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What?

Syntax and denotational semantics of System F.
Parametric polymorphism.
Goal:

[Va.((¢ = o) = &) = (x = ¢ = «) — «] = Term(0)



System F

x:tefl Nx:11kFe:T
NeEx:t 'EAX:T1.6:T1 — T9
NFei:T1 — T NkFes:t Ne:T x & fv(T)
't elex:To 't Ax.e: Vot
'e: Va1

I el[te/af : 1112/l



Parametric Semantics

Tlody = v(«)
T[t1 — 2]y Tlti]y = T[t2]y
TNVor]y = {x:VA:Set. T[t](ylx — Al)
\ VA],AQ,R . Rel(Al,Az).
R[t[(Aylec = RI]) (x A1) (x A2) }

RloJpxy = plo)xy

R[[Tl — Tz]]pfg = Vx - T[[Tl]h/l,y . T[[Tl]h/l.
Rlulp xy = Rlr2]p (fx) (&)
R[Vat]lpxy = VA;,A2,R:Rel(A1,A2).

R[t](plex — R]) (x A1) (y A2)



Steps

Setting up the meta-meta-theory

Encoding the syntax

Defining the semantics of types

Interfacing syntactic meddling with the semantics
Define/prove semantics of terms

vV vV.v v Vv Y

Prove some parametricity properties



How big is it?

Spec | Proof | Lines
Axioms 17 23 55
JMUtils 34 36 81
TypeSyntax 23 40 78
Semantics 35 69 128
Shifting 52 205 | 304
Substitution 74 288 | 442
TypeSystem 32 0 43
TypeSystemSemantics | 39 61 116
Total 306 | 722 | 1247



Setting up the Meta-meta-theory

Coq + -impredicative-set +
Proof Irrelevance:

VP : Prop. Vp;,p, : P. p; =D>.

Functional extensionality:

VA : Type,B:A — Type,f,g: (Va.Ba).(Vx. fx =gx) - f=g

Propositional extensionality:

VYP,Q:Prop, (P Q) —-P=Q



Consequences of the Axioms

Iemma sig_eq : V(A:Set) (P:A — Prop) (x1 x2: sig P),
projTl x1 = projTl x2 — x1 = x2.

Lemma subset_type_eq : V(A B:Set) (P : A — Prop)
(Q : B — Prop),
A=B —
(Vab, JMeqab = (Pa=QDb) —
{a:A|Pal}t={b:B| Qb }.



Encoding the Syntax of Types

Inductive variable : nat — Set :=
| var : Vg i, i < g — variable g.

Inductive type : nat — Set :=

| ty_var : Vg, variable g — type g

| ty_arr : Vg, type g — type g — type g
| ty_all : Vg, type (S g) — type g.



Semantics of Types

Definition ty_sem_rel (g:nat) (t:type g)
{ ty_sem : ty_environment g — Set
& V(el e2 : ty_environment g),
rel_environment el e2 —
ty_sem el —
ty_sem e2 —
Prop }.

(* ty_all *)
exists (fun e = { x : V(A:Set), (projT1 IHt) (A;:e)
| V(A1 A2 : Set) (R : Al — A2 — Prop),
(projT2 IHt) (Al;:e) (A2;:e)
(R;;diagonal e) (x A1) (x A2) })
intros el e2 re x1 x2.
exact ( V(A1 A2 : Set) (R : Al — A2 — Prop),
projT2 IHt (Al;:el) (A2;:e2) (R;;re)
(projT1l x1 A1) (projTl x2 A2)).
Defined.



Getting unstuck

Why use projections?

Don't want to get stuck on:
let (x,p) (=t in ...

VS.

. (projT1 t) ... (projT2 t) ...



First Steps

Straight from the semantics of types we get:

Lemma rel_diagonal : Vg (e:ty_environment g) ty x vy,
ty_rel (diagonal e) ty x y & x =17y.



John Major Equality
To Coq, 7 [t] depends on the context that T is derived in.

Will prove that 7 [T4. 1] = 7 [].



John Major Equality

To Coq, 7 [t] depends on the context that T is derived in.

Will prove that 7 [T4. 1] = 7 [].

But:
R[t] : T[] — T[] — Prop
and
R[[Td,c T]] : T[[Td,c T]] - T[[Td,c T]] - Prop
and, really:

Rltl = RTac 7l



John Major Equality
To Coq, 7 [t] depends on the context that T is derived in.

Will prove that 7[T4. 1] = 7 [1].

But:
R[t] : T[] — T[] — Prop
and
R[[Td,c T]] : T[[Td,c T]] - T[[Td,c T]] - Prop
and, really:

Rltl = RTac 7l

Need John Major Equality to equate things of different (but
provably equal) types.



Shifting Types

Syntactic definition of shifting of types is easy.
Preservation of well-formedness comes along for the ride.

Showing that the semantics of types is preserved by shifting is
harder.



Shifting I

First show that looking up shifted variables gives the same
answer

Definition var_eq : Vgl g2 (v : variable (gl + g2))
(el : ty_environment gl) (e2 : ty_enviromment g2) (A : Set),
lookup_var v (app el e2) =
lookup_var (shift_var g2 gl v) (app (app el (A;: ty_nil)) e2).

Standard de Bruijn hacking.

Needs proof irrelevance to handle V types.



Shifting II

Lemma rel_eq : Vgl g2 v,
V(ell el2 : ty_environment gl) (e21 e22 : ty_environment g2)
(rel : rel_environment ell el2)
(re2 : rel_environment e21 e22)
(A1 A2 : Set) (R : Al — A2 — Prop)
(tl : lookup_var v (app ell e21))
(t2 : lookup_var v (app el2 e22))
(t1’ : lookup_var (shift_var g2 gl v)
(app (app ell (Al;: ty_nil)) e21))
(t2’ : lookup_var (shift_var g2 gl v)
(app (app el2 (A2;: ty_nil)) e22)),
JMeq t1 t1° —
JMeq t2 t2° —
rel_lookup_var v (re_app rel re2) tl t2 =
rel_lookup_var (shift_var g2 gl v)
(re_app (re_app rel (R;; rel_nil)) re2) t1’ t27.



Shifting III

Definition shift_sem_rel_eq : Vgl g2 ty,
( V(el : ty_environment gi) (e2 : ty_environment g2) A,
ty_sem (app el e2) ty =
ty_sem (app (app el (A;:ty_nil)) e2) (shift g2 gl ty) )
A
( V(ell el2 : ty_environment gl)
(e21 e22 : ty_environment g2)
(rel : rel_environment ell el2)
(re2 : rel_environment e21 e22)
(A1 A2 : Set) (R : Al — A2 — Prop)
tl t2 t1’ t2°,
JMeq t1 t1’ —
JMeq t2 t2° —
ty_rel (re_app rel re2) ty tl t2 =
ty_rel (re_app (re_app rel (R;;rel_nil)) re2)
(shift g2 gl ty) t1’ t2’ ).



Substituting Types

Type substitution is similar to shifting in structure.

Syntactic operation and well-definedness defined/proved
together.

Proof that the semantics is preserved is more complicated, but
similar to the shifting proof.



Representing Terms

Inductive term : Vg, context g — type g — Set := ...

» Semantics is defined over only well-typed terms
» No point even thinking about non-well-typed terms



Semantics of Terms

Definition term_sem : Vg ctxt ty,
term ctxt ty —
{x: V(e : ty_environment g),
context_sem e ctxt — ty_sem e ty
| V(el e2 : ty_environment g)
(re : rel_environment el e2)
(gl:context_sem el ctxt)
(g2:context_sem e2 ctxt),
context_rel ctxt re gl g2 —
ty_rel re ty (x el gl) (x e2 g2) }.

Relies on:
» Identity extension
» Shifting preserves meaning of types (V-introduction)
» Substitution preserves meaning of types (V-elimination)



Using Parametricity

Proofs done using parametricity:

» T[Va.(t— o) = o = T[1]
» T[Vaox = ] =B

» TVt = (0 - &) = o] =N

Not tried yet: Theorems for Free.



Using Kripke Parametricity

» T[Va.((¢x = o) =5 ) = (¢ = ¢ — ) = «] = Term(0)

>

TVvYoe(v—=a) = (Vo o) = a) = (6= a— o) = «f
= Term(0)

» de Bruijn representation for:

(T ) —

(o= (p—a)— a)—
(p—oo—a— o) —
(p—o (00— a)— a)—
14



Failed to prove

TVo.((x = ) = &) = (¢ = ¢ = «) — «"'] = Term(n)

where o® = o, o™ = x — ™.



Grumbles

“Interactive” theorem proving.

generalize 0 at 3 4 56 6 7 8 87 166.

generalize O at 1 2 3 4 5 8 204 207 208.

Would like to do exists with tactics.



Conclusions

» Formalised semantics of System F with parametricity

» Heavy use of axioms: proof irrelevance, extensionality
» Careful avoidance of axiom terms when reducing

Future work:
» Prove that shift/substitution/reduction of terms is sound
» Do Theorems for Free
» Indexed types
>

Integrate with Domain Theory formalisation of Benton et
al



