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We are interested in
settings where p < 0.5




Problem Setup

* Instance space X, Label space y = {41}

* Probability distribution D on X x )

* Goal: Given a training sample

S — ((mlﬁyl)? (I"Qayﬁ)? T :r(mﬂayﬂ)) ~ D"
learn a good class probability estimation (CPE)

model 7s : X—0, 1]



Previous Approaches

* Weighting errors on positive and negative

examples differently (Provost, 2000; Japkowicz, 2000;
Chawla et al., 2004; Van Hulse et al., 2007; He & Garcia, 2009)

* Undersampling majority class to balance
positive and negative examples (King & Zeng, 2001)

* Asymmetric link” function based on generalized

extreme value (GEV) distribution (Wang & Dey, 2010;
Calabrese & Osmetti, 2011)



Our Work

 We use tools from the theory of proper
composite losses to design a loss based on the
GEV link termed GEV-canonical

e GEV-canonical loss is both flexible and convex

 We also propose the GEV-canonical regression
algorithm for its minimization
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Loss Functions for CPE

* A CPE loss function c¢: {£1} x [0,1]—R, assigns
a penalty c(y,n) for predicting n when the
true label isy



Loss Functions for CPE

* A CPE loss function c¢: {£1} x [0,1]—R, assigns
a penalty c(y,n) for predicting n when the
true label isy

e Can be defined by its partial losses ¢ : [0,1]=Ry
and c_; : [0,1]—=R,, given by

0

Cy(ﬁ) — C(y? ﬁ)



Proper Loss Functions

A CPE loss function c: {1} x [0, 1] =R, IS

proper if

n € argmin nci(n) + (1 —n)c-1(7) v € (0,1]
nelo,1]

and strictly proper if the minimizer is unique



Example: Logarithmic Loss
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Example: Logarithmic Loss

5@ = —In(A):
%@ = —In(1-7).
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Log loss is strictly proper



Link Functions

Let YV C R, A link function
Y 2 |0,1]—=V
is any strictly increasing (and therefore

invertible) function that maps probabilities in
0, 1] to real-valued scores in )/



Example: Logit Link
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Example: Probit Link
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Example: Complementary Log-Log Link
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Proper Composite Loss Functions
[Buja et al, 2005; Reid & Williamson, 2009, 2010]

A loss function £ : {-
proper composite if

-1} x V=R, is said to be
4 a proper CPE loss

c:{+1} x [0,1]—-R, and alink ¢ : [0,1]=V s.t.

l(y,v) =c

(v, (v))



Canonical Proper Loss & Link Pairs
[Buja et al, 2005; Reid & Williamson, 2009, 2010]

* For every link function ¥ there is a unique
canonical proper loss function given by:

1

a(@ = / (1 - q)¥'(q) dg;
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e
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Canonical Proper Loss & Link Pairs
[Buja et al, 2005; Reid & Williamson, 2009, 2010]

* For every link function ¥ there is a unique
canonical proper loss function given by:

1

a(@ = / (1 - q)¥'(q) dg;

gl

e

c_1(n) = /n qv'(q)dq,

0

* The resulting proper composite loss has some
nice properties, including convexity.



Example: Logistic Loss

Log Loss + Logit Link = Logistic Loss

ElogistiC(yj ’U) — _1In ( 1 )

1 4 exp(—yv)



Example: Logistic Loss
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ElogistiC(yj ’U) — _1In ( 1 )

1 4 exp(—yv)

Canonical pair
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Generalized Extreme Value (GEV)
Probability Distribution

 CDF of GEV distribution with location
parameter ; = 0, scale parameter s =1, and

shape parameter ¢ e R.:

Fe(v) = exp(—(1+¢&v);7%).

* Used for modeling rare events in statistics



GEV Link Family (Parameterized by ¢ € R)
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GEV-Log Loss Effectively Used in
(Wang & Dey, 2010; Calabrese & Osmetti, 2011)

Log Loss + GEV Link = GEV-Log Loss

(OEV-108(0) (y 9)) = —1[y = 1] In(ypG 1y (v;€))— 1]y = —1] In(1—1pZ fy, (v: €))



GEV-Log Loss Effectively Used in

(Wang & Dey, 2010; Calabrese & Osmetti, 2011)

1eGEV- log (&) (

Log Loss + GEV Link = GEV-Log Loss
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GEV-Log Loss Effectively Used in

(Wang & Dey, 2010; Calabrese & Osmetti, 2011)
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Canonical Proper Loss for GEV Link

GEV-can o~ l_q
SO (@) = dq

I

N 1
GEV-can o~
SEVen©) 7y /0 dq



GEV-Canonical Loss
(Canonical Loss) + GEV Link = GEV-Canonical Loss

OEV-can(€) (4 ) = =1y = 1] e (g (1)) =1y = —1] 25O (1—yi gy (v €))



GEV-Canonical Loss
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Canonical pair by construction; results in convex loss!



Canonical pair by construction; results in convex loss!
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GEV-Canonical Loss
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GEV-Canonical Loss

e Can be tailored for the problem of CPE for varying
degrees of rarity

* Not available in closed form. But, the gradient
and Hessian are available in closed form

e Can be efficiently minimized using IRLS type
algorithm. We term this GEV-canonical regression



GEV-Canonical Regression

Algorithm 1 GEV-Canonical Regression (using IRLS)
Input: Data S = ((x;, ;)" € (R x {£1})"

Initialize: X = [x1, X2, - ,xn]T c Rnxk
0.75 ify, =1 _
= Y vi € [n)
'Uz(l) = wGEV(g)(??El)) Vi € [n]
t=1
repeat

fori =1ton do
t t
w? =57 (= In(n")) s+
choose a suitable step size y(*)
zgt) _ vz(t)+,7(t)_(1(yi _ 1)_"7§t))'¢£}15v(5) (ngt))
end for
WO = diag(w,; (¢ ) . ,wy(f))
B® = (XTW(” ) IXTW (B g®)
// compute ﬁ(t) via weighted least squares (WLS)
fori =1tondo

o = ()T
’mgt“) d)GEV(g) (Chpg(

end for
t—t+1
until convergence

Output: Coefficient vector 6(t_l) € R*

oY)
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Experiments

* We have conducted experiments with both
synthetic and real data

 Parameter ¢ selected using a validation set.

* Results averaged over 10 experiments.



Experiments with Synthetic Data

e Evaluation Metric: Root Mean Square Error
(RMSE)

1 .
—8— GEV=Canonical —&— GEV-Canonical —a— GEV=-Canonical
GEV-Log 11 GEV-Log oo GEV-Log
i —a&— Probit 1l 0.8t —&— Probit | —8— Probit
0.8 - g ek 0.8 o
—a— Logistic ~—a— Logistic —&— Logistic
—&— C log=log —a—C log-log —a—C log-log
L "l mim Undersampling ; == Undersampling CRE I'«',... == Undersampling
L o8t -~ Weighted-Logit [| ,, 06 B - - Weighted-Logit || y L= - -~ Weighted-Logit
az-; . % g Y g iy gm Y
o o = : '
0.4} 0.4} 0.4
0.2t 0.2¢ 0.2
o . . .
107 10* 10° 0 10° 10* 10° ° 10° 10° 10°
Train Sample Size Train Sample Size Train Sample Size

Dataset 1: p =0.0158 Dataset 2 : p =0.0312 Dataset 3 : p =0.095



* Experimented with 12 UCI data sets

Experiments with Real Data

 Evaluation Metric: Brier Score (Brier, 1950)

DATASET LOGISTIC PROBIT CLOGLOG UNDERSAMPLING WEIGHTED GEV-LOG GEV-CANONICAL
REGRESSION REGRESSION REGRESSION + KING-ZENG LOGISTIC REGRESSION REGRESSION
CORRECTION  + CORRECTION
NURSERY 0.0084 0.0084 3 0.0124 *=* 0.0090 ** 0.0172** 0.0084
LETTER-A 0.0079=#* 0.0034 ** [I.l]ﬂ'MI 0.0111 ** 0.0112 ## 0.0313*#* 0.0080 **
CAR 0.0266 ** 0.0262 0.0267 ** 0.0320 ** 0.0271 * (00296 ** 0.0259
GLASS 0.0670 0.0671 0.0744 *# 0.0623 B-063+ 0.0614 0063
EcoLl 0.0646 0.0644 0.0689 ** 0.0756 ** 0.0635 0.0641 00641
LETTER-VOWEL (.1392*# 0.1392 ** 0.1400 *# 0.1416 ** 0. 1414 ** 0.1405 ** 0.1367
CMmcC 0.1617 0.1617 0.1621 0.1642 ** 0.1615 0.1626 01622
VEHICLE 0.1399 0.1395 0.1422 0.1501 ** 0.1405 () 1497 == 0.1394
HABERMAN 0.1828 * 0.1812 0.1907 ** 0.1823 * 0.1814 #* 0.1761 0.1760
YEAST 0.1634 ** 0.1635 ** 0.1666 ** 0.1646 ** 01635 ** 0.1621 0.1616
GERMAN 0.1721 0.1731 0.1737 0.1754 ** 0.1714 0.1787 ** 0.1727
PiMA 0.1617** 0.1623 ** 0.1652 %% 0.1662 * 0.1626 ** 0.1616 0.1603




Summary

FLEXIBLE? CONVEX?

LOGISTIC X v
PROBIT X v
CLOGLOG X v
GEV-LOG(€) v X
GEV-CANONICAL(E) v v



Conclusion and Future Work

* Proposed GEV-canonical regression algorithm
using convex GEV-canonical loss for the
problem of CPE when one class is rare

e Future directions:
— extensions to large scale data
— statistical guarantees



