
termvar , x , y , z
tyvar , X , Y , Z
index , i , j , n, m
t , u ::= term:

| x variable
| λx :S .t abstraction
| t t ′ application
| λX :K .t type abstraction
| t [T ] type application

v ::= value:
| λx :T .t abstraction value
| λX :K .t type abstraction value

T , S , U ::= types:
| X type variable
| T T ′ operator application
| S → S ′ type of function
| ∀X :K .S universal type
| λX :K .S type abstraction

NF ::= (weak-head) normal form types
| X
| NE S
| S → T
| ∀X :K .S
| λX :K .S

NE ::= neutral types, paths
| X
| NE S
| S → T
| ∀X :K .S

Γ ::= contexts:
| ∅ empty context
| Γ, x :S term variable binding
| Γ,X :K type variable binding

K ::= kinds:
| ∗ kind of proper types
| K ⇒ K ′ kind of operators

t → t ′ Evaluation

t1 → t ′
1

t1 t2 → t ′
1 t2

E App1

t2 → t ′
2

t1 t2 → t1 t ′
2

E App2

( λx :T11.t12 ) v2 → t12 { v2 / x }
E AppAbs
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t1 → t ′
1

t1 [T2 ] → t ′
1 [T2 ]

E TApp

( λX :K11.t12 ) [T2 ] → t12 {T2 /X }
E TAppTAbs

Γ ` T : K Kinding

X ::K ∈ Γ
Γ ` X : K

K TVar

Γ ` T1 : K11 ⇒ K2 Γ ` T2 : K11

Γ ` T1 T2 : K2
K App

Γ ` T1 : ∗ Γ ` T2 : ∗
Γ ` T1 → T2 : ∗

K Arrow

Γ,X :K1 ` T2 : ∗
Γ ` ∀X :K1.T2 : ∗

K All

Γ,X :K1 ` T2 : K2

Γ ` λX :K1.T2 : K1 ⇒ K2
K Abs

Γ ` S ≡ T : K type equality

Γ ` T : ∗
Γ ` T ≡ T : ∗

Q Refl

Γ ` T ≡ S : K
Γ ` S ≡ T : K

Q Symm

Γ ` S ≡ U : K Γ ` U ≡ T : K
Γ ` S ≡ T : K

Q Trans

Γ ` S1 ≡ T1 : ∗ Γ ` S2 ≡ T2 : ∗
Γ ` S1 → S2 ≡ T1 → T2 : ∗

Q Arrow

Γ,X :K1 ` S2 ≡ T2 : ∗
Γ ` ∀X :K1.S2 ≡ ∀X :K1.T2 : ∗

Q All

Γ,X :K1 ` S2 ≡ T2 : K2

Γ ` λX :K1.S2 ≡ λX :K1.T2 : K1 ⇒ K2
Q Abs

Γ ` S1 ≡ T1 : K1 ⇒ K2 Γ ` S2 ≡ T2 : K1

Γ ` S1 S2 ≡ T1 T2 : K2
Q App

Γ,X :K11 ` T12 : K2 Γ ` T2 : K11

Γ ` ( λX :K11.T12 )T2 ≡ T12 {T2 /X } : K2
Q AppAbs

Γ,X :K1 ` T1 X ≡ T2 X : K2

Γ ` T1 ≡ T2 : K1 ⇒ K2
Q Ext

Γ ` t : S Typing

x :S ∈ Γ
Γ ` x : S

T Var

Γ ` S1 : ∗ Γ, x :S1 ` t2 : T2

Γ ` λx :S1.t2 : S1 → S2
T Abs

Γ ` t1 : S11 → S12 Γ ` t2 : S11

Γ ` t1 t2 : S12
T App
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Γ,X :K ` t : S
Γ ` λX :K .t : ∀X :K .S

T TAbs

Γ ` t : ∀X :K .S Γ ` T : K
Γ ` t [T ] : S {T /X }

T TApp

Γ ` t : S Γ ` S ≡ T : ∗
Γ ` t : T

T Eq

Γ `i t : S Inference algorithm

x :S ∈ Γ
Γ `i x : S

A Var

Γ ` S1 : ∗ Γ, x :S1 `i t2 : T2

Γ `i λx :S1.t2 : S1 → S2
A Abs

Γ `i t1 : S1 Γ `i t2 : S2

S1 →whnf (S11 → S12 ) Γ ` S2 ⇔ S11 : ∗
Γ `i t1 t2 : S12

A App

Γ,X :K `i t : S
Γ `i λX :K .t : ∀X :K .S

A TAbs

Γ `i t : S1

S1 →whnf ∀X :K .S Γ ` T : K
Γ `i t [T ] : S {T /X }

A TApp

S →wh T Weak-head reduction

( λX :K .S )T →wh S {T /X }
QAR Beta

S1 →wh S ′
1

S1 T1 →wh S ′
1 T1

QAR App

S →whnf NF Weak-head normalization

NF →whnf NF
QAN Reduce

S →wh T T →whnf NF
S →whnf NF

QAN Normal

Γ ` S ⇔ T : K Algorithmic equivalence

S →whnf NE1 T →whnf NE2 Γ ` NE1 ↔ NE2 : ∗
Γ ` S ⇔ T : ∗

QAT Base

Γ,X :K1 ` S X ⇔ T X : K2

Γ ` S ⇔ T : K1 ⇒ K2
QAT Arrow

Γ ` NE1 ↔ NE2 : K Algorithmic path equivalence (neutral terms)

X ::K ∈ Γ
Γ ` X ↔ X : K

QAP Var

Γ ` NE1 ↔ NE2 : K1 ⇒ K2 Γ ` T1 ⇔ T2 : K1

Γ ` NE1 T1 ↔ NE2 T2 : K2
QAP App
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Γ ` S1 ⇔ S2 : ∗ Γ ` T1 ⇔ T2 : ∗
Γ ` S1 → T1 ↔ S2 → T2 : ∗

QAP ArrT

Γ,X :K ` S ⇔ T : ∗
Γ ` ∀X :K .S ↔ ∀X :K .T : ∗

QAP AllT

Definition rules: 40 good 0 bad
Definition rule clauses: 78 good 0 bad
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