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Decentralized Dynamic Optimization Through the
Alternating Direction Method of Multipliers

Qing Ling and Alejandro Ribeiro

Abstract—This paper develops the application of the alter-
nating directions method of multipliers (ADMM) to optimize a
dynamic objective function in a decentralized multiagent system.
At each time slot each agent observes a new local objective
function and all the agents cooperate to solve the sum objective on
the same optimization variable. Specifically, each agent updates
its own primal and dual variables and only requires the most
recent primal variables from its neighbors. We prove that if each
local objective function is strongly convex and has a Lipschitz
continuous gradient the primal and the dual variables are close to
their optimal values, given that the primal optimal solutions drift
slowly enough with time; the closeness is explicitly characterized
by the spectral gap of the network, the condition number of the
objective function, and the ADMM parameter.

I. INTRODUCTION

We consider a multiagent system composed of n networked
agents whose goal at time k is to solve a decentralized dynamic
optimization problem with a separable cost of the form

n
min » _ fF(#). (1
i=1
The variable & € RP is common to all agents that have
as their goal the determination of the vector Z*(k)
argminy ;| fF(Z) that solves (1). The problem is decen-
tralized because the cost is separated into convex functions
fF:RP — R known to different agents i and dynamic because
the functions f¥ change over time. The purpose of this paper is
to develop the application of the alternating directions method
of multipliers (ADMM) to the solution of (1).

Problems having the general structure in (1) arise in a
decentralized multiagent system whose task is time-varying.
Typical applications include estimating the path of a stochastic
process using a wireless sensor network [1] and tracking
moving targets and scheduling trajectories in an autonomous
team of robots [2], [3]. In the case of static problems, i.e.,
when the functions f¥() = fi(&) are the same for all times
k, there are many iterative algorithms that enable decentralized
solution of (1). Among those we encounter dual subgradient
descent algorithms [4] and the ADMM [5], [6], [7], [8].
Both of these algorithms are similar in that they introduce
Lagrange multipliers and operate in the dual domain where
ascent directions can be computed in a decentralized manner.
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While their relative performances don’t differ dramatically, the
ADMM does exhibit better numerical properties in problems
with ill-conditioned dual functions [9]. Of particular note, the
ADMM has been proved to converge linearly to both, the
primal and dual optimal solutions, when all local objective
functions are strongly convex and have Lipschitz continuous
gradients [10].

Since a dynamic optimization problem can be considered
as a sequence of static optimizations any of the methods in
[4], [5], [6], [7], [8] can be utilized in their solution. This
has indeed been tried in, e.g., [11], [12], where separate time
scales are assumed so that the descent iterations are allowed
to converge in between different instances of (1). This is not
entirely faithful to the time-varying nature of (1) motivating
the introduction of algorithms that consider the same time
scale for the evolution of the functions fF and the iterations
of the distributed optimization algorithm [1], [13], [14], [15].

If the change in the functions fF is sufficiently slow, minor
modifications of static algorithms should work reasonably
well on keeping track of the time-varying optimal argument
Z* (k). In this paper we characterize the norm of the difference
between optimal arguments Z* (k) and local estimates of these
optimal values for a decentralized implementation of the
ADMM. This gap is characterized in terms of the condition
number of the functions fF, the spectral gap of the connected
network, and the step size of the ADMM algorithm. When
the variation vanishes, the ADMM algorithm achieves linear
convergence which coincides with the result in [10].

Notation For column vectors vy, ..., v, use the notation v :=
[v1;...;v,] to represent the stacked column vector v. For a
block matrix M use (M); ; to denote the (3, j)th block. Given
matrices My, ..., M, use diag(Mi,..., M) to denote the
block diagonal matrix whose ith diagonal block is M;.

II. PROBLEM FORMULATION AND ALGORITHM DESIGN

Consider a network composed of a set of n agents V =
{1,...,n} and a set of m arcs A = {1,...,m}, where
each arc e ~ (i,7) is associated with an ordered pair (3, j)
indicating that ¢ can communicate to j. We assume the
networks is connected and that communication is bidirectional
so that if e ~ (i, j) there exists another arc e’ ~ (j4,4). The set
of agents adjacent to 7 is termed its neighborhood and denoted
as N;. The cardinality of this set is the degree d; of agent i.
We define the block arc source matrix A; € R™P*"P where
the block (A4s)e,; = I, € RP*P is an identity matrix if the arc
e ~ (i, ) originates at node i and is null otherwise. Likewise,
define the block arc destination matrix Ay € R™P*"P where
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the block (Aq).,; = I, € RP*P if the arc e ~ (i, ) terminates
at node j and is null otherwise. Observe that the extended
oriented incidence matrix can be written as F, = A, — Ay
and the unoriented incidence matrix as E, = A; + Ag.
The extended oriented (signed) Laplacian is then given by
L, = (1/2)ETE,, the unoriented (unsigned) Laplacian by
L, = (1/2)ETE, and the degree matrix containing nodes’
degrees d; in the diagonal is D = (1/2)(L, + L,,). Denote
T'y, as the largest singular value of L, and vy as the smallest
nonzero singular value of L,; 'y, and =y are both measures
of network connectedness.

To solve (1) in a decentralized manner we introduce vari-
ables z; € RP representing local copies of the variable
Z, auxiliary variables z;; € RRP associated with each arc
(i,7) € A, and reformulate (1) as

min Z fE @),
i=1

S. t. ()

The constraints 2; = 2;; and x; = 2;; imply that for all pairs
of agents (i,j) € A forming an arc, the feasible set of (2)
is such that z; = z;. For a connected network these local
neighborhood constraints further imply that feasible variables
must satisfy z; = x; for all, not necessarily neighboring, pairs
of agents ¢ and j. As a consequence, the optimal local variables
in (2) must coincide with the solution of (1), i.e., z] = &* for
all nodes i. We interpret the auxiliary variables z;; as being
attached to the arc (i,j) with the purpose of enforcing the
equality of the variables x; and z; attached to its source agent
1 and destination agent j.

To simplify discussion define the vector & = [z1;...;2,] €
R™ concatenating all variables xz;, the vector z =
[21;...;2m] € R™ concatenating all variables z, = z;;, and
define the aggregate function f* : R™ — R as fF(z) :=
S, fF(z;). Using these definitions and the definitions of
the arc source matrix A, and the arc destination matrix Ay
we can rewrite (2) in matrix form as

min fk(x), s.t. Agx —2=0, Agz—2=0. (3

Further define the matrix A = [A;; Aq] € R>™PX"P stacking
the arc source and arc destination matrices A; and Ay and
the matrix B = [—I,,p; —Imp] stacking the opposite of two
identity matrices so that (3) reduces to

min f¥(z), s.t. Az + Bz =0. 4)

To introduce the dynamic ADMM for the problem in (2) —
and its equivalent forms in (3) and (4) — consider Lagrange
multipliers o, = o; associated with the constraints x; =
z;; and Lagrange multipliers 3. = (;; associated with the
constraints x; = z;;. Group the multipliers c, in the vector
a=[ai;...;an] € R™ and the multipliers j, in the vector
B = [f1;-..;8m] € R™P which are thus associated with the
constraints A;z—2z = 0 and Agx—2z = 0, respectively. Further
define A\ = [a; 3] € R?™P associated with the constraint Az +
Bz = 0, a positive constant ¢ > 0, and define the augmented
Lagrangian function at time k as

Li(z,2,)) = f* () + AT (Az + Bz) + gqu + Bz|?,

Ti = Zij, Tj = Zij, for all (’L,]) c A.
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which differs from the regular Lagrangian by the addition of
the quadratic regularization term (c/2)||Az + Bz|%.

The dynamic ADMM proceeds iteratively through alternat-
ing minimizations of the Lagrangian Ly (z, z, ) with respect
to primal variables z and z followed by an ascent step on the
dual variable \. To be specific, consider arbitrary time k and
given past iterates z(k — 1) and A(k — 1). The primal iterate
z(k) is defined as z(k) := argmin, Lg(z, z2(k—1),A\(k — 1))
and given as the solution of the first order optimality condition

V(@ (k)+ AT A(k—1)+cAT [Az(k)+Bz(k—1)] = 0. (5)

Using the value of z(k) from (5) along with the previous
dual iterate A(k — 1) the primal iterate z(k) is defined as
z(k) = argmin, Ly(z(k), z, A(k — 1)) and explicitly given
by the solution of the first order optimality condition

BT\(k — 1) + ¢BT [Az(k) + Bz(k)] = 0. (6)

The dual iterate A(k — 1) is then updated by the constraint
violation Az(k)+ Bz(k) corresponding to primal iterates z (k)
and z(k) in order to compute

AMk) = Ak — 1) + c[Az(k) + Bz(k)].

O]

Observe that the step size ¢ in (7) is the same constant used
in (5).

The computations necessary to implement (5)-(7) can be
distributed through the network. However, it is also possible to
rearrange (5)-(7) so that with proper initialization the updates
of the auxiliary variables z(k) are not necessary and the
Lagrange multipliers o € R™P and € R™P can be replaced
by a smaller dimension vector ¢ = [¢1;...;¢,] € R™. We
do this in the following proposition before showing that these
rearranged updates can be implemented in a decentralized
manner. The simplification technique is akin to those used in
decentralized implementations of ADMM for static optimiza-
tion problems; see e.g., [5, Ch. 3], [7].

Proposition 1 Consider iterates xz(k), z(k), and A(k)
[a(k); B(k)] generated by recursive application of (5)-(7).
Recall the definition of A = [As; A4), the oriented incidence
matrix E, = Ay — Ay, the unoriented incidence matrix
E, = As + Ay, the oriented Laplacian L, = (1/2)El'E,,
the unoriented Laplacian L, = (1/2)EL'E,, and the degree
matrix D = (1/2)(L, + L,,). Require the initial multipliers
A(0) = [«(0); B(0)] to satisfy a(0) = —pB(0), the initial
auxiliary variables z(0) to be such that E,z(0) = 2z(0) and
further define variables ¢(k) :== ET a(k) € R™. Then, for all
times k > O iterates x(k) can be alternatively generated by
the recursion

Vk(x(k)) + ¢(k — 1) + 2¢Dx(k) — cLyx(k —1) = 0,
o(k) = ¢(k — 1) + cLox(k). (8)

Proof: See [16]. [ |

The iterations in (8) can be implemented in a decentralized
manner. To see that this is true consider the component of
the update for z(k) corresponding to the variable z;. Using
the definitions of the degree matrix D, the oriented incidence
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Algorithm 1 Decentralized Dynamic ADMM at agent
Require: Initialize local variables to z;(0) = 0, ¢;(0) = 0.
Require: Initialize neighboring variables z;(0) = 0 for all j € N;.

1: for timesk =1, 2, ... do

2:  Observe local function fF.

3:  Compute local estimate of optimal variable Z* (k) [cf. (9)]

Vi (@i(k)) + 2cd; (k)
=c Z [#:(k — 1)+ z;(k —1)]

JEN;

— (;51(]{? — 1).

4:  Transmit z;(k) to and receive x; (k) from neighbors j € N;.
5 Update local variable ¢;(k) as [cf. (10)]

$i(k) = di(k — 1) +¢ Y [wi(k) —

JEN;

z;(K)].

6: end for

matrix FE,, and the unoriented Laplacian L, we can write this
component of the first equality in (8) as

Vi (xi(k)) + 2cd;zi (k)

=c Z [z;(k

JEN;

D +aj(k = 1] = di(k—1). (9

Likewise, using the definitions of the oriented Laplacian L,
the update for ¢;(k) can be written as

(b() (bl _1+CZ 331

JEN;

—zj(k)].  (10)

At the initialization stage, we choose ¢(0) in the column space
of L, (e.g., (0) = 0). This is equivalent to choosing A(0) =
[@(0); 5(0)] such that both «(0) and 3(0) are in the column
space of E,. Such initialization is necessary for the analysis
in Section III.

The decentralized dynamic ADMM algorithm run by agent
i is summarized in Algorithm 1. At the initial time k£ = 0
we initialize local variables to z;(0) = 0 and ¢;(0) = 0.
Agent ¢ also initializes its local copies of neighboring variables
to 2;(0) = 0 for all j € N, which is consistent with the
initialization at agent j. For all subsequent times agent i
goes through successive steps implementing the primal and
dual iterations in (9) and (10) as shown in steps 3 and 5 of
Algorithm 1, respectively. Implementation of Step 3 requires
observation of the local function f¥ as shown in Step 2 and
availability of neighboring variables z;(k — 1) from the previ-
ous iteration. Implementation of Step 5 requires availability of
current neighboring variables x;(k), which become available
through the exchange implemented in Step 4. This variable
exchange also makes variables available for the update in Step
3 corresponding to the following time index.

III. CONVERGENCE ANALYSIS

This section analyzes convergence properties of the decen-
tralized dynamic optimization algorithm (9)-(10). We discuss
convergence of primal iterates xz(k) to the optimal primal
variables z*(k) at time k. We also define the vector u(k) =
[#(k); a(k)] which combines primal iterates z(k) and dual
iterates «(k) as well as the vector u*(k) = [2*(k); a* (k)]
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concatenating the unique primal optimal value z* (k) and a part
of an optimal dual variable A* (k) = [a*(k); * (k)] such that
a*(k) lies in the column space of E,. For distances between
x(k) and z* (k) we consider regular 2-norms and for distances
between u(k) and u*(k) we measure norms with respect to
the block diagonal matrix G = diag(clpp, (1/¢)Inp).

Our convergence analysis studies the evolution of the norm
[lu(k) — u*(k)||c at subsequent time steps. This result is
established in Theorem 1 which relies on the results in lemmas
1 and 2. Lemma 1 is a descent bound on the contraction of the
distance ||u(k—1) —u*(k—1)
value at time k& — 1 into the distance ||u(k) — u*(k — 1)||a
between the optimal value associated with time k — 1 and
the optimal iterate at time k. Lemma 2 bounds the drift of
the optimal value u*(k — 1) between subsequent time steps
when we are given the value of the drift ||Z* (k) — &*(k — 1)|]
between optimal solutions of the original problem in (1).
Theorem 1 follows from the triangle inequality and the two
bounds in lemmas 1 and 2. Theorem 2 relates the distances
[lu(k — 1) — u*(k — 1)||¢ and ||z(k) — z*(k)|| so that the
convergence result in Theorem 1 can be translated into a more
meaningful statement regarding the suboptimality of primal
iterates x(k). The final result in Theorem 3 is stated in the
form of a steady state suboptimality gap which is follows from
recursive application of the bound in Theorem 2.

Throughout this section we make the following assumptions

on the local objective functions fF.
Assumption 1 Local objective functions are differentiable
and strongly convex. L.e., for all agents ¢ and times k there exist
strictly positive constants m s >0 such that for all pairs of
points a7, and zy it holds [#, — #)]T [V £ (Z4) — V£* (5)] >
mp|[Za — ||

Assumption 2 Local objective functions have Lipschitz con-
tinuous gradient. Le., for all agents 4 and times k there exist
strictly positive constants M fr> 0 such that for all pairs
of points z, and =z, it holds ||VfF(Z,) — VfE(@)]2 <
Mo — .

Assumptions 1 and 2 imply that the sum functions f*(z) :=
ZZ 1 fk(x,) are also strongly convex with Lipschitz gradi-
ents. Indeed, defining m¢ := min; , m o> 0 as the minimum
of all strong convexity constants it follows from Assumption
1 that for all times k and pairs of points z, and z; it holds

(20 — )" [VF¥(2a) = V5 (5)] > mypl|za — ol (D

Likewise, defining My := max; j M > 0 as the maximum
Lipschitz constant it follows from Assumptlon 2 for all times
k and pairs of points x, and z; it holds

IV ¥ (z0) — V¥ (@p)|| < My||za — 2] (12)

In the following lemma we utilize (11) and (12) to prove a
contraction of the distance [|u(k —1) —u*(k —1)
iterate and optimal value at time k—1 into the distance ||u(k)—
u*(k — 1)|| between the optimal value associated with time
k — 1 and the optimal iterate at time k.

Lemma 1 Consider the dynamic ADMM algorithm defined by
(5)-(7). At time k, define the vectors u(k) = [2(k); a(k)] which



2013 IEEE 14th Workshop on Signal Processing Advances in Wireless Communications (SPAWC)

stacks the current primal and dual variables and u*(k) =
[2*(k); a* (k)] which stacks the current optimal primal and
dual variables and the matrix G = diag(clyp, (1/¢)Inp). Let
> 1 be an arbitrary constant and define the corresponding

positive number
} . (13)

6:min{

Then, the norm with respect to G of the difference between
u(k) and u*(k) decreases by, at least, a factor 1/+/1+ 0 of
the difference between u(k — 1) and u*(k)

. llu(k —1) — u*(k)
llu(k) —w(F)lle < T

2emgyg
ATy + 4pM;

(=L
ul'r

¢ 14

Proof: See [16]. [ |

The constant ¢ controls the ratio between ||u(k) — u* (k)|
and |lu(k — 1) — u*(k)||g. Since & > 0, u(k) is closer to
uw*(k) than u(k — 1). Fixing |Ju(k — 1) — u*(k)||g. larger
0 means smaller distance from wu(k) to uw*(k) and stronger
contraction. The same constant § also appears in analyzing
the static ADMM. The impact of the network topology, the
objective function, and the step size on ¢ is discussed in [10].

The following lemma considers how the drift of the optimal
primal variables z*(k) — Z*(k — 1) translates into a drift of
the optimal vectors u*(k — 1) and u* (k).

Lemma 2 Consider the dynamic ADMM algorithm defined by
(5)-(7). Define the positive constant

Mys/n
o =+/em + , (15)
V2
and a time-varying number
g(k) = of|z* (k) — *(k = 1)]|, (16)

where £*(k) and ©*(k — 1) are the optimal solutions of (1) at
time k and time k — 1, respectively. Define u(k), u*(k), and
G as in Lemma 1. Then the distance from u(k) to u*(k) and
the distance from u(k — 1) to u*(k), both measured by the
norm with respect to G, has a gap upper bounded by g(k)

lu(k = 1) —u*(k)lle — llu(k = 1) —u*(k = Dlle < g(k).
A7)

Proof: See [16]. [ ]

The gap g(k) describes the drift from u*(k—1) to u*(k) on
the basis of u(k — 1). We expect this gap to be small enough.
That is, the difference between the two successive optimal
solutions Z*(k — 1) and Z* (k) is small enough.

Note that in (16) and (17), #*(k — 1) and u*(k — 1)
are undefined when k = 1. To address this issue, we can
define a virtual initial optimization problem min }_; , f?(Z)
such that z*(0) 0 and »*(0) = [2*(0);a*(0)] = O.
Combining Lemma 1 and Lemma 2, we get the following
theoretical bound which describes the relationship between
lu(k) — u*(k)lle and [[u(k — 1) — u*(k = 1)[|c-

Theorem 1 Consider the dynamic ADMM algorithm defined
by (5)-(7). Define u(k), u*(k), and G as in Lemma I, the
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positive number § as in (13) and the time-varying gap g(k)
as in (16). Then the distance between u(k) and u*(k) and the
distance between u(k — 1) and u*(k — 1), both measured by
the norm with respect to G, satisfy

: lutk = 1) —w* (k= Vg, _g(k)
(k) = w* ()l < — A,

Proof: See [16].

Theorem 1 gives the convergence property of the dynamic
ADMM. The convergence is discussed upon u, which is the
combination of the auxiliary primal variable z and the dual
variable a. Often we are more interested in the convergence
with respect to the primal variable 2, which is given below.

Theorem 2 Consider the dynamic ADMM algorithm defined
by (5)-(7). Define my as the strong convexity constant of f*in
(11), u(k), u*(k), and G as in Lemma 1, and the time-varying
gap g(k) as in (16). The distance between x(k) and x*(k)
measured by the Euclidean norm and the distance between
u(k —1) and u*(k — 1) measured by the norm with respect to
G satisfies

. lu(k =1) —u*(k = Dllc , g(k)
llz(k) — 2™ (k)| < N + Noa (19)
Proof: See [16]. [ |

If #*(k) is a constant for all k > ko — 1, then g(k)
0, for all k > ko. In this case Theorem 1 shows that {||u(k) —
uw*(k)||¢} is Q-linearly converging to 0 and Theorem 2 shows
that {||z(k) — z*(k)||} is R-linearly converging to 0.

On the other hand, if g(k) does not converges to 0 but is
smaller than a constant, from Theorem 1 and Theorem 2, we
have the following theorem which bounds ||z(k) — z*(k)||.

Theorem 3 Consider the dynamic ADMM algorithm defined
by (5)-(7). Define my as the strong convexity constant of fk
in (11) and the corresponding positive numbers 6 as in (13).
If the time-varying gap g(k) defined in (16) is smaller than
Imaz for all times k, the distance between x(k) and x*(k)
measured by the Euclidean norm satisfies

V1496

lim ||a:(k)—f'3*(k)||§\/m—f[ T+0-1

k—4o00

]

Proof: See [16]. [ |

Recall that g(k) = o||z*(k) — &*(k — 1)|| defined in (16)
measures the drift between z*(k) and z*(k — 1). Theorem
3 shows that if this drift is upper bounded by g4, over all
times k then the difference between z(k) and z*(k) is also
bounded. The constant at the right-hand-side of (20) contains
0 and my. Larger § gives tighter bound for ||z(k) — z*(k)]|.
The strong convexity constant m exists since it controls the
drifts of the optimal dual variables.
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Fig. 1. (TOP) True signal and decentralized estimate of agent 1. (BOTTOM)
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IV. NUMERICAL EXPERIMENTS

This section provides numerical experiments to demonstrate
the effectiveness of the proposed dynamic ADMM and validate
the theoretical analysis. We consider a connected network with
n = 100 agents, in which m = 1810 arcs (out of all 9900
possible arcs) are randomly chosen to be connected.

At time k agent 7 measures a true signal Zo(k) through
a linear observation function y;(k) = H;(k)Zo(k) + e;(k)
where e;(k) is random noise. We know in advance that the
Euclidean distance between Zg(k) and Zo(k — 1) is smaller
than a threshold p. The agents cooperate to recover Zo(k) and
the objective function at time k is f*(z) = Y1 | $||H;(k)Z —
y;(k)||* subject to ||Z — Z(k — 1)|| < p. The local objective
function of agent i is fF(Z) = L||H;(k)Z — y;(k)||*> subject
to ||Z — z;(k — 1)|| < p. This constrained problem is more
difficult than the unconstrained one that we have assumed.
Accordingly we modify the primal iterate (9) such that agent
i can update its z;(k) from

L1
wi(k) = argmin o || H;(k)zi — yi(R)1? + cdillei — ps ()|,

s.t. ||z —xi(k— 1) < p, 21

where p;(k) = (1/2d;) 3 e, [z:i(k — 1) + z;(k — 1)] —
(1/2c¢d;)¢;(k — 1) is a proximal point. In the simulation we
let #(k),e;(k) € R?, H;(k) € R**2, p = 0.1, and ¢ = 1.
We generate elements in H;(k) following i.i.d. Gaussian
distribution A/(0,1) and elements in e;(k) following i.i.d.
Gaussian distribution A(0,0.01).

Fig. 1 depicts the simulation results of the dynamic ADMM.
The TOP figure compares the true signal, which is close to the
centralized solution, and the decentralized estimates of agent

978-1-4673-5577-3/13/$31.00 ©2013 IEEE 174

1. The difference between them is bounded throughout the
optimization process. This is nontrivial since the optimization
problem is dynamic and the inexact solutions z;(k— 1), which
are the estimates of Zo(k — 1), bring extra uncertainty to
the subsequent problems. The BOTTOM figure shows the
maximum distance between decentralized estimates of all the
agents with respect to the two dimensions. Though each agent
optimizes by itself, the agents keep tight consensus. The key
is the optimization of the dual variables which guarantees that
the consensus constraints don’t violate too much.

V. CONCLUSION

This paper introduces the ADMM to solve a decentralized
dynamic optimization algorithm. Traditionally the ADMM is
a powerful tool to solve centralized and/or static optimization
problems; we show that a minor modification enables it to
adapt to the decentralized dynamic cases. We prove that
under certain conditions, the differences between the ADMM
iterates and the optimal solutions, in both the primal and the
dual domains, can be characterized by the drifts between the
successive primal optimal solutions.
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