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D-MAP: Distributed Maximum a Posteriori
Probability Estimation of Dynamic Systems

Felicia Y. Jakubiec and Alejandro Ribeiro

Abstract—This paper develops a framework for the estimation of
a time-varying random signal using a distributed sensor network.
Given a continuous time model sensors collect noisy observations
and produce local estimates according to the discrete time equiv-
alent system defined by the sampling period of observations. Es-
timation is performed using a maximum a posteriori probability
estimator (MAP) within a given window of interest. To mediate
the incorporation of information from other sensors we introduce
Lagrange multipliers to penalize the disagreement between neigh-
boring estimates. We show that the resulting distributed (D)-MAP
algorithm is able to track dynamical signals with a small error.
This error is characterized in terms of problem constants and van-
ishes with the sampling time as long as the log-likelihood function
which is assumed to be log-concave satisfies a smoothness condi-
tion. We implement the D-MAP algorithm for a linear and a non-
linear system model to show that the performance corroborates
with theoretical findings.

Index Terms—Distributed estimation, wireless sensor networks.

I. INTRODUCTION

E consider the problem of estimating a time varying
W signal with a distributed sensor network collecting
noisy observations of the signal of interest. To track this
dynamical system we implement a distributed estimation
algorithm in which sensors rely on local observations and
communication with neighboring nodes. We meet this goal
using maximum a posteriori probability (MAP) estimates and
design a mechanism to incorporate global information into
local estimates. At each time step ¢ sensors estimate the state of
the system at the same time ¢ while coming close to the optimal
centralized MAP that would be computed if all observations
were available at a central location.

The first idea proposed to mediate the incorporation of global
information within local estimates is the consensus algorithm.
Consensus relies on iterative averaging of neighboring values
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and can be shown to determine linear minimum (LM) mean
squared error (MSE) estimators [2]. Consensus algorithms
are well studied for linear static estimation problems, e.g.,
[3]-[5], and have also been adapted for linear dynamic esti-
mation [6]-[8]. Variants of consensus algorithms include the
concept of running consensus in which consensus iterations
are performed alongside the collection of sensor data [9],
[10] and gossip algorithms in which data exchanges happen
between pairs of neighbors only [11], [12]. Being based on
linear operations, gossip algorithms solve LMMSE estimation
and have been extended to dynamic settings as well [13],
[14]. A drawback of most consensus methods in [6]—[8], [13],
[14] for estimation of time varying signals is the assumption
that communications occur in a time scale separate from the
timeline of the dynamic system. This is necessary because
consensus [2] and gossip [11] are iterative algorithms. Thus,
their implementation in a dynamic setting requires assuming
that an infinite number of communication steps occur between
subsequent states of the dynamic system. An approach that
doesn’t suffer from this drawback is the application of diffusion
algorithms [15] to online Kalman filtering [16] and target
tracking problems [17]. In the particular case of target tracking,
specific algorithms have also been developed in the context of
robot localization[18]-[20].

An alternative approach to incorporate global information
into local estimates is to introduce Lagrange multipliers effec-
tively setting a price on disagreement that sensors try to mini-
mize. This approach can be rendered optimal by introducing La-
grange multiplier updates based in either dual gradient descent
[21] or the alternating direction method of multipliers [22]. This
latter approach is adapted in [23] to deal with linear Gaussian
autoregressive (AR) models giving rise to distributed Kalman
filter implementations. Alternative constructions of distributed
Kalman filters rely on sensor scheduling and focus on the effects
of quantization [24], [25]—see also [26] for a tutorial presenta-
tion of Kalman filtering in distributed sensor networks. An im-
portant advantage of the price mediation methods in [21], [22]
is that they can be used for general, i.e., not necessarily linear,
maximum likelihood estimation problems. The generalization
to dynamic systems in [23], however, is restricted to linear esti-
mation.

This paper generalizes the price mediation algorithms of [21],
[22] to dynamic nonlinear MAP estimation problems. Our work
also differs from most existing works on dynamic estimation in
that we use a common time scale for communications and the
evolution of the process. When using a single time scale each
iteration of the price update algorithm brings the sensors closer
to agreement on the MAP estimate while the process, and as
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consequence the MAP estimate, drifts to a new value. The tech-
nical contribution of this paper is to characterize this tradeoff
by showing that local estimates approach the centralized MAP
estimator with a small error which we characterize in terms of
problem-specific constants.

Section II starts by introducing the dynamical model in
continuous time and its equivalent sampled model in discrete
time and follows by formulating the global MAP estimation
problem. To avoid memory growth we introduce a time window
to remove older observations and signals from the estimation
problem. The global MAP is then reformulated as a constrained
optimization problem in which local estimates are required to
coincide with each other. Under the assumption that log-like-
lihood functions are concave, the constrained optimization
problem is convex allowing us to work in the dual domain.
The distributed (D)-MAP algorithm is then obtained by imple-
menting gradient descent in the dual function as discussed in
Section II-A. To clarify discussion we particularize D-MAP to
the estimation of a linear Gaussian AR process in Section I1I-B
and to a nonlinear variant in which estimates rely on quantized
observations in Section II-C.

Convergence properties of D-MAP are studied in Section III.
Since we implement gradient descent in the dual domain, our
focus is to study the distance between dual iterates and the op-
timal dual variables. The proximity between D-MAP and cen-
tralized MAP estimates is proportional to this distance as we
show in Theorem 2. In each step of dual gradient descent the
dual iterate is pulled closer to the optimal dual variable. How-
ever, the optimal multiplier changes between iterations due to
variations in the signal of interest. Once the algorithm reaches
steady state, we expect the distance between dual iterates and
the time-varying optimal dual variable to settle on some gap.
This expectation is formalized in Theorem 1 where we prove
that: (i) The Lagrange multipliers converge in mean to a close
neighborhood around the optimal multipliers. (ii) The Lagrange
multipliers almost surely visit a near optimality region infinitely
often. The size of the optimality neighborhood is characterized
in terms of the condition number of the log-likelihood func-
tion, the connectedness of the sensor network, and a parameter
bounding the changes in the gradient of the log-likelihood as a
function of time. This result implies that the stochastic process
of distances between centralized MAP and D-MAP estimates
becomes small on average [cf. (i)] and that for almost all real-
izations the distances become small infinitely often [cf. (ii)]. If
the log-likelihood is smooth in time in the sense that the param-
eter bounding the changes in its gradient vanishes with time,
these neighborhoods become arbitrarily small by proper selec-
tion of the sampling time. The proof of Theorem 1 is presented
in Section III-A.

Numerical experiments are presented in Section IV.
Section IV-A implements D-MAP for the linear model of
Sections II-B and I'V-B for the quantized observations model of
Section II-C. In both cases D-MAP results in smaller MSE than
estimates that rely on local observations only. The advantage
is most noticeable when comparing the worst MSE across
different sensors in a given realization. Section V closes the
paper with concluding remarks.

II. PROBLEM FORMULATION

Consider a symmetric sensor network ¢ with K sen-
sors and let nj denote the set of neighbors of sensor &
composing an edge set £ with |£| edges. The network is
deployed to estimate a ./ x 1 continuous time-varying vector

signal 8,(7) = [541(7), 8a2(7), .., 8.,7(7)]T. Each sensor
k collects a J x 1 vector observation which we denote as
Xak(T) = [Tar1(7), Tar2(7)y -+, 2ars (7)]T. We assume

that observations x,;(7) collected at different sensors are
conditionally independent given the signal s,(7) and that the
conditional probability density function (pdf) P (x,,(7)|sar (7))
is known at each sensor. We further assume that the process
of time-varying signal values s,(7) can be described by a
differential equation of the form

S,,,(T) = f,,,S(S,J,(T),u(,,(T)), (1)

where u,(7) denotes a stationary white driving input signal.
For any time step h and given current state s,(7), (1) de-
termines a time-invariant transition pdf which we denote as
P (sa(7 4+ h)|s.(7)). We assume that this pdf as well as the
observation model pdf P (x,(7)|s.(7)) are log-concave, i.e.,
the logarithms In P (x,(7)|s(7)) and In P (s, (7 + h) [sq(7))
are concave functions of the signal values s, (7) and s, (7 + h).

To estimate s,(7) we consider the equivalent discrete
time model s™ = s,(nT;) obtained by sampling s,(7) at
intervals of length T,. Likewise, we consider discrete-time
observations X7 = Xqr(nTs) = [27y, 2%, ...,2%;]" ob-
tained at the same sampling instances and define the vector
x" = [x7?, ..., x% 7 stacking the observation samples of all
nodes for time n. We use P (x7|s™) = P (Xar(nT5)|s4(nT3))
and P (s"s""') = P(sa((n+1)T,)[se(nT,)) to denote
the kth sensor observation pdf and the state transition pdf,
respectively. Observe that this probabilistic description of the
discrete time model is obtained from the continuous time model
introduced above. In estimation of time-varying processes the
goal is to compute estimates s, ..., s’ of all observed signals
given all collected observations x°, . .., x*. To avoid excessive
memory growth we introduce a time window of length W and
focus instead on computing estimates s~ *1 ... s’ during
the window length using the observations x’ =" *+1 . x' col-
lected during the same window. To clarify notation let £ denote
the current time index so that the window of interest includes
observations and signals between times { — W + 1 and .
Denote as xj,(#) := [xszurlT ...xt "7 the vector containing
all observations during the window for given sensor k£, recall
the definition of the vector x™ := [x7%,...,x%T]7 grouping
observations of all sensors during given timen € [t — W +1,1],
and further define x(¢) := [x{ (#),...,x%(#)]* grouping ob-
servations for all sensors and all times during the window. In a
symbol of the form x} (¢}, the argument denotes the current time
t, the superscript a time n € [t — W + 1, #] during the window
of interest, and the subscript & a given sensor. If a symbol
does not have a subscript, it is supposed to group homologous
variables for all sensors. If it misses a superscript, it groups all
times between £ — W +1 and £, and if it misses both it groups all
sensors and all window times. With this notational convention
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define the vector syap(t) = [siy it ()T .. st p(t) |7 of
all MAP estimates between times# — W + 1 and ¢ as

syar(t) = argmax P (s|x(t))
s

= argmax P (x(1)[s) P (s), )

s

where Bayes’ rule is used in the second equality. Recalling the
conditional independence of the observations at different sen-
sors, the conditional probability in (2) can be rewritten as

t K
IT  IIP&is™. 3)

n=t-W41 k=1

P (x(t)]s) =

Similarly, using the Markov property of the continuous model
according to which s™ only depends on s™ ! but not on previous
data we can write the prior distribution in (2) as

i

II

n=t—W41

P(s)= P (s"|s"*1) . (€))

Substituting (3) and (4) for the corresponding terms in (2) leads

to
t

I1

n=t—W41

K
smap(t) = arg max P (s”|s”*1) H P (x7]s™).
5 k=1

&)
Notice that the estimator s\1ap(¢) is obtained through the max-
imization of a time-varying objective because observations x}/
shift to the left as time ¢ progresses. Since the logarithm is a mo-
notonously increasing function we can alternatively write the

MAP estimate in (5) as

smap(t) = argmax fryap)(s,?)

3 (i (InP (xfls™) )

n=t—W-+1 k=1

argmax

+1InP (s”|s"71) ), (6)

where we defined the function f(yapy(s,¢) to denote the cen-
tralized log-likelihood function at time { whose maximization
yields MAP estimates syap(t). Throughout the text we omit
summation borders to simplify notation. We use ), () to stand

t K
for Zn:tfﬂq»l(')’ >o(e) for >0, () and Zn,k(') for the
.. t Zt K (_)
jomtsum 2, —; w1 2op=141/-

Since we assume that the probability distributions P (x}|s™)
and P (s"|s" ') are log-concave, the likelihood function
fovapy(s,t) is concave. Thus, the computational complexity
of solving (6) is approximately cubic in the window size and
the dimension of the signal vector s™. This means that com-
putation of MAP estimates at a centralized location can be
carried at manageable computational complexity even for large
window sizes. Concavity of firap)(s, ) also permits devising
a distributed implementation as we discuss in the next section.

A. Distributed Maximum a Posteriori Probability Estimators

Formulated as in (6), the MAP estimator cannot be imple-
mented in a distributed manner because the MAP estimate
syap(t) is a variable global to the network. In order to propose

a distributed algorithm, we rely on dual reformulations that are
standard in convex optimization. Start by introducing local esti-
mates s} * () for all sensors & and times . € [t—W 41, ] within
the current window and reformulate (6) as the time-varying
constrained optimization problem

s*(t) = argmalenP (xplsp) +InP (sp[sy 1)
s

n,k

s.t. sy =sj, for alll € ny.

foralln =t —-W+1,...,t (7)

where we introduced the vector s*(¢) stacking local estimates
sp*(¢) for all sensors and times. Formulating an equivalent con-
strained problem with additional variables is common practice
in distributed optimization. For a connected network the con-
straints s = sj* reduce the feasible space of (7) to configu-
rations that have the same values at all sensors, i.e., they re-
quire s} = s; for all pairs of sensors &, [ and times n. Then, if
the centralized problem in (6) has a solution sprap (%), the solu-
tion to the constrained optimization problem (7) is the same. In
other words, (7) and (6) are equivalent because every element
sy (t) of the estimator in (7) is equal to the MAP estimator, i.e.,
sp(t) = saap(t).

If we denote the edge incidence matrix of the directed net-
work as Cj, we can define a replicated version as C where
each 1, -1 and 0 in the matrix are replaced by the identity ma-
trix I; —T and the zero matrix 0 of size .J respectively. Then the
equality constraints in (7) can be written in the more compact
notation Cs = 0. Further defining local objectives fz(sx, ) =
>, InP (x}[s?) + (1/K)InP (sP|s} ') and global D-MAP
objectives fo(s,t) = >, fx(sk,t) we can rewrite (7) as

S*(t) = argmax fO(S7t) = ka:(sk’-,t)a
s k
s.b. Cs =0. t))

Since the equality constraints are linear and the maximand
is concave in the variables s}, the optimization problem in
(7)—and its equivalent form in (8)—is convex. Thus we can
equivalently work with the Lagrangian dual problem of (7). To
do so, associate the Lagrange multiplier A}; with the constraint
sy = sy for the optimization problem at time ¢ and define the
Lagrangian as

1 ,
L(s, A\ t) = Z {lnP (x3|sy) + % InP (sp[sy ')
n,k

+3 A (sn - si‘)} ©)

leng,

where A stacks the Lagrange multipliers for all links k,
[ and times n. Recall that 3 ,(-) stands for the sum
S W S°&_ () as already convened.

Observe that the Lagrangian in (9) is time-varying because it
depends on the observations x(#) collected during the current
window. The dual function, which is also time-varying, is de-
fined as the maximum of the Lagrangian with respect to primal
variables, i.e.,

g(A,t) = argmax L(s, A, 1), (10)
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and the dual problem is defined as the minimization of the dual
function D(#) = miny g(A,#). More important than the min-
imum value of the dual function is the optimal dual argument
that achieves this minimum. The structure of the primal problem
in (7) is such that this minimizing argument is not unique. De-
fine then the ser of optimal Lagrange multipliers as

A*(t) = arg min g(A, t), (11)
A
and denote as A*(¢) € A"(t) the elements of this set. The set
A”(#) is a subspace whose dimension is determined by the rank
of the replicated edge incidence matrix C; see (36)—(38).
Because the dual function is convex, we can use gradient de-
scent to update multipliers A so that they approach the optimal
multiplier set A" (¢). Since we want to handle communications
in the same timeline as the samples of the signal, we consider
dual iterates A(¢) which we want to update according to the gra-
dient descent algorithm

A(L+1) = Alt) — eVg(AL), 1) (12)

with some given stepsize . Notice that in (12), A(# + 1) is up-
dated according to the gradient of the dual function g(A(¥), ) at
time £, but we are interested in its optimality with respect to the
dual function g(A, ¢t +1) at time ¢+ 1. We analyze this mismatch
in Section III.

To compute the gradient of the dual function consider the
Lagrangian primal maximizers s(¢) = s(A(#)) that maximize
the Lagrangian £(s, A(t),t) for given dual iterate A(%)

s(t) = s(A(t)) := argmax L(s, A(t), 1). (13)
The gradient of the dual function Vg(A(¢).¢) is then given by
the constraint slack associated with these Lagrangian maxi-
mizers

V(A1) 1) =

According to the definition of the edge incidence matrix C the
gradient component associated with link %,/ and time n is given
by the constraint slack corresponding to this link

[Voaw. 0] =si(t) -~ si (.

Because of the symmetry of the network the last sum in (9) can
be rearranged so that it is expressed as a sum of primal variables
s7 instead of as a sum of dual variables Ay;. If we do so, the
Lagrangian can be separated into a sum of local Lagrangians,
i.e., we can write £(s, X, 1) = >, Lr(sk, A, 1) with

Calsht) = X [P (xflsp) +
+ Z rLT

lEn,

Cs(t). (14)

(15)

1 o
?hlP (splsp™)

DA —Ng) |- (16)

Since separate maximization of the local Lagrangians in (16)
results in the maximization of their sum, it follows that the La-
grangian maximizers s (#) necessary to compute the dual gra-
dient components in (15) can be determined in a distributed
manner. This permits the definition of the D-MAP algorithm

which we formulate as iterative application of the following
steps.
Primal iteration. Given dual iterate A(¢) at time #, deter-
mine primal Lagrangian maximizers as

k()—dlgmaxz |:hlP Xplsk) +
+Z nT

leny

74 lnP (silsy™ 1)

A |- A7

Dual iteration. Given primal iterates s(¢) update dual it-
erates as

At +1) = Xy () — e(si (1) — s7'(1)). (18)

To implement the primal iteration, sensor & needs access to local
multipliers Ay, () and multipliers A}’ (¢) for neighboring sensors
! € ny. Likewise, to implement the dual iteration, only local
s7(t) and neighboring s} () primal variables are needed.
Remark 1: Tn (17) the signal estimate s’ "' (¢ — 1) computed
at time { — 1 for the signal value at time { — W is not used.

Nevertheless, sz W (t—1) contains information about the signal
values s}~ v +1 ., st in the current window of interest. To ex-

ploit this mformation the term [sf;WH — Asi Wt 1)]T

Q ![st " — Asi W (2 — 1)] can be added to the local La-
grangian in (17). This is equivalent to assuming that s*~"+1
given s* " (¢ — 1) is normal with covariance Q and mean
As! ™ (t — 1). This term is not considered here to keep the
analysis in Section III tractable but it should be added to prac-
tical implementations. We consider the effect of this term in the
numerical simulations performed in Section I'V.

B. Linear Gaussian Autoregressive Model

To illustrate the D-MAP algorithm in (17) and (18) consider
its application to a linear time invariant Gaussian AR model.
In this case the evolution of the state s,(r) follows a linear
differential equation and the observation X, (7) is a noisy linear
transformation of the state,

$q.(7) = Ay so(7) + uu(7),
xa,k'(T) = Hak: Sa,(T) + N (T)

The driving noise u,(7) in (19) is drawn from a zero-mean
Wiener process with covariance matrix Q,, and the observation
noise n, (7) is drawn from a zero-mean Wiener process with co-
variance matrix R.g.

An equivalent discrete-time model tracks the state
s = s.(nT,) at times nT,; using sampled observations
xp = Xqr(nTs) [27, Chapter 4.9]. Solving the differential (19)
between times (n — 1) T, and n T with initial condition s 1
we can relate subsequent state observations s” ! and s™ as

19)
(20)

s" = exp(A,T;)s" (r)dr.

2D
Upon defining the noise vector u” := f(n Ya exp(A,(nT,—
T))u,(7)dr as well as matrices A = exp(A, T) and Hy, :=
H, ;. we can write the equivalent discrete time AR process as

wre T
-1 / exp(Aq(nT, —7))u,
(n—1)T,

g" :As'n—l =+ u'n—l7 (22)
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x; =Hgs" +nj. (23)
It follows from its definition that the driving input noise u”™ is
white Gaussian with covariance matrix

Q:=E [u"‘ u} = (%) AN (exp(2A,T,) — I). (24)
This observation combined with (22) implies that the transition
probability distribution P (s™|s" ') is normal with mean s™ !
and covariance Q. To sample observations with period T we
need to pass X, (7) through a low pass filter with bandwidth

= . Assuming this filter is perfect, the discrete time noise nj; is
whlte Gaussian with covariance matrix

Rak:

T,
This fact combined with (23) implies that P (x}|s™) is also
normal with mean Hs"” and covariance R.,. Given that both
P (s"[s"!) and P (x}|s") are normal the log-likelihoods in
(6) are quadratic and the centralized MAP estimator syjap(t)
in (6) reduces to the maximization of the quadratic form

syap(t)

R, =E [n;:Tn;f] = (25)

= arginaxf ; [(xz — Hks")TR,;l <XZ — Hks">
+ %(S” fAs"’*l)TQ*1 (s” fAs"'*l)} . (206)

For the D-MAP algorithm we need to specify the primal and
dual iterations in (17) and (18). For the primal iteration just ob-
serve that the log-likelihoods are quadratic forms as in (26) to
conclude that (17) takes the specific form

sk(t) = arg max - Z [(Xk - HkSZ’)TRZ ' (XZ - HksZ’)
+ (SZ — AsZ*l)TQ*1 (SZ - AsZ‘fl)
+ Z nT( — At ))} (27)
leny

The dual iteration is given by (18) since its form does not depend
on the specific signal model. Since the maximand in (27) is a
quadratic form, the distributed estimate s;(#) can be computed
in closed form by determining the estimate that sets the gradient
of the quadratic form to zero.

C. Quantized Observations

Consider a modification of the linear model in (22)—(23) in
which sensors are attached to a single-level quantizer that pro-
duces binary observations y; = [y, ..., ¥};] With elements
Yr; € 10,1}. To model the quantization process introduce the
threshold level 8 &; used to quantize the jth component &x ;f, of
the vector observation xj; in (23). The binary variable y;; 1ndi—
cates whether the analog observation %; exceeds the threshold
80.%5

v = ek, > 0o} (28)

where [{-} denotes the indicator function. For simplicity of
exposition assume the observation noise is uncorrelated so
that the covariance matrix Ry takes on the diagonal form

R, = diag(rg1,7%2...,7s). This assumption makes the
observations x};, and as consequence the binary variables
Y1;» independent of each other. It follows that to determine
the log-likelihood In P (y}|s™) we just need to determine the
probabilities P (yp, = 1|s") so as to compute

J
WP (yils”) =Y (i 0P (ui; = 11s")
i=1
+(1 - Yi;) In (1 -P (y,'jj = 1|s")) ) (29)

To determine P (y’,’;j = 1|s"), leth{ denote the k-th row of the
observation matrix Hy. According to (28), yi; = 1 is equiva-
lent to z; > o ;. Since the pdf of z; is normal with mean
hfs” and variance 7, we can write this probability as

P (yp; = 1IS”)
(z—hls ”)Tk7 (z—h}s ”)) dx.

exp
,/27rrk7 /90 . <

(30)

We remark that since the integrand in (30) is a log-concave
function of z, the resulting integral P { yj;; = 1|s™
log-concave function of s™[28, p. 106]. This implies that the
log-likelihood In P (y7|s™) in (29) is a concave function of s™
and thus consistent with the assumptions in Section II.

To write the primal iteration for D-MAP we also need to de-
termine the transition probability distribution P (s”|s" ~!). But
since we have not changed the signal model, P (s"|s" ') is
normal with mean s ! and covariance QQ as commented after
(24). The primal iteration in (17) then takes the form

si(f) = argmax Z InP (yz|s™)
Sk n

is also a

1

+ o (sh — AspHTQ (s - Asp Y
+ D s = M), (31)
l€Eny,

with In P (y}|s™) as given in (29). The dual iteration is again
given by (18) as in the case of the linear Gaussian AR model
of Section II-B because its form is the same irrespective of the
particular signal model. In this case it is not possible to get a
closed form expression for the primal iteration. However, since
InP (y}|s™) is a concave function of s}, the maximand in (31)
is a concave function of s”. The maximum arguments s ()
can then be numerically determined using Newton’s method as
shown in Appendix A. We emphasize that Newton descent for
(31) is implemented locally at each sensor. There is no coordi-
nation between neighboring sensors other than the exchange of
Lagrange multipliers Az (#) and primal iterates s;, ().

The model in this section can be generalized to multilevel
quantizers. Colored observation noise can be handled with the
use of a whitening filter. See [29] for further details.

IIT. CONVERGENCE PROPERTIES

To determine the optimality of (17)—(18), we want to assess
how the D-MAP algorithm compares to the centralized MAP.
Therefore we want to compare the distance ||sy(¢) — spap(t)]|
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between the primal iterate s (#) computed by sensor k at time
t with the corresponding centralized MAP estimator syiap(%).
Given the equivalence of (6) and (7) we know that sppap(t) =
s;(t) from where it follows that the distance of interest satisfies

lIs1(t) = smap (Dl = lIse () = szl < [[s(6) =s™ (D] (32)

where the inequality is due to the fact that the vectors s (¢) and
s7(t) are components of the vectors s(¢) and s*(¢). The right-
most term in (32) is the distance between the current primal it-
erate s(¢) and the optimal primal arguments s*(¢) of (7). As such
it can be related to the distance between the current dual iterate
A(t) and the set of optimal dual variables A*(#). This section is
devoted to the characterization of the distance || A(t) — Ag(¢)]]
between A(t) and a specific sequence of optimal dual variables
Ay(t) € A*(t). The optimality gap ||s(¢) — s*(¢)|| in (32) is
then bounded by the distance ||A(t) — Aj(¢)||. The derivation of
these results requires making the following assumptions on the
edge incidence matrix C, the log-likelihood functions fy(s, t)
and the initial Lagrange multipliers A(0).

(A1) The sensor network is connected. Equivalently, the edge

incidence matrix Cg has K — 1 nonzero singular values
0 <y < ... < k. For future reference define v := -
and T' := ~p.
The eigenvalues of the Hessians V2 fy(s,t) of the
distributed log-likelihood functions fy(s,t) are upper
bounded by the Lipschitz constant 1/m so that for
arbitrary vectors s and r and all times £ we can write

(A2)

o5, 1) < fole, 1)+ fo(x, )7 (s =) + 5 |15 — ] ”.

/ (33)
The eigenvalues of the Hessians V2 fy(s,t) of the
distributed log-likelihood functions fo(s,%) are lower
bounded by the strong convexity constant 1/M so that
for arbitrary vectors s and r and all times # it holds

(A3)

Is —x||*.
(34)
The Lagrange multipliers are initialized at some value
A(0) € Tm(CT) in the image of the transposed repli-
cated edge incidence matrix CT.
Consider the gradients V fo(s*(¢), ) and V fo(s*(t +
1),% + 1) of the log-likelihood functions fy(s,#) and
fo(s, + 1) at subsequent times ¢ and ¢ + 1 evaluated
at corresponding optimal points s*(¢) and s*(# + 1).
The expected value of the norm of this difference given
past observations up to time ¢ is bounded by a vanishing
constant §(7%). Denoting by x(0 : #) = x°...x" the
past observations, it holds

Jo(s,1) > fo(r, 1)+ V fo(r, £) (s —r) +

2M
(A4)

(AS5)

Aim E [V fo(s™(£),t) = Vfo(s*(t+1),t + 1)

|x(0:1)] <8(Ty), (35)
for some 4(T) function with limr, o 6(7,) = 0.
Assumption (A1) is typical in distributed algorithms. Observe
that the squares of the singular values of C are eigenvalues of
the replicated Laplacian matrix C*'C. In particular 72 is the
spectral gap of the network graph which is known to control

the diffusion of information in distributed algorithms. Assump-
tions (A2) and (A3) are customary in the analysis of descent
algorithms except that we require them of the primal objec-
tives fo(s,t) while we descend on the dual functions g(A,#).
Assumptions (A2) and (A3) can be translated into similar state-
ments of the dual Hessian using the extremal singular values -y
and I'—see Lemma 1. We remark that the strong convexity As-
sumption (A3) requires, in particular, that the dimensionality of
the observations x; be equal or larger than the dimensionality of
the signals s;.. Assumption (A4) is a restriction in the initial mul-
tipliers which is easy to ensure as it suffices to make A(0) = 0.
Selecting A(0) € Im(C™) guarantees that A(#) € Im(C?T) for
all times ¢ > 0. This is true because Vg(X,#) € Im(C7%) as it
follows from its expression in (14).

Assumption (A5) limits the variability of the log-likelihood
function fo(s, ). This is a reasonable requirement because de-
scending along the gradient Vg(A(t),t) of the dual function
g{(A, ) corresponding to time # is sensible only if this function is
close to the dual function g(, £+1) corresponding to time t+1.
Having close dual functions can be satisfied if the primal func-
tions fo(s.t) and fo(s,t + 1) are close. Observe however that
(35) limits variability of the log-likelihood gradients V fo(s, ),
which is a stronger requirement than limiting the variability of
Jo(s, ). Further recall that functions f(s. t) are random as they
depend on the observations x} (#+1). The bound in (35) is weak
in a stochastic sense as it only constrains the expected value of
the difference between subsequent gradients. It is also important
to note that in most cases of practical interest, the constant (7 )
vanishes as the sampling time 7'y — 0. For the linear Gaussian
AR model of Section 1I-B §(7;) = o(y/Ts) vanishes as /T5;
see Appendix A. Note that V fo(s*(£),#) # O in general be-
cause s*(#) solves a constrained optimization problem [cf. (7)].

To specify the sequence of given optimal dual variables
Ay(#) € A™(#) let us characterize the optimal dual subspace
A*(#). According to the Karush-Kuhn-Tucker (KKT) con-
ditions, any pair s*(#), A"(¢) of primal and dual optimum
variables satisfies

VL(s* (), (), 1) = Vfo(s*(1),t) + CTA"(t) = 0. (36)

The optimal argument s*(¢) is unique because the log-likeli-
hood fo(s,t) is assumed strongly convex as per assumption
(A3). However, solving (36) for A*(¢) results in multiple pos-
sible solutions because the rank of the KJ x |£| matrix CT
is rank(CT) = K — 1. Then, if there is a solution to (36)
we can describe the subspace A"(¢) by specifying a unique
vector Ag(¢) € Im(C7T) in the image of CT from which all op-
timal multipliers A" (¢) are obtained by adding a vector w(#) €
null(CT) in the null space of CT'. Le., for any A*(¢) € A*(¢)
there exist w(t) € null(CT) such that

AT = A5@) +w(t) (37
where Aj(¢) € Im(CT) is the unique vector in the image of CT
that satisfies (36). The vector Ag(¢) € Im(CT) can be written
in terms of the Moore-Penrose pseudoinverse Ct of C7 as

A5 () = —CTV fo(s* (1), 1). (38)
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Since the definition of C' includes the property CT =
CTCTCT we can write v(t) = (I — CTCT)w(t) for some
vector w(%), but this is not relevant to subsequent derivations.

Observe that A(t) and A (t) are both random because the ob-
servations x(t) are random. We therefore derive two asymp-
totic stochastic bounds on the distance ||A(#) — Aj(#)]|. The first
is a mean bound that holds across ensemble averages, and the
second bound holds almost surely for individual realizations.
Both of these bounds are parametric on the variation bound
8(T;) as we state in the following theorem.

Theorem 1: Let A(t) denote the vector with current dual iter-
ates obtained at time # from (18) and A;(¢) € Im(C?) denote
the unique optimal argument of the dual function g(A.#) that
lies in the image of the transposed replicated edge incidence
matrix CT. Assume the step size ¢ < 1/(MT?). If assumptions
(A1)—(A5) hold, the expected value of the distance between the
dual multipliers A(#) and the optimal multipliers Aq () at time ¢
satisfies

1+ emy? 5

C )\ <
liminf E [|]A(f) — Ag(8)]]] < emAy®

t—o0

(T%)- (39)

Furthermore, for almost all realizations of the observation
process x(%) it holds

. 1 L
i inf AL = MO € ——2T5(Ty) a5 (40)
t—00 emy
Proof: See Section III-A. [ |

The first result in (39) states that the mean across different
realizations of the process ||A(%) — Ag(#)|| becomes small. The
second result states that all processes eventually reach the same
small value although they may deviate from this value with
some probability. Further notice that for smooth log-likelihood
functions having continuous gradients, the gradient difference
(35) vanishes with decreasing sampling time. It is therefore
possible to approximate Aj, arbitrarily by reducing the sampling
time. We can then interpret Theorem 1 as a means for selecting
T, to achieve a prescribed error tolerance in the difference
IACE) = Ao (B)]l-

The bounds in (39) and (40) become large as the step size €
becomes small. This is not unreasonable because the optimiza-
tion problem in (7) changes with each time step. Hence, while
A(t + 1) becomes closer to Ag(#), the optimal argument Ag(#)
drifts away to Ag(¢t+1). As we reduce ¢, D-MAP loses its ability
to track these changes in A (#). The optimal stepsize selection is
e = 1/(MT?). This uncovers the dependence of (39) and (40)
on the condition number m /M of the primal objective as is al-
ways the case in gradient descent algorithms. A final interesting
observation is the dependence of (39) and (40) on the spectral
radius v which characterizes networks for which D-MAP per-
forms poorly. The eigenvalue + is small for networks that are
sparsely connected and large for densely connected networks.

Coming back to the original goal we relate the suboptimality
of primal iterates s(¢) to the distance ||A(#) — Ag(#)|| whose
asymptotic behavior is characterized in Theorem 1. This is
a simple result that follows from the strong convexity of the
primal objective stated in Assumption (A3) as we show in the
following theorem.

Theorem 2: Let s(t) denote the current primal iterate at time
t with components s (%) given as in (17) and let s*(#) be the
optimal argument of (7) with components s} () = swap(%).
With the same definitions and assumptions of Theorem 1, the
distance ||s(t) —s*(t)|| between s, (t) and s*(#) can be bounded
as
Is(t) — s (Ol < TM|A(E) = A(B)]]- (41)
Proof: Consider the KKT condition V.Ls(s*(£), X" (%), 1)
= 0 which we explicitly write as
Vfo(s*(#),t) + CTA*(+) = 0. (42)
Furthermore, since s(t) is the primal variable that maximizes
the Lagrangian £(s, A(%),t) according to (13), it holds that
Vfo(s(), t) + CTA(t) = 0. (43)
Subtracting (43) from (42), rearranging terms and taking the
norm of the resulting expressions yields

IV fo(s(t), 1) = Vfo(s™ (). ]l =[ICT(A) = Ag())]
<[ICTIHIAE) = A5, (@4)

where the inequality follows from Cauchy-Schwarz’s in-
equality.

Consider now the strong convexity of the primal stated in
Assumption (A3) and evaluate (34) for vectors s = s(#) and
r = s*(¢) as well as for variables s = s*(f) and r = s(t).
Adding up the resulting expressions yields

0> [Volrt) - Viols.t)] (s — 1) + %Hs % 45

after rearranging and canceling terms. Using Cauchy-Schwarz’s
inequality in (45) leads to

[s(t) —s™ (DI < MV fo(s(t),£) = Vfo(s™(2), )]

Substituting (44) into (46) the result in (41) follows after noting
that ||[CT|| = I as per Assumption (Al). ]
According to Theorem 2 the distance between D-MAP es-
timates s(#) and MAP estimates s*(#) can be bounded by the
dual suboptimality distance ||A(%) — Aj(2)||. Combining this re-
sult with the bounds in Theorem 1 characterizes the steady state
behavior of D-MAP. D-MAP estimates are close to MAP esti-
mates on average [cf. (39)] and for almost all realizations of the
dynamic system of interest D-MAP estimates are close to MAP
estimates infinitely often [cf. (40)]. The bound depends on the
condition number 77 of the primal objective, the spectral radius
v of the edge incidence matrix, and the objective smoothness
parameter 6(7T ). Moreover, the bound can be made arbitrarily
small by reducing the sampling time T, so that 6(7,) — 0.

(46)

Proof of Theorem 1

The proof of Theorem 1 builds on a relationship between the
distance [|[A(#) — Aj(#)|| of the current dual iterate A(#) to the
optimal Lagrange multipliers Aj(%) in the span of CT and the
expected value of the corresponding distance || A(£+1) — Aj (£ +
1}|| in the subsequent time slot. This relationship is similar to a



JAKUBIEC AND RIBEIRO: D-MAP: DISTRIBUTED MAXIMUM A POSTERIORI PROBABILITY ESTIMATION OF DYNAMIC SYSTEMS 457

supermartingale contraction as stated in Theorem 3. We obtain
(39) of Theorem 1 by applying this contraction recursively. We
obtain (40) of Theorem 1 by modifying the sequence ||A(¢ +
1) — A5(# + 1)|| to construct a proper supermartingale.

Before proceeding to the proof of Theorem 1 let us introduce
a preliminary result to translate assumptions (A2) and (A3) into
corresponding statements on the gradient Lipschitz continuity
and strong convexity of the dual functions g(A, t).

Lemma I: Consider the dual function g(A.t) as defined in
(10). Assume that the primal objective fy(s, t) satisfies assump-
tions (A2) and (A3) and that the edge incidence matrix complies
with Assumption (A1). The dual function g(A, #) has Lipschitz
gradients with dual Lipschitz parameter M T2,

MT?

9w, t) < gt + VgA )T (A= p) + 5 A= ull?. @47)

The dual function g(A, ) is strongly convex in the span of CT
with dual strong convexity constant m~y2. Ie., for any pair of
vectors A, p € Im(C7) it holds

my?
2

Proof: Observe that both (33) and (34) combine the mean
value theorem with the corresponding eigenvalue bound for the
primal function. The mean value theorem for the dual function
states that for all dual variables A, p there exists a vector ¥ in
the segment A — u for which

9. 1) = g(At) + Va(A, )T (A — p)
F O W Ve 0 - ).

g(p,t) > gAt) + VaA )T (A — p) + A — pl|?. (48)

(49)

Recall that Hessians V2g(, t) of dual functions g(A, ) can be
computed by producing a second order Taylor approximation of
(7) and considering the quadratic dual of the resulting quadratic
program. This procedure leads to

VZg(At) = C(=V?fo(s(A).+) H)CT (50)
where s(A) is the primal Lagrangian maximizer as defined in
(13)—see, e.g.,[30, Egs. (8)—(10)]. Using this fact we can bound
the largest eigenvalue of V2g(A,t) by MT? due to the strong
convexity assumption in (34) and the edge incidence matrix
largest eigenvalue bound. This latter observation substituted in
(49) yields the Lipschitz gradient statement in (47). Observe that
strong convexity of the primal translates into Lipschitz gradient
continuity because the dual Hessian is a linear transformation
of the inverse (— V2 fo(s(X), ) 1) of the Hessian of the primal
objective.

In the same way in which the primal strong convexity as-
sumption in (34) is translated into the dual Lipschitz gradient
property in (47), the primal Lipschitz gradient assumption in
(33) can be translated into the dual strong convexity property in
(48). For that matter consider the mean value theorem statement
in (49), the dual Hessian expression in (50), and the primal Hes-
sian eigenvalue bound in Assumption (A2) to conclude that for
any pair of vectors A, g it holds

gl 1) > gA )+ VA T (A=) +m(A—p) " CCT(A—p).
(51)

If we restrict our attention to vectors A, 4 € Im(CT) in the
image of the transposed replicated edge incidence matrix CT
we can bound (A—p)T CCT(A—p) > +%||A—p|?. Substituting
this bound in (51) yields the dual strong convexity statement in
(48). ]

Lemma 1 produces Lipschitz gradient and strong convexity
statements for the dual functions g(A,#) that are needed to
study gradient descent on these functions. Observe that (48) is
a statement of strong convexity of the dual function restricted
to vectors in the image of C”'. The dual function is not strongly
convex in general. This weaker statement is sufficient for the
convergence analysis that we perform in the remainder of this
section—see Lemma 2.

The following theorem relates the distances || A(#) — Ay (#)]|
between the current dual iterate A(#) and the unique current op-
timal multiplier Aj(#) in the image of C” at subsequent times.

Theorem 3: Let A(t) denote a sequence of dual variables ob-
tained through recursive application of (17)~(18) and Ay (#) €
ImC7T denote the unique optimal argument of the dual func-
tion g(A,t) that lies in the image of the tranposed replicated
edge incidence matrix CT. Assume the stepsize in (18) satisfies
€< ﬁ and that assumptions (A1)—(AS5) hold. Then, subse-
quent distances ||[A(t) — Ag(¢)]| satisfy

E[IIAG+1) = Ag(t + DI [x(0 : 2)]

1 1
< —— 1A = A + =6(T.). (52
< e A = NI+ 24T, ()

Proof: Consider a triangle with vertices A(¢+1), A" (£), and
A5 (t + 1). The triangle inequality for [|A(2 + 1) — Aj(t + 1)||
yields

IACE+1) = Ag(t + 1)

SJAGE+ 1) =A@+ Aot + 1) =A@ (53)

The first term in the right hand side of (53) is the distance
[IA(t4+1) — Ag(#)|| between the optimal multiplier A, () and the
subsequent dual iterate A(¢t + 1). Since we are descending along
the gradient Vg(A(t), t) of the dual function at time # we expect
this distance to be smaller than the distance || A(t) — Ag(¢)]] be-
tween Ap (¢) and the current dual iterate A(¢). This is proved true
in Lemma 2. The second term in the right hand side of (53) is the
distance || A5 (¢t + 1) — A5 (t)]| between subsequent optimal mul-
tipliers Aj(t) and Aj(¢ + 1). We expect this distance to depend
on the variation between log-likelihood functions f;(s,¢) and
fo(s,t + 1) at subsequent time slots as bounded in assumption
(A5). The relationship between these quantities is established in
Lemma 3.

Lemma 2: Assume the same hypotheses and definitions of
Theorem 3. The distances ||A(t) — A5 (¢)| and [|A(E+1)— g ()]
of subsequent iterates A(t) and A(¢ + 1) to the optimal dual
variable Ag(¢) € Im(C7T) satisfies

IAG+1) - Aol < —— AROERIOI

_ 54
— 1+ emy (59

Proof: Since the optimal dual variable Aj(#) is the same on
both sides, (54) is just a statement on the optimality improve-
ment of subsequent gradient descent iterates. The proof'is there-
fore analog to the convergence analysis for gradient descent al-
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gorithms—see e.g., [28, p. 466]—modified to use the milder
strong convexity assumption in (48) of Lemma 1. The proof is
also adapted to relate subsequent distances ||A(t + 1) — Ag(#)]]
and ||A(#) — A5 (#)]| between iterates and the optimal set instead
of the corresponding suboptimalities g(A(t+1),#) — g(A5(#), 1)
and g(A(£),£) — gOA(1).).

Begin the proof by writing the dual Lipschitz gradient state-
ment in (47) of Lemma 1 for A = A(#) and pp = A(t + 1)

g+ 1),1) <gA(®).1) + Va(At), HT (A +1) = A1)

MT?
+ 5 At + 1) — A(B)|*

(55)

Further recall that as per the dual update in (18) we have A(# +
1) = A(t) — eVg{A(#), ) because according to (15) the con-
straint slacks s () — s}'(#) are components of the dual function
gradient. Substituting this equality in (55) yields

gt +1),1) < g(A(H). 1) — eVa(A(t).5) Va(A®). 1)

MT?2e2
5 IVa(A@), D>

(56)

The second term in the right hand side of (56) simplifies to
eVg(A), ) TVg(A#),t) = €||[Vg(A(#),1)]|*>. Making this
substitution in (56) and pulling common factors yields

MT2%e

SN+ 10,00 < 90,0+ ¢ (M5 1) Va0, 01

(57)
The hypotheses include the stepsize bound e < 1/(MT?2) which
is equivalent to (MT%¢)/2 — 1 < —1/2. Using this fact and
subtracting the optimal value g(Aj(t), t) from both sides of (57)
yields

Z

g(A(t+1),) — g(Ag(t). 1)
< g(A(6).t) — g(Ao(1). 1) — %||V.f](/\(t)>t)||2- (58)

We are now interested in rewriting the right-hand side of (58).
To do so, expand the squared distance between multipliers At +
1) at time £ + 1 and optimal multipliers Ag(#) to write

IACE+ 1) = A (O = M) - A1)
— 2eVg(A(), )T (A1) — A5 (1))
+ @V gA@®). 0)] (59)

Due to the fact that the dual function is (strictly) convex we can
use the bound

g(A(®), 1) = g(As(1), 1) < Vg(A), )" (A() — A5(#)), (60)

whose right hand side contains the term in the middle of the
right hand side of (59). Using this observation to combine (59)
and (60) gives, after rearranging terms,

g(At) 1) — g(Ap(t),1) < %(*Ilk(t +1) = A0

+IIA®) = A5

+5199(@. 01 (6D

After substituting the bound in (61) for the term g(A(¢).%) —
g(A; (1), 1) of (58) the terms £(€/2)||Vg(A(t), #)]|? of (58) and
(61) cancel out each other leading to

9N+ 1),1) = g5 (0).)
<~ A 1) = RO+ A - A 62

Having found an upper bound on g(A(t +1),¢) — g(A5(t), £) we
set to find a lower bound in the same quantity. Given Assump-
tion (A4) and the fact that gradients Vg(A(t),¢) € Im(C?) for
all times ¢ [cf. (14)] it follows that A(¢) € Im(C7T) for all ¢.
Since it is also true that Ay(¢) € Im(CT'), we can write the re-
stricted dual strong convexity statement in (48) of Lemma 1 for
A = Aj(t) and p = A(t + 1) to obtain the bound

gAE +1),1) > g(A5(#). 1)
+ Vg(A5 (1), T (At + 1) = A5(t)

2
mey .

IR NG )
Because the dual function g(A,t) is convex it holds that
Vg(As(t), )T (A — Aj(t)) > O for arbitrary dual variable A.
Hence, we can drop the term in the middle of the right-hand

side of (63) and rearrange terms to get

my?

5 IAE+1) =A@ < gAE+1),1) = g(A5(#), ). (64)

Combining the bounds in (62) and (64) to eliminate the terms
g(A(t + 1),t) — g(A5(t), t) yields the result in (54) after re-
ordering terms. u

Lemma 3: Assume the same hypotheses and definitions of
Theorem 3 and consider the set of all past observations x(0 : t)
given. On average, the optimal multiplier Aj (¢ + 1) at the next
time step deviates from the current optimal dual variable Ag(t)
by no more than §(7%)/~,

El

At+1) = A0 |x(0:)] < %5(@). (65)

Proof: Withx(1) given the log-likelihood function fy(s, t)
is also given. As a consequence so is the dual function g(A, t)
and the optimal dual variable A (¢). The optimal variable Ag (£ +
1) depends on the random observation x(¢+1). The expectation
in (65) is with respect to the distribution of x(¢ + 1) given x(#).
Recall that Ajj(#) and A;(Z+1) are the unique optimal dual argu-
ments that lie in the image of the transpose of the replicated edge
incidence matrix C”'. Thus, using their explicit expressions in
(38) we can write

A6+ 1) = A5 ()|

= |-CTVfo(s*(t +1),t+ 1) + CTV fo(s*(£), )| . (66)

Applying Cauchy-Schwarz’s inequality we can extract the norm
of the pseudoinverse matrix C' to obtain

Aot +1) = Ao @]

<|CHIV fo(s™(t+1),t+1) = Vfol(s™ (). )], (67)
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The norm of ||CT|| is its largest singular value. According to
the properties of Moore-Penrose pseudoinverses, it is also the
inverse of the smallest nonzero singular value of C. Combining
this observation with the definition of + in assumption (A1) (67)

simplifies to
IAo(t + 1) = Ag(B)|
< %HVfO(s*(t 1)t 1) = Vo(s* (0,0 . (68)

Taking expectations on both sides of (68) conditional on the past
observations x(0 : t) yields

E[||As(t+ 1) = A5 ()| | x(0: )]

< ZE[IVAls (1), 1) + VAT, |x(0:0)

(69)

The result in (65) follows from substituting the bound (35) of
assumption (A5) for the right hand side of (69). ]
To complete the proof of (52) consider the expectation of the
inequality in (53) with x(0 : ) given. Since A(¥+ 1) is uniquely
determined by x(0 : ) taking this expectation yields

E[[[ACt+ 1) = Ap(t+ D]l | x(0 : )]
< A+ =A@ +E [IA5(t + D =Xg ()]l | x(0: 1)] -
(70)

Substituting the result (54) of Lemma 2 and the result (65) of
Lemma 3 into (70) yields the bound in (52). ]

Returning to the proof of Theorem 1 it leaves to be shown that
the result from Theorem 3 can be used to characterize the con-
vergence of the sequence ||A(%) — A (¢)||. For the mean conver-
gence result in (39) consider the expectation of the statement in
(52) of Theorem 3 with respect to the past observations x{0 : #g)
up to a certain time 19 < ¢

E I+ 1)~ Xy(t + DIl x(0: t0)]
1

< — - : —6(Ts).

S T enmrE (A0 = M@ [x(0 = t0)] + Z8(T). (71
We use (71) to show that the expectation
E [IIA(E) = A5 | x(0 : t0)] eventually ap-
proaches the near optimality region in  which
E [IA@) = X0l [0 t0)] < 6T + ema?)/(emn?).

To prove that this is true suppose that it is false and that it
therefore holds

N 8(T)(1 + em~?)

E [IA() = A5 [ x(0 : t0)] > =——om——ir

emy3(1 — f3)
for some constant 0 < < 1 and all times ¢ > ¢5. We use this

hypothetical conclusion to remove the term 6(7%) /v from (71)
and group and reorder terms to obtain

(72)

E [[IA(E+1) = Ag(t+ DI | x(0 : to)]

JEIN® - X0 [x0: 1)) )

emy?

<|l1-——
_< '61+6m72

Since the bound in (73) is assumed to hold for all times we can
use it recursively between times ¢y and ¢ to write

EIAE+1) = A5+ 1) i o)]

[ |x([)

2 t—1ig
emey
<I1-—- E [||A(to) — t 0:%0)|.
< (12872 E [N - X501 %00 1)
(74)
But this implies that the expectation
E [|IA(t) — t)\||x(0:t0)} — 0 as time t — oo

thereby contradicting (72). It follows that (72) is absurd and
that as consequence we must have

E[IA)

(14 omy?)
emy3(1 — f3)

for at least some time £’ > #g and all constants 0 < 3 < 1. The
limit infimum statement in Theorem 1 follows because (75) is
true for arbitrary time ¢y and arbitrary constant 0 < 3 < 1.

For the almost sure convergence result in (40) we construct
a supermartingale based on the values of the distances || A(¢) —
A;(1)]]. To do so consider a given time ¢y and fix an arbitrary
constant 0 < 3 < 1 to define the stopping time 7, as the first
time ¢ > g at which the process |A(£) — A5(t)|| enters the near
optimal region 6(7,)}(1 + emry )/emfy (1 )

Ts 1= inf{t > 1o || A) = As()]] < 8(T5)( 1—|-€7n'y )}

ey (1= )
(76)
Based on the stopping time 7 in (76) define the process «(t)
with realizations

alt) = IIA(E) — Mg < 7.}

for all ¢ > #;. The sequence «(t) follows the sequence of dis-
tances to optimality ||A(¢) — *( )|| until this distance becomes
smaller than §(7,)(1 + em~y?)/em~y3(1 — B) at time ¢ = 7.
Thereafter, «(¢) = 0 for all subsequent times ¢ > 7.

The process «(t) is a supermartingale. Indeed, consider the
expected value of (¢ 4 1) conditional on x(0 : ¢)—recall that
all randomness in the system is measured if we are given x(0 :
t). There are two different cases «(t) = 0 and «t(¢) # 0. When
a(t) = 0, it must be that 7, < ¢ which implies 7, < ¢ + 1
yielding (¢+1) = 0 according to (77). A particular conclusion
of this observation is that

= X ()l %(0: t0)] < 8(T5) (75)

(77

Efo(t+1)[x(0:),a(t) =0] =a()=0.  (78)
When «(t) # 0 use the definition of «(t) in (77) and the fact

that [{z < 74} < 1 to write

E [o(t + 1) | x(0 2 £), o(t) # 0]

(

SE[IAE+1) = A5+ D) [x(0:H)] . (79
The right hand side on (79) is the expected distance bounded in
Theorem 3. Thus, we can combine (52) of Theorem 3 with (79)

to write

E [o(t + 1) | x(0: £), e(t) # 0]
1 1
———||A(t) — A5t ~6(Ts). (80
< HmeH (6 = X)) + To(T). (80)
If a(t) # 0 it must be that |[A(#) — A >
S(T)(1+ emy?)/em~y3(1 — 3).  Otherwise the  stop-
ping time would satisfy 75 < t [cf. (76)] and «(f) = 0 as
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a consequence [cf. (77)]. Using this inequality to eliminate
8(Ts)/~ from (80) yields

£ 1), o
(i

When «(t) # 0 we must have [{{ < 7,} = 1 which means
aft) = ||A(t) — A*(t)||. Making this substitution in (79) yields

2
_mr a(t).
1+ emny?

(82)
Combining the claims in (78) and (82) it follows that «(t) is
a non-negative supermartingale as we had claimed. It follows
from the supermartingale convergence theorem [31, p. 352] that
lim;_,oo a(t) exists for almost all realizations of the process.

We will further show that all of these limits must be
lim; o «(t) = 0. For doing so just notice that (78) and (82)
can be combined to write

E [o(t + 1) | x(0 t) # 0]

emy?

)n O - N0l @D

1+ em~y?

E [t + 1) | x(0: ), a(t) #0] < (1 -

emy?

E[a(t+1)]x(0:¢4)] < <1 -8 2) alt).  (83)

14 emry

Taking the expectation of both sides of (83) with respect to the
distribution of x(¢) given x(0 : ¢;) and applying the resulting
inequality recursively between times ¢ and ¢ yields

emey?

E [a(t+1) [ x(0: £p)] < (1—/5 ) i Oa(to). (84)

1 + em~2

Since the constant 3 satisfies 0 < # < 1 and the process (%)
is nonnegative it follows from (84) that

lim E [a()

t—o0

| x(0: 2)] = 0. (85)
Since we already observed that lim,_ ., «(f) exists almost
surely in order for (85) to be true all of these limits must be null
because the sequence «(¢) is nonnegative. Therefore

tlim a(t)y=0 as..

(86)

According to the definition of «(¢) in (77) the result in (86)
implies that the stopping time 7, is almost surely finite, which
means that for almost all processes there exists a time ¢’ > #g
such that

)1+ emny?)

[[AGE) = A5 (@] < m-

(87)
The limit infimum statement in Theorem 1 follows because (87)

is almost surely true for arbitrary time #; and arbitrary constant
0< g <l

IV. SIMULATION RESULTS

We implement the D-MAP algorithm in (17)—(18) for the
linear Gaussian AR model introduced in Section II-B and the
quantized observations model of Section II-C. In both cases we

compare performance of D-MAP estimates s (#) to the central-
ized MAP estimator sy1ap(#) in (6) which would be computed
if all observations were available at a common location. We also
compare D-MAP and local (L-) MAP estimates § (¥) computed
using local observations only,

Sp(t) = arg malenP (x

T

Kls™) +InP (s"[s" 1) . (88)

As mentioned in Remark 1, the term [s, " 1 — Ast " (¢ —
D)TQ st — Ast " (¢ — 1)] is added to the distributed
log- hkehhood in (6). To maintain fair comparison benchmarks
the term [s* W+1 — Asi W (¢ — 1)]" is added to the central-
ized log-likelihood in (6) and the term [s*~ "+ — A=W (¢ —
D)TQ st WH — Ast W (¢ — 1)] is added to the local like-
lihood in (88).
In both subsequent numerical studies we consider a WSN
with K = 8 sensors and edges between any two sensors £ and
[ present with probability %

A. Linear Gaussian AR Model

Consider a two-dimensional signal vector s(7) =
[s1(7), s2(7)]T containing temperature values at two points
in space. The dynamical model has state transition matrix
A, = [0.99,-0.10;0.10;0.99]/s and driving input covari-
ance matrix Q, = diag(0.25°C?/s?, 0.25°C?/s?). The
sensors observe the temperatures directly implying that the
observation matrices are identities H,; = 1 for all sensors
k. The noise covariance matrices are equal for all sensors &
as well and given by R, = diag(0.5°C?, 0.5°C?). The
sampling time is 7, = 0.166 s and the system is simulated for
96 observation slots corresponding to a total elapsed time of
16 s. The estimation window is set to W = 3. The signal is
initialized to s(0) = [2°C, 2°C]?. The Lagrange multipliers
promoting equality of local estimates for D-MAP are initialized
to Arz(0) = 0 for all links (k,1). With Az, (0) = Ajx(0) for all
pairs of links (%, 1) the initial D-MAP estimates sy (#) and initial
L-MAP estimates 8 () coincide [cf. (17) and (88)]. Multiplier
updates follow (18) and subsequent D-MAP estimates are
computed according to (27). The stepsize for D-MAP for each
edge (k, 1) and signal j varies across sensors and is chosen as
0.1 times the inverse of its respective diagonal entry in the dual
Hessian. These values can be computed locally at each sensor.

Simulation results are shown in Figs. 1 and 2. Fig. 1 shows
the signal trajectory for a sample run along with MAP estimates,
D-MAP estimates (left), and L-MAP estimates (right). D-MAP
estimates are closer to the centralized MAP which provides the
best possible MSE performance with the given observations.
D-MAP also exhibits a better transient behavior. Both of these
observations are clearer in Fig. 2 which compares the empirical
MSE of D-MAP (left) and L-MAP (right) with the MSE of cen-
tralized MAP for times 7 € [0, 16 s] averaged over 10% simula-
tion runs. For the given parameters the steady state MSE of the
centralized MAP is 0.32°C2. The steady state MSE of L-MAP
averaged over all sensors is 0.34°C? whereas the average steady
state MSE of D-MAP is reduced to 0.325°C?. Note also that it
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Fig. 1. Example run of D-MAP, L-MAP, and centralized MAP for a linear Gaussian autoregressive model. Signal values are shown along with centralized MAP
estimates, D-MAP estimates (left), and L-MAP estimates (right) for times 7 € [0, 16 s]. Steady state D-MAP estimates are closer than L-MAP estimates to the

centralized MAP. D-MAP also exhibits better transient behavior than L-MAP.
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Fig. 2. Average and worst empirical mean squared error (MSE) attained by centralized MAP, D-MAP, and L-MAP for a linear Gaussian autoregressive model.
Empirical MSEs are obtained as an average over 10* simulation runs and shown for times 7 € [0, 16]. The worst empirical MSE averages the largest squared error
across all sensors for each simulation realization. Empirical MSE of D-MAP is smaller than empirical MSE of L-MAP. The performance gain is more pronounced

if we compare worst empirical MSEs.

takes L-MAP about 9 s to reach its steady state MSE whereas
the D-MAP steady state MSE is reached after 6 s. The differ-
ences are more pronounced if we look at the worst squared error
across all sensors as a function of time. The empirical average of
this maximal squared error yields a measure of the worst MSE
across all sensors that we also depict in Fig. 2. The worst MSE
for D-MAP attains a steady-state value of 0.35°C? whereas for
the L-MAP the worst empirical MSE approaches 0.42°C2.

B. Quantized Model

Consider now the case in which sensors collect quantized
binary observations as dictated by the model in Section II-C.
The signal s(7) = s(7) is a scalar temperature reading and the
parameters of the linear model serving as basis to the quan-
tized model correspond to the state transition matrix A,
aq, — 0.01/s, signal noise variance Q, = q, = 0.5°C?/s?,
observation noise covariances R, = 74, = 1°C? for every
sensor %, and observation matrices H,;, = h,, = 1 for all sen-
sors k. We set the sampling time to 7 = 0.166 s and the initial

temperature to s(0) = 20°C. Quantization thresholds are set to
80,11 = 80,1 = 20°C for all sensors &. The system is simulated
for 180 observation slots corresponding to a total elapsed time of
30 s. The estimation window is again setto W = 3. For D-MAP
the Lagrange multipliers are initialized to Ag;(0) = 0 for all
links (&, !). Multiplier updates follow (18) as in the simulations
in the linear model of Section IV-A. D-MAP estimates are com-
puted according to (31). The stepsize for D-MAP for each edge
(k,1) and signal j is chosen differently for each sensor &k and
set to 0.1 times the inverse of its respective diagonal entry in
the dual Hessian of the corresponding Gaussian linear model.
Figs. 3 and 4 show simulation results for the described setup.
Fig. 3 shows an example of a signal trajectory for a sample
run comparing D-MAP estimates (left) and L-MAP estimates
(right). Upon reaching steady state, D-MAP estimates are closer
to the centralized MAP than L-MAP estimates. Although an
overshooting effect can be noted for the D-MAP until time 7 =
6 s, it still exhibits a better transient behavior than the L-MAP.
Fig. 4 quantifies these observations by looking at the corre-
sponding MSEs over 10® simulation runs. The empirical MSE
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Fig. 3. Example run of D-MAP, L-MAP, and centralized MAP for a binary quantized model. Signal values are shown along with centralized MAP estimates,
D-MAP estimates (left), and L-MAP estimates (right) for times 7 € [0, 30 s]. The D-MAP displays steady-state behavior at time 7 & 9 s whereas the L-MAP
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simulation runs for a binary quantized model. The empirical MSE of D-MAP estimates is closer than that of L-MAP estimates to the empirical MSE of centralized

MAP estimates.

of the centralized MAP is shown along with the average em-
pirical MSEs of D-MAP (left) and L-MAP (right) as well as
the worst empirical MSE for D-MAP and L-MAP for times
7 € [0, 30 s]. At steady state the MSE of the centralized MAP
is 1.00°C2. The steady state MSE of D-MAP is 1.05°C? on
average whereas it is 1.1°C? for the L-MAP. The better tran-
sient behavior of the D-MAP can also be observed by the time it
takes to reach the steady state MSE which is 9 s for the D-MAP
and 12 s for the L-MAP. This improvement in performance is
stronger for the worst empirical MSE. While the worst empir-
ical MSE for D-MAP attains a steady-state value of 1.15°C?
after time 7 = 10 s, the L-MAP takes 7 = 20 s to approach a
worst steady-state MSE of 1.3°C?2.

V. CONCLUSION

This paper developed the distributed (D-) maximum a poste-
riori probability (MAP) estimation algorithm for the estimation
of time-varying signals with a sensor network collecting noisy
observations of a distributed nature. The algorithm incorpo-
rates information from neighboring sensors by communicating

Lagrange multipliers which penalize the disagreement between
neighbors. Lagrange multipliers are updated based on the
differences between neighboring estimates as dictated by a
dual gradient descent algorithm. We assess the tracking ability
of D-MAP by studying the difference between distributed
estimates and centralized estimates that would be computed
if all the observations were available at a central location.
This difference can be related to the suboptimality of the
dual variables which is the main characterization presented
in this paper. In particular, we proved that: (i) The Lagrange
multipliers converge in mean to a close neighborhood around
the optimal multipliers. (ii) The Lagrange multipliers almost
surely visit a near optimality region infinitely often. The size of
the optimality neighborhood was characterized in terms of the
condition number of the log-likelihood function, the Laplacian
eigenvalue describing the connectedness of the sensor network,
and a parameter describing the smoothness of the log-likelihood
as a function of time. This latter parameter is a bound in the
difference between the log-likelihood gradients at subsequent
points in time. For linear models this parameter vanishes with
decreasing sampling time at a rate proportional to the square
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root of the sampling time. This smoothness condition is stronger
than setting such a condition on the log-likelihoods themselves.
Nevertheless, most log-likelihood functions are smooth in the
sense that the difference between subsequent log-likelihood
gradients vanishes with decreasing sampling time. It follows
from this observation that the difference between D-MAP and
centralized MAP estimates can be made arbitrarily small by
reducing the sampling time of the process of interest.
Numerical results for a linear Gaussian auto regressive model
and a nonlinear model with binary quantized observations cor-
roborate the performance gains of D-MAP. Mean squared errors
of D-MAP are lower than that of local MAP estimates in steady
state operation and also exhibit better transient behavior. The
advantage is most noticeable when comparing the worst mean
squared error across different sensors in a given realization.

APPENDIX A
ASSUMPTION 5 FOR LINEAR GAUSSIAN
AUTOREGRESSIVE MODEL

Assumption 5 refers to a smoothness characteristic of the
primal problem in (7). Specifically, it implies that the difference
between subsequent gradients of the objective of the optimiza-
tion problem in (7) evaluated at the optimal primal variables
vanish with sampling time 75. We show in this appendix
that the assumption holds for the linear Gaussian AR model
described in Section II-B. Consider the generic expression
for the D-MAP estimate in (8). To specify the generic objec-
tive fos.t) = 3y fulse.t) = 3, , P (xplsp) + (1/K)
InP (s}[s} ") to the linear Gaussian AR model refer to the
expression for the primal iteration in (27) and compare it with
the generic primal iteration in (17) to conclude that

fols,t) = ka(skst)
k
T
—Z(x?—HksZ) l:{,zl(x}h1
n,k
T
+ (st —Asg) Q (s
To simplify notation, we define the WK x WK ma-

trices H}, Q' and R} which are block-diagonal matrices
stacking the matrices Hy, Q and Ry for all times n €

— H;ﬁﬁ)

- As‘;-l). (89)

[t — W+ 1,8, ie, H, = diag(H, " H W2 HYL),
Q/ — dldg(Qt W1 Qt w +2 . Qt) and Rk —
diag(RE T RE VT2 RL). Furthermore, we  de-

finethe WK x WK matfix B with blocks A corresponding to
the transition matrix A in (22)

I 0 0 0
A 0 --- 0O

B=|0 A --- 0 0 (90)
¢ 0 --- A O

Then the sum over time n € [t — W + 1,] in (89) can be
rewritten in matrix form as

fols.t) = > (xk(t) — Hsi) TR, (xi(t) — Hy s

k

+L(Sk —Bs;)Q (s, — Bsy).

e (C2))

to express the s™ — s™ ~! terms in the last sum in (26) in matrix
operations with the vector (s — Bs).

Due to the equivalence between the centralized MAP
problem in (6) and the reformulation (7), we can compute a
closed-form solution for s} (#) = snap(t) for all & using the
centralized MAP formulation. Using the same notation, we
can equivalently write the objective for the centralized MAP
estimator in (26) as

fMAP(Svt):Z( (t) — Hy s) Ry *(xx(t) — Hys)
—&—%(s—Bs)Q"l(s—Bs). (92)

It is possible to find a closed-form solution for the centralized
MAP estimate syrap(#) corresponding to the centralized log-
likelihood in (92). To do so compute the gradient of fyiap(s, )
in (92) which can be written as

V fmap(smap(t ZH/TR/ T (1) — Hy saap(?)

L= B)'Q (I~ Blsar(t)

=S H, R} xi(f)
k
_ 1 -
- Z(HZTRZ "H + ?Qil)SMAP(t),
k
93)
where the second equality is obtained by rearranging terms and

defining Q' = (I — B)”Q (I — B) to simplify notation.
Setting the gradient in (93) to 0 yields the MAP estimate

smap(t) = (Z(H/ "R, H,

k
X ( 3 HjCTR;lxk(t)> . (94)

k

1

Q)

Consider now the gradients of the distributed log-likelihood
in (91) for times ¢ and ¢ 4+ 1. Use the notation [v]; to rep-
resent a vector formed by the elements of v associated with
sensor k. To determine the bound 6(7%) in Assumption 5 we
use the triangle inequality to separate the norm difference

|V fos*(t),t) — Vfo(s*(t +1),t+ 1) || into its K per sensor
components
1 fo(s” (), 1) — Vfo(s™(t = 1), +1)

)=Vt ] 09

< Z [vao(s (t)

Recalling the definition fo(s,t) = >, fu(sk.t) in (8) and the
equivalence s} (#) = smap(#), which follows from the equiva-
lence between (6) and (7), it follows that

[[¥40(s"(0),) = Vo™t + 1), +1)]|],

= ||V fi(smar(t).t) — V fi (shpap(t + )t+1)|‘~ (96)
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The gradients in the right hand side of (96) can be written ex-
plicitly using the expression in (91) to write

IV fo(s™(0),1) = Vho(s™(t+ 1+ 1)]]
= HHI T /,—1 (Xk(f, + 1) — H;gSN'IAP(t + 1) — Xk(t)
— Hjsmar(t))+ %QA (smap(t+1)—svap(t)) H 97)

Substituting the expression in (94) for the MAP estimates
suap(t) and spap(t + 1) in (97) and rearranging terms yields

(119 o (s (1).1) 1],

H, R, (xk(t + 1) — xi(t))

—Vfo( f—l—l

e

-1
_ 1 -
X <ZH2TR2 ! ;+EQ1)

k

x (;mTRz‘l(xm) e+ 1) o9

Consider now the limit of the norm difference in (98) with van-
ishing sampling time T, — 0. We will show that this limit is of
order o(+/Ty). For that purpose notice that for some constant c
we must have

hm HH’ : 7 71H;€ + Q H

1 Tyt —1qqs i~—1 H71_
H; Hj "R, H, + -Q ) —a. (99)

Indeed, the second factor is the inverse of a per sensor sum of
terms having the same form as the first factor. It follows that
the rates at which these factors vanish are inverses of each other
implying that (99) must be true.

Use the triangle and Cauchy-Schwarz inequalities in the right
hand side of (98) and consider the limit of the expectation of
both sides of the resulting expression as 7; — 0. Further com-
bining the result with the limit in (99) yields

+1)]], [x0: )]

(), 1)V fo(s*(t + 1),
E [HH;%,TRZfI(xk(t) — xi(t+1)) H | x(0 : t)} . (100)

e s
<f{a+1) Tlimo

s —

k
According to (111) the rate of
E[[|Vfo(s*(t).t) = Vio(s*(t+1).t + 1)||], [ x(0: 8)]

as T, — 0 is bounded by the rate of
E [|[B. "Ry, (xu(t 4+ 1) = x4(8)) | | (0 : £)] - To bound the

rate of this latter term begin by noticing that due to the
Cauchy-Schwarz inequality we have

E [HH;TRg,*l(xk(t) —xg(t+ 1)) H |x(0: 1))

< B R € (et + 1) - x| x0:8)] . o)

We determine the order of HH’ TR' and of

E [||[xe(t +1) — xx(8)|| [ x(0: £)]  separatedly.  Starting
the analysis with the last term on the right-hand side of (101),
we first observe that the difference between x; (¢ + 1) and
x4 (t) can be rewritten using the realization of the true signals
§(t) and 8(¢ + 1) as well as the observation noise n(t) and
ng(t+ 1) attimes £ and ¢t + 1 as

E [|lxx(t+ 1) — xx(t)]| | x(0 : £)] (102)
= E [I|HL(5(t + 1) — 8(t))ne(t + 1) + ng(8)]| | x(0 : £)]
= [[HL[[E [Is8(t + 1) —s(1))] |x (0: f]

+ E [|lng(t + 1) + ne ()| (103)

Using the triangle and the Cauchy-Schwarz inequality yielding
(103), we want to find bounds for the two summands separately.
To find a bound for the first summand in (103), we define A’ =
diag(A, A,... A) inasimilar way as H} , Q' and R}, stacking
for all times in the time window, and introduce u(¢) to write the

realization of the signal noise for times ¢ — W 4 1...¢. Using
the system model for $ (¢ + 1) [cf. (22)] we get
Eflls4(t+ 1) = 8c(®)ll] = E[[[A'81() + u(t) — sk (B[] -
(104)

Recall the definition A := cxp(A, T), we note that for 75
small, A’ tends to the identity matrix,

Tlimo A’sp(t) — sx(t) = Isp(t) — si(t) = 0. (105)
Combining (104) and (105) we find that the difference ||5,.(¢ +
1) — §5(¢)]| tends to the norm of the signal noise for vanishing
sampling time. From the definition of the signal noise [cf. (24)]
we can bound its expected norm using the signal noise covari-
ance matrix,

A Efllse(t+1) = sp(@)ll] =E{[[u®)]]

<VIQll = o(VT).

From the same definition in (24), the norm of the signal noise
covariance matrix is of order ||Q|| = o(T5), leading to the last
equality in (106).

To find a bound on the second term on the right-hand side of
(103) ||k (t + 1) — ng(2)||, note that ng(¢) and ng(t + 1) are
i.i.d. Then recall the definition of Ry, [cf. (25)] from which it
follows that the expected norm of the observation noise can be
bounded by the observation noise covariance matrix,

(106)

E [llni (¢ + 1) — nx(8)[]] = 2E [[|nk(2)]]]
1
<+V|Rg|| = . (107
The last equality in (107) also follows from the definition of R,

[cf. (25)]. Plugging the results from (106) and (107) back into
(103), the order of the left-hand side of (102) is

Jim JE [lle(t 4+ 1) = =i ()] | x(0 - 1)] —o(\ﬁ+ jT)
(108)
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To find the order of the left-hand side of (101), it is left to show
the order of the first term on the right-hand side of (101). Since
Hj isa constant with respect to T}, it holds that |[HR} || <
as||R} || for some positive constant y for any 7. By the
definition of Ry, [cf. (25)], it holds that |[R, | = T.|R 2l
Since ||R,}|| is a constant, it follows that the order of the ﬁrst
term on the right-hand side of (101) is of order o(T5),

|HR, | < aa|| Ry | = o(T%), (109)

Combining the results from (108) and (109), it follows that

hm [E[HH’TR/—I({xk t+1) — xp(t }H |x0 1‘}

=0 (1; (ﬁ+ \E)) < o(v/Ty). (110)

Using the result in (110), we can now express the order of the
left-hand side of (111) as

Jim E [IIVfo(s7(0:8) = Vfols"(t + Dt + 1) |,

= o(\/T).

The result of (111) finally leads to a bound on the original de-
sired expression in (35). Recall that the expression in the expec-
tation from (35) can be bounded using the triangle inequality
by a sum of per sensor terms [cf. (95)] whose order is o(v/T5)
according to the result in (111). It follows that the original ex-
pected value from (35) is also of order o(y/T5), i.e.,

| x(0: 1)] (111)

(1)) = Vo(s*(t+ 1), 6 + 1)

1%(0:1)] = o(\/Ts).

This is tantamount to Assumption 5 for §(Ty) = o(v/T).

leglo E [vao (S

(112)

APPENDIX B
LOG-LIKELIHOOD GRADIENT AND HESSIAN FOR
QUANTIZED SIGNAL MODELS

The computation of the Lagrangian maximizers in (31) can
be performed through Newton’s method. For given sensor & and
time £ let i denote a Newton iteration index and s\’ (#) the cor-
responding signal determined by the algorithm in that iteration.
Denote as Vg, ﬁk(sg)(t), A(%),t) and Vzkﬁk(s,(;)(t), A), 1)
the gradient and Hessian of the local Lagrangian £ (s, A(t), 1)
5 )( t). Newton’s descent algorithm is then

evaluated at s, = s,

defined as the iteration

sV () = s () - [vgk Ek( (1), A1), t)}
At

xVa Lo (s0(0.A0.) . (113)

where s (t) is initialized as s (¢ — 1). To write (113) explic-
itly for the quantized model of Section II-C denote py;(s™) :=

P(gk =1 ] s” Using this notation and taking the gradient of
the maximand in (31) yields

Ve, Li(si (1 >,A<t>,t>
(s> oy VPE(s")
{ZZ( w7~ )
B)sy (1)+ Y (Au(t) k<t>>}

leny,
(114)

—f(l B)"Q '(I-

where we used the definition of the matrix B in (90). Similarly,
the Hessian is given by the following expression,

V2 Li(st) (1), Alt), 1)

_ Lo VPP (sY) | VEpR(s™)
_{Z¥<’(_ L B P (s™) )
N >v < V2 (s")
+ %(I -B)'Q'(I- B)}- (115)

To complete the derivation we need to compute the derivatives
of pj;(s™). Denote by Vpj(s") the gradient vector of p}.;(s™),
which can be found by deriving the expression in (30) to obtain

1hT

Vi (s™ k

)= Ve
1 T T — T T
X exp (‘5(@/1«;’ —hysp)rg (i — hkTSk)> - (116)

The Hessian VQp}C"j (s™) can be found by taking derivatives in
the gradient expression in (116) and is given by

1
V2
1 12 n n
X exp (_i(yk, his )k] (Y, — hfsk))‘ (117)

VQPk]( ") = hkh{(l’kj h}. Sk )

The gradients and Hessians in (116) and (117) can be substituted
into the local Lagrangian gradient and Hessian expressions in
(114) and (115). The results can then be substituted into (113)
to implement Newton’s descent algorithm.
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