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The dissociation of a biomolecular complex under the action of periodic and correlated random
forcing is studied theoretically. The former is characterized by the period �p and the latter by the
correlation time �r. The rupture rates are calculated by overdamped Langevin dynamics and three
distinct regimes are identified for both cases by comparison to local relaxation time �R and bond
lifetime �T�. For periodic forcing, the adiabatic approximation cannot be applied in the regime �p

��R and the bond lifetime is determined by the average pulling. As �R��p� �T�, the rupture rate
is enhanced by periodic forcing but is �p independent. Analytical expressions are obtained for small
and large force amplitudes. As �T���p, the rupture rate depends on the phase lag and the process
behaves like it is under constant force or loading rate. The result of correlated random forcing is
similar to that of periodic forcing. Since the fluctuating forces greater than the average force �F�
contribute more than the fluctuating forces less than �F�, the force fluctuations enhance the rupture
rate. As �T���r, the pulling felt by the bond before rupture cannot follow the random forcing
protocol and, thus, force fluctuations decline with increasing �r. © 2008 American Institute of
Physics. �DOI: 10.1063/1.2841404�

I. INTRODUCTION

The noncovalent biomolecular bond, such as receptor-
ligand interaction, mediates many of life’s functions in cells.
It also plays an important role in applications such as bio-
sensors and biomaterials. Lately, the physical nature of weak
noncovalent bonds has been experimentally explored at the
single-molecule level.1,2 In these experiments, such as
ligand-receptor dissociation and protein unfolding, the exter-
nally applied force �in the piconewton range� is exerted on
an anchored molecular complex. Direct measurements of
single bond strength have been conducted with three types of
ultrasensitive force-probing techniques: Atomic force mi-
croscopy �AFM�, biomembrane force probe, and laser optical
tweezer. In general, the pulling spring is moved away from
the anchored molecule at a constant velocity. Hence, the
force is slowly increased until bond rupture occurs. In con-
strast to equilibrium binding properties, the bond-rupture
force used to describe bond strength is not constant but, in-
stead, is dependent on the rate of force increment �loading
rate�.

The natural lifetime of a ligand-receptor complex is long
�milliseconds to seconds�. This fact indicates that the ther-
mally activated escape �unbinding at zero force� must cross
an energy barrier. The lifetime is stochastic in nature due to

kinetic escape. Therefore, the unbinding process of the
bound complex along the reaction coordinate on the free
energy landscape can be regarded as the escape of an over-
damped particle from a kinetic trap.3–8 When an external
force �F� is applied, the kinetic escape across the barrier is
assisted mechanically and, thereby, the escape time is re-
duced. In fact, the main goal of performing single-molecule
pulling experiments is to extract the intrinsic kinetic param-
eters, including the intrinsic rate constant �k0�, the reaction
range �a�, and the energy barrier �Ea�. Because of the pull-
ing, the critical force �Fc�, which represents the maximum
slope of the trapped potential, also plays a key role in deter-
mining the rupture rate. When pulling is absent �F=0�, the
bound complex dissociates eventually. This thermally acti-
vated escape characterizes the kinetic limit. On the contrary,
as F�Fc, the dissociation is controlled by mechanical pull-
ing. Under constant pulling F�Fc, the free energy surface is
altered and the energy barrier is lowered. Consequently, the
mean first passage time �bond lifetime� associated with the
forced escape from a kinetic trap decreases with increasing
F.

A given bond under any level of pulling will break ulti-
mately if the force is applied over a sufficient period of time.
When the applied pulling is ramped up with time, the inter-
play between mechanic pulling and kinetic escape leads to
loading rate dependent behavior of the bond-rupture force

�Fu�.3–6 When the loading rate �Ḟt=F�t� / t� is very slow, the
time is long enough so that the rupture occurs mainly by
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thermal fluctuations and low rupture forces are resulted. In
constrast, if the loading rate is very fast, then no time is
available for accumulated thermal actions. Thus, the rupture
force approaches the maximum, intrinsic binding force �Fc�.
The rupture force is clearly not an intrinsic property associ-
ated with the bound complex and extracting useful informa-
tion from pulling experiments under steady speed detach-
ment needs an appropriate relation between the mean rupture

force and the loading rate Fu�Ḟt�, which must involve kinetic
properties as well.

The mean bond-rupture time �inverse of rate constant�
under constant force condition, i.e., 1 /k�F�, instead of bond-
rupture force under constant loading rate condition, is more
direct and is desirable for extracting kinetic information. In

fact, from the theoretical viewpoint, Fu�Ḟt� can only be de-
rived based on knowing k�F�. In AFM experiments, the con-
stant tensile force can be applied to the biomolecular bond as
the cantilever is retracted a prescribed distance, after the can-
tilever tip bearing ligands was brought into contact with
receptors.9 Nonetheless, the constant force is susceptible to
thermal fluctuations because Brownian effects of cantilever
in fluids have long been a source of noise contamination in
AFM experiments.8,10 The random motion of ligand and re-
ceptor causes the tensile force fluctuation as well. As a result,
the dissociation rate associated with the constant force rup-
ture experiment may be altered by the force fluctuation.

In addition to constant loading �linear ramp� and con-
stant force experiments, recently, periodic loading �periodic
ramp� was proposed to improve the quality of data obtained
by single-molecule pulling experiments.11 It is found that the
reconstructed free energy profile by the periodic ramp is far
better than the linear ramp. Obviously, each forcing protocol
has its own advantages and its dissociation characteristics
will be different from others. In order to obtain the kinetic
information from the rupture experiments under various forc-
ing protocols, fundamental understanding and theoretical
models are required to analyze experimental results. In this
study, we investigate the rupture rate under a mean constant
force subjected to periodic changes or correlated random
noises. The former is characterized by the period �p, while
the latter is characterized by the correlation time �r.

On the basis of overdamped Langevin dynamics, we will
show that the bond lifetime varies with �p for periodic forc-
ing and changes with �r for correlated random forcing. The
behavior of the rupture rate can be generally classified into
three types: �i� Dependent on average force only, �ii� en-
hanced by fluctuating forces, and �iii� initial forcing domi-
nant. In the first regime, the adiabatic approximation cannot
be applied to the fluctuating forces. In the second regime,
analytical expressions are obtained for periodic forcing by
asymptotic analysis of Kramers rate theory based on Bell’s
expression for small force amplitude and Garg’s form for
large amplitude. In the third regime, the behavior is rupture
like under constant force.

II. FORCED KRAMERS RATE THEORY

The force-assisted dissociation process of the biomo-
lecular complex is equivalent to the escape of an over-

damped particle from a kinetic trap U�x� under the action of
force F, where x is the reaction coordinate. The dynamics of
this particle is described by the Langevin equation

M�
dx

dt
= −

d

dx
�U�x� − F�t�x� + ��t� , �1�

where M� is the friction coefficient and is related to the
diffusivity D by M�=kBT /D. M� comes from the dissipa-
tion of kinetic energy into internal degrees of freedom; there-
fore, M� in trapped state may be significantly greater than
that in escaped state. In this case, rebinding events can be
neglected. The effect of thermal fluctuations is represented
by a random force with zero mean and ���t���t���
=2M�kBT��t− t��.

The free energy landscape associated with U�x� is char-
acterized by three parameters: The interaction range a=x+

0

−x−
0, which denotes the distance from the metastable well x−

0

to the barrier x+
0, the intrinsic energy barrier Ea

0=U�x+
0�

−U�x−
0�, and the maximum slope of the trapped potential, i.e.,

the critical force, Fc=U��xc�. Typically, Ea
0�O�10kBT�, a

�O�1 nm�, and Fc�O�10 pN�. When F=0, the biomolecu-
lar complex dissociation occurs due to thermal fluctuations.
For Ea�kBT, the escape rate can be evaluated by Kramers
rate theory12

k = �−1 exp�− 	Ea� with � =
2
�

�−�+
. �2�

Here, ��= �
U��x�� /M�1/2. This thermally activated escape
denotes the kinetic limit. On the contrary, when F�Fc, the
binding force can be overcome without any help of thermal
fluctuations. The dissociation is dominated by mechanical
pulling, this is the mechanical limit. When 0�F�Fc, the
external force alters the effective trapped potential to V�x�
=U�x�−Fx. Thus, the well and saddle positions are deter-
mined by U��x��=F. The barrier height becomes Ea�F�
=V�x+�F��−V�x−�F��, � becomes ��F�, and the rate constant

at F=0 is k0=�0
−1e−	Ea

0
. Because the energy barrier is low-

ered, the bond lifetime is reduced with increasing F.
The kinetics of bond-rupture modeled by the escape of

an overdamped particle from an energy well can be depicted
by a phenomenological formalism if the Brownian particle is
adjusted to the apparent potential, U�x�−F�t�x, instanta-
neously �adiabatic approximation�. The survival probability
Ps�t� satisfies the first-order rate equation with a time-
dependent rate constant k�F�t��,

dPs

dt
= − k�t�Ps�t� . �3�

The solution is given by

Ps�t� = exp�− 	
0

t

k�t��dt�
 . �4�

The probability distribution of lifetime is −dPs /dt. Thus, the
mean bond lifetime is
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�T� = 	
0

�

t�−
dPs

dt
�dt . �5�

Inserting Eq. �4� into Eq. �5� yields

�T� = 	
0

�

t
k�t�exp�− 	
0

t

k�t��dt�
�dt . �6�

Once the forcing protocol associated with the external pull-
ing is known, one is able to obtain the mean bond lifetime
�T� or the rate constant ��k�= �T�−1� from Eqs. �2� and �6�.

III. ASYMPTOTIC ANALYSIS OF PERIODIC
FORCING

For the dissociation of a single bond under time-periodic
force, we consider the simplest sinusoid case without loss of
generality, F�t�=F0 cos�2
t /�p�. The external pulling is
characterized by the force amplitude F0 and period �p. The
rate constant k�F� becomes periodic because the effective
energy barrier varies with time periodically. Simple analyti-
cal expressions for the bond lifetime can be obtained in the
asymptotic limits, just like other pulling protocols such as
constant force and constant loading rate.7 Under periodic
forcing, the asymptotic limits are small amplitude �F0 /Fc

�1� and large amplitude �1−F0 /Fc�1� when �T���p.
The primary role of external pulling in the dissociation

kinetics is lowering the energy barrier Ea. Both Bell’s ex-
pression and the Garg’s form are adopted to quantitatively
describe the effect of external pulling on the energy barrier.
A recent study7 has shown that Bell’s expression provides a
good approximation for the bond dissociation at F /Fc�1,
while the dissociation rate is better described by the gener-
alized Garg’s form for 1−F /Fc�1. When �T���p, Bell’s
expression,13 Ea=Ea

0−Fa, is valid in the small amplitude re-
gime �F0 /Fc�1�. Therefore, the energy barrier height Ea

and intrinsic time constant � are given by

Ea�F�t�� = Ea
0 − F0a cos�2
t/�p� and ��F�t�� = �0. �7�

Inserting Eq. �2� with Eq. �7� into Eq. �6� gives

�T� = k0	
0

�

t exp�	F0a cos�2
t/�p��

�exp
− k0	
0

t

exp�	F0a cos�2
t�/�p��dt��dt , �8�

where k0 denotes the rate constant in the absence of external
forces. First, the integration within the exponential term can
be performed by letting �=�t� with �=2
 /�p. Since d�
=�dt� and t��p, one has

	
0

t

exp�	F0a cos�2
t�/�p��dt�

=
1

�
	

0

�t

e	F0a cos �d� = I0�	F0a�t ,

where I0�z�= �2
�−1�0
2
ez cos �d��1. Now, the mean bond

lifetime becomes

�T� = k0	
0

�

t exp�	F0a cos��t��exp�− k0I0�	F0a�t�dt .

�9�

Note that ��k0 because of �T���p. The exponential term
involving cos��t� can be expanded in a Taylor series due to
small value of 	F0a. As a result, the integration in Eq. �9�
can be carried out,

�T� � k0	
0

�

�t + �	F0a�t cos��t�

+ 1
2 �	F0a�2t�cos �t�2�exp�− k0I0�	F0a��dt

= k0
−1

1 +
�	F0a�2

4

I0
2�	F0a�

. �10�

For higher value of 	F0a, one can keep higher order terms in
the Taylor expansion and finds

�T� � k0
−1

1 +
�	F0a�2

4
+

�	F0a�4

64
+

�	F0a�6

2304
+ ¯

I0
2�	F0a�

= �k0I0�	F0a��−1, �11�

where I0�z� denotes the modified Bessel function,

I0�z� = �
k=0

� � 1
4z2�k

�k!�2 .

In general, Eq. �11� is valid for 	F0a�4.
For strong pulling �1−F /Fc�1�, the generalized

Garg’s form7,14 is a reasonable approximation for the
force-altered energy barrier, Ea�F�=E

a
*�1−F /Fc��n+1�/n and

��F�=�
0
*�1−F /Fc�−�n−1�/n. This result is obtained because the

energy well U�x� can be expanded near xc and, therefore,
approximated by U�x��U�xc�+Fcb /2�y−yn+1 / �n+1��,
where y= �x−xc� / �b /2� and b=2�−n!Fc /U�n+1��xc��1/n is the
characteristic length of U in this limit.7 When U�3��xc� is
nonvanishing, n=2. Otherwise, n is the smallest even integer
for which U�n+1��xc� is nonvanishing but U�m�=0 for all m
less than or equal to n. On the basis of the generalized Garg’s
form, one has

	
0

t

k�t��dt� = 	
0

t 1

�0
*�1 −

F0 cos �t�

Fc
��n−1�/n

�exp�− 	E
a
*�1 −

F0 cos �t�

Fc
��n+1�/n
dt�

=
k�F0�

�2

n + 1

n
	E

a
*�1 −

F0

Fc
��n−1�/n�F0

Fc
� t = Kt

�12�

where k�F0�=1 /��F0�exp�−	Ea�F0�� denotes the rate con-
stant associated with constant pulling F0. Equation �12� is a
Laplace integral and the integration is performed by Laplace
method. The asymptotic expansion of the Laplace integral
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�0
�pf�t�ex��t�dt for large x�	E

a
*�1� is carried out with the

maximum of ��t� at t=0 in the first period. Note that there
are t /�p periods.

Now, the mean bond lifetime can be written as

�T� = 	
0

�

tk�F0 cos �t�exp�− Kt�dt . �13�

When K−1��p, the integration can be conducted for each
period �p, i.e., � j�p

�j+1��pdt→�p /2
�0
2
d�. Equation �13� can

then be summed up period by period and becomes

�T� � �
j=0

�

e−K�j��

���2
�j�p�
k�F0�

�n + 1

n
	E

a
*�1 −

F0

Fc
��n−1�/n�F0

Fc
��

= �
j=0

�

K�j�p�e−K�j�� � 	
0

�

Kt exp�− Kt�dt = K−1. �14�

In the large amplitude regime, 1−F0 /Fc�1, the lifetime is
obtained by applying the generalized Garg’s form,

�T� �
1

k�F0�
�2


n + 1

n
	E

a
*�1 −

F0

Fc
��n−1�/n�F0

Fc
� . �15�

Note that in both asymptotic limits, the bond lifetime �T�
decreases with the force amplitude F0 but is independent of
the period �p as �T���p and the adiabatic assumption is
valid.

IV. OVERDAMPED LANGEVIN DYNAMICS

Equation �1� can be solved numerically by the over-
damped Langevin equation,

x̂� = x̂ + �t̂�−
�Û

�x̂
+ F̂�t�
 + �2�t̂Z , �16�

where Z denotes a Gaussian distribution with zero mean and
unit variance. The position, time, and force are scaled by a,
a2 /D, and kBT /a, respectively. Typically, the integration time
step is �t̂=10−4. The mean bond lifetime �T� is calculated by
an average over 2�104 runs. We consider periodic forcing
and correlated random forcing with an average pulling �F�
for F�t�. A general periodic forcing can be expressed by

F�t� = �F� + F0 cos�2

t

�p
+ �� .

The mean bond lifetime �T� is thus a function of mean force
�F�, amplitude F0, period �p, and phase lag �. A correlated
random forcing can be represented by the force variance and
exponentially correlated random number,

F�t� = �F� + �Frn,

where rn denotes a correlated random distribution and �F is
force variance. rn can be generated by

rn = frn−1 + �1 − f2Zn,

where f =exp�−1 /�r� with the correlation time �r and Zn is
Gaussian random number. Under a given �F�, �T� may vary
with the force variance and correlation time.

To examine our analysis, we consider a model potential

U�x� =
Ea

0

2
�1 − cos� x

a
�
, 0 � x � a , �17�

where 	Ea
0=12 for all Langevin dynamics simulations. The

advantage of this potential is that the escape rate k�F� under
constant force F can be obtained analytically by Kramers
rate theory �Eq. �2�� without resorting to Bell’s expression
and the generalized Garg’s form.7 The energy barrier and the
intrinsic time constant are given by Ea�F�=Ea

0��1− �F /Fc�2

− �F /Fc�cos−1�F /Fc�� and 1 /��F�=�0
−1�1− �F /Fc�2�1/2, re-

spectively. These results associated with the forced Kramers
escape are valid only when the adiabatic assumption is jus-
tified. That is, the Brownian particle is adjusted to the appar-
ent potential, U�x�−F�t�x, instantaneously. This approxima-
tion is valid when the escape time �T� is large compared to
the local relaxation time in the absence of noise and driving
�R.15 As implied in Eq. �1�, the local relaxation time is �R

��0��a2 /D� /	Ea
0. In general, �T���0 exp�	Ea���R and,

thus, the adiabatic approximation is justified.

V. RESULTS AND DISCUSSION

The dissociation kinetics of a ligand-receptor complex
has been experimentally investigated by ultrasensitive force-
probing techniques at the single-molecule level. A periodic
forcing protocol can be used to extract the kinetic informa-
tion. Moreover, the thermal fluctuations inherent in the sys-
tem may influence the dissociation characteristics of a con-
stant force rupture experiment. By using overdamped
Langevin dynamics, we investigate the effects of periodic
forcing and correlated random forcing on the rupture rate.

A. Periodic forcing

There exists three regimes, �i� �p��R� �T�, �ii� �R��p

� �T�, and �iii� �R� �T���p, as shown in Fig. 1, for different
values of �F� and �. At very small �p, the bond lifetime
approaches a constant value independent of the oscillating
period. In this regime, the period is small compared to the
local relaxation time. In other words, the pulling force oscil-
lates so fast that the Brownian particle cannot respond to the
pulling force in time. The adiabatic approximation is thereby
invalid and the forced Kramers theory breaks down for the
fast oscillating force. As illustrated in Figs. 1–3, the bond
lifetime �T� is independent of the oscillating period �p, force
amplitude F0, and phase lag � but varies with the average
pulling force �F�. That is, the Brownian particle feels mainly
the average pulling force and the influence of the color noise
is insignificant for the condition �p��R. Nonetheless, this
regime is not of practical experimental interest.

At very large �p, the bond lifetime approaches another
constant, which depends on the phase lag. In this regime, the
bond lifetime is small compared to the oscillating period,
�p� �T�. Therefore, the bond is effectively under constant
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force �F�+F0 cos � when it breaks, as demonstrated in Figs.
1–3. Figure 2 clearly shows that at �F�=0, the rupture rate is
highest at �=0 and lowest at �=−
 /2. The former case
represents the constant pulling F=F0=10, while the latter
case corresponds to the absence of pulling F=0. Note that
T0=k0

−1 denotes the bond lifetime estimated by the Kramers
rate theory in the absence of external force. The theoretical
value is about twice greater than that obtained from Lange-
vin simulation. For �=−
 /2, the pulling force with �F�=0 is
actually F�t�=F0 sin 2
t /�p. At very large �p, F�t�
�F0�2
 /�p�t, which corresponds to the typical protocol for

pulling experiments, the constant loading rate condition with

Ḟt=2
F0 /�p. The analytical expression of the bond lifetime
under constant loading rate has been obtained6,7

�T� �
Fc

Ḟt


1 − �− ln�	bḞt�*�	E
a
*�n−2/n+1�

	E
a
* 
n/n+1� �18�

for the fast pulling regime 1− Ḟt�T� /Fc�1. Figure 3 shows
that the crossover from regime �ii� to regime �iii� with in-
creasing �p can be well represented by the pulling under
constant loading rate �Eq. �18��. Eventually, the effect of
linear loading can be neglected as 2
F0�T� /�p→0.

In the intermediate �p where the adiabatic approximation
is valid and still �T���p, there is indeed a region where �T�
is independent of �p and Eq. �11� or �15� can be applied
depending on the magnitude of F0. The lifetime is indepen-
dent of the frequency of the force for the following reason. In
each period, the escape probability is largest in the vicinity
of F0, and this escape window is ��p. Since the occurring
frequency of this window is proportional to �p

−1, the total
escape window over many periods is independent of �p as
long as �T���p. Figure 4 shows the rupture rate �k�= �T�−1 as
a function of F0 for intermediate �p-independent region
simulations. Simulation results are compared to results from
numerical solution of Kramers rate theory and asymptotic
Bell’s and Garg’s expressions. The inset demonstrates the
validity of Bell’s expression in small force amplitude regime.
Equation �15�, based on a general Garg’s form, describes �k�
with high precision at large F0 and agrees with simulation
results over a wide range of force amplitudes, while Eq. �11�,
based on Bell’s expression, describes �k� well at small F0.

FIG. 1. The variation of the bond lifetime with the time period for periodic
forcing. Two sets of ��F� ,F0 ,�� are considered. Three regimes can be
identified.

FIG. 2. The variation of the bond lifetime with the period is plotted for
different values of phase lag at �F�=0. T0=k0

−1 is the bond lifetime calcu-
lated by the Kramers rate theory without pulling.

FIG. 3. The variation of the bond lifetime with the period is plotted for
different force amplitudes and phase lag at �F�=0. The solid lines denote the
prediction based on the forced Kramers rate theory under constant loading
rate �Eq. �18��.
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This consequence indicates that periodic forcing experiments
allow one to extract k0 and a at small F0, and Fc and E

a
* at

large F0.
It should be noted that a very weak linker is commonly

used in unbinding experiments by AFM. It will make peri-
odic forcing problematic. One of the possible ways to over-
come this problem is to perform periodic forcing experi-
ments by biomembrane force probe, which can monitor the
force required to break bonds between pairs of receptor/
ligand, antigen/antibody, etc., without the linker.1

B. Correlated random forcing

In order to study the effect of force fluctuations on the
rupture rate, an exponentially correlated random forcing
�F�n is added into an average force �F�. The correlated ran-
dom forcing is characterized by �r, which is always large
compared to the characteristic time of the random forcing
associated with thermal fluctuations. Similar to periodic forc-
ing escape, there also exists three regimes, �i� �r��R� �T�,
�ii� �R��r, and �iii� �R� �T���r, as shown in Fig. 5, for
different values of the mean force �F�, force amplitude �F,
and initial random forcing r0.

When the correlation time of the fluctuating forcing �r is
small compared to the local relaxation time of the Brownian
particle in the well �R, the pulling fluctuates so rapid that the
Brownian particle cannot respond to the fluctuating force in
time. The adiabatic approximation cannot be applied to the
random forcing but the average pulling. As a result, the par-
ticle feels essentially the average pulling and is not sensitive
to the random forcing, just like periodic forcing. Neverthe-
less, the effect of correlated random force is like rising tem-
perature �white noise�. Figure 5 shows that the bond lifetime
�T� in this regime is slightly less than that associated with

large �r and r0=0 �very weak white noise�. Moreover, as
illustrated in Fig. 6, the mean rupture force �Fu� is slightly
greater than �F� but is also �r independent. Figure 7 demon-
strates that the standard deviation of the rupture force ��F�u

equals to that of the random forcing �F. This result reveals
that the pulling force does fluctuate fully according to the
random forcing protocol before escape. However, the pulling
force at the instant of bond rupture contributes to the rupture
process insignificantly. The contributions of fluctuating
forces actually cancel out each other and lead to an average
pulling.

FIG. 4. The variation of the escape rate with the force amplitude for �F�
=0, �p=1.0, and �=0. The lines represent numerical solution of Kramers
rate theory and asymptotic expressions. The inset shows the escape rate
under small force amplitude, where Bell’s expression is valid.

FIG. 5. The variation of the bond lifetime with the correlation time is
plotted for correlated random forcing. Two sets of ��F� ,�F ,r0� are consid-
ered. Three regimes can be identified.

FIG. 6. The variation of the rupture force with the correlation time for
correlated random forcing is plotted for two sets of ��F� ,�F ,r0�.

084708-6 Lin et al. J. Chem. Phys. 128, 084708 �2008�

Downloaded 19 Aug 2009 to 158.130.148.45. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



As the correlation time is increased and becomes much
greater than the relaxation time, �R��r, the adiabatic ap-
proximation is valid and the random forcing contributes to
the rupture kinetics. On the basis of Bell’s expression for
weak pulling 	�F�a�1, one has

�k� � k0 exp�	�F�a +
�	a�2

2
�F

2
 . �19�

This result shows that the fluctuations of the pulling force
speed up the rupture process.8 However, Eq. �19� is valid for
�R��r� �T� because the particle must have enough time to
feel the complete random forcing before bond rupture. Fig-
ure 6 illustrates that the mean rupture force is always highest
in regime �ii�. This consequence indicates that the rupture
rate enhanced by the fluctuating forces greater than �F� is
more than that impeded by the force less than �F�. Moreover,
the fact that ��F�u��F in this regime, as illustrated in Fig. 7,
reveals that the pulling force felt by the bond does not follow
the random forcing protocol completely. In fact, the bond
lifetime is less than the correlation time, �T���r, and the
rupture takes place during the period F� �F�.

When the correlation time is large compared to the bond
lifetime, �T���r, the escape process behaves like that under
constant force and the initial random forcing becomes domi-
nant. The effective pulling can be regarded as F= �F�+�Fr0

and the bond lifetime becomes �r independent, as illustrated
in Fig. 5. Consequently, the rupture force is also expected to
follow �Fu�= �F�+�Fr0, as confirmed in Fig. 6. Although the
pulling force is essentially constant, it still fluctuates prima-
rily according to the Gaussian distribution, unlike periodic
forcing. Figure 7 shows that the standard deviation of the
rupture force declines with increasing �r and approaches zero
variance since the fluctuating force felt by the bond fails to

follow the random forcing protocol before rupture. More-
over, the faster the escape of the Brownian particle, the lower
the value of ��F�u because there is less time for the pulling
force to fluctuate without time correlation.

VI. CONCLUSION

In single-molecule pulling experiments, various forcing
protocols can be used to extract kinetic information of the
weak bond. By using overdamped Langevin dynamics, we
investigate the kinetics of a Brownian particle escaping from
a trap under the periodic forcing and correlated random forc-
ing. The former is characterized by the period �p, while the
latter is characterized by the correlation time �r. By compari-
son to the local relaxation �R and bond lifetime �T�, three
regimes can be identified for periodic forcing. In the regime
�p��R, the adiabatic approximation cannot apply to the pe-
riodic forcing and the bond lifetime is determined by the
average pulling force �F�. In the regime �R��p� �T�, the
adiabatic condition is satisfied and the periodic forcing en-
hances the rupture rate which, however, is �p independent.
Analytical expressions have been obtained by the asymptotic
analysis based on Bell’s expression for small force amplitude
�Eq. �11�� and generalized Garg’s form for large amplitude
�Eq. �15��. In the regime �T���p, the bond lifetime depends
on the phase lag �initial forcing�. The rupture process be-
haves essentially like under the forcing condition of constant
force or constant loading rate �Eq. �18��.

We have shown that periodic forcing can lead to the
nonmonotonic behavior of the lifetime associated with a bio-
molecular complex. Although periodic forcing does not give
additional information, it allows one to extract complete ki-
netic parameters accurately by choosing suitable force am-
plitude or frequency. It is recently reported that periodic forc-
ing could also be useful in modulating enzymatic activity. A
similar nonmonotonic dependency of enzymatic activity on
the forcing frequency was observed for a single enzyme ma-
nipulated by an external harmonic force.16 This study also
revealed that one can selectively obtain information on the
reaction rates by choosing an oscillation in a suitable fre-
quency range.

For correlated random forcing, there exists three regimes
as well. In the regime �r��R, the fluctuating force is too fast
to be followed by the Brownian particle during the escape
process. The bond lifetime is thus insensitive to �r and is
decided by �F�, similar to the periodic forcing. In the regime
�R��r, the pulling force felt by the bond before rupture does
not follow the random forcing protocol completely. The dis-
sociation rate enhanced by the fluctuating force greater than
�F� is more than that hindered by the fluctuating force less
than �F�. As a result, the force fluctuation enhances the bond-
rupture rate. In the regime �T���r, the pulling force felt by
the bond fails to follow the random forcing protocol com-
pletely and the initial forcing becomes dominant. Although
the rupture process behaves like under constant force, there
exists force fluctuations which, however, diminish with in-
creasing �r.

FIG. 7. The variation of the standard deviation of the rupture force with the
correlation time for correlated random forcing is plotted for two sets of
��F� ,�F ,r0�.
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