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Outline

[1Case study: The WWW
[1Barabasi-Albert Scale-free model
[1Does it predict measured properties of the WWW?
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Case Study: The WWW

Consider a graph where ...

[IHTML documents are nodes
[ILinks between HTML documents are edges

foo.html \ ) xyz.html
indexhtml
i i
T T ________ Y

We are interested in average vertex connectivity as graph grows very large
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Empirical measurements of the WWW

[JAutomated agent reads web-pages (in the nd.edu domain)
[IRecursively follows links and builds graph of system
[ICalculate link probabilities Poyt(k) and Pin(k)
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Connectivity and Topological Properties of the WWW

. smallest number of links from one node to another
IS computed by constructing a random graph with

[N vertices

[k outgoing links from each vertex where k is drawn from empirically
determined power-law distribution Pgyt (k)

[1Destinations determined randomly, Pi, (k) satisfied for each vertex

[1Compute < = to be the average across all vertex pairs
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Barabasi-Albert Scale-free Model

Earlier models

[ IErdos-Rényi (ER) and Watts-Strogatz (WS) models predict P (k) with
exponential decay

[1Assume networks with a fixed number of nodes N

[Links are random and uniform
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Barabasi-Albert Scale-free Model

Earlier models

[ IErdos-Rényi (ER) and Watts-Strogatz (WS) models predict P (k) with
exponential decay

[1Assume networks with a fixed number of nodes N

[Links are random and uniform

Barabasi-Albert Model

[1Growth: Initialize with mg vertices and add a new vertex at every
timestep with m edges to nodes already in the system (m < mg)
[1Preferential Attachment: Links for a new vertex are chosen according to

TI(k;) = i

i Ki

so that links to highly connected nodes are more likely.
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Scale-free Stationary State - Numeric

1IN =t + mg vertices ]
[Imt edges 1
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Scale-free Stationary State - Numeric

[N =t + mg vertices L1 Vmodel = 2.9 % 0.1
[Imt edges [_1scale-free stationary state
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Scale-free Stationary State - Analytic

Connectivity of vertex I

[1Vertex 1 aquires edges at a rate % = ‘5—; with boundary condition

K(tj) = m.

1Solution: K;(t) = m(%)o.5
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Scale-free Stationary State - Analytic

Connectivity of vertex I

[ Vertex i aquwes edges at a rate 2% — £ with boundary condition
k(ti) =
|:|Solution: ki(t) = m(§)%°
Connectivity distribution
Pki(t)<k]= P[m(t/tj)}? < K]

=  P[ti > (m/K)%t]
= 1—P[ti < (m/Kk)?t]

_ 1 — mZ2t

k2 (t+mo)
then P (i) <k) Emit T
i m 21,—3

Which yields a stationary power-law distribution withy = 3
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Do we need Growth & Preferential Attachment?

[1Growth Only
- II(k) =1/(mg+t—1)

- P(k) Cexp(—Bk)

[IPreferential Attachment Only

— Start with N vertices, no edges

[ 1
- II(ki) = ki/ j Kj

- P(Kk) is not stationary - eventually all vertices are connected

[1Both Growth and Preferential Attachment are necessary
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Matching WWW with Barabasi-Albert Model

Discrepancies
LY model = 3
:Iyout — 245, ym — 2]_
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Matching WWW with Barabasi-Albert Model

Discrepancies
LY model = 3
:Iyout — 245, ym — 2]_

Possible Reasons

[1Graph is not simply growing
[_INon-unique model (vertex ordering aledts y)
[ 1Model of TI(k) may be wrong

[IRewiring of links competes with growth
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Summary

Barabasi-Albert model is one step closer to representing systems like the
WW\W that have a power-law distribution on links.

In general, there may be several possible absorbing states:

[1Scale-free state - growth su Lciehtly exceeds link reattachment
[JFully connected state - probability of adding links is too high

[IRipened state - popular vertices get all connections
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