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Consensus Over Ergodic Stationary Graph Processes

Alireza Tahbaz-Salehi and Ali Jadbabaie

Abstract— In this paper, we provide a necessary and sufficient condition
for almost sure convergence of consensus algorithms when the underlying
graphs of the network are generated by a strictly stationary and ergodic
random process. We prove that for such a process, the consensus
algorithm converges almost surely, if and only if, the expected graph
of the network contains a directed spanning tree. OQur results contain
the case of independent and identically distributed graph processes as
a special case. Moreover, we provide the mean and the variance of the
asymptotic random consensus value, as well as a necessary and sufficient
condition for its distribution to be degenerate.

Index Terms—Ergodic stationary process, Consensus problem, Ran-
dom graph, weak ergodicity.

I. INTRODUCTION

Over the past few years, decentralized iterative schemes such
as agreement and consensus problems have attracted a significant
amount of interest in various contexts such as motion coordination
of autonomous agents [1], parallel computing [2] and sensor networks
[3], [4]. In general, the focus of these papers have been on studying
the asymptotic behavior of the linear dynamical system z(k) =
Wia(k — 1), where {W}}72, is a sequence of stochastic matrices.
More recently, conditions for asymptotic convergence of such systems
to a consensus for the case that the weight matrices W), are random
have also been studied. For instance, in [5], the authors prove
that all the entries of x(k) converge to a common value almost
surely (with probability one), if each edge of G(W}), the graph
corresponding to matrix Wy, is chosen independently with the same
positive probability (what is known as the Erdés-Rényi random graph
model), followed by more general models in [6] and [7]. In [8], we
showed that these results can be further generalized to the case of
i.i.d. weighted and directed random graph sequences, in which the
edges of the graph at the same time step might be dependent, while
the realizations of the network’s graph at two different time steps
are independent. We proved that a necessary and sufficient condition
for almost sure convergence to consensus is [A2(EW})| < 1, where
Ao is the eigenvalue with the second largest modulus. The speed
of convergence to consensus and some concentration results for the
general 1.i.d. case is presented in [9].

The common crucial assumption of all the above works is that the
weight matrices (and hence, the underlying graphs of the network)
are independent and identically distributed. However, in most realistic
cases, there exists a strong correlation between the realization of
the network’s graph over time. For example, the existence of a
communication link in a wireless network at a given time instance
is highly correlated with the existence of that link at the previous
time steps. In this note, we relax this assumption and assume that
the weight matrices W), are generated by an ergodic and stationary
process. Building on the results of [10] and by applying Birkhoff’s
ergodic theorem, we show that the condition [A2(EWj)| < 1 that
appeared in [8] is still a necessary and sufficient condition for
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almost sure convergence to consensus. This condition implies that
existence of a directed path in the expected graph of the network
from some node to all other nodes is both necessary and sufficient
for reaching consensus with probability one. The results presented in
this note are more general than [S]-[9], which assume that the weight
matrices are distributed identically and independently over time. Also
contrary to the results in [10], in which the authors consider only
unweighted edges one at a time, we consider a general ergodic
stationary process of stochastic matrices. Results similar to ours have
been stated without proof in [11] and [12] in the context of ergodic
theory of Markov chains in random environments. In contrast to those
results, our proofs are self-contained and are only based on simple
results from the theory of non-negative matrices and the concept of
coefficients of ergodicity, as introduced by Dobrushin [13].

In addition, we state and prove a necessary and sufficient condition
for the distribution of the random consensus value to be degenerate,
i.e., the consensus value to be a random variable with a single point
as its support. Finally, we compute the mean and the variance of the
random consensus value for the i.i.d. case.

II. ERGODIC STATIONARY MATRIX PROCESSES

This section is dedicated to some basic definitions and concepts
from ergodic theory and the theory of random processes. A thorough
treatment of the subject can be found in [14] and [15].

Let (Qo, B) be a measurable space, where Qo = {set of stochastic
matrices of order n with strictly positive diagonal entries} and B is
the Borel o-algebra on 2. Consider a probability measure P defined
on the sequence space (€2, F) defined as

Q:{(wl,(‘UQ,..‘)Zu)kEQQ}
F=BxBx...,

so that (2, F,P) forms a probability space. If we let ¢ : Q — Q be
the shift operator defined as p(w1,w2,...) = (w2,ws,...) and let
W (w) = w1, then we can define a sequence of stochastic matrices
as Wi(w) = W (¢*w). For notational simplicity, we denote W (w)
by Wy, through the rest of the note.

Definition 1: The sequence of random stochastic matrices
W1, Wa, ... is stationary if the families {Wy,, Wi, ..., Wx,.} and
{Wi,+h, Wigth, .., Wik,+r} have the same joint distribution for
all ki1,k2,...,k- and all h > 0.

The above definition states that the process {Wy : k > 1} is
stationary if all of its finite dimensional distributions are invariant
under time shifts. Equivalently, one can define stationarity as the
case that the shift operator is a measure-preserving transformation,
ie., P(¢B) = P(B) for all sets B € F. Clearly, any i.i.d. sequence
of random matrices is stationary.

Definition 2: Consider the probability space (2, F,P) and sup-
pose that the shift operator ¢ : 2 — Q is measure-preserving. ¢ is
said to be ergodic if every invariant set B € F is trivial.

In other words, the transformation ¢ is ergodic if for every B € F
satisfying P(BA@ ™ 'B) = 0, we have P(B) € {0,1}, where A
denotes the symmetric difference between the two sets. Given the
above definitions, we say the random matrix process {Wj : k > 1}
is ergodic stationary, if the shift operator defined over (2, F,P)
is measure-preserving and ergodic. For example, a time-invariant
Markov chain with its unique stationary distribution as the initial
distribution forms a stationary and ergodic process. Clearly, any i.i.d.
sequence of matrices is also ergodic stationary. In this note, we use
the following lemma for proving our results.

Lemma 1: Suppose W1, W, ... is an ergodic stationary process
of stochastic n X n matrices. If the event {W), € A} has positive
probability p > 0, then such events occur infinitely often almost
surely, that is, P(W} € A for infinitely many k) = 1.



Proof: Since the process {W, : k > 1} is ergodic stationary, so
is the process {I{w, ca} : kK > 1}, where I is the indicator function.
Therefore, by Birkhoff’s ergodic theorem [14], [15],

T

1

T Z Iiw,eay — P{W1 € A} = p almost surely,
k=1

which implies
(S tonen =) =1
k=1

This means that the events {W), € A} occur infinitely often almost
surely. u

III. CONSENSUS OVER RANDOM GRAPHS

Consider the discrete-time autonomous dynamical system
(k) = Wi(w)z(k = 1), (1

where k € {1,2,...} is the discrete time index, z(k) € R" is the
state vector at time k and Wj,(w) is a random stochastic matrix with
strictly positive diagonals, defined as before. Since the matrices Wy,
are random, the state vector z(k) is also a random vector for all
k>1.

In a general randomized consensus problem, we are interested in
the asymptotic behavior of the state vector (k) as k goes to infinity.

Definition 3: Dynamical system (1) reaches consensus almost
surely, if for any initial state value x(0),

|zi(k) — zj(k)] — 0 almost surely

ask —ooforalij=1,...,n.

Note that reaching almost sure consensus is stronger than reaching
consensus in probability. In the former, not only the probability of
the event {|z;(k) — x;(k)| > €} goes to zero for an arbitrary € > 0
as k — oo, but also such events occur only finitely many times [14].

In this paper, we are interested in necessary and sufficient con-
ditions for almost sure convergence of dynamical system (1) to
consensus, when the weight matrices W}, are generated by an ergodic
stationary process as defined in section II. Since any sequence
of independent and identically distributed matrices is also ergodic
stationary, any sufficient condition for almost sure consensus in the
latter case serves also as a sufficient condition for the i.i.d. case,
investigated in [5]-[8].

A. Random Graph Interpretation

For a general weight matrix W € R", one can define its
corresponding graph G (W) as a weighted directed graph on n
vertices, with an edge (i,7) from vertex ¢ to vertex j with weight
Wj; if and only if Wj; # 0. As a consequence of this definition, the
update equation x(k) = Wx(k — 1) represents a distributed update
scheme over the vertices of G(1W'). More precisely, the value of x; (k)
only depends on the elements of the set {z;(k—1): W,; # 0} =
{z;(k —1): (j,%) is an edge of G(W)}. Therefore, one can inter-
pret (1) as a local iterative update over an ergodic stationary graph
process. The assumption that the sequence {W}, : k > 1} is a general
stationary and ergodic process implies that the edges of the graphs
G (W},) are not necessarily independent from one another over time.
In other words, the existence of an edge in the network at some time
step k1 may provide some information (in the probabilistic sense)
about the existence and weights of other edges of the graph at some
other time k.

Given a general weight matrix W, if (4, j) is an edge of G(W),
we say vertex j has access to vertex i. We say vertices ¢ and j
communicate if both (i, j) and (j,7) are edges of G(W). Note that
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the communication relation is an equivalence relation and defines
equivalence classes on the set of vertices. If no vertex in a specific
communication class has access to any vertex outside that class, such
a class is called initial. Later in the note, we use the following lemma,
the proof of which can be found in [16].

Lemma 2: Suppose that W is a stochastic matrix for which its
corresponding graph has s communication classes named o, . . . , s
Class «- is initial, if and only if the spectral radius of a,.[W] equals
to one, where a,-[W] is the submatrix of W corresponding to the
vertices in the class a;.

B. Weak Ergodicity

Given (1), if z(0) is the initial state value, one can write the state
vector at time k as

Ji(k‘) = Wk e Wnga:(O). (2)

As it is evident from (2), one needs to investigate the behavior
of infinite products of stochastic matrices in order to check for
asymptotic consensus. This motivates us to borrow the concept of
weak ergodicity of a sequence of stochastic matrices from the theory
of Markov chains.

Definition 4: The sequence {Wy}532, = Wi, Wa, .-+, of n x n
stochastic matrices is weakly ergodic, if for all ¢, 5, s = 1,--- ;n and
all integer p > 0

(kp) _ grtem)
(v —uf) =0

as k — oo, where Ukr) = Wtk -+ - Wp2Wp1 is the left product
of the matrices in the sequence.

As the definition suggests, a sequence of stochastic matrices is
weakly ergodic' if the rows of the product matrix converge to each
other, as the number of terms in the product grows. Note that the
definition of weak ergodicity does not require limy_.oc U®P) to
exist. All it requires is the convergence of the pairwise differences
of all the rows to zero. This is not a matter of concern as one can
show that whenever a sequence of matrices is weakly ergodic, then
the limit of the infinite left products exists [17], [18].

Theorem 1: Suppose the matrix sequence {Wj}ie, is weakly
ergodic and denote the left products by U (k:p) — Witp -+ - Wpta.
Then, forall i,s = 1,--- ,n and all integers p > 0 there exist vectors
d™® not depending on ¢ such that

UUC’p) N d(sp)

as k — oo. This is called strong ergodicity.

Proof: For any € > 0, weak ergodicity implies that for large

enough k, we have —e < U®P) — U;ks’p) < ¢ uniformly for all

i,5,s=1,...,n. Since U*+1P) = Wk+p+1U<k’p>, we have
(k,p) (k+1,p) k,p)
Ui,sp —e< Uh.,s < Ui(,sp + ¢,
which by induction implies that

U — < U < U e

foralli,s,h =1,...,nandr > 0. By setting ¢ = h, it is evident that
Ui(’i’p ) is a Cauchy sequence and therefore, limy, . o Ui(’i’p ) exists.
]

Therefore, weak ergodicity implies the existence of a non-negative
vector d satisfying U (#:0) _, 147, where 1 denotes a vector with
all entries equal to one. As a consequence, if one proves that the
sequence {W}, : k > 1} is weakly ergodic almost surely, it guarantees
the convergence of (1) to consensus, with probability one. We use

ITo be more precise, we have stated the definition of weak ergodicity in
the backward direction.
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this fact as the basis of our proofs for convergence to consensus.
It is important to note that the converse of this statement is not
true in general. In other words, the event of weak ergodicity of
the sequence of matrices is a subset of the event that (1) reaches
consensus asymptotically for all initial state values 2:(0). For instance,
the existence of a rank one matrix in the sequence implies asymptotic
consensus, while it does not guarantee weak ergodicity.

We now define the coefficient of ergodicity which is a key concept
in proving weak ergodicity results.

Definition 5: The scalar continuous function 7(-) defined on the
set of n X n stochastic matrices is called a coefficient of ergodicity
if it satisfies 0 < 7(-) < 1. A coefficient of ergodicity is said to be
proper if

r(W)=0 ifand only if W =1d",

where d is a vector of size n satisfying d¥1 = 1.
Given the above definition, it is straightforward to show that weak
ergodicity is equivalent to
r(U%P)y -0  vpeNuU{0}

as k — oo for a proper coefficient of ergodicity 7. We can now state
the following theorem, proved in [18]:

Theorem 2: Suppose 7(-) is a proper coefficient of ergodicity that
for any m > 1 stochastic matrices Wy, k = 1,2, ..., m satisfies

(Wi ... WaW1) < [ 7(We). 3)
k=1

Then the sequence {Wj}2, is weakly ergodic if there exists a

strictly increasing sequence of integers k., r = 1,2,... such that
S (1= 7(Wipyy - Wipp1)) = 0. @)

=1
Proof: Suf)pose that there exists a strictly increasing sequence of
positive integers k, such that (4) holds. Then, the inequality log x <
x — 1 implies that

> log (r(Wi,iy - - Wi, 11)) = —00,
r=1

and as a result, J]72, T(Wik, iy - Wko1) = 0. Because we
assumed that 7 is proper, (3) guarantees weak ergodicity of the
sequence. ]

In this note, we use a coefficient of ergodicity which is defined as
1 n
K(W) = grggxsz;z (Wis = Wisl.

Note that «(-) is a proper coefficient that satisfies the submultiplica-
tive property (3).

IV. ALMOST SURE CONVERGENCE OF THE CONSENSUS
ALGORITHM

In this section, we prove a necessary and sufficient condition for
linear dynamical system (1) to converge to consensus almost surely,
when the process that generates the weight matrices {Wj, : k > 1}
is ergodic and stationary. Our results contain the results of [5]—[8] as
special cases, which simply assume an i.i.d. matrix process.

Theorem 3: Let {W}, : k > 1} = W1, Wa,... denote a sequence
of stochastic matrices with positive diagonals generated by an ergodic
stationary process. This random sequence is weakly ergodic almost
surely, if and only if |[A2(EW%)| < 1, where Az is the eigenvalue
with the second largest modulus.?

Note that EW), is time-invariant because of the stationarity assumption.

Proof: First, we prove the necessity. Suppose [A2(EW})| = 1.
Since all weight matrices have positive diagonals, EW}, has strictly
positive diagonal entries as well. Hence, if EW}, is irreducible,
then it is primitive and as a result of the Perron-Frobenius theorem
[16], |A\2(EW})| < 1, which contradicts our assumption. Therefore,
[A2(EW%)| = 1 implies reducibility of EW3. As a result, without
loss of generality, one can label the vertices such that EW}, gets the
following block triangular form

Qll 0 A 0

QQI Q22 Ut 0
EWk = . . . . I

QSl QSQ st

where each @;; is an irreducible matrix and represents the vertices
in the communication class a;. Since A1 (EWy) = |A2(EWg)| = 1,
submatrices corresponding to at least two of the classes have unit
spectral radii (because of irreducibility and aperiodicity of Q;’s, the
multiplicity of the unit-modulus eigenvalue of each one cannot be
more than one). Therefore, Lemma 2 implies,

Ji # j s.t. o and «; are both initial classes,

or equivalently, Q;» = 0 for all  # ¢ and Q;; = O for all [ # j.
In other words, the matrix EW}, has two orthogonal rows. Since all
the weight matrices are non-negative, W), has the same type (zero
block pattern) as does EW), for all time k with probability one.
Therefore, U® = W, - -- Wo Wi has two orthogonal rows almost
surely for any %k, which means that there are initial conditions for
which random discrete-time dynamical system (1) reaches consensus
with probability zero. Since weak ergodicity of {W;} is a subset
of convergence of (1) to consensus, the random sequence of weight
matrices is weakly ergodic almost never.

Our proof of the reverse implication is based on Lemma 1. When
[A2(EW})| < 1, Lemma 2 implies that G(EW}) has exactly one
initial class. In other words, there exists i such that for all j # 1
there exists a sequence i = j(1),5(2),...,7(s;) = j for which
(EWk)j(q+1),j(q) > 0. Equivalently, there exists a path of length
s; — 1 from some node ¢ to any other node j in the expected graph
of the network. As a result, there exists € > 0 such that

P ((Wk)j(g+1),i(q) > €) >0 forall g=1,2,...,s; — 1.
for all vertices j. Hence, Lemma 1 implies
P ((Wk)j(g+1),5(q > € infinitely often) =1 0 < g <'s;,

for all j # 4. Therefore, the countable intersection of these events also
occurs with probability one. As a result, there exists a deterministic
time 7" for which

]P’((S(WT...WQV[G) > C) >0

for some ¢ > 0, where 6(W) = max;(min; Wj;). In other words,
there exists a deterministic time 7, for which all the entries of at least
one column of the matrix product Wr ... WoW; is bounded away
from zero with positive probability. Now, once again the ergodicity
and stationarity of the sequence {W} : k > 1} implies that such an
event occurs infinitely often almost surely, i.e.,

P (§(Wir41yr - - - Werg1) > ¢ for infinitely many r) = 1.
Therefore, by defining k, = r1', we have
Whyyy - Wio1) > ¢ 0. as.

3This is because of the fact that this event is the intersection of countably
many unit-measure events.



[e']

Since 6(W) < 1 — k(W) for any stochastic matrix W,

Z 1= (W, "'Wkr+1)) =0 a.s.,

r=1
which is exactly (4), the sufficient condition for weak ergodicity.
Therefore, the sequence is weakly ergodic almost surely. ]

Theorem 3 suggests that the information in the average weight
matrix EW, suffices to predict the long-run behavior of the left
product matrices U®P) | The following corollary states that the
same information is sufficient to extract the asymptotic convergence
properties of linear dynamical system (1).

Corollary 4: The linear dynamical system represented by (1)
reaches consensus almost surely if and only if |A2(EWy)| < 1.
Otherwise, it reaches asymptotic consensus almost never.

Proof: Based on Theorem 3, |[A2(EWy)| < 1 guarantees
weak ergodicity with probability one, and as a result, the event of
asymptotic consensus occurs almost surely, since it is a superset of
the weak ergodicity event. The reverse implication was shown in the
proof of Theorem 3. u

Therefore, |A\2(EW))| < 1 provides a necessary and sufficient
condition for almost sure asymptotic consensus in (1) when the
weight matrices in the sequence (and hence their corresponding
graphs) are generated by an ergodic stationary process. This result
is a generalization of our results in [8], which provides a similar
criterion for the i.i.d. case.

Remark 1: The ergodicity of the graph process can be interpreted
as the property that the time averages over the process are equal
to the ensemble averages almost surely. In other words, when the
expected graph of the network contains a directed spanning tree, that
is, when |2 (EW},)| < 1, then there exists a time sequence {k;, : r >
1} such that collection of graphs {G (W, +1), -, G(Wkg, )} are
Jjointly connected almost surely, and therefore, asymptotic consensus
is guaranteed with probability one [1].

Remark 2: Theorem 3 states that depending on the second largest
eigenvalue modulus of the expected weight matrix, weak ergod-
icity occurs with either probability 1 or 0, i.e., weak ergodicity
is a trivial event. This was to be expected, as the event B =
{W1,Wa,... is weakly ergodic} satisfies B = @B and therefore, is
invariant, i.e., P(BApB) = 0. Hence, as a consequence of ergodicity
of ¢, such an event is trivial.

In order to illustrate the results presented in this section we provide
a simple example.

Example 1: Consider a graph on n vertices with its potential
undirected edges numbered 1 through n(n — 1)/2. We assume that
at time k, the edge e exists in the graph with weight 1/n if and only
if the e-th entry of the random vector z;, is non-negative, where 2y, is
generated by an autoregressive process of order one. More precisely,
for any ¢ # j and the edge e = (4, j),

1
(Wk)ij Eﬂ{zkeZO} (%)
ze = ya-1+ (1 —7v)el ©)
where v € [0,1) is a scalar, zo ~ N (0, ﬁllT), and {e} are

a sequence of i.i.d. unit normal random variables independent from
zo. The diagonal elements of W, are defined such that the matrix is
stochastic. Note that (6) defines zj as simply a convex combination
of its value at the previous time step and an independent noise term
€. In other words, not only the existence of an edge at time k is
correlated with the existence of other edges at the same time step (due
to the common noise term), it is also correlated with the realization
of the random vector z at all other times (as long as v # 0).
Equations (5) and (6) together define a weight matrix process
{Wy : k > 1}. Note that the assumption v # 1 and the given
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distribution for zo guarantee that the process is ergodic stationary.
Therefore, we can apply Theorem 3. It is easy to verify that P(zx, >
0) = 1/2, and as a consequence, EW}, = %I + %llT, which is
irreducible. Thus, the given sequence is weakly ergodic almost surely.

V. ASYMPTOTIC DISTRIBUTION OF THE CONSENSUS VALUE

As stated in the previous section, the ergodic stationary matrix
process {W), : k > 1} of stochastic matrices is weakly ergodic
almost surely, if and only if, |A2(EWy)| < 1. In other words, if
the expected weight matrix has a unique unit-modulus eigenvalue,
then the left products of the stochastic matrices converge to rank
one matrices with probability one. Also, Theorem 1 implies that for
left products, weak and strong ergodicity are equivalent. Therefore,
whenever |A2(EW})| < 1, then there exists a random non-negative
vector d satisfying 17'd = 1 such that U*? — 147 almost surely,
as k — oo. As a consequence, the asymptotic consensus value of
linear dynamical system (1) is the random variable z* = d” 2(0).

A natural question to ask is whether one can determine the distri-
bution of this random consensus value. Answering such a question
is far from trivial, even for the case that the weight matrices are
1.i.d. In this section, we investigate a special case, for which one can
compute the distribution analytically. More specifically, we provide a
necessary and sufficient condition for the random consensus value to
be degenerate, i.e., a condition under which the consensus algorithm
in (1) converges to a deterministic constant almost surely. We also
compute the mean and the variance of the random consensus value
2™ for the case of i.i.d. weight matrices.

Theorem 5: Let {Wj k > 1} = Wi,Ws,... denote a
sequence of stochastic matrices with positive diagonals generated by
an ergodic stationary process with |A2(EW3)| < 1. Also consider
the deterministic vector y satisfying 17y = 1. Then, the left product
U®) =Wy ... W,y converges to 1y almost surely, if and only if
y is a left eigenvector of W} corresponding to the unit eigenvalue,
with probability one.

A special case of interest is when all the matrices that can appear
with positive probability are doubly-stochastic. In this special case,
y = (1/n)1 is a common left eigenvector of all the matrices in the
sequence. Theorem 5 states that this is a necessary and sufficient
condition for the limiting consensus value to be equal to the average
of the initial values x(0) almost surely. In such a case, we say
the linear dynamical system reaches an average consensus with
probability one.

Proof: The sufficiency proof is trivial and quite well-known
[4], [17]. Since [A2(EW})| < 1, Theorem 3 guarantees that the
product (2) converges to a rank one matrix with probability one, i.e.,
Wi ... WolWi — 1dT almost surely, for some random vector d. In
the case that all the weight matrices share the same left eigenvector
y corresponding to the unit eigenvalue with probability one,* then
any product U*:?) has also the same left eigenvector, and so does
its limit as k — oo. Therefore, W ... WaW; — 137 almost surely,
or in other words, P(d = y) = 1.

To prove the reverse implication assume |[A2(EW})| < 1. Also,
suppose that there exists a non-random stochastic vector y such that
UFD = W, ... W1 — 1y7 almost surely. Since the sequence
(Wi : k > 1} is stationary, U*Y = W ... W, should also
converge to 1y” almost surely. Combining the above, we have,

URO = yg®Dw, — 19TWy  almost surely.

As a consequence, P(y"W; = y7) = 1, which means that all
the weight matrices have the same common left eigenvector y
corresponding to the unit eigenvalue, with probability one. |

“Note that since |A2(EW})| < 1, there is only one such vector y.
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Remark 3: Stationarity of the matrix process plays a crucial role in
proving the necessity part of the above theorem. In fact, if the weight
matrix process is not stationary, having a common left eigenvector
corresponding to the unit eigenvalue is not necessary anymore. As
an example, consider the following two stochastic matrices:

[SIE
SIS

3 1
4 4
Wy = ,

2
3

Wa =

ale
wtlho

1

3
It is easy to verify that neither matrix is doubly stochastic. However,
the product W>2W; is a doubly stochastic matrix. Therefore, if
matrices W), that appear in the sequence are doubly stochastic
for £ > 3, the linear dynamical system converges to the average
consensus, even though W; and W5 are not doubly stochastic.

A. Computing First and Second Moments

As stated before, computing the distribution of the consensus value
in terms of the distribution of the weight matrices is not an easy
problem in general. However, one can compute the moments of the
random rank one matrix that the left products U (,0) converge to. In
what follows, we compute the mean and the variance of the consensus
value for the case of i.i.d. weight matrices.

Assuming |A2(EW)| < 1, we know that Wy, ... WoW; — 1d7
almost surely, for some random stochastic vector d. By taking
expectation and applying the dominated convergence theorem [14],

E(Wy ... WaWi) — E(1d"),

which implies [EW;]* — 1(Ed”), due to independence. Therefore,

by the Perron-Frobenius theorem, Ed is simply equal to the normal-

ized left eigenvector EW}, corresponding to the unit eigenvalue. >
In order to compute the variance, first note that

%(Wk...wl)T(Wk...Wl)HddT a.s.,

which can be rewritten as
Loec|(Wi ... W) (Wi ... Wh)] =

=1wl e whHWwy @ Wi) ... (W @ W) vec(In)

—s vec(dd™)  almost surely,

where vec is the vectorization operator, ® denotes the Kronecker
product and I,, is the identity matrix of size m. By applying the
dominated convergence theorem once again, and using the assump-
tion that the weight matrices are independent, we get

k
% [EVT @ W) vee(ln) — Efvec(dd™)] = E(d® d).
Hence, by the Perron-Frobenius theorem,
1
E(d®d) = ~v1 (E[Wi ® Wi]) (1znvec(In)) = vi (B [Wy @ Wi]),

where v1(-) denotes the normalized left eigenvector corresponding to
the unit eigenvalue. Therefore, the covariance matrix of the random
vector d satisfies

vec(cov(d)) = v1 (E [Wi @ Wi]) — v (EWi) ® v (EWy) .

By combining all the above, we can compute the conditional first
and second moments of the random consensus value z* = d” x(0) in

>The assumption [A2(EW})| < 1 guarantees that such an eigenvector is
unique.

terms of the moments of the weight matrices. The mean and variance
conditional on the initial condition z(0) are respectively given by

2(0)"v1 (EWx)
[2(0) ® 2(0)]" w1 (E [Wi ® Wit]) — [2(0) w1 (EW3)]?

Ez" =
var(z™) =

It is easy to verify that the variance is equal to zero, whenever all
the weight matrices share the same left eigenvector corresponding to
the unit eigenvalue, and therefore, generating a consensus value with
a degenerate distribution, as shown in Theorem 5.

VI. CONCLUSIONS

In this note, we proved a necessary and sufficient condition for
almost sure consensus for a general weighted and directed stationary
and ergodic random graph process. We showed that the linear
dynamical system x(k) = Wya(k — 1) reaches state consensus
almost surely if and only if EW} has exactly one eigenvalue with
unit modulus. Our results contain the cases of i.i.d. and (ergodic
and stationary) Markovian graph processes as special cases. We also
showed that, given the assumptions of ergodicity and stationarity,
in order to have an asymptotic consensus value with a degenerated
distribution, it is both necessary and sufficient for all the weight
matrices to share a common left eigenvector corresponding to the
unit eigenvalue. Finally, we provided expressions for the mean and
the variance of the consensus value.
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