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We develop an elastic–isotropic rod model for twisted DNA in the plectonemic regime. We account for
DNA elasticity, electrostatic interactions and entropic effects due to thermal fluctuations. We apply our
model to single-molecule experiments on a DNA molecule attached to a substrate at one end, while sub-
jected to a tensile force and twisted by a given number of turns at the other end. The free energy of the
DNA molecule is minimized subject to the imposed end rotations. We compute values of the torsional
stress, radius, helical angle and key features of the rotation–extension curves. We also include in our
model the end loop energetic contributions and obtain estimates for the jumps in the external torque
and extension of the DNA molecule seen in experiments. We find that, while the general trends seen
in experiments are captured simply by rod mechanics, the details can be accounted for only with the
proper choice of electrostatic and entropic interactions. We perform calculations with different ionic con-
centrations and show that our model yields excellent fits to mechanical data from a large number of
experiments. Our methods also allow us to consider scenarios where we have multiple plectonemes or
a series of loops forming in the DNA instead of plectonemes. For a given choice of electrostatic and entro-
pic interactions, we find there is a range of forces in which the two regimes can coexist due to thermal
motion.

� 2012 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

The mechanical and electrostatic properties of DNA directly
affect various cellular processes, such as replication, transcription,
compaction and protein–DNA binding. This is the motivation
behind this study of DNA supercoils, which are also known as
plectonemes. Plectonemes in DNA molecules are manipulated by
several molecular machines during key processes, such as tran-
scription and DNA repair [1]. In several scenarios, the action of
these molecular machines or enzymes on DNA has been found to
depend on the mechanical stress present in the molecules [2,3].
Consequently, DNA supercoiling remains a subject of study for
theorists and experimentalists alike.

Experimentally, DNA supercoiling has been investigated using
several biochemical and biophysical methods, including single-
molecule experimental techniques, where individual DNA mole-
cules can be stretched and twisted under physiologically relevant
conditions [4–8]. In these experiments, it is possible to apply a
force and/or moment parallel to the filament axis of a DNA mole-
cule, and to measure the elastic response in terms of elongation
and angle of twisting about the filament axis. In rotation–extension
experiments, the vertical extension of the DNA filament and the
external moment are recorded as a function of the number of turns.
84

85

86

ia Inc. Published by Elsevier Ltd. A

215 573 6334.
hit).

, Purohit PK. The dependence
It is a well-known feature of the experimental curves that there is a
regime, corresponding to the formation of plectonemes, where
there is almost a linear relationship between the DNA extension
and the applied number of turns. Also, as shown in te recent exper-
iments of Forth et al. [4], Lipfert et al. [5] and Mosconi et al. [6], the
external moment is approximately constant in the plectonemic
regime.

Plectonemes have been studied theoretically as elastic rods by
many authors [9–14]. In order to interpret single-molecule
experiments, Purohit [15,16] accounts for the effects of thermal
fluctuations as well as electrostatics in plectonemes and straight
portions of DNA, and shows that many features seen in the recent
experiments of Forth et al. [4] can be qualitatively reproduced using
an elastic rod model. Furthermore, as seen in Fig. 5 in Purohit [16],
his theoretical results for the slope of the linear region in vertical
extension of the DNA vs. number of turns of the bead are around
twice the value of those found in experiments by Forth et al. [4].
One of the goals of this paper is to address this problem and get
more quantitative agreement with single-molecule experiments.
Our approach follows those of van der Heijden et al. [14] and Clauv-
elin et al. [17,18], who use a variational formulation to solve for the
geometry of the plectoneme. The analysis in van der Heijden et al.
[14] considers only the elastic energy of the filament, but Clauvelin
et al. [17,18] and other authors [19] consider electrostatic interac-
tions together with the elasticity, and are able to reproduce some
of the features of the rotation–extension experiments. In agreement
ll rights reserved.

of DNA supercoiling on solution electrostatics. Acta Biomater (2012),

http://dx.doi.org/10.1016/j.actbio.2012.01.030
mailto:purohit@seas.upenn.edu
http://dx.doi.org/10.1016/j.actbio.2012.01.030
http://www.sciencedirect.com/science/journal/17427061
http://www.elsevier.com/locate/actabiomat
http://dx.doi.org/10.1016/j.actbio.2012.01.030
Original text:
Inserted Text
givenname

Original text:
Inserted Text
surname

Original text:
Inserted Text
givenname

Original text:
Inserted Text
surname



87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

151
152
154154

155

156
157
159159

160

162162

163

164
165

166

167

168

169
170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

2 D. Argudo, P.K. Purohit / Acta Biomaterialia xxx (2012) xxx–xxx

ACTBIO 2074 No. of Pages 12, Model 5G

10 February 2012
with Purohit [16], Clauvelin et al. [18] reach the conclusion that
electrostatics plays a minor role compared to the elasticity of the
DNA in these experiments. Contrary to this conclusion, recent sin-
gle-molecule experiments and molecular simulations have shown
that the results of the rotation–extension experiments depend
strongly on the salt concentration of the solution [20,21]. For this
reason, we carefully consider electrostatics in this paper and pres-
ent an analytical model that captures the behavior of DNA in rota-
tion–extension experiments and simulations for a variety of DNA
lengths, applied loads and salt concentrations. We also apply our
model to a novel set of DNA experiments with a mixture of mono-
valent and multivalent salts, and show that we can predict the re-
sults of these experiments.

Other key variables that are affected by the salt concentration
are the discontinuities in extension and torque during the super-
coiling transition [20]. These discontinuities have been studied re-
cently by Forth et al. [4] and Daniels et al. [22]. Purohit’s models
[15,16] capture these discontinuities or jumps qualitatively, but
he does not comment on the salt dependence of the jumps. We
use our model to provide estimates for the number of turns at
which the DNA makes a transition from a straight to a supercoiled
configuration, and for the jump in the extension and moment as a
function of DNA length and salt concentration. Furthermore, we
contemplate the possibility of the formation of multiple plecto-
nemes and other forms of DNA compaction (loops and plecto-
nemes coexistence) due to energetic reasons.

2. General description of the model

We proceed with a model of the plectonemic region of the DNA
molecule based on the framework of Clauvelin et al. [18], but we
account for thermal fluctuation effects, confinement entropy and
an end loop model. The DNA in the experiments is modeled as a
Kirchhoff inextensible elastic rod of length 2l (with �l 6 s 6 l,
where s is the arc length along the centerline of the rod). The Kir-
chhoff theory of rods models the centerline as a curve in space r(s)
endowed with mechanical properties which are assumed to be
suitable averages over the cross-section of the rod [23,24]. The
configuration of an inextensible, unshereable rod is defined by
r(s) and an associated right-handed orthonormal director frame
di(s), i = 1,2,3. For convenience, the vector d3 = r0(s) is taken to be
tangential to the rod. The kinematics of the frame are encapsulated
in the director frame equations d0i ¼ u� di; where the components
of u = uidi are measures of the strain, u3 describes the physical
twist, and u1 and u2 are associated with bending such that the
square of curvature is given by j2 ¼ u2

1 þ u2
2. We assume a linear

constitutive relation between the stresses and the strains, so that
the moment m = Kbu1d1 + Kbu2d2 + Ktu3d3, where Kb is the bending
modulus and Kt is the twisting modulus. The rod is made up of
three regions (see Fig. 1):

� In the linear regions the tails are, on average, aligned with the
vertical axis. The tails are not completely straight and the
centerline follows a writhing path due to thermal fluctuations
in the DNA molecule. An analysis of fluctuating polymers
Fig. 1. Sketch representing single-molecule experiments, where a DNA molecule is
fixed at one end while the other end is subjected to a pulling force F and twisted by
a given number of turns n.

Please cite this article in press as: Argudo D, Purohit PK. The dependence
doi:10.1016/j.actbio.2012.01.030
subjected to tension and twist in the straight regime has been
carried out in detail by Moroz and Nelson [25,26], where
expressions for the twist and writhe have been provided. In
our model we will use their expressions.
� In the plectonemic region the position vector rp(s) and the tan-

gent vector r0pðsÞ describe the superhelix. Note that each helix is
itself a piece of double-stranded DNA molecule. So, in the liter-
ature, DNA plectonemic geometrical variables (angle and
radius) are often referred to as supercoiling or superhelical, to
distinguish them from the intrinsic helical nature of the base
pair structure. Due to the symmetry of the problem, it is conve-
nient to introduce cylindrical coordinates (r, w, z) for the posi-
tion vector:
1 At t
there is
momen
formed
(helices
the tran
torque.
used by
right be
describe

of DN
rpðsÞ ¼ vrer þ ze3 ð1Þ
where e3 is the axis of the helix that wraps around the cylinder and
er = coswe1 + sinwe2. The tangent to the position vector is:
r0pðsÞ ¼ sin hew þ cos he3 ð2Þ

w0 ¼ v sin h
r

; z0 ¼ cos h; 0 < h <
p
2

196
where the chiriality v = ±1 stands for the handedness of the helix:
v = 1 for a right-handed helix and v = �1 for a left-handed one
[17]. The other filament of the plectoneme is obtained by a rotation
of p about the helical axis e3. The plectonemic region is character-
ized by the helical radius r and the helical angle h, which are
assumed to be independent of the arc length s. The complement
p/2 � h of the helical angle is often referred to as the pitch angle.
Both r and h may depend on the loading. Geometric impenetrability
of the helices implies that h 6 p/4 [27,28]. Note that the external
moment Mext applied in the upper tail of the DNA molecule is equiv-
alent to a total moment M3 about r0p at the beginning of the plecto-
nemic region. By the arguments of conservation of torque about the
body axis of an isotropic rod, m � d3 = Ktu3 = M3 is a constant [24],
implying that the twist u3 is constant in the helical region.1 One
consequence of the use of the expressions given by Moroz and
Nelson [26] is that the twist u3 in the tails is different from that in
the plectoneme even though the twisting moment Mext = M3 is the
same, since the effective twist modulus is different in each region.

� At the end of the plectonemic region there is a loop. This end
loop is formed in the transition from the straight configuration
to the plectonemic configuration. In order to model the loop, we
propose an approximation based on the localizing solution of an
elastic rod [29,30], ignoring thermal fluctuations [31]. For
details we refer the reader to Section S.1 of the supplementary
data.

The molecule contour length spent per tail is denoted by
lt (Lt = 2lt), the contour length in the loop is denoted by Lo and
the contour length per helix is denoted by lp (Lp = 2lp). The sum
of the length of all regions is given by L = Lp + Lt + Lo. The equilib-
rium configuration of the rod is fully specified by the centerline,
through the variables r, h and M3. In what follows, we compute
these parameters as a function of the loading (the pulling force,
he transition point going from an initially straight state to a plectonemic state
a jump in the external torque. We define Mext = Mcritical as the twisting

t in the straight configuration right before the transition (no plectonemes
), while Mext = M3 is defined as the twisting moment when plectonemes
) are present and d M = Mcritical �M3 as the jump in the twisting moment at
sition (see Section 3.1). We use the notation Mext in Section 2 for the external
When plectonemes are present, the equations describing the DNA tails can be
replacing Mext with M3. When there are no plectonemes in the straight state
fore the transition, the equations describing the DNA tails can be used to
the entire molecule by replacing Mext with Mcritical.

A supercoiling on solution electrostatics. Acta Biomater (2012),
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197

198

199

200

201

202

203

204205
207207

208

209
210

212212

213

214

215

216

217

218

219220

222222

223224

226226

227

228

229230

232232

233

234

235

236
237

239239

240

241

242
243

245245

246
247

249249

250

251
252

254254

255

256

257

258

259

260

261
262

264264

265

266

267

268
269
271271

272

273

274

275

276

277

278
279

281281

282

283

284

285
286

288288

289

290

291

292

293

294

295

296

297

298

299

300
301

303303

304

305
306

308308

309

310

Q2

Q3

D. Argudo, P.K. Purohit / Acta Biomaterialia xxx (2012) xxx–xxx 3

ACTBIO 2074 No. of Pages 12, Model 5G

10 February 2012
F, and the number of turns, n) by minimizing the free energy of the
system.

The experiments are performed under imposed end rotations;
therefore, the energy minimization will be performed under the
constraint that the number of turns n imposed on the bead at
one end of the DNA is equal to the excess link Lkp of the DNA mol-
ecule in the helical region, the excess link Lkt in the tails and the
excess link Lko in the loop:

n ¼ Lkp þ Lkt þ Lko ð3Þ
where the link Lkp in the helical region corresponds to the classical
partition into twist Tw and writhe Wr [32]:

Lkp ¼
Mext

2pKt
� v sin 2h

4pr

� �
Lp ð4Þ

At this point, we note that clockwise rotations n about the e1

axis, corresponding to a positive external moment Mext, generate
a left-handed helix, with v = �1, while a negative external moment
generates a right-handed helix, with v = 1. We also note that, in the
presence of thermal fluctuations, there is a writhe contribution
from the tails which can be accounted for by using the results of
Moroz and Nelson [26]:

Lkt ¼
MextðL� Lp � LoÞ

2p
1
Kt
þ 1

4KbK

� �
þ OðK�3Þ ð5Þ

where

K ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KbF �M2

ext=4
q

kBT
ð6Þ

kB is the Boltzmann constant and T is the absolute temperature. The
link in the end loop can be approximated as (see Section S.1 of the
supplementary data):

Lko ¼
MextLo

2pKt
þWro ð7Þ

where Wro � 1 is the writhe present in the loop.

2.1. Potential energy of the system

It is convenient to express the total potential energy of the DNA
filament as:

V ¼
Z L

0
Cðs; h; qiÞds ¼ Vtails þ Vloop þ Vhelices ð8Þ

where qi are variables like M3,r,. . . independent of s. The free energy
in the case of fixed force F and fixed-torque Mext in the tails (straight
portion) is given by [26]:

Et ¼ �F �M2
ext

2Kt
þ G�flu

 !
Lt ð9Þ

where the last term is a correction due to thermal fluctuations:

G�flu ¼
ðkBTÞ2

Kb
K 1� 1

4K
� 1

64K2

� �
þ OðK�3Þ ð10Þ

where K is given by Eq. (6). The extension with thermal fluctuations
taken into account is given by @Et/@F = qLt

2, where

q ¼ 1� 1
2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KbF
k2

BT2 �
M2

ext

4k2
BT2 � 1

32

r þ KbkBT

Lt KbF � M2
ext
4

� � ð11Þ

Slope of the rotation–extension curve after the formation of
plectonemes can be obtained from constraint Eq. (3) together with
2 The given formula for q includes corrections as detailed in Moroz and Nelson [25].

Please cite this article in press as: Argudo D, Purohit PK. The dependence
doi:10.1016/j.actbio.2012.01.030
Eq. (11). The extension of the filament is given as Dz = q(L �
Lo � Lp). Noting that L is constant, Lo is approximately constant
and q is independent of n, the overall slope of the rotation–exten-
sion curve is given by:

d
dn
ðDzÞ ¼ �q

d
dn
ðLpÞ ð12Þ

In what follows, we drop the negative sign and simply refer to
the slope as q(d Lp/dn). The end rotation conjugate to Mext is given
by � @Et

@Mext
¼ 2pLkt . To get the free energy of the system under im-

posed end rotations Lkt, we apply a Legendre transform:

Vtails ¼ Et þ 2pLktMext ð13Þ

The free energy of the loop will be approximated under the
assumption that the bending and twisting energy decouple (see
the supplementary data). The twisting moment Mext is a constant
along the molecule and therefore the twist energy per unit length
is a constant too. The expression for the bending energy per unit
length Eo�bend and the length of the loop Lo are obtained from the
expressions given by Kúlic et al. [30] in the absence of twist:

Vloop ¼
M2

ext

2Kt
þ Eo�bend

 !
Lo ð14Þ

where Lo ¼ 4
ffiffiffiffiffiffiffiffiffiffiffi
Kb=F

p
and Eo�bend = F.

The free energy of the plectonemic region can be divided into
elastic energy Vhelices

el and the energy due to internal interaction
Vhelices

int . The elastic energy is given by:

Vhelices
el ¼ Kb

2
j2 þM2

ext

2Kt

 !
Lp ð15Þ

where j = sin2h/r is the curvature of a uniform helix [24]. Eq. (15)
captures the elastic behavior of the rod in response to the applied
loadings; it is zero in the straight and twist less the (natural) config-
uration of the rod. The electrostatic and entropic interactions pres-
ent in the plectonemic region Vhelices

int ¼ Uðr; h; xiÞLp will be described
in more detail later; here xi represents any auxiliary parameters or
internal variables that may appear in the free energy of the system
depending on the model picked to describe the electrostatic and
entropic parts of the energy. The potential energy can be written
by separating the terms that contribute along L, and those that con-
tribute only along Lp and Lo. We introduce a Lagrange multiplier k to
account for the constraint Eq. (3) and define:

Iðh; r;M3Þ ¼
Kb

2
sin4 h

r2 þ F þ Uðr; h; xiÞ � G�flu �
M2

ext

4KbK

þ k
2p

Mext

4KbK
þ v sin 2h

2r

� �
ð16Þ

such that the final expression for the potential energy of the system
subject to the constraint Eq. (3) is given by:

V ¼ Iðh; r;M3ÞLp þ
M2

ext

2Kt
� F þ G�flu þ

M2
ext

4KbK

 !
L

þ Eo�bend þ F � G�flu �
M2

ext

4KbK

 !
Lo

þ k n�MextL
2p

1
Kt
þ 1

4KbK

� �
þ MextLo

8pKbK
�Wro

� �
ð17Þ
311
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2.2. Internal energy: entropy and electrostatics

In the previous section we introduced the term U(r,h,xi) as a
general expression to account for the internal interactions and con-
figurational entropy cost in the plectonemic region. The term
of DNA supercoiling on solution electrostatics. Acta Biomater (2012),
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U(r,h,xi) represents the undulation-enhanced free energy per unit
length plus the electrostatic energy [33]. We split the internal en-
ergy of the plectoneme U(r,h,xi) into the configurational entropy
cost contribution Uconf(r,h,xi) and the purely electrostatic interac-
tions between the charged helices in ionic solution Uel(r,h,xi), such
that U = Uconf + Uel.

2.2.1. Electrostatics
At moderate length scales, electrostatic interactions between

phosphate groups in two different molecules and between phos-
phate groups and counterions (positively charged) and coions
(negatively charged) are present in the solution. Theoretical analy-
sis of electrostatic interactions between polyions in solution has
been done by Kornyshev et al. [34] and Parsegian and co-workers
[35,36]. To date, DNA–DNA interactions are still not clearly under-
stood. We studied the effects of some variants of the internal en-
ergy models available in the literature that have been used to
model DNA single-molecule experiments in Section S.2 of the sup-
plementary data. One of the electrostatic models shown in Section
S.2 is the Ubbink and Odjik [33] model derived for supercoiled
DNA. This analytical model is based on the leading asymptotic con-
tribution of the Debye–Huckel potential around two charged line
segments (helices). The other model shown in Section S.2 of the
supplementary data is the Marko and Siggia [37] electrostatic
model. This model corresponds to a uniform approximation of
the superposition of the potential in two limiting forms – the elec-
trostatic potential independent of h and the electrostatic potential
independent of r. As noted by Ubbink and Odjik [33], this is less
accurate. More importantly, since, in our problem, we are minimiz-
ing the free energy of the system, we are interested in the deriva-
tives of the electrostatic potential. However, the Marko and Siggia
superposition model underestimates the value of the derivative
[33]. Finally, the Ubbink and Odjik model includes undulation
enhancement effects due to thermal fluctuations. For these rea-
sons, together with the results summarized in Section S.2 of the
supplementary data, we have used the expression given by Ubbink
and Odijk [33]:

Uel ¼ UPBðr; h;drÞ ¼
1
2

kBTm2lBgðhÞ
ffiffiffiffiffiffiffiffiffi
kDp

r

r
e

2
d2

r
k2

D

�2r
kD ;

ðhÞ ¼ 1þ 0:83 tan2ðhÞ þ 0:86 tan4ðhÞ ð18Þ

where dr represents the small undulations of the helix in the radial
direction and leads to a correction in the electrostatic interaction
energy due to the thermal fluctuations. The Bjerrum length lB
(nm) is defined as the length scale at which thermal energy is equal
to coulombic energy, and is approximately 0.7 nm in water at 300 K
[38]. The Debye length kD (nm) and the effective linear charge m
(nm�1) depend on the monovalent salt concentration. It is impor-
tant to note that no consensus has been reached on the exact value
of m [18,21]. The Debye screening length in water can be obtained
from kD ¼ 0:305½nm�=

ffiffiffiffiffiffiffiffiffiffiffiffi
co½M�

p
, where co[M] is the monovalent salt

concentration in molar units [38].

2.2.2. Configurational entropy
The fluctuation free energy is kBT per correlation region [37],

and the free energy of entropic confinement per unit length of
the strand in the plectonemic supercoil may be written approxi-
mately as a superposition of two fluctuating modes due to radial
(dr) and longitudinal (pp) displacements [33,39]:

Uconf ðdr; hÞ ¼
kBT

A1=3

cp

ppð Þ2=3 þ
cr

d2=3
r

" #
ð19Þ

where A = Kb/(kBT) is the persistence length of the fluctuating rod.
The term 2pp is the pitch of the helix and is given by p = rcoth.
Please cite this article in press as: Argudo D, Purohit PK. The dependence
doi:10.1016/j.actbio.2012.01.030
The terms cr and cp are in general unknown constants. For a
worm-like chain confined in a harmonic potential, cr = cp = 3(2�8/3)
in one dimension [33], but, as noted by van der Maarel [39], it is
not clear whether these values can be adopted for the supercoiled
configuration. In our calculations in Section 3 we will use
cr = cp = 2�8/3, which are empirically optimized constants [39].

2.3. Variational formulation

Once the DNA has transitioned from the straight configuration
into the plectonemic state, the external moment Mext plateaus. Re-
call that we define Mext = M3 as the external moment present in the
molecule in the plectonemic state. To minimize the energy, we
need to equate the following partial derivatives to zero [16–19,33]:

@V
@M3

;
@V
@r

;
@V
@h

;
@V
@Lp

;
@V
@dr

	 

¼ 0

which yields:

k ¼ 2pM3 þ OðK�3Þ ð20Þ

Kb sin4 h
r3 � @Uðr; hÞ

@r
þ vM3

sin 2h
2r2

 !
Lp ¼ 0 ð21Þ

Kb
2 sin3 h cos h

r2 þ @Uðr; hÞ
@h

þ vM3
cos 2h

r

 !
Lp ¼ 0 ð22Þ

Iðh; r;M3Þ ¼ 0; ð23Þ
@Uðh; r;drÞ

@dr
¼ 0 ð24Þ

where I(h,r,M3) is given by Eq. (16). Note that we minimize with re-
spect to the external moment M3, which is constant along the DNA
molecule, instead of minimizing with respect to the twist u3 [17,18],
which is different in the tails and helices, depending on the magni-
tude of thermal motion. Because of the manner in which we treat
fluctuations in the energy expressions, our results for the equilib-
rium supercoiling variables h,r,M3 do not depend on the value of
Kt, unlike the case in the full solution in Neukirch and Marko [19].
We are interested in the non-trivial solution Lp – 0, which corre-
sponds to the minimum energy configuration when n > 0. The re-
sults obtained in this section for the plectonemic state of the DNA
molecule can also be obtained under the assumption that Lo	 l,
when the loop size is neglected in comparison to the length of the
tails and plectoneme.

3. Comparison with experiments and predictions: the complete
model

We begin with a short review of the experiments. In Forth et al.
[20], Brutzer et al. [4] and Mosconi et al. [6] the response of single
DNA molecules to externally applied forces and torques was directly
measured using an angular optical trap or magnetic tweezers. The
end-to-end extension of the DNA molecule was monitored as a
function of the number of turns n applied at the unconstrained
end. Ma eo et al. [21] completed the data sets of the slopes in the
experiments in Brutzer et al. [20] for 30, 60, 170 and 320 mM mono-
valent salt. Forth et al. [4] reported direct measurements of the
external torque M3 using optical traps, while Lipfert et al. [5] used
a novel method to directly measure the torque in single-molecule
experiments using magnetic tweezers. Both Brutzer et al. [20] and
Mosconi et al. [6] provided indirect measurements of the external
torques M3. Besides the experimental results, Ma eo et al. [21] also
provided the external torque, radius and slopes of the rotation–
extension curves from Monte Carlo simulations. The experimental
data of the slopes from Brutzer et al. [20] matched quantitatively
with the Monte Carlo results. Thus, Ma eo et al. [21] concluded that,
of DNA supercoiling on solution electrostatics. Acta Biomater (2012),
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within a cylinder approximation, DNA–DNA interactions can be
described only by a significantly reduced DNA charge. Ma eo et al.
[21] derived a simple model which neglected the entropy due to
thermal fluctuations in the DNA molecule and accounted for the
electrostatic interactions using the Debye–Huckel equation for a
point charge over two line segments (helices), where the effective
linear charge m is fitted to be 0.42 times the bare DNA charge (see
the supplementary material in Ma eo et al. [21]).

The data sets from Brutzer et al. [20], Maffeo et al. [21] and Mos-
coni et al. [6] provide consistent slope values over the entire force
range. The slopes from Forth et al. [4] are consistent with the rest
of the data sets for moderate forces, but differ in magnitude at
low forces, as shown in Figs. S.2.2 and S.6.1 of the supplementary
data. In general, the experimental results confirmed that the slopes
of the rotation–extension curves and the torques M3 are both lower
at higher salt concentrations. However, the various data sets show
greater disagreement in the torque values (see Fig. S.6.2 of the sup-
plementary data). The torque data sets from Forth et al. [4], Lipfert
et al. [5] and Brutzer et al. [20] provide rather high M3 values that
do not agree quantitatively with the Monte Carlo simulations as
functions of the salt concentration co. For instance, the indirectly
measured torque M3 for the 320 mM series reported by Brutzer
et al. [20] differs by about 20% from the ones obtained in the Monte
Carlo simulations carried out by Ma eo et al. [21]. The torque mea-
surements from Mosconi et al. [6] are the lowest and can be made
consistent with the Monte Carlo simulations with a 1.5 pNnm offset.
The indirect torque measurements of Mosconi et al. [6] and the force
dependence of the slopes satisfy the ‘‘Maxwell’’-type relation
derived by Zhang and Marko [40], as do the simulations and our the-
ory (see Section S.4 of the supplementary data). The values of M3

reported by Forth et al. [4] at 150 mM are larger than the 50 mM ser-
ies reported by Mosconi et al. [6] by more than 20% at low forces.
This contradicts the general trend that at larger ionic concentrations
the external torque should be lower [20,21], and provides an oppor-
tunity to determine what trends are predicted by theory.

In this section we compare our theoretical predictions to the
different sets of data mentioned above. Since the electrostatics in
DNA–DNA interactions is not completely understood and the dif-
ferent models in the literature have not reached consensus on
the value of the effective linear charge m, we will let it be a fitting
parameter. Based on the work of Stigter [41–43], values ranging
from 0.42 to 1 of the bare DNA charge (of a uniformly charged
rod with radius a 2 [1,1.2] nm) are found in the literature
[19,21,37]. Besides Stigter, Ubbink and Odjik[33] and Vologodskii
and Cozzarelli [44] have also provided m values for a charged cylin-
der with a = 1.2 nm. Our values of m for each salt concentration lie
within the range of values used by other authors. The effective lin-
ear charge m used in our calculations (for each salt concentration) is
presented in Table 1.

We show the results of our model, including the effect of
undulations along the radial direction in the internal energy
U(r,h,dr) = UPB(r,h,dr) + Uconf(h,dr). The values of M3,r and h as func-
tions of the external force F are obtained by solving the system of
equations given by Eqs. 20, 21, 2, 23, 24. The slope can be obtained
by combining Eqs. (3) and (12):

dDz
dn
¼ q

sin 2h
4pr

� M3

8pKbK

� ��1

ð25Þ

We have obtained solutions for F in a range of 0.4–3.5 pN, for
which the Moroz and Nelson [26] formulae apply. In Figs. 2 and
3 we show the results of the present model under the conditions
of the experiments in Brutzer et al. [20] and Ma eo et al. [21] for
a DNA template of 1.9 kbp. In our calculations we use the bending
modulus Kb = 50kBT nm as used by Brutzer et al. [20]. As seen in
Figs. 2 and 3, the quantitative predictions of our model for
Please cite this article in press as: Argudo D, Purohit PK. The dependence
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M3,dDz/d n and r consistently match with the Monte Carlo simula-
tions and experimental data in Ma eo et al. [21]. For low salt con-
centrations and high forces, the predictions of our theoretical
model overestimate the external moments by only about 1 pNnm.
It is reassuring that our theoretical model matches almost exactly
the three variables M3,dDz/d n and r with only one fitting parame-
ter m. We also found that the ratio of the undulations dr to the
superhelical radius r is about 30% which is consistent with the
ratios reported by Ubbink and Odijk [33]. Similarly, in Fig. 2 we
compare our theoretical predictions for the slope of the rotation–
extension curves to some of the experimental data series reported
by Mosconi et al. [6] for a DNA template of 15.9 kbp. As before, we
pick m to be a fitting parameter and use Kb = 50kBT nm. Fig. 2 shows
excellent quantitative agreement between the direct measurement
by Mosconi et al. [6] and our theoretical predictions. Our fitting
values of m (see Table 1) are consistent with each other and follow
the expected trend by increasing as the salt concentration
increases. Using the present internal energy model with the config-
urational entropy coefficients cr = cp = 2�8/3 produces theoretical
predictions for M3 that follow the qualitative trend of the indirect
measurements by Mosconi et al. [6] but differ quantitatively by
about 2.5 pN (a possible reason for this discrepancy is given in
Section S.4 of the supplementary data).

3.1. The transition point and jump estimates

It is known that at the transition from the straight to the plec-
tonemic state there is a jump in the value of M3 and the vertical
extension of the DNA molecule [4,20,22]. The jump in the vertical
extension means that a section of the initially straight DNA
becomes a writhed supercoiled structure immediately after the
transition. We define dn as the amount of twist from the straight
configuration (right before the transition) which is transferred into
writhe in the supercoiled configuration (after transition). Brutzer
et al. [20] suggest, using a simple model to fit their data, that in
the transition the amount of twist dnwhich is transferred into
writhe is larger than Wro � 1 by a significant amount (at F = 3 pN
and co = 0.32 M dn = 1.6 ± 0.1 turns for the 1.9 kbp DNA template
and dn = 3.4 ± 0.2 turns for the 10.9 kbp DNA) [20]. This conclusion
would suggest that the jump in their data corresponds to the for-
mation of an initial loop and some helical turns. Hence, the jump
in the end-to-end distance is not just the size of the end loop
[20,22]. Strick et al. [45] show a measurement of the critical torque
at the transition point based on the minimization of energy in an
initial loop model. This calculation of MStrick = (2KbF)1/2 is approx-
imate since it ignores the thermal fluctuations in the loop and
assumes that the loop is circular. As noted by Marko [46], the value
of MStrick overestimates the plectonemic torque data extracted from
their MC simulations by 25%. Here we propose a different
approach. The jump in the external moment is denoted by the dif-
ference d M = Mcritical �M3. We can estimate the critical number of
turns ncritical for which the transition occurs, the size of the jump in
the end-to-end distance dz, and the jump dM by noting (i) that at
the transition the energy of the straight configuration and plecto-
nemic configuration are equal and (ii) that the linking number
n = Lk is a topological invariant that must be continuous at the
transition between the two configurations. The energy of the
straight configuration just before the transition is given by Eq.
(13), replacing Mext = Mcritical and Lt = L:

bV s ¼ �F þM2
critical

2Kt
þ G�flu�s þ

M2
critical

4KsKb

 !
L ð26Þ

where Ks and G�flu�s are given by Eqs. (6) and (10) evaluated at
Mext = Mcritical. The energy of the plectonemic configuration just after
the transition is given by Eq. (17), replacing Mext = M3:
of DNA supercoiling on solution electrostatics. Acta Biomater (2012),
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Table 1
Effective linear charge m used in our calculations as a function of the monovalent salt concentration co(mM). The third column shows the fraction
n = m/mbare, where mbare has been computed as in Refs. [19,41–43] for a = 1 nm. For salt concentrations in the range 30–500 mM, the value of the charge
mbare can be approximated by a linear fit with R2 > 0.99 (the linear fit predicts 99% of the variance on the fitted variable). Based on this idea, we
performed a linear fit to the value of m we used and obtained mfit = 2.46 + 2.38 � 10�2co, with R2 > 0.99 and co in mM units. A linear fit to n gives
nfit = 0.73 � 2.7 � 10�4co. The fourth column shows the fraction n̂ ¼ m=mbare , where mbare has been computed using a = 1.2 nm as in [21]. Note that for
large salt concentrations ðco 
 0:32� 0:5½M�Þ n̂ � 0:42 is equal to the charge adaptation factor used in Maffeo et al. simulations [21].

co [mM] m [nm�1] n = m/mbare (a = 1 nm) n̂ ¼ m=mbare (a = 1.2 nm)

30 2.83 0.70 0.61
50 3.73 0.75 0.63
60 3.80 0.71 0.59

100 5.32 0.75 0.62
150 5.93 0.67 0.53
170 6.16 0.62 0.50
200 7.71 0.71 0.54
320 10.00 0.64 0.46
500 14.31 0.60 0.42

1 2 3 4

30

50

70

F [pN]

dΔ
z/

dn
 [n

m
]

*Maffeo et al. (2010) & Brutzer et al. (2010)
0.03M
0.03M*
0.06M
0.06M*
0.17M
0.17M*
0.32M
0.32M*

1 2 3 4

30

50

70

F [pN]

dΔ
z/

dn
 [n

m
]

*Mosconi et al. (2009)
0.05M
0.05M*
0.1M
0.1M*
0.2M
0.2M*
0.5M
0.5M*

Fig. 2. Slope dDz/dnas a function of the external force F. Lines represent our
predictions and markers the experimental data. The upper graph shows the
experimental data in Brutzer et al. [20] and Ma eo et al. [21]. The values of the linear
effective charge m used are 2.83, 3.80, 6.16 and 10.00 nm�1 for 30, 60, 170 and
320 mM salt concentration respectively. The lower graph shows the experimental
data in Mosconi et al. [6], and the values of the linear effective charge m used are
3.73, 5.32, 7.71 and 14.31 nm�1 for 50, 100, 200 and 500 mM salt concentration
respectively.

Fig. 3. External moment M3 and superhelical radius r theoretical predictions for the
different salt concentrations in Brutzer et al. [20]. The lines are our predictions and
the markers are the data points corresponding to the values of r and M3 in
the Monte Carlo simulations of Ma eo et al. [21]. The values of m used are shown in
Table 1.
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bV p ¼
M2

3

2Kt
Lþ Kb

2
sin4 h

r2 þ U

 !
L�p þ Eo�bendLo

þ G�flu�p þ
M2

3

4KbKp
� F

 !
L� L�p � Lo

� �
ð27Þ

where Kp and G�flu�p are given by Eqs. (6) and (10), evaluated at
Mext = M3. The length eaten by the helices during the transition
due to the dynamic jump is L�p. Setting bV p ¼ bV s, we get an equation
with two unknowns Mcritical and L�p. We get a second equation by
using the continuity requirement of n = Lk. In the straight DNA con-
figuration, the critical number of turns nc�s before the transition is
given by:

nc�s ¼
Mcritical

2p
L

1
Kt
þ 1

4KbKs

� �
ð28Þ

In the plectonemic configuration, the critical number of turns
nc�p just after the transition is:
Please cite this article in press as: Argudo D, Purohit PK. The dependence
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nc�p ¼
M3L
2pKt

þ
M3 L� L�p � Lo

� �
8pKbKp

þWr ð29Þ

where Wr � 1þ sinð2hÞL�p=ð4prÞ accounts for the writhe present in
the loop and the helices. Our second equation to solve for Mcritical

and L�p is given by nc�p = nc�s. The amount of link (twist) that is con-
verted into writhe is readily given from Eqs. (28) and (29) as the
writhe after the transition minus the writhe before the transition:

dn ¼
M3 L� L�p þ Lo

� �
8pKbKp

þWr

24 35� McriticalL
8pKbKs

� �
¼ dML

2pKt
ð30Þ

From Eq. (30), if dn �Wr � 1, then we can conclude that only an
end loop is formed and Lp � 0. Otherwise the jump in the end-to-
end distance would correspond to the formation of an end loop
and a plectonemic region of length L�p. Finally, the jump in the ver-
tical extension is given by:

dz ¼ qsL� qp L� L�p þ Lo

� �h i
¼ qp L�p þ Lo

� �
þ ðqs � qpÞL ð31Þ
of DNA supercoiling on solution electrostatics. Acta Biomater (2012),
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where qs and qp correspond to Eq. (11) for q evaluated at
Mext = Mcritical and Mext = M3 respectively.

Next we show the results for the transition variables obtained
using Kt = 95kBT, which is an accepted value of the twisting modu-
lus [15,26]. Our theoretical model predicts that the size of the jump
at the transition strongly depends on the length of the DNA mole-
cule and the salt concentration co. We find that the jump in the
external moment dM decreases with increasing DNA length and
the jump in the end-to-end extension dz increases with increasing
DNA length. We conclude that, as co decreases, dM and dz decrease
too. The experimental data in Forth et al. [4], Daniels et al. [22] and
Brutzer et al. [20] agrees with our conclusion. Fig. 4 shows a com-
parison between the theoretical predictions and experimental
measurements of ncritical as a function of F, where we plot the solu-
tion for ncritical accounting for an end loop. We also plot the solution
obtained by ignoring the loop, by setting Lko = Lkp = 0 in Eq. (3) and
Lp = Lo = 0 in Eq. (5) such that the critical number of turns is given

by Lkt ¼ M3L K�1
t þ ð4KbKpÞ�1

h i
=ð2pÞ, similar to Clauvelin et al.

[18]. The predicted ncritical in the end loop model agrees very well
with the data points from the experiments of Forth et al. [4] and
Brutzer et al. [20], while ignoring the loop underestimates the val-
ues of ncritical. In Fig. 5 we show the comparison between the exper-
imental measurements in Brutzer et al. [20] and Forth et al. [4]
with our predictions for the jump in the end-to-end extension dz.
Our qualitative predictions for the transition jump in the extension
agree with experimental data, meaning that, as the DNA length L or
co increases, so too does dz. As seen in Fig. 5, the experimental data
from Brutzer et al. [20] and Forth et al. [4] show different trends as
a function of the applied force F. We note that our theory predicts a
relatively constant value of dz as a function of F for co = 320 mM
(qualitatively similar to the experimental value) and describes
qualitatively the decrease of dz as a function of F for co = 150 mM.
In Section S.3 of the supplementary data we present a comparison
of the predicted values of Mcritical with experimental data and also
estimates of the torque jump dM.

We note that the numerical calculations of ncritical; L
�
p and Mcritical

when comparing the energy of the two states ignore the fluctuation
due to thermal kicks. An estimate of the fluctuations of n can be
obtained within the Einstein approach for fluctuations[47,48]:

hDn2i ¼ kBT
2p

@n
@Mext

����
T;F

ð32Þ
Fig. 4. Critical number of turns ncritical as function of the external force. The lines represe
results were taken from Brutzer et al. [20] at co = 320 mM and Forth et al. [4] at co = 150
end loop to compute ncritical gives consistent results with the experiments. The thin contin
estimate of the fluctuations in n during the transition.
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By so doing, we can approximate the change in the number of
turns Dn �

ffiffiffiffiffiffiffiffiffiffiffiffi
hDn2i

p
due to the thermal kicks. Therefore the transi-

tion for a given force F takes place over n�kBT
critical � ncritical � Dn: For the

cases presented in Fig. 4, Dn 
 0.5 � 1 turns.

3.2. Coexistence of loops and plectonemes

Our methods also allow us to consider scenarios where we have
a series of loops forming in the DNA instead of plectonemes. When
only loops and no superhelical structures are present, the applied
number of turns n = Lk is distributed in the form of twist through-
out the entire molecule, writhe due to thermal fluctuation in the
straight regions [26] and writhe in the loops (Wro � 1 per loop
formed). This happens when the energetic cost of forming a loop
is lower than that of forming a writhed superhelix, and leads to a
different slope of the rotation–extension curve. However, for a
given choice of electrostatic and entropic interactions, we find that
there is a range of forces in which the two regimes can coexist due
to thermal motion.

The free energy per unit turn (excess link) in the plectonemic
regime (see Eq. (17)) is:

Vp-turn ¼
dLp

dn
Kb

2
j2 þ F þ U � G�flu �

M2
3

4KbKp

" #
¼ 2pM3 ð33Þ

where d Lp/d n = q�1(dDz/dn) given by Eq. (25). Since Wro � 1, the
free energy per unit turn for a series of loops using the model
described in the Section 2.1 is approximately:

Vo-turn � Lo 2F � G�flu �
M2

3

4KbK

" #
ð34Þ

Fig. 6 shows the regimes in which the free energy analysis would
lead to the formation of either plectonemes or loops, or both. For
moderate-to-high salt concentrations, Vp�turn < Vo�turn for a range
of external force [0.4,4] pN. As the salt concentration decreases,
Vp�turn � < Vo�turn, and, due to thermal fluctuations, the two states
could coexist. We have plotted the results for co = 150 mM and
co = 60 mM. The lines on either side of the lower curve show the
range ±kBT at T = 300 K. If the upper curve is within ±kBT of the lower
curve, transitions between loops and plectonemes could occur.
Recall that in our end-loop model we ignore self-contact, electro-
statics and twist stored in the loop. Consequently, we expect that
nt our predictions and the markers show the experimental data. The experimental
mM. For co = 150 mM we have used m = 5.93 nm�1. Including the contribution of the
uous lines show the solution for ncritical ± Dn (including the end loop), where Dn is an

of DNA supercoiling on solution electrostatics. Acta Biomater (2012),
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8 D. Argudo, P.K. Purohit / Acta Biomaterialia xxx (2012) xxx–xxx

ACTBIO 2074 No. of Pages 12, Model 5G

10 February 2012
our analysis of the free energies per unit turn will give us only an
estimate of the coexistence state of loops and plectonemes. We
expect that, for moderate-to-high salt concentrations, plectonemes
will be the favorable state, while for low-to-medium salt concentra-
tions there might be a region of coexistence or even formation of
only loops. Our predictions regarding the transition between the
two states agree with the qualitative conclusion of Brutzer et al.
[20].

3.3. Multivalent ions

In this section we extend our plectonemic DNA model to make
predictions for DNA single-molecule experiments in the presence
of multivalent ions. We consider the limiting case of a high concen-
tration of monovalent ions and a low concentration of multivalent
salt, as this is the case used in several experimental studies on DNA
aggregation [49–51] and more recently in DNA single-molecule
experiments (Q. Shao et al., private communication). These exper-
iments show that the addition of small quantities of multivalent
salt, such as spermidine Sp3+ or spermine Sp4+, to a solution with
a high monovalent salt concentration (0.2 M KCl) can modify the
pitch and twist of the DNA plectoneme significantly. When the
polyions are added to the solution the experiments yield more
compact plectonemes, which start forming at lower values of the
supercoiling density rcritical � 3.54(ncritical/L). The Debye length
accounting for the different salts is given by [49]:

kD�M½nm� ¼ 0:435 ðf2 þ fÞcmu½M� þ 2co½M�
� �1=2 ð35Þ

where cmu[M] and co[M] are the multivalent and monovalent salt
concentrations in molar units, respectively, and f stands for the
multivalent ion’s valence. In the experiments of Dunlap and
co-workers the control corresponds to a 
3 kbp DNA template at
room temperature in a 0.2 M KCl salt solution. The experiments
were performed with different concentrations of Sp3+ or Sp4+ added
to the control. We have used Kb = 55kBT as measured in the experi-
ments and Kt = 95kBT. To compare with the experimental data, we
fit the effective linear charge m to the 0.6 pN point for each salt con-
centration and use it to predict the results for other values of the
Fig. 6. Energy per unit turn. Using our model, we can get some idea of the preferred sta
and if Vo�turn � Vp�turn, there is a coexistence of loops and plectonemes. We expect that, fo
to-medium salt concentrations there might be a region of coexistence or even the form
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force. Note that the experimental slopes of the rotation–extension
curves from the 0.2 M KCl series of Dunlap and co-workers and
the 0.2 M NaCl series in Mosconi et al. [6] do not agree quantita-
tively (see Fig. 7). In DNA molecular dynamic simulations by Save-
lyev and Papoian [52], qualitative differences in Na+ and K+

condensation patterns were observed, suggesting that ion-specific
modeling is required to describe electrostatics at short distances.
In our plectonemic DNA model we account for the effects of ion-
specific differences by the fitted value of m. Table 2 shows the effec-
tive linear charge m used in the calculations for a set-up consisting
of co = 0.2 M KCl buffer with added multivalent salt (Sp3+ or Sp4+)
concentration cmu.

Fig. 8 shows the comparison of our theoretical model and the
experiment for Sp3+, where we have plotted dDze/dr as a function
of the applied force F. dDze/dr is the slope of the graphs showing
the effective extension Dze = Dz/L as a function of the degree of
supercoiling r / n. As the multivalent salt is increased, the plecto-
nemes become more compact. This can be explained by better
screening of the DNA charge by the salt solution (smaller m value).
The reduction in the value of m with increased polyvalent salt has
also been explained by the reduction in the electrophoretic charge
value. The effective linear charge is proportional to a (electropho-
retic charge value), as given by Stigter and co-workers [42,43]. For
monovalent salt solutions, the value of a remains constant for a
large range of concentrations [43], but this is not the case for poly-
valent ions [54,55] or for mixtures of multivalent ions with mono-
valent salts [51].

For cmu = 5 mM and cmu = 10 mM, we found that, as the force F is
increased, the supercoiling diameter approaches the interaxial dis-
tance 
3 nm found in hexagonally packed Sp3+–DNA aggregates
[49,53]. In aggregation and condensation experiments, the DNA
formed close-packed hexagonal arrays, where the interaxial dis-
tance corresponded to an equilibrium spacing due to competition
between the attractive and repulsive forces [53] that arise due to
effects such as hydration, van der Waals forces, London-like disper-
sion forces and counter-ion fluctuations [54,53]. We expect that, as
the polyvalent salt increases and the supercoiling diameter
approaches 3 nm, these effects will become important and domi-
nate the interactions, leading to compact DNA plectonemes with
te: if Vo�turn > Vp�turn, plectonemes are favored; if Vp�turn > Vo�turn, loops are favored;
r moderate-to-high salt concentrations, plectonemes will be formed, while for low-

ation of only loops.

of DNA supercoiling on solution electrostatics. Acta Biomater (2012),
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Fig. 7. Dunlap and co-workers performed two series of experiments corresponding
to the control set-up (co = 0.2 M KCl), one for spermidine Sp3+ (circles) and the other
for spermine Sp4+ (triangles). We fit the value of m to get the slope of the rotation–
extension curve at F = 0.6 pN for the control set corresponding to Sp3+ (circles) and
got m = 4.12 nm�1. Our prediction with m = 4.12 nm�1 is shown by the solid line. The
data from Mosconi et al. [6] shown by the cross markers corresponds to the
co = 0.2 M NaCl series.

Table 2
Effective linear charge m for co = 0.2 M KCl buffer and added multivalent salt
concentration cmu. For only the monovalent salt co = 0.2 M KCl we used
mo = 4.12 nm�1. As the multivalent salt concentration is increased, the value of m
obtained from the fit decreases. This can be explained by a better screening of the
DNA charge by the salt solution and the varying electrophoretic charge value in
multivalent ion solutions. The Sp3+ values of m are fitted well by the curve
mfit

3þ ¼ moð1þ co=1:07Þ�1=3 ðR2 > 0:97Þ, and the Sp4+ values of m are fitted well by the
curve mfit

4þ ¼ moð1þ co=0:07Þ�1=3 ðR2 > 0:99Þ. The curve fits were obtained using the
least squares method, with a fitting function of the form f(x) = a(b + x)c.

cmu [mM] (Sp3+) m [nm�1] cmu [mM] (Sp4+) m [nm�1]

0 4.12 0.2 2.72
1 3.35 0.5 2.02
2 2.75 0.75 1.76
5 2.20 1 1.66
10 2.10 2 1.34

Fig. 8. Predictions for the slope of the rotation–extension curves in the presence of
multivalent ions. Crosses are data points from Dunlap and co-workers for a mixture
of co = 0.2 M KCl and different cmu concentrations of spermidine Sp3+. For
cmu = 5 mM and cmu = 10 mM, as F increases the supercoiling diameter decreases
and approaches the interaxial spacing distance 
3.0 nm for spermidine [49,53]. The
dot in the bottom two panels shows the point where 2r reaches the limiting
interaxial distance, and from there on the dashed line shows the solution where
r = 1.5 nm is assumed to be constant.

Fig. 9. Predictions of the slope of the rotation–extension curves in the presence of
multivalent ions. Crosses are data points from Dunlap and co-workers for a mixture
of co = 0.2 M KCl and different cmu concentrations of spermine Sp4+. For cmu P
0.5 mM, as F increases the supercoiling diameter approaches the interaxial spacing
distance 
2.9 nm of spermine [49,53]. As in Fig. 8, the dot shows the point where 2r
reaches the interaxial distance value, and the dashed line shows the solution where
r = 1.45 nm is assumed to be constant.
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a diameter approximately equal to the interaxial spacing. In Fig. 8
the dot shows the point where 2r = 3 nm, and from there on the
dashed line shows the solution for a constant r = 1.5 nm. Remark-
ably, our predictions with constant r match the experimental point
at F = 1 pN for larger cmu concentrations.

Fig. 9 show the results obtained when using spermine Sp4+. For
Sp4+ we have only fitted the value of m to the experimental point
F = 0.6 pN for the control set-up and cmu = 0.2 � 0.75 mM concen-
trations, and obtained a curve for m as a function of cmu. For
cmu = 1 mM and cmu = 2 mM, we have extrapolated the value of m
from the curve obtained from the previous fitted values. As before,
the dot shows the point where 2r is equal to the interaxial spacing

2.9 nm for Sp4+ (Raspaud et al. [53], Todd et al. [49]), and from
there on the dashed lines correspond to the solution with
2r � 2.9 nm. Our results for both types of polyvalent ions show
good quantitative agreement with the experimental values. In Sec-
tion S.5 of the supplementary data we show that our results are in
good agreement with experimental measurements of the super-
coiling density rcritical at which the DNA molecule makes the tran-
sition from the straight to the supercoiled configuration. The
theoretical predictions of the plectonemic moment M3 and super-
coiling radius r can also be found in Section S.5 of the supplemen-
tary data.

4. Conclusions

We have analyzed the mechanics of plectoneme formation,
where a twisted DNA molecule in the plectonemic regime has been
modeled as an elastic–isotropic rod. Here we give a short summary
of all the results we have obtained. We have used a variational
approach to solve the energy minimization problem that corre-
sponds to angular optical trap (or magnetic tweezers) experiments
on a DNA molecule attached to a substrate at one end, while sub-
jected to a tensile force and twisted by a specific number of turns n
at the other end [4–6,20]. Our model description is symmetric, in
that over-twisting and under-twisting the rod under tension give
of DNA supercoiling on solution electrostatics. Acta Biomater (2012),
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the same results. However, this is not the case in DNA for a large
number of turns n (or supercoiling density r). Stretching and
under-twisting DNA at low-to-moderate values of r leads to dena-
turation, as is known from experiment [45] and atomistic simula-
tions [56]. Therefore, our model is valid in the over-twisting regime
only for moderately large values of r (before a structural transition
into P-DNA [57]), where the Moroz and Nelson [26] formulae are
valid and the DNA can be modeled with constant elastic properties
along the entire molecule. We have minimized the energy with
respect to the dependent variable Mext rather than its conjugate
n, since we are modeling rotation controlled experiments. We do
not minimize with respect to the the twist u3, since Mext is constant
along the DNA molecule while u3 is different in the tails and the
helices, depending on the magnitude of thermal motion. An inter-
esting, and possibly experimentally verifiable, result of minimizing
with respect to Mext is that the equilibrium supercoiling variables
h,r and M3 are only functions of the bending modulus Kb, but are
independent of the twisting modulus Kt.

In our one-dimensional continuum description of the DNA mol-
ecule we account for DNA elasticity, DNA–DNA interactions, fluctu-
ations and configurational entropy in the tails and helices. As
mentioned before, there is no consensus on the electrostatic mod-
els in the mechanics of DNA. We thus used our theoretical frame-
work to test several models of DNA–DNA electrostatic interactions
and configurational entropy in the plectonemic region (see Section
S.2 of the supplementary data). Understanding the effects of each
of the models and approximations ultimately led us to pick the
U(r,h,dr) model of Ubbink and Odijk [33], with the entropic param-
eters cp = cr given by van der Maarel [39]. The electrostatic contri-
bution to Kb is rather small for the physiological range (0.1–0.5 M)
of salt concentrations [58,59]. Therefore, both the bending and
configurational entropy energetic costs are independent of the salt
concentration. Hence, for a given monovalent salt, the plectonemic
configuration as a function of F is dictated by m. So, as noted by Ma
eo et al. [21], single-molecule experiments can be used to deter-
mine the appropriate effective linear charge m for plectonemic
DNA. Here we give simple analytical formulae for m as a function
of salt concentration for both monovalent and some multivalent
salts (in low concentrations) that result in strong agreement of
our analytical model with the different sets of experimental data
and Monte Carlo simulations over a wide range of forces. Our qual-
itative results agree with the conclusions obtained in previous
works [15–19,21], and the values of m are within the range previ-
ously obtained by others. As the salt concentration increases, the
charge adaptation factor m/mbare decreases (see Table 1), and the
reduced effective linear charge m approaches the values used in
the simulations of Maffeo et al. [21].

In our model we have also accounted for the presence of the end
loop. This allows us to compare the energy of the straight DNA con-
figuration and the plectonemic DNA, and leads to a method to ob-
tain analytical estimates of the jumps in the external torque dM
and end-to-end extension dz of the DNA molecule at the transition.
Our predictions of the jump variables and the critical number of
turns at which the transition occurs agree with those observed
experimentally. If the energetic cost of forming a loop is lower than
that of forming a helix, then we will have a series of loops, and this
will lead to a different slope of the rotation–extension curve. How-
ever, there is a range of ionic concentrations and forces at which
the two regimes can coexist due to thermal motion. We have con-
cluded that at moderate-to-high salt concentrations the most
favorable state is the plectoneme, but as the salt concentration de-
creases the energy difference between a loop and a plectoneme
also decreases. In our model we have assumed that the plecto-
nemes can be modeled as uniform helices with constant radius
and curvature. This does not have to be the case, and softening
the constraints in the model might lead to a better understanding
Please cite this article in press as: Argudo D, Purohit PK. The dependence
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of the problem. For instance, allowing the helical axis of the plec-
toneme to bend could lead to more complicated structures. Fur-
ther, since constant curvature solutions require special boundary
conditions, we consider it important to analyze the more general
case of variable curvature solutions [60]. Variable curvature solu-
tions can provide theoretical insight into the formation of multiple
plectonemes because for two (or more) interwound helices there is
a geometrical lock-up helical angle [27].

Finally, we have shown that our model for plectonemic DNA
including the end loop can reproduce experimental data from sin-
gle DNA molecule experiments in the presence of polyvalent ions.
The theoretical estimates of the slopes and critical number of turns
(ncritical / rcritical) match experiments (D. Dunlap, private communi-
cation) where low concentrations of multivalent salts are added to
a high concentration of monovalent salt solution. In the presence of
multivalent ions, it is well known that DNA forms toroidal conden-
sates in bulk [61], and recently toroids have been suspected to
form when DNA is subjected to a tensile force [62]. A potential field
of study is complex DNA condensates due to polyvalent ions in the
presence of forces and torsional constraints, where there could be
formation of plectonemes and toroids alike.
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S.1 The end loop

At one end of the plectoneme there is a loop. The end loop is formed in the transition from the

straight DNA configuration to a plectonemic DNA configuration. In the classical theory, the loop

is formed when a rod subjected to tension and twist (applied number of turns) undergoes local-

ized buckling at a critical torque 2
√

KbF [1–3] up to a point where there is a dynamic jump into

self-contact. The localized solution to the equilibrium equations of the rod is unstable, and con-

sequently the perturbed rod jumps dynamically either to thestraight rod or the loop configuration

with self-contact [2, 4]. Formulations of the rod with contact points have been studied for both

closed and open rods with applications to DNA supercoiling [5, 6]. As pointed out by Daniels et

al.[7] in the DNA case, the transition happens due to free energy minimization and not due to insta-

bility or buckling. Due to thermal fluctuations the system can be perturbed sufficiently to go from

the straight configuration into a lower and stable energeticstate, which for a given applied torque

∗To whom correspondence should be addressed
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Mext (number of turnsn), we predict to be the plectonemic state. So a DNA strand subjected to ten-

sion and controlled number of turns does not reach the classical critical buckling torque 2
√

KbF,

and henceMcritical < 2
√

KbF. The jump in the external moment can be characterized as the differ-

enceδM = Mcritical −M3, whereM3 is the torque in the plectonemic state. Strick et al.[8] showa

measurement of the critical torque at the transition point based on the minimization of energy of

an initial (circular) loop model. This calculation ofMcritical = (2KbF)1/2 is approximate since it

neglects the thermal fluctuations in the loop and assumes a circular geometry. We propose a better

approximation to account for the end loop based on a localizing solution of the rod. To our knowl-

edge the energy stored in the loop derived from an analysis including bending, twist and thermal

fluctuation has not yet been carried out. Coyne [1] analyzed the formation of loops in twisted

semi-infinite rods, providing expressions for the energy ofthe buckled-loop configuration without

self-contact. In the limit whenMext = 0, the Coyne expressions reduce to the expressions given

by Kúlic et al.[9] without thermal fluctuations. We will assume that thermal fluctuations are neg-

ligible in the end loop [10]; this is a good approximation when the loop has small average radius

of curvature. In the case of the planar homoclinic loop undertension with no moment applied at

the ends, Kúlic et al. [9] show that the expressions for the free energy in the straight plus loop and

straight configurations differ by an amount equal to the elastic energy present in the loop. Their

result is given below and takes into account both the bendingenergy and the work against the end

forceF:

Eloop = (Eo−bend+F)Lo = 8
√

KbF = 2FLo (S.1.1)

whereLo = 4

√

Kb

F
. In the absence of thermal fluctuations, but including twist, the free energy of

the loop (Eloop) is given by [1, 3]:

Eloop =

(

M2
ext

2Kt
+Eo−bend+F

)

Lo, (S.1.2)

where

Eo−bend= F, Lo = 4

√

Kb

F

(

1−
M2

ext

4KbF

)1/2

.
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The expression for the writhe present in the loop is [3]:

Wro =
2
π

cos−1
(

Mext

2
√

KbF

)

. (S.1.3)

The expressions forEo−bend andWro that we pick have to satisfy the condition that the number of

turns 2πn is conjugate to the applied torqueMext. We see thatWro = 1 only forMext= 0, becoming

a planar homoclinic loop as in the case analyzed by Kúlic et al. [9]. Based on this idea we will

approximate the energy of the loop by decoupling the bendingand twisting energy, such that the

Eo−bend andLo are given by Kúlic et al. [9] formulae and the twist energy of the loop is the first

term in (Eq. (S.1.2)).

S.2 Testing the Internal Energy models

In Clauvelin et al. [11] the mechanical description is combined with different analytical theories

of DNA-DNA interactions that can be found in literature. Thework in Clauvelin et al. [11] picked

two well established models. The first isUPB, derived by Ubbink and Odijk [12] from the Poisson-

Boltzman equation; the second isUcc, derived by Manning [13] and is based on the counterion

condensation theory. According to the results obtained in Clauvelin et al. [11], an approximation of

UPB(r,θ) provided better agreement with experiment. When the undulations in the radial direction

are not restrained by electrostatics but only by the structure of the plectoneme, the variabledr will

not appear in the electrostatic expressionUPB(r,θ) [11]:

UPB(r,θ) =
1
2

kBTν2lBg(θ)
√

λDπ
r

e
− 2r

λD ,

g(θ) = 1+0.83tan2(θ)+0.86tan4(θ). (S.2.1)
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Similarly r will replacedr in the configurational entropy expression given by Ubbink and Odijk

[12] as done in Marko and Siggia[14]:

Ucon f−MS(r,θ) =
kBT

A1/3

[

1

(pπ)2/3
+

1

r2/3

]

, (S.2.2)

where the constantscr = cp = 1. Additionally, Marko and Siggia [14] developed an analytical

model for the electrostatic interactions that has also beenused in the study of DNA single molecule

experiments [15, 16]. The expression for the Marko and Siggia electrostatic modelUMS(r,θ) is:

UMS(r,θ) = lBkBTν2
[

K0

(

2r
λD

)

+K0

(

πr cotθ
λD

)]

, (S.2.3)

whereK0(x) is the modified Bessel function of the second kind. Table S.2.1 summarizes the

different models used to described the internal energy interactions in our calculations, showing the

figures where each one of them has been used in this section of the Supporting Information.

Table S.2.1: Internal Energy Models

Label Model Figures

U1 UPB(r,θ)+Ucon f−MS(r,θ) Figure S.2.1, Figure S.2.2
U2 UMS(r,θ)+Ucon f−MS(r,θ) Figure S.2.1
U3 UPB(r,π/6)+Ucon f−MS(r,π/6) Figure S.2.1
U4 UPB(r,θ ,dr)+Ucon f(θ ,dr) Figure S.2.2,Figure S.2.3
U5 UPB(r,θ) Figure S.2.2

We obtain theoretical results under the experimental conditions of Forth et al. [17]. The ex-

periments were performed in phosphate buffered saline with150mM NaCl at 23.5◦C. Numerical

calculations resembling the experiments were performed assumingKb = 50kBT andKt = 95kBT.

The values used for the electrostatic parameters are:

• The Bjerrum length islB ≈ 0.715 nm [12].

• The Debye lengthλD ≈ 0.8 nm.

• The effective chargeν = 8.06 nm−1, where an interpolation of values listed in Table 7 in
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Ubbink and Odijk [12] has been used. In the main text the effective linear chargeν is treated

as a fitting parameter.

Internal energy models: effects and comparison
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Figure S.2.1:Comparison between the solutions based on different internal energy models under the experimental
conditions of Forth et al. [17]. The black solid line usesU1 = UPB(r,θ ) +Ucon f−MS(r,θ ), the red dotted line uses
U2 =UMS(r,θ )+Ucon f−MS(r,θ ) and the blue dashed line usesU3 =UPB(r,π/6)+Ucon f−MS(r,π/6)which is a function
only of r. The value of the effective linear charge used isν=8.06 [nm−1].

We show in Figure S.2.1 a comparison of the results obtained using Marko and Siggia’sU2(r,θ)

electrostatic model with variants of the Poisson-Boltzmann model:U1(r,θ) andU3(r,π/6).

The helical angleθ , using theU1 andU2 models, increases slightly as a function of the applied

forceF and it is approximately equal toπ/6 for large forces, while the helical radiusr decreases

as a function ofF and approaches the crystallographic radius 1nm (not shown). Sinceθ does

not vary dramatically as a function of the applied force notethat the curves obtained using the

approximationU3(r) =UPB(r,π/6)+Ucon f−MS(r,π/6) are very close to those obtained from the

internal energy models withθ dependence. Usingθ = 0, where the angle dependence is neglected

as done in Clauvelin et al.[11, 18] and Neukirch and Marko [16] lowers the predicted values of

M3 andd∆z/dn (not shown). The analytical prediction of the sloped∆z/dn usingU3(r) and the
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Figure S.2.2: Comparison between the solutions based on different internal energy models under the experi-
mental conditions of Forth et al. [17]. The black solid line usesU1 = UPB(r,θ )+Ucon f(r,θ ), the blue dashed line
uses the internal energy model where the radial fluctuationsin the plectoneme are constrained by the electrostatics
U4 =UPB(r,θ ,dr)+Ucon f(r,θ ,dr) [12] and the red dotted line uses a model that neglects the configurational entropy
contribution to the free energyU5 = UPB(r,θ ). The qualitative behavior ofM3 andd∆z/dn are independent of the
internal energy models we have used, but the quantitative agreement with experimental data strongly depends on the
choice of configurational entropy model. The value of the effective linear charge used isν=8.06 [nm−1].

prediction usingU1(r,θ) are almost identical to each other. It is clear from the graphs that the

three approaches produce consistent results for the valuesof M3 although theU2 model gives

slightly larger values ofM3 for F >∼ 2.5pN. The difference between theU2 model and theU1

model at moderate and largeF is more evident in the predicted values ofd∆z/dn, where theU2

model predicts larger slopes. We also performed calculations for different salt concentrations and

observed similar trends (not shown).

In Figure S.2.2 we compare the solution obtained by usingU1(r,θ) with the solution obtained

by using the undulation-enhanced free energy modelU4(r,θ ,dr) with empirically optimized co-

efficients by van der Maarel[19]cp = cr = 2−8/3. Figure S.2.2 also depicts the solution obtained

by pickingU5(r,θ) =UPB(r,θ) with cp = cr = 0 such that the configurational entropy effects are

neglected as done in Clauvelin et al. [11]. It is clear from Figure S.2.2 that the final qualitative

behavior of the curves is the same, but the quantitative agreement strongly depends on the choice

of the internal energy, in particular, of the configurational entropy model and coefficients. When
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comparingU1 andU5 we can see that neglecting the entropy effects reduces the internal energyU ,

increases the value ofd∆z/dn (mainly at low forcesF <∼ 2pN) and reduces the predicted value

of M3 (in the whole range ofF). TheU5 model neglecting entropy effects used by Clauvelin et al.

[11] matches the slope predictions using theU4 model, but the theoretical results forM3 usingU5

are lower than the ones predicted using theU4 model.

Now we are in position to understand how combining differentapproximations and assump-

tions can counteract each other. Starting with theU2 model, if we next neglect the entropic effects

as inU =UMS(r,θ), we get larger slopes at low forces (matching qualitativelybetter the shape of

the experimental trend in Figure S.2.1), but we still overestimate the values of the slopes at larger

F. This assumption also decreases the predicted values ofM3. If we further assumeU = UMS(r)

where there is no angle dependence, the values of the slopes in the wholeF range would decrease

giving better quantitative agreement with experimental data of the slopes in Figure S.2.1, and it

will decrease the predicted values ofM3 even more. Therefore using theUMS(r) model would

’seem’ to accurately match the experimental slopes but it will underestimate the values ofM3 for

the whole range ofF, especially at low values ofF <∼ 2pN.

As mentioned in the main text although the data sets for the slopes from different experimental

groups and MC simulations agree quantitatively [17, 20–22], this is not the case for the direct and

indirect measurements of the torqueM3. The indirect torque measurements in Mosconi et al. [22]

are significantly smaller than the direct measurements taken by Forth et al. [17], Lipfert et al.[23]

and the MC simulations in Maffeo et al. [21]. TheUMS(r) model combined with a mechanical

description in Neukirch and Marko [16] seems to give good agreement with the indirect measure-

ments of the torqueM3 in Mosconi et al. [22], specially at large forces and accurately describe

the slope data of the same experimental group. In Maffeo et al. [21] the authors provide also an

analytical model that matches the experimental data in Mosconi et al. [22], but does not match

the predictedM3 andr from their MC simulations. In their supplemental material,Maffeo et al.

discuss the reasons for the success of their approach as wellas its disadvantages and limitations

of neglecting fluctuations and entropic terms. They conclude that the reason why their analytical
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predictions ofM3 are lower by≈ 1.5pNnm than their MC simulations is due to neglecting con-

figurational entropy and fluctuation effects. They show thatneglecting the entropic effects and

undulation enhancement decreases significantly the theoretical predictions ofM3, while the effects

in the theoretical slope predictions is not so drastic. The reason for the drastic increase in the

analytical values ofM3 computed in Maffeo et al. [21] when using the entropic model proposed

by Ubbink and Odijk [12] lies in the fact that the authors haveusedcp = cr = 3/28/3, which in-

creases the entropic contribution by 3 times compared to theconstants used in ourUPB(r,θ ,dr)

model in the main text. The constantscp = cr = 3/28/3 were derived for a one dimensional worm-

like chain confined in a har! monic potential. In the main textwe have decided to use the values

cp = cr = 2−8/3 as van der Maarel [19] has suggested.
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Figure S.2.3:Experimental data for the slope of the rotation-extension curve for two DNA templates taken from
Forth et al. [17] for a 150mM salt concentration. We have usedν = 5.93nm−1.

From Figures S.2.1 and S.2.2 we see that the experimental slopes of Forth et al. [17] are better

described qualitatively by using the internal energy modelU4(r,θ ,dr), and that the theoretical

predictions ofM3 usingU4 underestimate the experimental measurements of Forth et al. [17].

Using ν < 8.06nm−1 in U4(r,θ ,dr) gives better quantitative agreement for the slopes, so in the

main text we have used the effective linear charge as a fittingparameter. Figure S.2.3 shows the

results ofd∆z/dn from our theoretical model usingν = 5.93nm−1.

This survey of some of the internal energy models used to study DNA single molecule ex-

periments leads to the conclusion that a careful choice of entropic and electrostatic parameters

is needed to quantitatively match the experimental data. Wehave found that including angle de-

pendence, configurational entropy and undulation enhancedeffects due to thermal fluctuations
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in the helices are essential to have an accurate and completemodel of plectonemic DNA. The

U4(r,θ ,dr) = UPB+Ucon f [12] model used in the main text provides the best results fora wide

range of experimental data.

S.3 Critical torque Mcritical and the jump δM = Mcritical −M3
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Figure S.3.1:Experimental data for two DNA templates taken from Forth et al. [17] for a 150mM salt concentration.
The experimental data of the plectonemic torque in Forth et al. [17] agrees qualitatively with our predictions but seems
to match quantitatively our predicted values ofMcritical . We have usedν = 5.93nm−1.
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Figure S.3.2:External torqueM3 and critical torqueMcritical as a function of the external forceF for a 7.9 kbp DNA
template in aco = 150mM salt concentration using the same parameters as in Figure S.2.3. The data points correspond
to the experimental values for the ’buckling’ torque reported in Lipfert et al. [23].

The experimental data in Forth et al. [17] shows the jumps in the vertical extension but does

not show a clear jump in the torque, and consequently there isno clear distinction between the

torque before and after the transition. As shown in Figure S.3.1 the experimental data of the

plectonemic torque in Forth et al. [17] agrees qualitatively with our twisting moment predictions

M3, but seems to match quantitatively our predicted values of the critical torqueMcritical . Lipfert
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et al. [23] performed single molecule measurements in PBS buffer atco ≈ 150mM using a 7.9 kbp

DNA template. The data in Lipfert et al. [23] does not show thetransition jumps in either torque or

extension. Lipfert et al. [23] just report a ‘buckling torque’ by not making a distinction between the

torque before the transitionMcritical and the plectonemic torqueM3. Figure S.3.2 shows excellent

agreement between our predicted values ofMcritical and the ‘buckling’ torq! ues in Lipfert et al.

[23].
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Figure S.3.3:Comparison of the the torque jumpδM from our theory with the experiments in Brutzer et al. [20] at
co = 320mM. Our model predicts that as the DNA lengthL increaseδM decreases while asco decreasesδM decreases.
We have usedν = 10.00nm−1 as in the main text.

In Figure S.3.3 we show the comparison betweenδM from the indirect measurements in

Brutzer et al. [20] and our theoretical predictions. Similar qualitative trends are found in the indi-

rect measurements ofδM in Daniels et al. [7].

S.4 Indirect method for calculating external moment

Mosconi et al. [22] provide not only the direct measurementsof the slopesd∆z/dnof the rotation-

extension curves of a single stretched and twisted DNA molecule using magnetic tweezers, but

also an indirect measurement of the plectonemic torqueM3. The theoretical predictions for the

slopesd∆z/dn presented in the main text match the experimental results inMosconi et al. [22],

but there seems to be constant 2.5pNnm offset between our theoretical predictions ofM3 and their

reported indirect measurements. The process used by Mosconi et al. [22] computes the external
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torqueM3 from equation (23) in Zhang and Marko[24]:

M3(F,n) = M3(Fo,n)−
1

2π

∫ F

Fo

(

∂ρL
∂n

)

F̂
dF̂ , (S.4.1)

whereFo is the force corresponding to the initial reference rotation-extension curve. (Eq. (S.4.1))

is based on the ‘Maxwell’ type relation:

−
1

2π
∂ρL
∂n

∣

∣

∣

∣

F
=

∂Mext

∂F

∣

∣

∣

∣

n
. (S.4.2)

The method to compute the external torque described in Zhangand Marko [24] assumes the ex-

istence of an equilibrium ensemble. So equation (23) in Zhang and Marko [24] is valid in both

the straight and plectonemic states. But, at the transitionpoint the system undergoes a dynamic

jump from the straight to the plectonemic state or vice-versa. Hence, the method described by

Zhang and Marko [24] can not be properly used since the first derivatives of the free energy be-

come discontinuous at the jump. The process carried out to compute the external torques in the

plectonemic regime in Mosconi et al. [22] neglects the presence of these jumps. The resolution of

the experiments in Mosconi et al. [22] is such that the dynamic process at the transition point be-

tween the extended DNA configuration and the plectonemic configuration is not apparent. So, the

rotation-extension experimental curves do not show a jump in the extensionδz and consequently

the external torque curves reported by Mosconi et al. [22] ! show a smooth transition as a function

of the degree of supercoilingσ ∝ n. Accounting for the jumps precludes the use of (Eq. (S.4.1))as

done by Mosconi et al. [22].

We note, however, that the method described in Zhang and Marko [24] is valid in the plectone-

mic regime, as long as there is no dynamic jump. For a set of data containing rotation-extension

curves at different values of appliedF (for a fixed salt concentration), (Eq. (S.4.1)) can be used

to compute achangein M3 by holdingn constant and integrating with respect toF. In figure 1

of Mosconi et al. [22] the change in torqueM3 between points A and B can be computed using

(Eq. (S.4.1)), but a referenceabsolutevalue of the torque cannot be obtained using (Eq. (S.4.1))
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due to the presence of the jump discontinuity. Since the method described in Zhang and Marko

[24] can give the change inM3 in the plectonemic regime, in Figure S.4.1 we compare our theo-

retical predictions of the external torqueM3 with the indirect measurements of Mosconi et al. [22]

after adding a constant value of 2.5pNnm to the experimental data. The agre! ement is excellent.

Another possible explanation for the disagreement among the reported theoretical and exper-

imental values of the external moment could be that the values of M3 in the plectonemic regime

are a function of the length of the DNA template, which is a parameter that is not captured in the

existent theoretical models including our formulation.
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Figure S.4.1:External torqueM3 as a function of the external forceF for the different salt concentrations in Mosconi
et al. [22]. We show the experimental values from Mosconi et al. [22] after adding a shift of+2.5pNnm. We have
usedν values from Table 1 in the main text.

S.5 Multivalent ions

In the main text we have explained how our model can be extended to the case of mixtures of

high concentration of monovalent salt and low concentration of polyvalent salt. Here we present

further comparison of the theoretical model with the experiments of Dunlap and co-workers (pri-

vate communication) and show the behavior of the plectonemeradiusr and plectonemic torque

M3 as a function of the applied forceF. In our calculations we have usedν values from Table

2 in the main text. Figure S.5.1 showsr andM3 values when using differentcmu concentrations
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Figure S.5.1:Spermidine:M3 andr. The dashed lines correspond to the limiting value of the interaxial spacing
which is 2r = 3.0nm for spermidine. We have usedν values from Table 2 in the main text.
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Figure S.5.2:Spermidine: the black solid curve shows the prediction of the sloped∆ze/dσ when 2r is larger than
the interaxial spacing 3nm. The black dot shows the point where 2r = 3nm, and from there on the black dashed line
shows the prediction of the slope for 2r constant. The red dashed line shows the solution when 2r < 3nm is allowed
to vary.

of spermidine Sp3+. As cmu increases the supercoiling radius decreases, yielding more compact

plectonemes. Forcmu= 5mM andcmu= 10mM the value ofr reaches the limiting interaxial spac-

ing value∼3nm as given in Todd et al.[25] and Raspaud et al.[26]. As explained in the main text

we expect that due to a balance of attractive and repulsive interactions the plectoneme diameter

stays approximately constant when it reaches the limiting interaxial spacing value. The values of

M3 decrease as a function ofcmu. The dashed lines in Figure S.5.1 showM3 as a function ofF

for cmu= 5mM andcmu= 10mM usingr ≈ 1.5nm after the plectoneme diameter has reached the
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limiting interaxial spacing value. The theoretical solution ofM3 for cmu= 5mM andcmu= 10mM

whenr is not assumed to be constant does not dif! fer significantly from the solutions plotted in

Figure S.5.1. The theoretical solution of the sloped∆ze/dσ , for cmu = 5mM andcmu = 10mM,

whenr is not assumed to be constant differs considerably from the solutions plotted in the main

text in Figs. 7 and 8 wherer is constant after reaching the interaxial spacing value. If2r is allowed

to become smaller than the interaxial distance, the predicted slopesd∆ze/dσ underestimate the

experimental data atF = 1pN as shown by the red dashed line in Figure S.5.2.
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Figure S.5.3:Spermidine: critical degree of supercoiling.

In Figure S.5.3 we present the critical degree of supercoiling σcritical ∝ ncritical when using

different cmu concentrations of Sp3+. As stated before the dashed lines in thecmu = 5mM and

cmu= 10mM cases represent the solution when 2r reaches the interaxial spacing value.

Figures S.5.4 and S.5.5 show the results obtained when usingspermine Sp4+. For Sp4+ we

have only fitted the value ofν to the experimental pointF = 0.6pN for the control andcmu= 0.2−

0.75mM concentrations and obtained a curve forν as a function ofcmu (see entries in Table 2 in

the main text.). Forcmu= 1mM andcmu= 2mM entries in Table 2 shown in the main text we have

extrapolated the value ofν from the curve obtained from the previous fitted values. As before, the

dashed lines for theM3 andσcritical function correspond to the solution when 2r is approximately
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constant and equal to the interaxial spacing∼ 2.9nm for Sp4+ (Todd et al. [25], Raspaud et al.

[26]). Our results show good quantitative agreement with the experimental values.
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Figure S.5.4:Spermine:M3 andr. The dashed lines correspond to the limiting value of the interaxial spacing which
is 2r = 2.9nm for spermine.
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Figure S.5.5:Spermine: critical degree of supercoiling.
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S.6 Experimental and Simulation Data

In this section we present the data from all prior experiments and simulations in a few plots so

as to compare them independently of our model. A discussion about these plots can be found in

the section titled ‘Comparison with experiments and predictions: the complete model’ of the main

text.
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Figure S.6.1:Experimental data for the slopesd∆z/dn for different salt concentrations. Triangles represent Brutzer
et al. [20] data presented in reference [21]. We have denotedBrutzer et al. data with∗ next to the salt concentration
value in the legend of the graph. Circles represent Mosconi et al. [22] data, which have been denoted with∗∗ next to
the salt concentration value in the legend. Squares represent Forth et al. [17] data for two different values of the DNA
length. The data sets from Brutzer et al. and Mosconi et al. provide consistent slope values for the entire force range.
The slopes from Forth et al.[4] are consistent with the rest of the data sets for moderate forces.
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Figure S.6.2:Experimental and Simulations data for the torque measurementsM3 for different salt concentrations.
Triangles represent Maffeo et al. [21] simulations data. Wehave denoted Maffeo et al. data with∗ next to the salt
concentration value in the legend of the graph. Circles represent Mosconi et al. [22] data, which have been denoted
with ∗∗ next to the salt concentration value in the legend. Squares represent Forth et al. [17] data for two different
values of the DNA length. The various data sets show disagreement in the torque values.
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