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2. Convex sets

² a±ne and convexsets

² someimportant examples

² operationsthat preserveconvexity

² generalizedinequalities

² separating and supporting hyperplanes

² dual conesand generalizedinequalities
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A±ne set

line through x1, x2: all points

x = µx1 + (1 ¡ µ)x2 (µ 2 R)PSfragreplacements

x 1

x 2

µ = 1:2
µ = 1

µ = 0:6

µ = 0
µ = ¡ 0:2

a±ne set: containsthe line through any two distinct points in the set

example: solution set of linear equationsf x j Ax = bg

(conversely, everya±ne set can be expressedas solution set of systemof
linear equations)
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Convex set

line segment betweenx1 and x2: all points

x = µx1 + (1 ¡ µ)x2

with 0 · µ · 1

convex set: containsline segmentbetweenany two points in the set

x1; x2 2 C; 0 · µ · 1 =) µx1 + (1 ¡ µ)x2 2 C

examples (one convex,two nonconvexsets)
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Convex combination and convex hull

convex combination of x1,. . . , xk : any point x of the form

x = µ1x1 + µ2x2 + ¢¢¢+ µkxk

with µ1 + ¢¢¢+ µk = 1, µi ¸ 0

convex hull conv S: set of all convexcombinationsof points in S
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Convex cone

conic (nonnegative) combination of x1 and x2: any point of the form

x = µ1x1 + µ2x2

with µ1 ¸ 0, µ2 ¸ 0

PSfragreplacements
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convex cone: set that containsall conic combinationsof points in the set
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Hyperplanes and halfspaces

hyperplane: set of the form f x j aT x = bg (a 6= 0)

PSfragreplacements a

x
aT x = b

x 0

halfspace: set of the form f x j aT x · bg (a 6= 0)

PSfragreplacements

a

aT x ¸ b

aT x · b

x 0

² a is the normal vector

² hyperplanesare a±ne and convex;halfspacesare convex
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Euclidean balls and ellipsoids

(Euclidean) ball with centerxc and radiusr :

B (xc; r ) = f x j kx ¡ xck2 · r g = f xc + r u j kuk2 · 1g

ellipsoid: set of the form

f x j (x ¡ xc)T P ¡ 1(x ¡ xc) · 1g

with P 2 Sn
++ (i.e., P symmetricpositivede¯nite)

PSfragreplacements
x c

other representation:f xc + Au j kuk2 · 1g with A square and nonsingular
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Norm balls and norm cones

norm: a function k ¢k that satis¯es

² kxk ¸ 0; kxk = 0 if and only if x = 0

² ktx k = jt j kxk for t 2 R

² kx + yk · kxk + kyk

notation: k ¢k is general(unspeci¯ed) norm; k ¢ksymb is particular norm

norm ball with centerxc and radiusr : f x j kx ¡ xck · r g

norm cone: f (x; t) j kxk · tg

Euclideannorm coneis calledsecond-
order cone
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norm ballsand conesare convex
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Polyhedra

solution set of ¯nitely many linear inequalitiesand equalities

Ax ¹ b; Cx = d

(A 2 Rm £ n , C 2 Rp£ n , ¹ is componentwiseinequality)

PSfragreplacements
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polyhedronis intersectionof ¯nite number of halfspacesand hyperplanes
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Positive semide¯nite cone

notation:

² Sn is set of symmetricn £ n matrices

² Sn
+ = f X 2 Sn j X º 0g: positivesemide¯niten £ n matrices

X 2 Sn
+ ( ) zT X z ¸ 0 for all z

Sn
+ is a convexcone

² Sn
++ = f X 2 Sn j X Â 0g: positivede¯nite n £ n matrices

example:
·

x y
y z

¸
2 S2

+
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Operations that preserve convexity

practical methods for establishingconvexity of a set C

1. apply de¯nition

x1; x2 2 C; 0 · µ · 1 =) µx1 + (1 ¡ µ)x2 2 C

2. show that C is obtainedfrom simpleconvexsets(hyperplanes,
halfspaces,norm balls, . . . ) by operationsthat preserveconvexity

² intersection
² a±ne functions
² perspective function
² linear-fractional functions
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Intersection

the intersectionof (any number of) convexsetsis convex

example:
S = f x 2 Rm j jp(t)j · 1 for jt j · ¼=3g

wherep(t) = x1 cost + x2 cos2t + ¢¢¢+ xm cosmt

for m = 2:
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A±ne function

supposef : Rn ! Rm is a±ne (f (x) = Ax + b with A 2 Rm £ n , b 2 Rm )

² the imageof a convexset under f is convex

S µ Rn convex =) f (S) = f f (x) j x 2 Sg convex

² the inverseimagef ¡ 1(C) of a convexset under f is convex

C µ Rm convex =) f ¡ 1(C) = f x 2 Rn j f (x) 2 Cg convex

examples

² scaling,translation,projection

² solution set of linear matrix inequality f x j x1A1 + ¢¢¢+ xm Am ¹ B g
(with A i ; B 2 Sp)

² hyperbolic conef x j xT Px · (cT x)2; cT x ¸ 0g (with P 2 Sn
+ )
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Perspective and linear-fractional function

perspective function P : Rn +1 ! Rn :

P(x; t) = x=t; dom P = f (x; t) j t > 0g

imagesand inverseimagesof convexsetsunderperspectiveare convex

linear-fractional function f : Rn ! Rm :

f (x) =
Ax + b
cT x + d

; dom f = f x j cT x + d > 0g

imagesand inverseimagesof convexsetsunder linear-fractional functions
are convex
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example of a linear-fractional function

f (x) =
1

x1 + x2 + 1
x
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Generalized inequalities

a convexconeK µ Rn is a proper cone if

² K is closed(containsits boundary)

² K is solid (has nonempty interior)

² K is pointed (containsno line)

examples

² nonnegativeorthant K = Rn
+ = f x 2 Rn j x i ¸ 0; i = 1; : : : ; ng

² positivesemide¯niteconeK = Sn
+

² nonnegativepolynomialson [0; 1]:

K = f x 2 Rn j x1 + x2t + x3t2 + ¢¢¢+ xn tn ¡ 1 ¸ 0 for t 2 [0; 1]g

Convexsets 2{16



generalized inequalit y de¯ned by a proper coneK :

x ¹ K y ( ) y ¡ x 2 K ; x ÁK y ( ) y ¡ x 2 in t K

examples

² componentwiseinequality (K = Rn
+ )

x ¹ Rn
+

y ( ) x i · yi ; i = 1; : : : ; n

² matrix inequality (K = Sn
+ )

X ¹ Sn
+

Y ( ) Y ¡ X positivesemide¯nite

thesetwo typesare so commonthat we drop the subscriptin ¹ K

properties: many propertiesof ¹ K are similar to · on R, e.g.,

x ¹ K y; u ¹ K v =) x + u ¹ K y + v
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Minimum and minimal elements

¹ K is not in generala linear ordering: we can havex 6¹K y and y 6¹K x

x 2 S is the minimum element of S with respect to ¹ K if

y 2 S =) x ¹ K y

x 2 S is a minimal element of S with respect to ¹ K if

y 2 S; y ¹ K x =) y = x

example (K = R2
+ )

x1 is the minimum elementof S1

x2 is a minimal elementof S2

PSfragreplacements
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Separating hyperplane theorem

if C and D are disjoint convexsets,then there existsa 6= 0, b suchthat

aT x · b for x 2 C; aT x ¸ b for x 2 D

PSfragreplacements
D

C

a

aT x ¸ b aT x · b

the hyperplanef x j aT x = bg separatesC and D

strict separation requiresadditionalassumptions(e.g., C is closed,D is a
singleton)
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Supporting hyperplane theorem

supporting hyperplane to set C at boundary point x0:

f x j aT x = aT x0g

wherea 6= 0 and aT x · aT x0 for all x 2 C

PSfragreplacements C

a

x 0

supporting hyperplane theorem: if C is convex,then there existsa
supporting hyperplaneat everyboundary point of C
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Dual cones and generalized inequalities

dual cone of a coneK :

K ¤ = f y j yT x ¸ 0 for all x 2 K g

examples

² K = Rn
+ : K ¤ = Rn

+

² K = Sn
+ : K ¤ = Sn

+

² K = f (x; t) j kxk2 · tg: K ¤ = f (x; t) j kxk2 · tg

² K = f (x; t) j kxk1 · tg: K ¤ = f (x; t) j kxk1 · tg

¯rst three examplesare self-dual cones

dual conesof proper conesare proper, hencede¯ne generalizedinequalities:

y º K ¤ 0 ( ) yT x ¸ 0 for all x º K 0
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Minimum and minimal elements via dual inequalities

minimum element w.r.t. ¹ K

x is minimum elementof S i® for all
¸ ÂK ¤ 0, x is the uniqueminimizer
of ¸ T z overS

PSfragreplacements x

S

minimal element w.r.t. ¹ K

² if x minimizes¸ T z overS for some¸ ÂK ¤ 0, then x is minimal

PSfragreplacements

Sx 1

x 2
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² if x is a minimal elementof a convexset S, then there existsa nonzero
¸ º K ¤ 0 suchthat x minimizes¸ T z overS
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optimal production frontier

² di®erentproduction methods usedi®erentamountsof resourcesx 2 Rn

² production set P: resourcevectors x for all possibleproduction methods

² e±cient (Pareto optimal) methods correspond to resourcevectors x
that are minimal w.r.t. Rn

+

example (n = 2)

x1, x2, x3 are e±cient; x4, x5 are not
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