

2 integration: if f : R" £ R™ ! R islog-concavethen
Z
gx) = f(x;y)dy

Is log-concavenot easyto show)

Convexfunctions 3{28



consequencesof integration property
2 convolutionf =g of log-concavdunctionsf , g is log-concave
Z
(frg)(x) = f(xi y)a(y)dy
2 jf C p R" convexandy is a randomvariable with log-concavepdf then
f(x)=prob(x+y2C)

is log-concave
proof. write f (x) asintegral of product of log-concaveunctions

£ & 1 2C
u
(0= g+ Py oW = 5 u e

p is pdf of y
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example: yield function
Y(X) = prob (x+w25S)
2 x 2 R": nominal parametervaluesfor product
2 w2 R": randomvariations of parametersin manufacturedproduct

2 S: setof acceptablevalues

if S is convexandw hasa log-concavepdf, then

2 Y islog-concave

2 yieldregionsfx j Y(x) , ®g are convex
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Convexity with respect to generalized inequalities

f :R"! R™ is K -convexif dom f is convexand
fax+ (17 py)*k fFX)+ (10 Wfy)
forx,y2domf,0- pu- 1
examplef : S™ 1 S™ f(X)= X?isS!"-convex
proof: for xed z 2 R™, 2" X2z = kX zk3 is convexin X, i.e.,
ZT(UX + (1§ WY)?zt pz'X%z+ (1 Wz'Y?z
for X;Y2S™, 0. p- 1

therefae (WX + (1 WY)?! X2+ (1 WY?
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