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Abstract—This paper considers a wireless channel when the
probability distribution of fading is unknown and the transmitter
has access to imperfect channel state information (CSI). Transmit-
ted power and coding mode are adapted to the available imperfect
CSI through the use of a backoff function in order to maximize
the expected transmission rate subject to an average power con-
straint. Determination of the optimal power allocation and backoff
function is a non-convex stochastic optimization problem with
infinitely many variables. Despite its non-convexity, the duality
gap of this problem has been shown to be null. Exploiting this
property, we show that the optimal power allocation and channel
backoff functions are uniquely determined by the optimal dual
variable. This affords considerable simplification because the dual
optimization problem is convex and one-dimensional – whereas the
original primal problem is non-convex and infinite-dimensional.
Iterative algorithms that find the optimal power and backoff
function based on imperfect CSI without having access to the
channel probability distribution are further developed. Numerical
results are provided to corroborate theoretical findings.

I. INTRODUCTION

Although accurate channel state information (CSI) is essen-
tial to achieve high spectral efficiency, perfect CSI is rarely
available in practice due to estimation errors or feedback delay.
Algorithms to handle imperfect CSI at the transmitter side are
the subject matter of this paper. To exploit favorable channel
conditions, the transmitter adapts its power and coding mode
to the measured CSI. Due to the inaccuracy of CSI, channel
outages occur when the rate selected turns out too aggressive
for the actual channel realization. To reduce the chance of
outages a backoff function is also employed by the transmitter.
Instead of adapting the code to the observed imperfect CSI,
the code is adapted to a backed-off version to provide a larger
security margin for channel outages. Our goal in this paper
is to characterize the optimal power allocation and channel
backoff functions that maximize the average transmission rate
subject to an average power constraint. The proposed algorithms
are also adaptive in that they find the optimal operating point
using channel observations without knowledge of the channel
probability density function (pdf).

Significant effort has been devoted to analyze effects of
imperfect CSI on different wireless channels; e.g. [1]–[3]. From
a practical perspective, it is recognized that to mitigate the
negative effect of capacity outages due to imperfect CSI, a
rate backoff function is needed in addition to power control.
Ideally, power allocation and rate backoff should be jointly
optimized but this results in a non convex problem that is
difficult to solve; see Section II-A. By imposing additional
restrictions, the problem can be simplified to more tractable
formulations. E.g., when power is fixed and only rate adaptation

is considered the problem is reduced to the determination of
the optimal backoff function; e.g., [4]. A second possibility is
to fix a target outage probability and separate the optimization
into the determination of a backoff function for target outage,
followed by optimal power allocation over estimated channels
[5]. A third possible restriction is to assume that the backoff
function takes a certain parametric form and proceed to optimize
the corresponding parameters, e.g. [6]. While yielding tractable
formulations, the resultant transmission rates are not optimal.
The work on this paper differs from these contributions in that
we do not impose any additional constraints or assumptions and
develop algorithms to find jointly optimal power allocations and
channel backoff functions.

Jointly optimal power and rate adaptation to imperfect CSI
can be formulated as a stochastic optimization problem which
has infinite dimensionality and lacks convexity (Section II).
Rather than reformulating the original problem into a subop-
timal tractable alternative, we work with the Lagrangian dual
problem which is convex and one-dimensional. Despite the lack
of convexity, the Lagrangian dual is equivalent to the primal
problem, since the structure of the latter makes it part of a
class of non convex problems with null duality gap [7]. This
result is leveraged to show that the optimal power allocation and
channel backoff functions are determined by the optimal dual
variable (Section III). We further develop stochastic subgradient
descent algorithms to find optimal power allocation and channel
backoff functions without requiring access to the channel’s pdf
(Section IV). Numerical results and conclusions are presented
in Sections V and VI, respectively.

II. PROBLEM FORMULATION

Consider a block wireless channel with time slots indexed
by t. The channel at time t is denoted as h(t) and modeled
as stationary block fading in that channel coefficients are
assumed independent realizations of a complex random variable
h. Corresponding channel gains are defined as γ(t) := |h(t)|2
and are independent realizations of a random variable that we
denote as γ. The pdfs fh(h) of the fading coefficient h and
fγ(γ) of its gain are unknown. In each time slot the transmitter
computes an estimate γ̂(t) of the current gain γ(t) to adapt
transmitted power and code selection to the channel state.
The accuracy of estimates γ̂(t) is characterized through the
conditional probability distribution fγ|γ̂(γ|γ̂) that determines
the probability of the actual channel being γ when the estimate
is γ̂. The probability distribution fγ|γ̂(γ|γ̂) depends on the
channel estimation method and is assumed known, although we
make no assumptions on its specific form – see also Remark 1.
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Based on the value of the channel estimate γ̂, the transmitter
decides on a power allocation P (γ̂) : R+ → [0, Pmax], where
Pmax > 0 is the maximum instantaneous power the transmitter
can use. The amount of information that can be delivered
through the channel is jointly determined by the transmitted
power P (γ̂) and the actual channel gain γ as determined by
a given channel capacity function C(P (γ̂), γ). The function
C(P (γ̂), γ) depends on how signals are coded and modulated
in the physical layer. E.g., if capacity-achieving codes are used,

C(P (γ̂), γ) = log
[
1 +

P (γ̂)γ
N0

]
, (1)

where N0 is the noise power at the receiver. If adaptive
modulation and coding (AMC) with M transmission modes is
considered, communication rate τm is supported when the signal
to noise ratio (SNR) P (γ̂)γ/N0 is between ηm and ηm+1. The
channel capacity function is therefore

C(P (γ̂), γ) =
M∑

m=1

τmI

{
ηm ≤ P (γ̂)γ

N0
≤ ηm+1

}
, (2)

where I(·) stands for the indicator function. We do not restrict
C(P (γ̂), γ) to a specific form. We only assume that C(P (γ̂), γ)
is a nonnegative nondecreasing function of the product P (γ̂)γ.

Whatever its specific form, capacity C(P (γ̂), γ) cannot be
achieved. Indeed, to achieve C(P (γ̂), γ) the transmitter has
to select an appropriate code adapted to the received SNR
P (γ̂)γ/N0 which is unknown at the transmitter side because
it depends on the unknown channel gain γ. Furthermore, if
the transmitter observes γ̂ and chooses a transmission code
based on it – i.e., it transmits at a rate C(P (γ̂), γ̂) – a channel
outage will occur when the transmitted rate C(P (γ̂), γ̂) exceeds
the maximum rate C(P (γ̂), γ) the channel can afford – i.e.
when C(P (γ̂), γ̂) > C(P (γ̂), γ) or simply when γ̂ > γ.
The instantaneous transmission rate achieved in the channel is
therefore given by

R(γ, γ̂) = C(P (γ̂), γ̂) · I {γ̂ ≤ γ} , (3)

which corrects for lost packets through the indicator I {γ̂≤ γ}.
To alleviate the negative effect of outages, a channel backoff

function B(γ̂) : R+ → R+ is used to determine a backed-off
channel gain B(γ̂). The code is then adapted to the received
SNR P (γ̂)B(γ̂)/N0 – as opposed to P (γ̂)γ̂/N0 – and commu-
nication proceeds at a rate C(P (γ̂), B(γ̂)). With codes adapted
to P (γ̂)B(γ̂)/N0, an outage occurs if B(γ̂) < γ. Thus, the
instantaneous transmission rate can be written as

R(γ, γ̂) = C(P (γ̂), B(γ̂)) · I {B(γ̂) ≤ γ} . (4)

The idea is that making B(γ̂) < γ̂ reduces the chance of an
outage thereby increasing the effective rate R(γ, γ̂) [cf. (3) and
(4)]. However, as we shall show later, making B(γ̂) > γ̂ is
optimal in some cases.

A. Ergodic rate optimization

The goal of this paper is to find the optimal power allocation
function P (γ̂) and channel backoff function B(γ̂) such that

the expected transmission rate is maximized subject to average
power constraint P0, i.e.

P = max Eγ,γ̂ [C(P (γ̂), B(γ̂)) · I {B(γ̂) ≤ γ}]
s.t. Eγ̂ [P (γ̂)] ≤ P0. (5)

Solving (5) is challenging because: (I1) The objective in-
cludes an expectation over the random channel gain γ, whose
realizations are not available at the transmitter and whose
pdf is unknown. (I2) Variables in this optimization problem
are functions P (γ̂) and B(γ̂) defined on R+, implying the
dimensionality of the problem is infinite. (I3) The objective
and the constraint involve expectations over channel estimates γ̂,
whose realizations are observed in each time slot but whose pdf
is unknown. (I4) The channel capacity function C(P (γ̂), B(γ̂))
may be nonconvex or even discontinuous as in the case of AMC
[cf. (2)].

To overcome issue (I1), we rewrite the expectation in the
objective of (5) as a conditional expectation over γ with γ̂ given,
followed by an expectation over γ̂, i.e.

Eγ,γ̂ [C(P (γ̂), B(γ̂)) · I {B(γ̂) ≤ γ}]
= Eγ̂

[
C(P (γ̂), B(γ̂))Eγ|γ̂ [I {B(γ̂) ≤ γ}]] . (6)

Note that the inner expectation in (6) is just the probability
Pr(γ ≥ B(γ̂)|γ̂) of the backed off channel being smaller than
the actual channel γ for a given estimate γ̂. This probability
can be written in terms of the complementary cumulative
distribution function (ccdf) F c

γ|γ̂(·) of γ given γ̂ as Pr(γ ≥
B(γ̂)|γ̂) = F c

γ|γ̂(B(γ̂)). Since fγ|γ̂(·) is known – see Remark
1 – the ccdf F c

γ|γ̂(B(γ̂)) is available. This allows us to simplify
(6) to

Eγ,γ̂ [C(P (γ̂), B(γ̂)) · I {B(γ̂) ≤ γ}]
= Eγ̂

[
C(P (γ̂), B(γ̂)) · F c

γ|γ̂(B(γ̂))
]
. (7)

Using (7) the objective in (5) can be written as a single
expectation over γ̂ yielding the equivalent formulation

P = max Eγ̂

[
C(P (γ̂), B(γ̂)) · F c

γ|γ̂(B(γ̂))
]

s.t. Eγ̂ [P (γ̂)] ≤ P0. (8)

Problems (5) and (8) are equivalent. Our goal is to find optimal
power allocation P ∗(γ̂) and backoff B∗(γ̂) functions that solve
problem (8). Since actual channel gains γ are not present in
(8), issue (I1) has been resolved. Issues (I2)-(I4), however, still
hold for problem (8). Sections III and IV discuss a method to
solve (8) that overcomes these issues. We pursue this after the
following remark.

Remark 1: The probability distribution fγ|γ̂(γ|γ̂) depends
on the channel estimation method. A typical way of estimating
the channel is to send a training signal that is known to both the
transmitter and the receiver and get feedback from the receiver
on the measured channel gain. Due to estimation error and/or
feedback delays, estimated channels ĥ are different from actual
channels h and are modeled as

ĥ = h + e, (9)
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where e is a complex Gaussian random noise CN (0, σ2
e). For

the model in (9) it holds that the pdf of γ given γ̂ is a noncentral
chi-square given by [8]

fγ|γ̂(γ|γ̂) =
1
σ2

e

exp
(
−γ + γ̂

σ2
e

)
I0

(
2
√

γγ̂

σ2
e

)
, (10)

where I0(x) =
∑∞

i=0
(x2/4)i

(i!)2 is the zeroth order modified Bessel
function of the first kind. This particular form for the conditional
pdf fγ|γ̂(γ|γ̂) is used to provide numerical results in Section V.
The rest of the development in the paper holds independently
of the particular form of this pdf.

III. OPTIMAL POWER ALLOCATION & CHANNEL BACKOFF

The optimization problem in (8) has only one constraint,
implying that while the primal problem is infinite dimensional,
the dual problem is one-dimensional. More importantly, it has
been shown that problems like (8), where the non-convex
functions appear inside expectations, have null duality gap as
long as the pdf of the random variable with respect to which
we take the expected value has no points of striclty positive
probability, [7]. Thus, working in the dual domain is simpler and
equivalent. To introduce the dual function associate Lagrange
multiplier λ with the power constraint and define the Lagrangian
as

L(P (γ̂), B(γ̂), λ)

= Eγ̂

[
C(P (γ̂), B(γ̂)) · F c

γ|γ̂(B(γ̂))
]

+ λ [P0 − Eγ̂ [P (γ̂)]]

= Eγ̂

[
C(P (γ̂), B(γ̂)) · F c

γ|γ̂(B(γ̂)) − λP (γ̂)
]

+ λP0, (11)

where in the second equality we rearranged terms. The dual
function is then defined as the maximum of the Lagrangian
over the sets of feasible P (γ̂) and B(γ̂), i.e.,

g(λ) = max
P (γ̂),B(γ̂)

L(P (γ̂), B(γ̂), λ). (12)

We now can write the dual problem as the minimum of g(λ)
over nonnegative λ, i.e.,

D = min
λ≥0

g(λ) (13)

Since the problem (8) and its dual (13) have been shown to have
null gap we have that P = D. This property can be exploited to
characterize the optimal power allocation and channel backoff
functions as is done in the following theorem.

Theorem 1: The optimal power allocation function P ∗(γ̂)
and channel backoff function B∗(γ̂) for solving problem (8)
are uniquely determined by the optimal dual variable λ∗ of the
dual problem (13). In particular,

{P ∗(γ̂), B∗(γ̂)} ∈ argmax
b∈[0,∞),p∈[0,Pmax]

{
C(p, b) · F c

γ|γ̂(b) − λ∗p
}

.

(14)

Proof: According to the definition of the dual func-
tion [cf. (12)], g(λ∗) is the maximum of the Lagrangian
L(P (γ̂), B(γ̂), λ∗) for all P (γ̂) and B(γ̂). Since P ∗(γ̂) and
B∗(γ̂) are feasible to the primal problem, it follows that
L(P ∗(γ̂), B∗(γ̂), λ∗) must be bounded above by g(λ∗), i.e.,

D = g(λ∗) ≥ L(P ∗(γ̂), B∗(γ̂), λ∗). (15)

According to (11), we have

L(P ∗(γ̂), B∗(γ̂), λ∗)

=Eγ̂

[
C(P ∗(γ̂), B∗(γ̂)) · F c

γ|γ̂(B∗(γ̂))
]

+ λ∗ [P0 − Eγ̂ [P ∗(γ̂)]] .

Since B∗(γ̂) and P ∗(γ̂) are feasible to the primal problem,
the average power constraint must be satisfied, i.e., P0 −
Eγ̂ [P ∗(γ̂)] ≥ 0. Moreover, we know that λ∗ ≥ 0. Therefore,
λ∗ [P0 − Eγ̂ [P ∗(γ̂)]] ≥ 0 and as a result

L(P ∗(γ̂), B∗(γ̂), λ∗) ≥
Eγ̂

[
C(P ∗(γ̂), B∗(γ̂)) · F c

γ|γ̂(B∗(γ̂))
]

= P. (16)

Substituting (16) into (15) gives us

D = g(λ∗) ≥ L(P ∗(γ̂), B∗(γ̂), λ∗) ≥ P. (17)

Since the duality gap is null, i.e. D = P, the inequalities in (17)
must be satisfied with equalities, i.e.

D = g(λ∗) = L(P ∗(γ̂), B∗(γ̂), λ∗) = P.

This implies that P ∗(γ̂) and B∗(γ̂) are maximizers of the
Lagrangian L(P (γ̂), B(γ̂), λ∗).

{P ∗(γ̂), B∗(γ̂)} ∈ argmax
P (γ̂),B(γ̂)

L(P (γ̂), B(γ̂), λ∗). (18)

Note that in (18) we used ∈ instead of = because the maximizer
may not be unique. Using the definition of the Lagrangian [cf.
(11)], we can rewrite (18) as

{P ∗(γ̂), B∗(γ̂)} ∈
argmax
P (γ̂),B(γ̂)

Eγ̂

[
C(P (γ̂), B(γ̂)) · F c

γ|γ̂(B(γ̂)) − λ∗P (γ̂)
]
, (19)

where we ignored the term λ∗P0 since it does not depend
on P (γ̂) or B(γ̂). Due to the linearity of the expectation
operator, the maximization in (19) can be carried out inside
the expectation for each channel state γ̂, i.e.,

{P ∗(γ̂), B∗(γ̂)} ∈ argmax
b∈[0,∞),p∈[0,Pmax]

{
C(p, b) · F c

γ|γ̂(b) − λ∗p
}

.

(20)

(20) coincides with (14). This completes the proof.
Provided that λ∗ is available, Theorem 1 states that P ∗(γ̂)

and B∗(γ̂) can be obtained by solving the maximization in
(14). Although the problem in (14) might be nonconvex, solving
it is by no means a difficult task as it only involves two
variables. This provides a great advantage because the problem
dimensionality is reduced from infinity to 1. Also, we remark
that Theorem 1 is true no matter what the capacity function is
and how the underlying channel is distributed. Next, we shall
develop online algorithms that find the optimal solutions for
problem (8) using only instantaneous imperfect CSI.

IV. ONLINE LEARNING ALGORITHMS

Unlike the nonconvex primal problem, the dual problem
in (13) is always convex. This suggests that gradient descent
algorithms in the dual domain are guaranteed to converge
to the optimal multiplier λ∗. In particular, we use stochastic
subgradient descent algorithms that iteratively compute primal
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Algorithm 1: Optimal power control and channel backoff

Initialize Lagrangian multiplier λ(0);1

for t = 0, 1, 2, · · · do2

Compute primal variables as per (21):3

{p(t), b(t)} ∈4

argmax
b∈[0,∞),p∈[0,Pmax]

{
C(p, b) · F c

γ|γ̂(t)(b) − λ(t)p
}

;

Transmit with power p(t) and rate C(p(t), b(t));5

Update dual variables as per (22):6

λ(t + 1) = [λ(t) − ε(t) [P0 − p(t)]]+;7

end8

and dual variables; see Algorithm 1. Given dual variable λ(t),
the algorithm proceeds to a primal iteration in which it computes
power allocation p(t) and backoff function b(t) as

{p(t), b(t)} ∈ argmax
b∈[0,∞),p∈[0,Pmax]

{
C(p, b) · F c

γ|γ̂(t)(b) − λ(t)p
}

.

(21)

Multipliers λ(t+1) are then updated based on λ(t) and p(t) as

λ(t + 1) = [λ(t) − ε(t) [P0 − p(t)]]+ , (22)

where ε(t) > 0 is a step size which might be time dependent
and [x]+ = max{0, x}. It can be shown that the expected
value of the quantity P0 − p(t) in (22) is a subgradient of the
dual function [9], [10]. This property implies that P0 − p(t)
points to λ∗ on an average sense and can be exploited to prove
convergence in the dual domain.

Particular convergence properties depend on whether constant
or time varying step sizes are used. We first consider diminish-
ing step sizes. If ε(t) is nonsummable but square summable,
i.e.,

∑∞
t=0 ε(t) = ∞ and

∑∞
t=0 ε2(t) < ∞, then using standard

stochastic approximation techniques [11] it can be shown that
λ(t) converges to λ∗ almost surely. As a consequence of
Theorem 1, this indicates that the primal variables almost
surely converge to the optimal values as time grows, i.e.,
p(t) = P ∗(γ̂(t)) and b(t) = B∗(γ̂(t)) almost surely as t goes
to infinity.

The drawback of using diminishing step size is the lack
of adaptivity. Constant step sizes are more desirable as the
underlying channel distribution might be time-varying in a
dynamical wireless environment. However, with constant step
size the dual iterates λ(t) no longer converge to the optimal
value almost surely. Instead, λ(t) stays within a small distance
of λ∗ with probability close to 1 as t goes to infinity [12] and
the convergence is established in an ergodic sense [9, Theorem
1]. In particular, if ε(t) = ε > 0 is a constant, then the average
power constraint is almost surely satisfied in an ergodic sense

lim
t→∞

1
t

t∑
u=1

p(u) ≤ P0 a.s., (23)

and the ergodic limit of the transmission rates almost surely
converges to a value within κε of optimal,

P − lim
t→∞

1
t

t∑
u=1

C(p(u), b(u)) · F c
γ|γ̂(b(u)) ≤ κε, (24)
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Fig. 1. Optimal power allocation function P ∗(γ̂) for σ2
e = 0.1 and 0.7,

respectively. For comparison purpose, optimal power allocation function when
there is not channel error is also depicted.

0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.5

1

1.5

2

2.5

3

3.5

4

Estimated channe l gain γ̂

O
p
ti

m
a
l

ch
a
n
n
e
l

b
a
c
k
o
ff

B
∗

(γ̂
)

 

 

σ 2

e
= 0

σ 2

e
= 0.1

σ 2

e
= 0.7

Fig. 2. Optimal channel backoff function B∗(γ̂) for σ2
e = 0.1 and 0.7,

respectively. For comparison purpose, a line (solid) corresponding to no channel
backoff is also depicted.

where the constant κ is defined as κ := min{P 2
0 , (Pmax−P0)2}.

Although the algorithm with constant step size does not find
P ∗(γ̂(t)) and B∗(γ̂(t)), it generates p(t) and b(t) that are al-
most surely feasible and almost surely near optimal. In addition,
(24) indicates that the optimality gap can be made arbitrarily
small by reducing the step size.

V. NUMERICAL RESULTS

To evaluate the performance of the proposed algorithms, we
conduct several numerical tests. Specifically, we assume that
the actual channel coefficient h follows a complex Gaussian
distribution CN (0, 2) and that the channel estimation error is
modeled by (9). The average power budget is 1, i.e. P0 = 1 and
the channel capacity function takes the form of (1). Without loss
of generality, we assume normalized noise power N0 = 1.

In the first set of tests, two channel estimation error variances
σ2

e = 0.1 and σ2
e = 0.7, corresponding to small and big

channel errors, are simulated. We apply diminishing step size
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Fig. 3. Comparison of the average transmission rate r̄(t) achieved by the
proposed algorithm with and without channel backoff function. The step size
is a constant ε = 0.01 and the channel estimation error σ2

e = 0.1.

ε(t) = 1/
√

t to obtain the optimal dual variable λ∗ for both
cases and then find optimal power allocation function P ∗(γ̂) and
optimal channel backoff function B∗(γ̂) according to Theorem
1, as shown in Fig. 1 and Fig. 2, respectively. For comparison
purposes, P ∗(γ̂) and B∗(γ̂) for σ2

e = 0 are also depicted.
For both small and big channel errors, the optimal power
allocation functions are water-filling, but power is allocated
more conservatively when channel is small. The difference
between the channel backoff functions for both cases is more
obvious. When σ2

e = 0.1, the channel backoff is almost linear
and B∗(γ̂) < γ̂ for all γ̂, i.e. making B∗(γ̂) smaller is always
beneficial. On the contrary, when σ2

e = 0.7 the channel backoff
function exhibits nonlinearity, and it is interesting to note that
B∗(γ̂) > γ̂ for relatively small γ̂ (0.5 ≤ γ̂ ≤ 1.2). The intuition
is that when σ2

e is comparable to γ̂, it is very likely that γ is
greater than γ̂. Therefore, making B(γ̂) a little bigger than γ
is not likely to result in an outage.

In our next simulation, we test the algorithm with constant
step size ε = 0.01 and assuming channel error σ2

e = 0.1.
Other parameters remain the same as before. We define the
average transmission rate r̄(t) = (1/t)

∑t
u=1 C(p(u), b(u)) ·

I{b(u) ≤ γ(u)} and average power consumption p̄(t) =
(1/t)

∑t
u=1 p(u). Fig. 3 compares average rates achieved when

we use: (1) Both, power allocation and channel backoff. (2)
Channel backoff only, i.e., P ∗(γ̂) = P0. (3) Power allocation
only, i.e., B∗(γ̂) = γ̂. There is a considerable improvement in
average transmission rate when power allocation and channel
backoff are jointly optimized. We further show in Fig. 4 that
the average power constraint is always satisfied, ratifying the
almost sure feasibility result in (23).

VI. CONCLUSION

We considered power and code adaptation to imperfect CSI
in order to maximize expected transmission rates subject to
average power constraints. We showed that the optimal power
allocation and channel backoff functions are determined by
a single parameter in the form of the optimal multiplier of
the Lagrange dual problem. We further developed stochastic
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Fig. 4. Average transmission power p̄(t) used by the proposed algorithm with
constant step size ε = 0.01. The channel estimation error σ2

e = 0.1.

subgradient descent algorithms on the dual domain that operate
without knowledge of the channel’s probability distribution. For
vanishing step sizes these dual stochastic descent algorithms
converge to the optimal multiplier λ∗. With constant step sizes
optimal multipliers are not found but a policy that is optimal
in an ergodic sense is determined. Numerical results showed
significant performance gains of jointly optimal backoff and
power allocation1.
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