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Atne set

line through xy, x»: all points

X=mx1+ (1i Wx2 (M2 R)

atne set: containsthe line through any two distinct points in the set

example: solutionset of linea equationsfx j Ax = bg

(converselyeveryatne set can be expgressedas solution set of systemof
linea equations)
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Convex set

line segment betweenx; and x;: all points

X= 1+ (1i HX2
withO0- p- 1
convex set: containsline segmentbetweenany two points in the set
X1;%22C; 0+ p- 1 =) g+ (i wx22C

examples (one convex,two nonconvexsets)

]
]
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Convex combination and convex hull

convex combination of x1,. .., Xx: any point x of the form
X = X1+ PoXo + CCC+ Py Xy

with g + ¢¢¢+ e = 1, i, O

convex hull conv S: set of all convexcombinationsof pointsin S
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Convex cone

conic (nonnegative) combination of x; and x,: any point of the form

X = X1+ Xz

withp , O, e, O

X1

X2

convex cone: setthat containsall conic combinationsof points in the set
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Hyperplanes and halfspaces

hyperplane: setof the formfx ja'™x = bg (a6 0)

2 ais the normal vecta

2 hyperplanesare atne and convex;halfspacesare convex
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Euclidean balls and ellipsoids
(Euclidean) ball with centerx. andradiusr:

B(Xc;r)=fxjkxij Xcko - rg=fxc+ rujkuk, - 1g

ellipsoid: set of the form
Exj(xi xo)"PTH(xi xc) - 19

with P 2 S}, (i.e., P symmetricpositive de nite)

other representation:fx. + Au j kuk, - 1g with A squae and nonsingula
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Norm balls and norm cones

norm: a function k ¢k that satis es

2 kxk, 0; kxk=0ifandonlyif x =0

2 ktxk = jtjkxk fort 2 R

2 kx + yk - kxk + kyk

notation: k ¢k is general(unspeci ed) norm; k ¢ksymp, is particular norm

norm ball with centerx. andradiusr: fx j kxj xck- rg

norm cone: f(x;t) j kxk - tg

Euclideannorm coneis calledsecond-
order cone

norm balls and conesare convex
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Polyhedra

solution set of nitely manylinea inequalitiesand equalities
Ax 1 Db; Cx=d
(A2 R"EM Cc2 RPEM 1 js componenwiseinequality)

ai ar

as
as

ag

polyhedronis intersectionof nite number of halfspacesand hyperplanes
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Positive semide nite cone

notation:
2 3" js setof symmetricn £ n matrices

2 S =fX 28" jX ° 0g: positive semide niten £ n matrices
X2S! () z'Xz, Oforallz

S" is a convexcone

2 8, =fX 2S"jX A 0g: positivede nite n £ n matrices

example:
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Operations that preserve convexity

practical methods for establishingconvexiy of a set C
1. apply de nition

X1;%X22C; 0 p- 1 =) X1+ (Lj wWwx22C

2. show that C is obtainedfrom simpleconvexsets(hyperplanes,
halfspacesnorm balls,. . . ) by operationsthat preserveconvexiy

2 intersection

2 axne functions

2 perspective function

2 linea-fractional functions
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Intersection

the intersectionof (any number of) convexsetsis convex

example:
S=fx2R"jjp(t)j - 1forjtj- Y&3g

wherep(t) = xj cost + X, cos2t + ¢¢¢+ x,, cosmt

for m = 2

p(t)

[

0 YF3 t 2Y+3 Ya
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Axne function
suppsef :R" ! R™ isatne (f (x) = Ax + bwith A 2 R™E" b2 R™)
2 the imageof a convexsetunderf is convex

Su R"convex =) f(S)=ff(x)]jx 2 Sgconvex

2 the inverseimagef i 1(C) of a convexset underf is convex

Cu R™convex =) fil(C)=1fx2R"jf(x)2 Cgconvex

examples

2 scaling,translation, projection

2 solutionset of linea matrix inequality fx j XA + ¢¢¢+ X, An * Bg
(with A;;B 2 SP)

2 hyperbolic conefx j xTPx - (c"x)?; ¢c"x , Og (with P 2 S)
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Perspective and linear-fractional function

perspective function P : R"*' | R":
P(x;t) = x=t; dom P = f(x;t)jt> Og

imagesand inverseimagesof convexsetsunder perspective are convex

linear-fractional function f :R"! R™:

Ax + b
F) = v d

— PoAT
et domf =fxjc' x+ d> Og

imagesand inverseimagesof convexsetsunder linea-fractional functions
are convex
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example of a linea-fractional function

1
f(x)= ——x
X1+ Xo+ 1

1 1
< 0 < 0
] 1 ] 0 1

i )?1 i el
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Generalized inequalities

a convexconeK p R" is a proper cone if

2 K is closed(containsits bounday)
2 K is solid (has nonempy interior)

2 K is pointed (containsno line)

examples
2 nonnegativeorthant K = R} = fx2R"jx;, 0;i= 1;:::;ng
2 positive semide niteconeK = S

2 nonnegativepolynomialson [0; 1]:

K = fx 2 R"jXxq+ Xot + Xat? + ¢¢¢+ x,t"1 1 Ofort 2 [0;1]g

5
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generalized inequality de ned by a proper coneK :

XTky () Vyix2K; xAcy () Vi x2intK

examples
2 componenwiseinequality (K = R)

X*roy () xi-y; i=1:0n
2 matrix inequaliy (K = ST)
XtaeY () Y i X positive semide nite

thesetwo typesare so commonthat we drop the subscriptin * ¢

properties: many propertiesof ! ¢ are simila to - onR, e.g,

Xy, ulygv =) X+ulgy+v
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Minimum and minimal elements

1  isnot in generala linea ordering. we canhavex 6% y andy 6% X

X 2 S isthe minimum element of S with respectto * ¢ if

y2s =) Xlky

X 2 S isa minimal element of S with respectto if

y2s, ytkx =) y=xXx

example (K = R?)

X1 is the minimum elementof S; S1

X» IS a minimal elementof S, X1
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Separating hyperplane theorem

if C and D are disjoint convexsets,then there existsa 6 0, b suchthat

a'x - bforx2 C; a'x, bforx2D

the hyperplanefx j a" x = bg sepaatesC and D

strict sepaation requiresadditional assumptionge.g., C is closed,D is a
singleton)
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Supporting hyperplane theorem

supporting hyperplane to set C at bounday point Xq:
fxja x = a'xoeg

wherea6 Oanda’™x - a'xg forallx 2 C

supporting hyperplane theorem: if C is convex,then there existsa
supyorting hyperplaneat everybounday point of C
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Dual cones and generalized inequalities

dual cone of a coneK:

K®=fyjy'x, Oforallx2Kg
examples
2 K=R'": K°= R
2 K =9 K= 9"
2 K = f(x;t)jkxky - tg: K= f(x;t) j kxk, - tg
2 K = f(x;t)jkxky - tg: K" = f(x;t)j kxky - tg

“rst three examplesare self-dual cones

dual conesof proper conesare proper, hencede ne generalizednequalities:

yok=0 () y'x, Oforalx°g O

Convexsets 2{21

Minimum and minimal elements via dual inequalities

minimum element w.r.t. * g

X IS minimum elementof S I® for all
. Ak = 0, x is the unique minimizer
of , Tz overS

minimal element w.r.t. 1

2 if x minimizes, Tz overS for some, A= 0, then x is minimal
s 1

2 if x i1s a minimal elementof a convexset S, then there existsa nonzero
° = 0 suchthat x minimizes, Tz overS

5
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optimal production frontier

2 di®erentproduction methads usedi®erentamountsof resourcex 2 R"
2 production setP: resourcevectas x for all possibleproduction methods

2 ezxcient (Pareto optimal) methods correspond to resourcevectas x
that are minimal w.r.t. RY

fuel
example (n = 2)

X1, X2, X3 are excient; x4, Xs are not P

X2 A5 X4

X3
labor
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