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Generic-Haskell style generic programming in Agda

Dependently-typed languages are expressive enough to embed
generic-haskell style genericity.
Goals for this part:
© Foundations of Generic Haskell, in a framework that is easy to
explore variations
@ Examples of dependently-typed programming used for
metaprogramming, including typeful representations and
tagless interpreters.



Challenge problem: Kind-indexed, type-generic functions

Can we make a generic version of these functions?

eg-nat : N— N — Bool
eq-bool : Bool — Bool — Bool
eq-list : V{A} - (A — A — Bool)
— List A — List A — Bool
eq-choice : V{AB} — (A — A — Bool)
— (B — B — Bool)
— Choice A B — Choice A B — Bool

where

Choice : Set — Set — Set
Choice = AAB— (AXxB)WAWBWT



Challenge problem: Kind-indexed, type-generic functions

What about these?

size-nat : N—N

size-bool : Bool = N

size-list : V{A} - (A—N)—-LstA—N

size-choice : V{AB} —- (A —N) - (B—N)
— Choice AB — N



Challenge problem: Kind-indexed, type-generic functions

What about these?

size-nat : N—N

size-bool : Bool = N

size-list : V{A} - (A—N)—-LstA—N

size-choice : V{AB} —- (A —N) - (B—N)
— Choice AB — N

or these
arb-nat : N
arb-bool : Bool

arb-list  : V{A} - A —List A
arb-choice : V{AB} — A — B — Choice AB



Challenge problem: Kind-indexed, type-generic functions

or these

map-list  : V{A1 A} — (A1 — Ay)
— List Ay — List Ay

map—choice C Y {Al A2 Bl BQ} — (Al — Ag) — (Bz — 82)
— Choice A; B; — Choice A; B,



Recall: “universes” for generic programming

@ Start with a “code” for types:

Type : Set
nat : Type
bool : Type

pair : Type — Type — Type
@ Define an “interpretation” as an Agda type
[ ] : Type — Set
[ nat ] =N
[ bool ] = Bool
[[pairt1 t2]] = [[tlﬂ X [[tz]]
@ Then define generic op by “interpreting” as Agda function
eq : (t: Type) = [t] —[t] — Bool
eqg nat X N = eqg-natxy
eq bool X y = eg-bool x y
eq (pair t1 t2) (x1.x2) (y1.y2) = eqtixiy1 Aeqtaxoy2



Today's discussion

We'll do the same thing, except for more types.
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Today's discussion

We'll do the same thing, except for more types.
By representing all types structurally, we can define functions that
are generic in the structure of types.

Generic Haskell Universe

Types are described by the simply-typed lambda calculus, using
type constants T, W, x and recursion.




Structural types

Must make recursion explicit in type definitions. Recursive type
definitions are a good way to make the Agda type checker diverge.
No fun!

p o (Set — Set) — Set
roll : V{A} - A(nA)—pA
unroll : V{A} = uA—A(nA)
unroll (roll x) = x



Structural types

Must make recursion explicit in type definitions. Recursive type
definitions are a good way to make the Agda type checker diverge.
No fun!

p o (Set — Set) — Set
roll : V{A} - A(nA)—pA
unroll : V{A} = uA—A(nA)
unroll (roll x) = x

Recursive sum-of-product types:

Bool = TWwT

Maybe = MDA —-T WA

Choice = A\A—-AB—- (AXB)WAWBWT
N = u(AA—=TUWA)

Lst = ANA—->pu(AB—->TWA XxB)



Example of structural type definition

Structural definition of lists

List : Set — Set
List A = u(AB— T W (A xB))

nil Y {A} — List A

nil = roll (inj; tt)

i :V{A} > A —ListA—ListA
x:xs = roll (inja2 (x,xs))

example-list : List Bool
example-list = true : false : nil



Universe is Structure

Generic Haskell Universe

Types are described by the simply-typed lambda calculus, using
type constants T, W, X and recursion.




Universe is Structure

Generic Haskell Universe

Types are described by the simply-typed lambda calculus, using
type constants T, W, X and recursion.

Plan:

© Repesent 'universe’ as datatype for STLC + constants +
recursion.

@ Define interpretation of this universe as Agda types

© Define type-generic functions as interpretations of this universe
as Agda terms with dependent types.



Representing STLC

First, we define datatypes for kinds and type constants:

Kind : Set
* : Kind
~ = Kind — Kind — Kind

Const : Kind — Set
Unit : Const x
Sum : Const (x = * = *)
Prod : Const (x = x = *)

Note that the constants are indexed by their kinds.



Simply-typed lambda calculus

Represent variables with deBrujin indices.

Ctx : Set
(l : Ctx
_ & Kind — Ctx — Ctx

Variables are indexed by their kind and context.
V : Kind — Ctx — Set

VZ : V{lT'k} =Vk(k:T)
VS - V{ITkk} =VkI—=Vk(k :T)



Simply-typed lambda calculus

Typ : Ctx — Kind — Set

Var : V{IT'k} —-VklI—Typlk

Lam : V{l ks ka} — Typ (kg == T) ka
= TypT (ki = ko)

App :V{Fkl kz}HTypr(k1:>k2)—>Typrk1
— Typ T ko

Con : V{Ik} — Constk — Typ Tk

Mu :V{T} =>Typl (x= %) — Typl *

Note: closed types type check in the empty environment.

Ty : Kind — Set
Tyk = Typ [k



Interpreting kinds and constants
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Interpreting kinds and constants

A simple recursive function interprets Kinds as Agda “kinds".

[] : Kind — Set
[*] = Set
[a=b] = [a]—[b]

We need to know the kind of a constructor to know the type of its
interpretation.

interp-c : V {k} — Constk — [ k]

interp-c Unit = T -- has kind Set

interp-c Sum = & -- has kind Set — Set — Set
interp-c Prod = X



Interpreting codes as types

Environment stores the interpretation of free variables, indexed by
the context.

Env : Ctx — Set

(] : Env (]
oV {kl}—=[k]—=Envl —Env(k:T)

sLookup : V{klI} = VklI —Envl —[k]
sLookupVZ  (vuT) = v
sLookup (VS x) (v::T) = sLookupx T



Interpreting codes as types

Interpretation of codes is a 'tagless’ lambda-calculus interpreter.

interp : V{kT} ->Typlfk —Envl — [k]
interp (Var x) e = sLookupxe

interp (Lamt) e = Ay —interpt(y::e)
interp (App tl1 t2) e = (interp tl e) (interp t2 e)
interp (Mu t) e = u(interpte)

interp (Conc) e = interp-cc



Interpreting codes as types

Interpretation of codes is a 'tagless’ lambda-calculus interpreter.

interp : V{kT} ->Typlfk —Envl — [k]
interp (Var x) e = sLookupxe

interp (Lamt) e = Ay —interpt(y::e)
interp (App tl1 t2) e = (interp tl e) (interp t2 e)
interp (Mu t) e = u(interpte)

interp (Conc) e = interp-cc

Special notation for closed types.

| | :V{k}—=>Tyk—[k]
|t | = interpt|]



Example

Recall the structural type List

List : Set — Set
List = AA—-pu(AB—TuW (A xB))



Example

Recall the structural type List

List : Set — Set
List = AA—-pu(AB—TuW (A xB))

Represent with the following code:

list : Ty (x = *)
list =
Lam (Mu (Lam
(App (App (Con Sum) (Con Unit))
(App (App (Con Prod) (Var (VS VZ))) (Var VZ)))))

The Agda type checker can see that | list | normalizes to List, so it
considers these two types equal.
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The kind of a type determines the type of a generic function.
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Kind-indexed types
The kind of a type determines the type of a generic function.

() i (Set— Set) — (k : Kind) — [ k] — Set
b(x)t =>bt
b(ki=k2)t = V{A} b (kL)A—b(Kk2) (tA)

Equality example

Eq : Set — Set
EqA = A— A — Bool

eq-bool : Eq ( x) Bool

-- Bool — Bool — Bool
eq-list  : Eq (x = «) List

-VA— (A— A — Bool) — (List A — List A — Bool)
eq-choice : Eq ( x = x = x ) Choice

-VAB— (A — A — Bool) - (B — B — Bool)

-- — (Choice A B — Choice A B — Bool)



Defining generic functions

A generic function is an interpretation of the Typ universe as an
Agda term with a kind-indexed type.

Generic equality

geq : V{k}—(t: Tyk) > Eq (k) |t]




Defining generic functions

A generic function is an interpretation of the Typ universe as an
Agda term with a kind-indexed type.

Generic equality

geq : V{k}—(t: Tyk) > Eq (k) |t]

... however, because of A\, must generalize to types with free
variables.



Variables

Variables are interpreted with an environment.

VarEnv (b : Set — Set) : Ctx — Set
: VarEnv b [|
s {k : Kind} {I': Cix}{a: [k]}
— VarEnvb I
— VarEnv b (k:: T)

[

What is the type of the lookup function?

vLookup : V {I'k} {b : Set — Set}
— (v : VkI)— (ve : VarEnvbT)
—b(k)?

vLookupVZ  (v:iive) = v

vLookup (VS x) (v :: ve) = vLookup x ve



Variables

Variables are interpreted with an environment.

VarEnv (b : Set — Set) : Ctx — Set
[l : VarEnv b []

ot {k s Kind} {T @ Ctx}{a: [k]}
—b(k)a

— VarEnvb

— VarEnvb (k::T)

What is the type of the lookup function?

vLookup : V {I'k} {b : Set — Set}
— (v : VkIl)— (ve : VarEnvbT)
— b (k) (sLookup v (toEnv ve))
vLookupVZ ~ (v:i:ive) = v
vLookup (VS x) (v :: ve) = vLookup x ve

Aux function toEnv converts a VarEnv to an Env.



Another interpreter

Eq : Set — Set
EqA = A— A — Bool

geg-open : {I : Ctx} {k : Kind}

— (ve : VarEnv EqT)

— (t : TypT k) — Eq (k) (interp t (toEnv ve))
geq-open ve (Var v) = vLookup v ve
geg-open ve (Lam t) = Ay — geqg-open (y :: ve) t
geq-open ve (App t1 t2) = (geg-open ve t1) (geg-open ve t2)
geq-open ve (Mu t) =

A xy — geq-open ve (App t (Mu t)) (unroll x) (unroll y)
geqg-open ve (Con c) = geq-ccC



Interpretation of constants

geg-sum : V{A} — (A — A — Bool)
—V{B} — (B — B — Bool)
— (AwB) — (AwB) — Bool
geg-sum ra rb (inj; x1) (inj1 x2) = raxy xp
geg-sum ra rb (inj2 x1) (inj2 x2) = rbxg x2
geq-sum _ _ _ _ = false
geg-prod : V{A} — (A — A — Bool)
—V{B} — (B — B — Bool)
— (A x B) — (A x B) — Bool
geq-prod ra rb (x1,x2) (y1,y2) = raxiy1 Arbxzyz

geg-c : {k : Kind} — (¢ : Constk) — Eq (k) | Conc |
geg-c Unit = A tl t2 — true

geg-c Sum = geg-sum

geq-c Prod = geq-prod



Constants

Only the interpretation of constants and the rolling/unrolling in the
Mu case changes with each generic function.
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ConstEnvb = V {k} — (c : Constk) — b (k) | Conc |




Constants

Only the interpretation of constants and the rolling/unrolling in the
Mu case changes with each generic function.

Interpretation of constants

ConstEnv : (Set — Set) — Set
ConstEnvb = V {k} — (c : Constk) — b (k) | Conc |

Conversion for Mu case

MuGen : (Set — Set) — Set
MuGenb = V{A} = b (A (xA)) —b(uA)




Generic polytypic interpreter

gen-open : {b : Set — Set} {I' : Ctx} {k : Kind}
— ConstEnv b — (ve : VarEnvb ) — MuGen b
— (t : TypT k) — b (k) (interp t (toEnv ve))
gen-open ce ve d (Var v) = vlLookup v ve
gen-open ce ve d (Lam t) = Ay — gen-opence (y::ve)dt
gen-open ce ve d (App t1 t2) =
(gen-open ce ve d t1) (gen-open ce ve d t2)
gen-open ce ve d (Con ¢) = cec
gen-open ce ve d (Mu t) =
d (gen-open ce ve d (App t (Mu t)))



Generic polytypic interpreter

gen-open : {b : Set — Set} {I' : Ctx} {k : Kind}
— ConstEnv b — (ve : VarEnvb ) — MuGen b
— (t : TypT k) — b (k) (interp t (toEnv ve))
gen-open ce ve d (Var v) = vlLookup v ve
gen-open ce ve d (Lam t) = Ay — gen-opence (y::ve)dt
gen-open ce ve d (App t1 t2) =
(gen-open ce ve d t1) (gen-open ce ve d t2)
gen-open ce ve d (Con ¢) = cec
gen-open ce ve d (Mu t) =
d (gen-open ce ve d (App t (Mu t)))

Specialized to closed types
gen : {b : Set — Set} {k : Kind} — ConstEnv b — MuGen b
—(t: Tyk)—b(k)[t]
gencbt = gen-openc|]bt



Equality example

geq : {k : Kind} — (t : Tyk) = Eq (k) |t]
geq = gen geq-c eb
eb : V{A} —Eq (A (nA)) — Eq(nA)
ebf = Axy — f(unroll x) (unroll y)

eq-list : List Nat — List Nat — Bool
eq-list = geq (App list nat)



Count example

Count : Set — Set
CountA = A— N
geount : {k : Kind} — (t : Ty k) — Count (k) [t |
gcount = gen ee eb
ee : ConstEnv Count
eelUnit = At—0

eeSum = g
g: V{A} - _—-V{B}—-_—-(A¥B)—=N
grarb (injy x) = rax
grarb (inj2x) = rbx

ee Prod = g

g:V{A}—>7—>V{B}—>7—>(AXB)—>N
grarb (xi,x2) = rax;s +rbx

eb : MuGen Count

ebf = Ax — f (unroll x)



Count example

Count shows why it is important to make the type parameters
explicit in the representation.
gsize : (t: Ty(»=x*)—>V{A} - |t|A—=N
gsizet = gcountt (Ax — 1)

gsum : (t: Ty(»=%))—[t|] N—=N
gsumt = geountt (A x — x)



Count example

Count shows why it is important to make the type parameters
explicit in the representation.
gsize : (t: Ty(»=x*)—>V{A} - |t|A—=N
gsizet = gcountt (Ax — 1)

gsum : (t: Ty(»=%))—[t|] N—=N
gsumt = geountt (A x — x)

exlist2 : List N
exlist2 = 1:2:3:nil

gsize list exlist2 = 3
gsum list exlist2 = 6



What about map?

map-list : V {Al AQ} — (Al — A2)
— List Ay — List Aj

map-maybe : V {A; Ay} — (A1 — Ap)
— Maybe A; — Maybe A,

map—choice t VY {Al A2 Bl Bz} — (Al — A2) — (B2 — Bg)
— Choice A; By — Choice As; B>

Want something like:

Map (x)T =T —T
Map (x=x)T = V{AB} - (A—B)— (TA—TB)
I\/Iap(*:>*é*>T = V{Al B As BQ}

— (A1 = B1) — (A2 — B2) = (T A1 A, — T By By)

Can't define Map as a kind-indexed type.



Arities in Kind-indexed types

Solution is an 'arity-2" kind-indexed type:

()2 : (Set — Set — Set) — (k : Kind) = [k] — [ k] — Set
b<*>2 = At1th —bt1 tn
b<k1:>k2>2 = /\t1t2—>V{a1a2}—>

(b (ki )2) a1 a2 — (b (ka2 )2) (t1 a1) (t2 a2)

Map : Set — Set — Set
MapAB = A—B

gmap : V{k} —(t: Tyk) = Map (k)a |t ] [t]



Arities in Kind-indexed types

Solution is an 'arity-2" kind-indexed type:

()2 : (Set — Set — Set) — (k : Kind) = [k] — [ k] — Set
b<*>2 = At1th —bt1 tn
b<k1:>k2>2 = /\t1t2—>V{a1a2}H

(b (ki)2) a1 a2 — (b (k2 )2) (t1 a1) (t2 a2)

Map : Set — Set — Set
MapAB = A — B
gmap : V{k} —(t: Tyk) = Map (k)2 [t] [t]

To make a general framework, need to define ConstEnvy, VarEnv,,
gen-openy, geny, etc.



Or, arbitrary-arity kind indexed type

() :{n: N} — (VecSetn — Set) — (k : Kind)
— Vec [ k] n— Set

b(*x)v =bv

b(kli=k2)v = {a: Vec[kl]_} —
b(kl)a—b(k2)(v®a)

(Recall: v ® a applies vector of functions to vector of arguments
pointwise.)



Or, arbitrary-arity kind indexed type

() :{n: N} — (VecSetn — Set) — (k : Kind)
— Vec [ k] n— Set

b(*x)v =bv

b(kl=k2)v = {a: Vec[kl] _} —
b(kl)a—b(k2)(v®a)

(Recall: v ® a applies vector of functions to vector of arguments
pointwise.)
Single framework for all arities of generic functions.



Or, arbitrary-arity kind indexed type

() :{n: N} — (VecSetn — Set) — (k : Kind)
— Vec [ k] n— Set

b(*x)v =bv

b(kl=k2)v = {a: Vec[kl] _} —
b(kl)a—b(k2)(v®a)

(Recall: v ® a applies vector of functions to vector of arguments
pointwise.)

Single framework for all arities of generic functions. Also allows
arity-generic, type-generic code. More next time.
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Discussion and variations

@ Problem: What about datatypes like List and Maybe?

@ Can extend this solution to work with built-in datatypes with
datatype isomorphisms.

Problem: What about indexed datatypes like Vec?

Structural types that depend on indices.

Vec' : N — Set — Set
Vec' zero = ANA - T
Vec' (sucn) = XA — A x (Vec'nA)

@ Problem: The types of some generic functions depend on what
they are instantiated with.

Change the type of b from Set — Set to Ty » — Set.
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pick the constants that they are valid for.

@ Problem: what about Agda’s termination checker?
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Discussion and variations

@ Problem: Not all generic functions make sense for all type
constructors.

@ Can generalize over the constants to allow generic functions to
pick the constants that they are valid for.

@ Problem: what about Agda’s termination checker?

@ Can use coinduction for recursive types, partiality monad for
potentially divergent function(?)

@ Problem: No easy way to use generic functions. Have to
explicitly supply the universe.

° 777
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