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Abstract. In this paperwe follow upour discussiononalgorithmsthataresuitablefor optimizationof systems
governedby steady-statepartial differentialequations.In the �rst part of of this paperwe proposeda Lagrange-
Newton-Krylov-Schurmethod(LNKS) thatusesKrylov iterationsto solve theKarush-Kuhn-Tucker systemof op-
timality conditions,but invokesa preconditionerinspiredby reducedspacequasi-Newton algorithms.In thesecond
part we focusour discussionto the outer iterationandwe provide detailson how to obtaina robust andglobally
convergentalgorithm.Newton's stepis known to leadto divergencefor pointsfar from theoptimum. Furthermore
for highly nonlinearproblemsthe computationof a stepby itself is very dif�cult (for both QN-RSQPandLNKS
methods).As aremedyweemploy line searchmethods,hybridNewton/quasi-Newton algorithms,truncatednonlin-
eariterationsandcontinuation.We testtheglobalizedLNKS algorithmon a optimal�o w controlproblemwerethe
constraintsarethesteadyincompressibleNavier-Stokesequations.Theobjective functionis theminimizationof the
dissipationfunctional. We reportresultsfrom runson up to 128processorson a T3E-900at thePittsburgh Super-
computingCenter. Ournumericalexperimentsdemonstratethevery goodscalabilityof thenew method.Moreover,
LNKS isanorderof magnitudefasterthanreducedquasi-NewtonSQP, andweareabletosolvepreviously intractable
problemsof up to 800,000stateand5,000decisionvariables—at5 timesthecostof asinglePDEsolution.
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1. Intr oduction. In the�rst partof thepaperwe proposeda Lagrange-Newton-Krylov
methodfor PDE-constrainedoptimization.Weconcentratedourdiscussionontheinneritera-
tion: thesolutionof thelinearsystemassociatedto aNewtonstepfor theKKT optimalitycon-
ditions.Thealgorithmis basedonaKrylov solvercombinedwith aSchur-typepreconditioner
which is equivalent to an approximatequasi-Newton RSQPstep. We termedthe method
“Lagrange-Newton-Krylov-Schur”, (LNKS) for concatenationof “Lagrange-Newton” method
which is usedin theouteriterationand“Krylo v-Schur” is usedto convergethe inner itera-
tion. We alsoprovided theoreticalandnumericalevidencethat thesepreconditionerswork
verywell.

In thesecondpartwe follow up with algorithmicdetailson theouterLagrange-Newton
solver. We alsolook at morestringenttestproblemsthatcontainmany featuresof themost
challengingPDE-constrainedoptimizationproblems:three-dimensionality, multicomponent
coupling,largescale,nonlinearity, andill-conditioning. Theproblemis oneof optimalcon-
trol of a viscousincompressible�uid by boundaryvelocities,a problemof both theoretical
andindustrialinterest.
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2 G. BIROSAND O. GHATTAS

Following Part I, we refer to the unknown PDE �eld quantitiesas the statevariables;
the PDE constraintsasthe stateequations; solutionof the PDE constraintsasthe forward
problem; theinverse,design,or controlvariablesasthedecisionvariables; andtheproblemof
determiningtheoptimalvaluesof theinverse,design,or controlvariablesastheoptimization
problem.

This paperis organizedasfollows: in Section2 we brie�y review the problemformu-
lation. We discussalgorithmicissuesrelatedto Lagrange-Newtonmethodsandin particular
globalizationmethodologies.We give detailson threetechniques:line search,mixing QN-
RSQPstepswith LNKS steps,andcontinuation.To enhancerobustness,thesemethodologies
arecombinedin theglobalizedLNKS algorithm. We alsodiscussinexactNewton methods
andhow they interactwith a line searchalgorithm.In Section3 wepresenttheoverallLNKS
algorithm; in Section4 we discussthe formulationof the optimal control problemfor the
Navier-Stokesequations;andin Section5 we concludewith resultsfrom computationsfor a
Poiseuille�o w, a �o w arounda cylinder, anda �o w aroundaBoeing-707wing.

Notation:weuseboldfacecharactersto denotevectorvaluedfunctionsandvectorvalued
functionspaces.Weuseromancharactersto denotediscretizedquantitiesanditalics for their
continuouscounterparts.For exampleu will bethecontinuousvelocity�eld andu will beits
discretization.Greeklettersareoverloadedandwhetherwe refer to thediscretizationor the
continuous�elds shouldbeclearfrom context. We alsouse(+) asa subscriptor superscript
to denotevariableupdateswithin aniterativealgorithm.

2. The Newton solver. Let usreconsidertheconstrainedoptimizationproblemformu-
lation,

min
x 2 RN

f (x) subjectto c(x) = 0; (2.1)

wherex 2 RN arethe optimizationvariables,f : RN ! R is the objective function and
c : RN ! Rn aretheconstraints.In our context theseconstraintsarediscretizationsof the
stateequations.TheLagrangian,

L (x; � ) := f (x) + � T c(x); (2.2)

is usedto convert theconstrainedoptimizationproblemto a systemof nonlinearequations.
Theseequationsarethe�rst orderoptimalityconditions:

�
@x L
@� L

�
(x; � ) =

�
g(x) + A (x)T �

c(x)

�
= 0 (or h(q) = 0): (2.3)

We useg for the gradientof the objective function, A for the Jacobianof the constraints,
andW for theHessianof theLagrangian.We useNewton'smethodto solve for x and� . A
Newtonstepon theoptimalityconditionsis givenby

�
W A T

A 0

� �
px

p �

�
= �

�
g + A T �

c

�
( or Kv = � h); (2.4)

wherepx andp � arethe updatesof x and� from currentto next iterations. In Part I we
reviewedthemostpopularalgorithmfor solving for a KKT point, theRSQPalgorithmand
its quasi-Newton variant (Algorithm 3 in the �rst paper). Although thesealgorithmsare
very ef�cient androbust,they do not scalevery well with thenumberof decisionvariables.
They avoid solving (2.4) directly, but requirea large numberof linearizedforward solves
andthuscanbe inef�cient for large-scalePDE-constrainedoptimization. We arguedthat a
betterapproachwouldbeto stayin thefull spaceanduseaKrylov methodto solve(2.4).For
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mostproblemshowever, the KKT matrix is notoriouslyill-conditioned. In the �rst part of
this paperwe addressedthis problemby proposingef�cient preconditioningtechniques.The
key ideawasto usean approximateQN-RSQPasa preconditioner. We showedthatRSQP
canbe viewed asa block-LU factorizationin which the reducedHessianWz is the Schur
complementfor thedecisionvariables.Therefore,approximateversionsof this factorization
canbeusedaspreconditioners.A sketchof theLNKS methodis givenby Algorithm 1.

Algorithm 1 Lagrange-Newton-Krylov-Schur
1: Choosex; �
2: loop
3: Checkfor convergence
4: Computec; g; A ; W
5: SolveP � 1Kv = P � 1h (NewtonStep)
6: Updatex = x + px

7: Update� = � + p �

8: end loop

Nevertheless,thereare two questionsthat shouldbe answeredbeforewe canclaim a
fastandrobust general-purposealgorithm. The �rst questionis whetherLNKS algorithm
is convergentfor any initial guess(x 0; � 0) and the secondone is whetherwe can utilize
inexact1 Newton methodsto further accelerateLNKS. Within this framework we examine
line searchalgorithms,mixing QN-RSQPandLNKS algorithms,continuation,andinexact
Newtonmethods.

2.1. Line search methods. Algorithm 1 is only locally convergent. Popularmethod-
ologiesto globalizeNewton'smethodincludeline searchandtrustregionalgorithms.Details
canbe found in [19]. Recently, therehasbeenan increasedinterestin trust region method-
ologies,especiallyin combinationwith RSQPandinexactNewton methods.Thesemethods
havebeensuccessfullyappliedto PDE-constrainedoptimization[12], [15], [17]. Globalcon-
vergenceproofsfor thesemethodscanbe found in [3]. Trust region methodsarebasedon
the Steihaugmodi�cation [22] of the ConjugateGradient(CG) algorithm. However, this
approachworkswell only with positive de�nite systems.It is not obvioushow to usetrust-
regionswith aninde�nite Krylov solver (which is requiredfor theKKT system)andthuswe
haveoptedto usea line searchalgorithm.

The basiccomponentof a line searchalgorithm is the choiceof a merit function: a
scalarfunction(ontheoptimizationvariables)thatmonitorstheprogressof thealgorithm.In
contrastwith unconstrainedoptimization,thechoiceof amerit functionis notstraightforward
sincewe aretrying to balanceminimizationof the objective function with feasibility. Two
commonchoicesarethel1-merit function,

� (x) := f + � � kck1; (2.5)

andtheaugmentedLagrangian,

� (x; � ) := f + cT � +
� �

2
cT c: (2.6)

Thescalar� � is thepenaltyparameter—a weightchosento bring theright balancebe-
tweenminimizingtheobjectivefunctionandminimizingtheresidualsof theconstraints.Both

1Someauthorsusetheterm“truncated”insteadof “inexact”.
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functionsare“exact”,providedthepenaltyparameteris largeenough.By exactwemeanthat
if (x � ; � � ) is a minimizerfor (2.1),thenit is alsoan(unconstrained)minimizerfor themerit
function.A crucialpropertyof amerit functionis thatit shouldacceptunit steplengthsclose
to a solution in order to allow full Newton stepsand thusquadraticconvergence. The l 1-
merit functionsuffersfrom the“Maratos” effect, that is, sometimesit rejectsgoodstepsand
slows down thealgorithm. TheaugmentedLagrangianmerit functiondoesnot exhibit such
behavior but its drawbackis thatit requiresaccurateestimatesof theLagrangemultipliers.

Theoutlineof ageneralline searchmethodis givenin Algorithm 2. To simplify notation
weuse� (� ) for � (q + � v) and� (0) for � (q) (likewisefor thederivativer � ). Thealgorithm

Algorithm 2 Line search
1: Chooseq; � A > 0 and� 1, � 2 arbitraryconstants(strictly positive)
2: while Not convergeddo
3: Computesearchdirectionv sothat

vT r � (0) < 0
j vT r � (0)j � � 1 kvk kr � (0)k
kvk � � 2kr � (0)k

4: Compute� suchthat� (� ) � � (0) + �� A vT r � (0) Armijo condition
5: Setq = q + � v
6: endwhile

usedto computethe searchdirectionv is intentionally left unspeci�ed. All that mattersto
ensureglobalconvergenceis thepropertiesof themerit functionandthepropertiesof v . Step
3 in Algorithm 2 lists threeconditionsonv: descentdirection,suf�cient angleandsuf�cient
stepsize[7]. Theconditionin Step4 is oftencalledtheArmijo condition. If � is bounded
andhasa minimum,andif v is bounded,Algorithm 2 is guaranteedto convergeto a local
minimum[18]. We usea simplebacktrackingline search,with a factorof 0.5. Thesearchis
boundedso that � min � � � 1. As mentionedbefore,thechoiceof thepenaltyparameter
hasa greateffecton theperformanceof thealgorithm.

For astepcomputedby (quasi-Newton)Algorithm 3, in Part I theupdatefor thel1-merit
function is relatively straightforward. Thedirectionalderivative for a searchdirectionp x is
givenby

r � T px = gT px � � � kck1: (2.7)

If W z is positivede�nite it canbeshown thatby setting

� � = k� k1 + � ; � > 0; (2.8)

weobtainadescentdirection.In ournumericalexperimentswehaveusedl1 with QN-RSQP
andaugmentedLagrangianwith LNKS. The l1-merit function performedreasonablywell.
However, wedid observetheMaratoseffect. To overcomethisobstaclewehaveimplemented
a secondordercorrection,in which an extra normalsteptowardsfeasibility is taken ([19],
p.570).

WhenanaugmentedLagrangianmerit functionis used,thepenaltyparametershouldbe
chosendifferently. Thedirectionalderivativeof theaugmentedLagrangianmerit functionis
givenby

r � T v = (g + A T � + � � A T c)T px + cT p � : (2.9)

Lagrangemultipliersslightly complicatethealgorithmsincewe have to computep � . Some
researchersconsider� asa functionof x ([2], [6]), otherstreatit asanindependentvariable
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([3], [21]), or simplyignoreit bysettingp � = 0 [23]. In LNKS wesolvefor � simultaneously
with x andit is naturalto usethestepp � . On theotherhand,RSQPuses� = � A � T

s gs and
it seemsnaturalto consider� a functionof x. In this casethelasttermin (2.9) is givenby

cT p � = cT (@x � )px ;

where

@x � := � A � T
s

�
Wss Wsd

�
:

(However, this formulacannotbeusedwith QN-RSQPmethodssincesecondderivativesare
notavailable.)If we set

� � =
(g + A T � )px + cT p � + �

cT Ap x
; � > 0; (2.10)

we obtainadescentdirection.

2.2. Combining QN-RSQP with LNKS. For iteratesfar from the solution, relying
solelyon a line searchalgorithmwill not work sincetheNewton stepis likely to beof poor
quality. Usually global convergencecanbe shown if the reducedHessian(Wz ) is positive
de�nite (andnot the full HessianW ). If Wz is positive de�nite (andassumingthe system
(2.4) is solved exactly), thenthe resultingstepv satis�es theArmijo descentcriterion. Far
from the minimum, however, Wz canbe singularor inde�nite. On the otherhand,certain
quasi-Newtonmethods,likeBFGS,arepreferablefor iteratesfar from thesolutionsincethey
canguaranteepositivede�niteness.For thisreason(andfor preconditioningpurposes)LNKS
doesmaintaina BFGSapproximationfor Wz : if a computedsearchdirectionfails to satisfy
theArmijo criterionwediscardit andwe switchto a QN-RSQPstep.

2.3. Continuation. Oneof the standardassumptionsin global convergenceproofs is
the non singularityof theconstraintJacobian—forall iterates.For highly nonlinearPDEs,
like theNavier-Stokesequations,this is a ratherunrealisticassumption.Evenif theJacobian
is nonsingular, severe ill-conditioning will causeboth QN-RSQPandLNKS algorithmsto
stall. Indeed,in our numericalexperimentsthe mostdif�cult computation,for iteratesfar
from thesolution,wasconvergingtheA s-relatedlinearsolves.Krylov solversreachedtheir
maximumiterationcountswithout a signi�cant decreasethe linear systemresidual. As a
result,theiterateswereof verypoorqualityandthealgorithmstagnatedasit wasimpossible
to computea searchdirection,beit from QN-RSQPor LNKS iteration.

A remedyto this problemis parametercontinuation. This idea (in its simplestform)
workswhenwe canexpressthenonlinearityof theproblemasa functionof a singlescalar
parameter. Continuationis particularlysuitablefor PDE-constrainedoptimizationbecause
it is quite typical for a PDEto have a parameterthat scalesthenonlinearities.Examplesof
suchparametersaretheReynoldsandMachnumbersin �uid mechanics,thePecletnumber
in generalconvectiondiffusionequations,or the Hartmannumberin magnetohydrodynam-
ics. In problemswheresucha parametercannotbe foundanalternative is pseudo-transient
continuation[16].

Continuationallowsuphill steps(unlikemonotoneline searchmethods)to betakenand
generatesgoodinitial guesses,notonly for theoptimizationvariables,but alsofor thepenalty
parameterin themerit function. Themostimportantfeatureof thecontinuationalgorithmis
that it globalizestrivially (for certainproblems2). If the continuationstepbrings the next

2This is trueonly whentheinitial problemis awell posedquadraticprogrammingproblem(likeStokes)andall
iterateson thecontinuationpatharefar from turningandbifurcationpoints.
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iterateoutsidetheattractionbasinof theNewtonmethodthewesimplyreducedthestepsize.
In principle,themethodglobalizesLNKS without theneedto useline searchor someother
globalizationstrategy. Nevertheless,takinga largenumberof continuationstepssigni�cantly
slowsdown thealgorithm.Experiencefrom ournumericalexperimentssuggeststhatthebest
strategy is a combinationof line searching,quasi-Newtonsteps,andcontinuation.

2.4. Inexact Newton's method. Before we discussinexact Newton's methodin the
context of LNKS, we brie�y summarizea few resultsfor a generalnonlinearsystemof
equations.Assumewe want to solve h(q) = 0. Furtherassumethe following: (1) h and
K := @qh aresuf�ciently smoothin a neighborhoodof asolutionq � ; (2) ateachiterationan
inexactNewtonmethodcomputesastepv thatsatis�es

kKv + hk � � N khk; (2.11)

where� N is often calledthe forcing term. It canbe shown that if � N < 1 thenq ! q�

linearly; if � N ! 0 thenq ! q� superlinearly;andif � N = O(khk) thenwe recover the
quadraticconvergenceratesof a Newtonmethod.Theforcing termis usuallygivenby

� N =
kh (+) � h � Kv k

khk
: (2.12)

Otheralternativesexist (for detailssee[5]).
Theextensionof inexactmethodsto optimizationis relatively easy, especiallyfor uncon-

strainedproblems.In [12] globalconvergenceproofsaregivenfor atrustregionRSQP-based
algorithm.Closeto aKKT point thetheoryfor Newton'smethodappliesandonecanusethe
analysispresentedin [4] to show that theinexactversionof theLNKS algorithmconverges.
However, theline searchwe areusingis not basedon theresidualof theKKT equationsbut
insteadon themerit functiondiscussedin theprevioussession.Thatmeansthatan inexact
stepthatsimply reducesh maynot satisfythemerit functioncriteria. We will showthat for
pointswhich are closeenoughto the solution, inexactnessdoesnot interfere with the line
search. Ouranalysisis basedon theaugmentedLagrangianmerit function3. Weassumethat,
locally, A andK arenon-singularanduniformly bounded.We de�ne � 1 := maxkK � 1(q)k
for q in theneighborhoodof thesolutionq � . We alsode�ne v astheexact solutionof the
(linearized)KKT systemsothat

Kv + h = 0; (2.13)

and~v theapproximatesolutionsothat

K ~v + h = r : (2.14)

We alsohave krk = � khk, 0 < � � � N , from theinexactNewton stoppingcriterion(2.11).
By (2.3)we getthatkhk2 = kg + A T � k2 + kck2 andsinceA is bounded,thereis constant
� 2 suchthat:

kA T ck � � 2khk: (2.15)

We assumethe following: (1) � � is suf�ciently largeso that themerit function is exactand
kr � k � � 3khk for someconstant� 3; (2) v satis�es the gradientand length conditions,

3For brevity wedropthesubscriptfrom � L andwe justusethesymbol� .
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aswell astheArmijo condition. From the latter it is immediatethat v satis�estheCauchy
fractioncondition4:

jr � T v j � 2� 4kr � k2: (2.16)

We will show that if � is small enoughthen the approximatestep ~v satis�es the Cauchy
fraction,thegradient,andlengthconditions.Then,we will usea theoremfrom [18] to con-
cludethattheArmijo conditionis satis�edwith unit steplengths.Thereforeif � = O(khk)
quadraticconvergenceis preserved.

From(2.13)and(2.14)we have

r � T ~v = r � T v + r � T K � 1r ;

andthusby (2.16)weget

jr � T ~vj � 2� 4kr � k2 � jr � T K � 1r j:

Thereforeto satisfytheCauchyfractioncondition

jr � T ~v j � � 4kr � k2; (2.17)

we needto show that

jr � T K � 1r j � � 4kr � k2: (2.18)

Thegradientof themerit functionis givenby

r � = h + � �

�
A T c

0

�
;

andthus

jr � T K � 1r j = jhT K � 1r + � �

�
A T c

0

� T

K � 1r j

� � 1
�
khk krk + � � kA T ck krk

�

� � 1�
�
khk2 + � � kA T ck khk

�

� � 1� (1 + � � � 2)khk2

� � 1� (1 + � � � 2)
kr � k2

� 2
3

:

If

� �
� 4 � 2

3

� 1(1 + � � � 2)
(2.19)

then(2.18)holds.If wechoosea superlinearlyconvergentinexactNewtonvariantthen

� � � N ! 0;

4TheCauchystepis asteepestdescentstepfor themerit function.
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andthereforecloseto thesolution(2.19)holds.We alsohavethat

~v = K � 1(r � h)

k~vk � � 1(1 + � )khk

k~vk � � 1(1 + � )
kr � k

� 3

k~vk � � 5kr � k: (2.20)

By combining(2.20)and(2.17)weget

jr � T ~vj � � 4kr � k2 � � 4� 5kr � k k~vk;

and

kr � k k~vk � � 6jr � T ~v j � � 6� 4kr � k2 )

k~vk � � 7kr � k:

Thatis, thegradientandangleconditionsaresatis�ed. It canbeshown ([18], Theorem10.6)
that thereis � , boundedbellow, so thatArmijo conditionholdstrue. Thusby choosing� A

small enough,the Armijo condition is satis�ed with unit steplength.Hencethe quadratic
convergencerate associatedwith Newton's methodis observed, i.e. the inexactnessdoes
not interferewith the merit function. In addition it canbe shown that the augmentedLa-
grangianmerit functionallows unit steplengthnearthesolution(see[6], [21] andtherefer-
encestherein).Finally, noticethatconvergencedoesnotrequirethat� N ! 0; it only requires
that� N is smallenough.Thisis in contrastwith inexactreducedspacemethodswhichrequire
thetolerancesto becometighterastheiteratesapproachthesolution[12].

2.5. The globalizedLNKS algorithm. In theprevioussectionswe discussedthevari-
ousfeaturesof our globalizationstrategies. In this sectionwe summarizeby giving a high-
level descriptionof implementationdetailsand heuristicswe are using in the globalized
LNKS. Thebasicstepsof our methodaregivenin Algorithm 3. Thealgorithmusesa three-
level iteration.In theouteriterationthecontinuationparameterisgraduallyincreaseduntil the
targetnumberis reached.Themiddleiterationscorrespondto Lagrange-Newtonlinearizations
of theoptimality systemfor a �x edcontinuationnumber. Finally, theinneriterationconsists
of two corebranches:thecomputationof anLNKS searchdirectionandthecomputationof
thesearchdirectionwith QN-RSQP. Thedefaultbranchis theLNKS step.If thisstepfails to
satisfythe line searchalgorithmconditionsthenwe switchto QN-RSQP. If QN-RSQPfails
too, thenwe reducethecontinuationparameterRe andwereturnto theouterloop.

Herewe summarizethebasicstepsof thealgorithm.We alsomentionseveralheuristics
we haveusedto improvetheperformanceof themethod.

� Linearsolvesatsteps8, 16and17areperformedinexactly. Wefollow [5] in choos-
ing the forcing term. In steps16, and17 the forcing term formula useskck and
kgzk, whereasin step8 it useskhk. In 7 wealsoexperimentedwith kr � k asaway
to controlinexactnessbut we foundnosigni�cant difference.

� In step6 weusetheadjointvariablesto updatethereducedgradient.This is equiva-
lent to gz = gd � A T

d A � T
s gs, if � is computedby solvingexactlyA T

s � + gs = 0.
When� is takenfrom LNKS, it includessecondorderterms(which reduceto zero
asweapproachthesolution),andwhen� is takenfrom QN-RSQPit alsointroduces
extraerrorsinceweneversolve thelinearsystemsexactly.

� We usevariousheuristicsto boundthe penaltyparameterand if possiblereduce
it. A new penaltyparameter� +

� is computedusing the LNKS stepand formula
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Algorithm 3 GlobalizedLNKS
1: Choosex s ; xd ; � � ; t; � A , setRe = Restart ; tol = tol 0

2: A T
s � + gs � 0 solve inexactly for �

3: while Re 6= Retar get do
4: loop
5: Evaluatef ; c; g; A ; W
6: gz = gd + A T

d �
7: Checkconvergence:kg + A T � k � tol andkck � tol
8: P � 1Kv + P � 1h � 0 solve inexactly for v
9: Compute� � suchthatr � T (0)v � 0

10: Compute� s.t. � (� ) � � (0) + � A � (r � T (0)v)
11: if Line searchfailedthen
12: Compute� s.t. kh(� )k < tkh(0)k
13: end if
14: if LNKS stepfailedthen
15: B zpd = � gz solve inexactly for pd

16: A sps + A dpd + c � 0 solve inexactly for ps

17: A T
s � + + gs � 0 solve inexactly for � +

18: Compute� s.t. � (� ) � � (0) + � A � (r � T (0)v)
19: if Line searchonQN-RSQPstepfailedthen
20: ReduceRe andgo to step5.
21: end if
22: end if
23: � + = � + p � (only for LNKS step)
24: x+ = x + px

25: end loop
26: Re = Re + � Re
27: Tightentol
28: endwhile

(2.10). If � +
� > 4� � we updatethepenaltyparameterandwe switchto QN-RSQP.

If � +
� < � � =4 wereducethepenaltyparameterandset� +

� = 0:5� � . We alsoreduce
thepenaltyparameterif thereis a successfulsearchon theKKT residual(step12).

� We allow for non-monotoneline searches.If theLNKS stepis rejectedby themerit
functionline searchwedonotswitchimmediatelyto QN-RSQP. Insteadwedoaline
search(step12) on theKKT residualandif thestepis acceptedwe useit to update
thevariablesfor thenext iteration. However, we do storethe iterateandthemerit
functiongradient,andwe insist thatsomestepsatis�estheconditionsof themerit
line search(evaluatedat the failure point) after a �x ed numberof iterations. Oth-
erwise,we switch to QN-RSQP. Typically, we permit two stepsbeforewe demand
reductionof themerit function.

� A Lanzosalgorithmcanbe usedto (approximately)checkthe second-orderopti-
mality conditions.If thelowesteigenvalueof ~W z is negativethenaQN-RSQPstep
is taken without computingthe full-spacedirections. The eigenvaluesare frozen
througha singlecontinuationstep,but if a negative direction is detectedthey are
recomputedateachSQPiteration.

In the next sectionwe studyan optimal control problemof the steadyincompressible
Navier-Stokesequations.We cite resultson the existenceanduniquenessof solutionsand
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makecomparisonsbetweenthediscreteandcontinuousformsof theoptimalityconditions.

3. Formulation of an Optimal Control Problem. In thissectionwe turnourattention
to theformulationandwell-posednessof a speci�c optimizationproblem:theDirichlet con-
trol of thesteadyincompressibleNavier-Stokesequations.We presentthecontinuousform
of theKarush-Kuhn-Tuckeroptimality conditionsandwe cite convergenceresultsfor �nite
elementapproximationsfrom [13] and[14]. A survey andarticleson this topic canbefound
in [9]. More on theNavier-Stokesequationscanbefoundin [8, 11]. We arestudyingprob-
lemsin whichwespecifybothDirichlet andNeumannboundaryconditions.Thecontrolsare
restrictedto beonly of Dirichlet typebut the theoryis similar for distributedandNeumann
controls[13].

We use the velocity-pressure(u ; p) form of the incompressiblesteadystateNavier-
Stokesequations.We begin by writing thefollowing strongform of the�o w equations:

� � r � (r u + r u T ) + (r u )u + r p = b in 
 ;
r � u = 0 in 
 ;
u = u g on � u ;
u = u d on � d;

� pn + � (r u + r u T )n = 0 on � N :

(3.1)

Here� = 1=Re andthedecisionvariablesarethevelocitiesud on � d. For a forwardsolve
we neednot distinguishbetween� d and � u . In the optimizationproblemhowever, u d is
not known. We will presenta mixed formulation that treatsthe tractionson the Dirichlet
boundary� d asadditionalunknown variables.The tractionvariableshereplay the role of
Lagrangemultipliers(not to beconfusedwith theLagrangemultipliersor theoptimalcontrol
problem)andareusedto enforcetheDirichlet boundaryconditions[1].

With L 2(
) we denotethe spaceof scalarfunctionswhich aresquare-integrablein 
 ,
andwith H 1(
) we denotevectorfunctionswhose�rst derivativesarein L 2(
) . H 1=2(�)
is the tracespace(therestrictionon � ) of functionsbelongingto H 1(
) . Finally H � k (D )
is thesetof boundedlinearfunctionalson functionsbelongingto H k (D ), whereD is some
smoothdomainin R3. We also de�ne V :=

�
v 2 H 1(
) : v j � u = 0

	
. We de�ne the

following bilinearandtrilinear formsassociatedwith theNavier-Stokesequations:

a(u ; v) :=
Z



(r u + r u T ) � (r v + r vT ) d
 8 u ; v 2 H 1(
) ;

c(w ; u ; v) :=
Z



(r u )w � v d
 8 u; v; w 2 H 1(
) ;

b(q; v) :=
Z



� qr � v d
 8 q 2 L; v 2 H 1(
) :

We alsousethenotation(x ; y )D for
R

D x � y dD.
In theweakformulationof (3.1)we seeku 2 H 1(
) ; p 2 L 2(
) and� 2 H � 1=2(� d)

suchthat:

� a(u ; v) + c(u ; u ; v) + b(p;v) � (� ; v) � d = (f ; v) 
 8 v 2 V ;

b(q; u ) = 0 8 q 2 L 2(
) ; (3.2)

� (t ; u ) � d = � (t ; u d)� d 8 t 2 H � 1=2(� d):

Wealsode�ne d to bethedecision�eld (sothatu d = d). Basedontheaboveformulationwe
canproceedin de�ning theLagrangianfunctionfor theoptimizationproblem.Theobjective
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functionis givenby

J (u ; d) :=
�
2

a(u ; u) +
�
2

(d; d) � d ; (3.3)

and(theweakform of) theconstraintsaregivenby (3.2). We de�ne theLagrangianfunction
asfollows:

L (u ; p;d; � ; � ; �; � ) := J (u ; d)

+ � a(u ; � ) + c(u ; u ; � ) � (� ; � ) � d � (f ; � ) 
 + b(p; � )

+ b(�; u ) � (� ; u � d) � d ; (3.4)

8 u 2 H 1(
) ; p 2 L 2(
) ; � 2 H � 1=2(� d); d 2 H 1=2(� d);

8 � 2 V ; � 2 L 2(
) ; � 2 H � 1=2(� d):

Here� ; �; � aretheLagrangemultipliersfor thestatevariablesu ; p; � . By takingvariations
with respectto the Lagrangemultipliers we obtain (3.2) augmentedwith u d = d on � d.
Taking variationswith respectto the statesu ; p; � we obtainthe weakform of the adjoint
equations:

� a(v; � ) + c(v; u ; � ) + c(u ; v; � ) + b(�; v) + (� ; v ) � d = � � a(u ; v) 8 v 2 V ;

b(q; � ) = 0 8 q 2 L 2(
) (3.5)

(t ; � ) � d = 0 8 t 2 H � 1=2(� d):

Finally, by takingvariationswith respectto d weobtainthedecisionequation

� (d; r ) � d + (� ; r ) � d = 0 8 r 2 H 1=2(� d): (3.6)

Equations(3.2),(3.5),(3.6)aretheweakform of the�rst orderoptimalityconditions.In
[13], [14] thereis extensivediscussionon theexistenceof a solutionandtheexistenceof the
Lagrangemultipliers. In [13] theexistenceof a localminimumfor theoptimizationproblem
andtheexistenceof Lagrangemultipliers thatsatisfythe �rst orderoptimality conditionsis
asserted5. Furthermore,uniquenessis shown uponsuf�ciently smalldata.Notethatin theab-
senceof aNeumanncondition( � N = ; ) thethecontrolshaveto satisfytheincompressibility
condition(d � n ) � d = 0.

Thestrongform of theadjointanddecisionequationscanbeobtainedby usingthefol-
lowing integrationby partsformulas:

a(u ; v) = � (v; � u ) 
 + ((r u )n ; v) � ;

c(u ; v; � ) = � c(u ; � ; v) � (( r � u )� ; v) 
 + ((u � n )� ; v) � ;

b(�; v) = (r �; v) 
 � (� n ; v) � :

Upon suf�cient smoothnesswe arrive at the strongform of the optimality conditions.
Equation(3.1) is thestrongform of theconstraints.Thestrongform of theadjointequations
is givenby

� � r � (r � + r � T ) + (r u )T � � (r � )u + r � = � r � (r u + r u T ) in 
 ;

r � � = 0 in 
 ;

� = 0 on � u ; (3.7)

� = 0 on � d;

� � n + � (r � + r � T )n + (u � n )� = � � (r u + r u T )n on � N ;

5Theobjective functionalusedin [13] is differentthanours.An
� 4 functionalis usedfor thematchingproblems

anda �

1
� d

is usedfor thepenalizationof � d —resultingonasurfaceLaplacianequationfor thedecisionvariables.
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and(equationfor � )

� (r � + r � T )n + � (r u + r u T )n � � = 0 on � d: (3.8)

We mayalsodeterminethatthestrongform of thedecisionequationis givenby

� = � d on � d: (3.9)

In [13] estimatesaregivenon theconvergenceratesof the�nite elementapproximations
to theexactsolutionsfor theoptimalcontrolof steadyviscous�o w. For thecaseof bound-
ary velocity control, the basicresult is that, if theexactsolutionsaresmoothenough,then,
provided the Taylor-Hood elementis used(for both adjointsandstates),the solutionerror
satis�esthefollowing estimates:

ku � u h k0 � O(h3);

kp � ph k0 � O(h2);
(3.10)

k� � � h k0 � O(h3);

k� � � h k0 � O(h2):

Hereh is themaximumelementsize,andk � k0 is theL 2(
) norm.

3.1. Discreteand discretizedoptimality conditions. In our implementationwe have
notdiscretizedthecontinuousformsof theoptimalityconditions.Insteadwehavediscretized
theobjective functionandtheNavier-Stokesequationsandthenwe usedthis discretization
to form the optimality conditions. In general,discretizationand differentiation(to obtain
optimality conditions)do not commute.That is, if A is thein�nite dimensional(linearized)
forwardoperatorandA � is its adjointthenin general

(A � )h 6= (A h )T ;

wherethe subscripth indicatesdiscretization.We will show that for Galerkinapproxima-
tion of thesteadyincompressibleNavier-Stokesoptimalcontrolproblem,discretizationand
differentiationdocommute.

For thediscretizedequationswe usethefollowing notation:

a(u h ; vh ) + c(u h ; u h ; vh ) 99KU (u)u;

a(u h ; vh ) + c(ph ; u h ; vh ) + c(u h ; ph ; vh ) 99KV (u)p;

a(u h ; vh ) 99KQu ;

b(qh ; u h ) 99KPu ;

(t h ; u h )� d 99KTu;

(dh ; rh )� d 99KMd :

then,thediscreteform of theNavier-Stokesequationsis givenby

U (u)u + P T p + T T � = f1;

Pu = f2; (3.11)

Tu = Td :

ThediscreteLagrangianfunctionis givenby

1
2

uT Qu +
�
2

dT Md + � T �
U (u)u + P T p + T T � � f1

	

(3.12)
+ � T f Pu � f2g + � T f Tu + Td g = 0:
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By taking derivativeswith respectto the discreteLagrangemultiplier vectors� ; � ; � , we
recover the stateequations(3.11). By taking derivativeswith respectto the discretestate
variablesu; p; � , weobtainthediscreteadjointequations:

V T (u)� + P T � + T T � = � Qu ;

P� = 0; (3.13)

T � = 0:

Theseequationscorrespondto thediscretizationof equations(3.5)providedthatV T � is
thediscretizationof a(� ; u ) + c(v; u ; � ) + c(u; v; � ). Thebilinearform a(�; �) is symmetric
sowe omit it from ourdiscussion.If � denotesthebasisfunctionfor u ,  v for v, and � for
� thenthe(3 � 3)-blockelementsfor thelinearizedstateandtheadjointare:

Z



I (r � � u ) v + (r u )� v d
 stateelementmatrix;

Z



I (r  v � u ) � + (r u )T  �  v d
 adjointelementmatrix:

Therefore,the transposeof the discretized(linearized)stateequationscoincideswith the
discretizationof theadjointequations,i.e.

(A � )h = (A h )T :

Oneneedsto be careful to usethe weakform given by equation(3.5). If (3.7) wereused
without employing thereverseintegrationby partson the termc(u ; v; � ), this would result
in a discretizationwhich is incompatiblewith the discreteoptimizationproblem(which is
whattheoptimizersees).It would resultin anunsymmetricKKT-matrix andpossiblywould
preventtheoptimizerfrom convergingto aKKT point. A Petrov-Galerkinformulationwould
alsobeincompatible.

In ourformulationwedonotsolveexplicitly for � and� . Weapproximatebothtractions
andvelocity tracesin H 1(� d); in this casethestressescanbeeliminated.For a discussion
on choiceof H 1(� d) for thestressessee[10]. Theresultingequationsareequivalentto the
formulationsdescribedin this section. We usea standardGalerkinapproximationscheme
(no upwinding)with Taylor-Hoodelementsto approximatethevelocities,thepressures,and
their adjoints.

We concludethis sectionwith a noteon continuation.To solve a Navier-Stokescontrol
problemwith largeReynoldsnumber, somekind of continuationschemeis usuallyneeded.
We�rst solveaStokes-�ow optimalcontrolproblem(Re0 = 0) andthenweprogressively in-
creasetheReynoldsnumberby Re(+) = Re+ � Re. Onecouldsetu (+) = u + (@Re)u� Re,
where@Reu canbeeasilycomputedthrougha linearizedforwardsolve. Sincewe consider
only steady�o ws, we follow [8] anduse�x ed � Re, andsimply setu (+) = u, i.e. the ini-
tial guessat the new Reynoldsnumberis the solutionfrom the previous optimizationstep.
Additionally, quasi-Newton informationis carriedforwardto thenext Reynoldsnumber.

4. Numerical Results. In this sectionwe usefour numericalteststo investigatethe
accuracy andscalabilityof LNKS method. First we test the �nite elementapproximation
convergencerateswith aproblemthathasananalyticsolution.Thenwerevisit thePoiseuille
�o w problem—whichis alsoa solutionfor theNavier-Stokes—anduseit to studytheeffec-
tivenessof the limited-BFGSmethodasa preconditionerfor the reducedHessian.In both
caseswe solve for theboundaryconditionsthat reproducetheexactsolutionby minimizing
a matchingvelocity functional.
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We continuewith themorechallengingproblema thecontrolof �o w arounda cylinder.
Theobjective functionto beminimizedis thedissipationfunctional.We usethis problemto
testtheLNKS line searchalgorithm,theeffectivenessof theKrylov-Schurpreconditionerfor
highly nonlinearproblems,andthe variousheuristicswe introducedin Section2. The last
problemis theoptimalcontrolof a �o w arounda wing.

4.1. Finite elementapproximation error. In this sectionwe usea modelproblemto
verify theconvergencerateestimatesgivenin theprevioussection.Thevelocityandpressure
givenby

u � (x; y; z) =
�

1 � (x2 + y2)2; x; � y
	 T

; p� (x; y; z) = x2 + y2 � z2:

satisfy the Navier-Stokes equations. We restrict this solution in a cylindrical domainwe
choosesomepartof its boundaryasthecontroldomain� d. Wede�ned thevelocityboundary
conditionsonthecircumferentialwalls to bethedecisionvariables.On� =� d wesetu = u � .
Theobjective functionis givenby

J (u ; u d; p) =
1
2

Z



(u � � u )2 d
 :

Sincetheboundaryconditionsfor u ; p on � =� d arecompatiblewith (u � ; p� ) thevaluesfor
theobjective functionandtheLagrangemultipliersat theminimumarezero.

In Table4.1we giveconvergenceratesfor thestatevariablesandtheLagrangemultipli-
ers.Theresultsarein goodagreementwith thetheoreticalpredictions.Theconvergencerate

TABLE 4.1
In this tabletheconvergencerateof the�nite elementapproximationfor a matching velocityproblemis given.

Here n is the numberof elements;h is the cuberoot of the volumeof the maximuminscribedsphere inside a
tetrahedron of the �nite elementmesh. Near optimal convergent ratescan be observedfor the stateand adjoint
variables.

n h k �

� � � h k0 kp� � ph k0 k � � � � h k0 k� � � � h k0

124,639 0.80 1:34 � 10� 4 2:01 � 10� 5 3:88 � 10� 4 1:76 � 10� 5

298,305 0.53 4:40 � 10� 5 9:00 � 10� 6 1:19 � 10� 4 7:90 � 10� 6

586,133 0.40 1:70 � 10� 5 5:20 � 10� 6 5:00 � 10� 5 4:50 � 10� 6

for thevelocitiesandtheir adjointsis approximately2.92(comparingerrorsbetweenthe�rst
andsecondrows) and2.96(comparingerrorsbetweenthe secondandthird rows). For the
pressuresandtheir adjointstheconvergencerateis 1.96and1.97,respectively.

4.2. Poiseuille�o w. ThePoiseuille�o w is a stablesolutionof theNavier-Stokesequa-
tionsfor smallReynoldsnumbers.We usethis exampleto studytheeffectivenessof BFGS
asa preconditioner. Sincetheoptimizationproblemis nonlinear, LNKS takesseveral itera-
tionsandquasi-Newtoncurvatureinformationcanbebuilt up. Quasi-Newtontheorypredicts
that B z approachesW z asthe iteratesget closerto the solution. Therefore,we expectthe
effectivenessof thepreconditionerto improve astheoptimizationalgorithmprogresses.To
approximatethereducedHessianweinvokethelimited-memoryBFGSformulawedescribed
the�rst paper. In our testweused30vectors.

We look at a �x ed-size/�xed-granularityproblem. The targetReynoldsnumberis 500.
We startatReynoldsnumber100andweuseacontinuationstep� Re = 200. Thecontinua-
tion isnotusedto initialize thestateandcontrolvariables,but only to carryBFGSinformation
to thenext Reynoldsnumber.
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TABLE 4.2
Work ef�ciency of theproposedpreconditioners for a Poiseuille�ow matching problemfor �xed sizeand�xed

granularity as a functionof the Reynoldsnumber. Recall that LNKS-I requirestwo linearizedforward solvesper
iteration, whereasLINKS-II involvesjust applicationof the Schwarzapproximation. Re is the Reynoldsnumber;
N/QN denotesthe numberof outer iterations. The numberof iterations for the KKT systemis averaged across
theoptimizationiterations. Theproblemhas21,000stateequationsand3,900control variables;resultsare for 4
processors of theT3E-900.Wall-clock timeis in hours.

Re method N/QN iter KKT iter k gz k time
100 QN-RSQP 262 — 1 � 10� 4 5.9

LNK 3 186,000 9 � 10� 6 7.1
LNKS-I 3 48 9 � 10� 6 3.2
LNKS-II 3 4,200 9 � 10� 6 1.3

300 QN-RSQP 278 — 1 � 10� 4 6.4
LNK 3 198,000 9 � 10� 6 7.6

LNKS-I 3 40 9 � 10� 6 3.1
LNKS-II 3 4,300 9 � 10� 6 1.4

500 QN-RSQP 289 — 1 � 10� 4 7.3
LNK 3 213,000 9 � 10� 6 9.0

LNKS-I 3 38 9 � 10� 6 3.0
LNKS-II 3 4,410 9 � 10� 6 1.4

Theforwardproblempreconditioneris givenby Equation4.5 (Part I). In QN-RSQPwe
useQMR for the linearizedNavier-Stokesoperator, preconditionedwith anoverlappingad-
ditive Schwarzmethodwith ILU(1) in eachsubdomain6. Resultsfor a problemwith 21,000
stateand3,900designvariableson 4 processorsandfor a sequenceof threeReynoldsnum-
bersarepresentedin Table4.2.Thenumberof KKT iterationsin LNKS I revealstheeffectof
theBFGSpreconditioner. They dropfrom anaverage48iterationsto 38. Theeffectof BFGS
in LNKS II is hiddensincetheKKT iterationsaredominatedfrom theill-conditioningof the
forwardandadjointoperators(In LNKS I thesesolvesareexact in eachiteration). Overall,
we canobservethatLNKS reducessigni�cantly theexecutiontimerelative to QN-RSQP.

The Newton solver performedwell requiring only 3 iterationsto converge. In these
problemswe did not useinexact Newton's methodwith the KKT solves, they were fully
convergedat eachiteration. No line searchwas usedin the LNKS variants;we usedthe
l1-merit functionfor theQN-RSQP.

It is rathersurprisingthatthequasi-Newtonworkswell asa preconditionerfor theKKT
systemwhereasit stagnateswithin the QN-RSQPmethod. Oneexplanationcould be that
the the QN-RSQPin theserunssufferedthe “Maratos” effect. In our subsequenttestswe
switchedto a second-ordercorrectionmethod([19], p.570).

4.3. Flow arounda cylinder. All theproblemsexaminedsofarwereusefulin verifying
certainaspectsof theLNKS methodbut they arelinearor mildly nonlinear. In orderto test
LNKS further we studya highly nonlinearproblem: that of �o w arounda cylinder with a
dissipation-typeobjectivefunction.Thecylinder is anchoredinsidea rectangularduct,much
like a wind tunnel. A quadraticvelocity pro�le is usedasan in�o w Dirichlet conditionand
we prescribea traction-freeout�ow. Thedecisionvariablesarede�ned to be thevelocities
on thedownstreamportionof thecylindersurface.We have investigated�o ws in thelaminar
steady-stateregime. For exterior problemsthe transitionReynoldsnumberis 40 but for the
ductproblemweexpecthigherReynoldsnumbersdueto thedissipationfrom theductwalls.

6For de�nitions of ILU(0) andILU(1) see[20].
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(a) (b)

(c) (d)

FIG. 4.1. The top row depictsstreamtubesof the �ow for Reynoldsnumber20 and the bottomrow for
Reynoldsnumber40. Theleft columndepictstheuncontrolled �ow. Theright columndepictsthecontrolled �ow.
Thesepicturesdepictthe�ow patternon thedownstreamsideof thecylinder.

Figures4.1and4.2 illustratetheoptimalresultsfor differentReynoldsnumbers.LNKS
eliminatestherecirculationregionin thedownstreamregionof thecylinder. In orderto avoid
the excessive suctionthat we observed in the Stokescase,we imposedDirichlet boundary
conditionson theout�ow of thedomain.The incompressibilityconditionpreventstheopti-
mizerfrom driving the�o w insidethecylinder7.

Our experimentson theStokesoptimalcontrolestablishedtherelationbetweentheper-
formanceof theKrylov-Schuriterationandtheforwardproblempreconditioner. Thusbefore
wediscussresultsontheLNKS algorithmwegivesomerepresentativeresultsfor theNavier-
Stokesforwardsolver. WeuseaninexactNewton'smethodcombinedwith thepreconditioner
we presentedin Part I. A block-JacobiILU(0) preconditioneris usedfor thevelocity block
andaswell asfor thepressuremassmatrix(scaledby 1=Re); thelatteris usedto precondition
thepressureSchurcomplementblock. We would verymuchlike to useanILU(1), aswe did
for thePoiseuille�o w case,but memorylimitations8 preventedusfrom doingso.

7WhenDirichlet conditionsarespeci�ed everywhereon � , then � � � � � d� shouldbe zero. The constraint
needsto eitherbeimposedexplicitly, or with implicitly by usinga properfunctionspace.In our implementationwe
useapenaltyapproachby modifying theobjective function.

8In ourNavier-Stokesimplementation,westorethestateoperator, theHessianof theconstraintsandtheHessian
of the objective. PSC's T3E-900(wherethe majority of our runs took place),hasonly 128MB of memoryper
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(a) (b)

(c) (d)

FIG. 4.2. Thetoprowdepictsstreamtubesof the�ow for Reynoldsnumber20 andthebottomrowfor Reynolds
number40. Theleft columndepictstheuncontrolled �ow. Theright columndepictsthecontrolled �ow. Thedecision
variablesare Dirichlet boundaryconditionsfor thevelocitieson thedownstreamhalf of thecylindersurface. Here
weseethe�ow fromtheupstreamsideof thecylinder. In (c) wecanclearly identifythetwostandingvorticesformed
on thelower left cornerof theimage.

TABLE 4.3
Forward solveref�ciency in relationto problemsizeandtheReynoldsnumberfor a 3D �ow arounda cylinder.

PEsisprocessornumber;n is theproblemsize;(Re) is theReynoldsnumber;qmr is thenumberof aggregateKrylov
iterationsrequired to satisfyk � k=k � 0k � 1 � 10� 7 ; nw is the numberof Newton stepsto satisfyk � k=k � 0k �
1 � 10� 6 ; andt is timein seconds.Therunswereperformedona T3E-900.

Re = 20 Re = 30 Re = 60
PEs n qmr nw t qmr nw t qmr nw t
32 117.048 2,905 5 612 3,467 7 732 2,850 6 621
64 389,440 4,845 5 1,938 5,423 7 2,101 5,501 7 2,310
128 615,981 6,284 5 2,612 8,036 8 3,214 7,847 7 3,136

Table 4.3 givesstatisticsfor threedifferentReynolds numbersand for threedifferent
problemsizes.We reportthe (aggregate)numberor Krylov iterationsrequiredto converge
theNewton solver, thenumberof Newton iterations,andthetotal executiontime. For these

processor.
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runswedid notusecontinuation,but wedid useaninexactNewtonmethod.Comparingwith
Table4.1 (Part I) we observe that thetime for a forwardsolve hasincreasedalmostsixfold.
However the time per iterationis roughly thesamewith thatof the linear, Stokescase.For
example,in the 128 processorproblemandfor Reynoldsnumber30, the average(Krylov)
iterationcountis 1005,whereasin the linear caseit is 882. Similarly, theaveragetime per
Newtonstepis 401seconds.Thetime for theStokessolver is little higher, 421seconds9. We
canconcludethattheforwardpreconditionerperformsreasonablywell.

Table4.4showsresultsfor 32,64,and128processorsof aT3E-900for increasingprob-
lem sizes. Resultsfor two differentpreconditioningvariantsof LNKS arepresented:the
exact (LNKS-I) andinexact(LNKS-II) versionof theSchurpreconditioner. Theglobalized

TABLE 4.4
Thetableshowsresultsfor 32,64, and128processors of a Cray T3Efor a roughlydoublingof problemsize.

Resultsfor the QN-RSQPand LNKSalgorithmsare presented.QN-RSQP is quasi-Newton reduced-spaceSQP;
LNKS-I requires two exact solvesper Krylov stepcombinedwith 2-step-stationary-BFGSpreconditionerfor the
reducedHessian;in LNKS-II the exact solveshavebeenreplacedby approximatesolves;LNKS-II-TR usesa
truncatedNewtonmethodandavoidsfully converging theKKT systemfor iteratesthatare far froma solution.time
is wall-clock timein hours ona T3E-900.Continuationwasusedonly for Re = 60.

Re = 30

states
controls

method N or QN iter KKT iter time

117,048 QN-RSQP 161 — 32.1
2,925 LNKS-I 5 18 22,8

(32procs) LNKS-II 6 1,367 5,7
LNKS-II-TR 11 163 1.4

389,440 QN-RSQP 189 — 46.3
6,549 LNKS-I 6 19 27.4

(64procs) LNKS-II 6 2,153 15.7
LNKS-II-TR 13 238 3.8

615,981 QN-RSQP 204 — 53.1
8,901 LNKS-I 7 20 33.8

(128procs) LNKS-II 6 3,583 16.8
LNKS-II-TR 12 379 4.1

Re = 60

states
controls

preconditioning Newton iter averageKKT iter time (hours)

117,048 QN-RSQP 168 — 33.4
2,925 LNKS-I 6 20 31,7

(32procs) LNKS-II 7 1,391 6,8
LNKS-II-TR 11 169 1.5

389,440 QN-RSQP 194 — 49.1
6,549 LNKS-I 8 21 44.2

(64procs) LNKS-II 7 2,228 18.9
LNKS-II-TR 15 256 4.8

615,981 QN-RSQP 211 — 57.3
8,901 LNKS-I 8 22 45.8

(128procs) LNKS-II 8 3,610 13.5
LNKS-II-TR 16 383 5.1

LNKS algorithmis comparedwith QN-RSQP. In LNKS-II-TR we activatetheinexactNew-
ton method.In this examplewe have usedcontinuationto warmstarttheRe = 60 problem.

9The reasonfor this is relatedto thescalingbetweenthevelocity andpressureblock of the forward problem.
IncreasingtheReynoldsnumberimprovesthisscalingandthusimprovestheeigenvaluedistribution. Of coursethisis
trueupto certainReynoldsnumber. For highervaluestheJacobianbecomeshighly unsymmetricandill-conditioned.
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ThereducedHessianpreconditioneris acombinationof theBFGSand2-steppreconditioners
(aswe describedin Part I, Section3.2). In theline searchwe usetheaugmentedLagrangian
merit function.

In this problem,QN-RSQPdid converge, but only after 48 hours. LNKS-I, although
faster, doesnot reducethe requiredtime signi�cantly. LNKS-II doesbetter—4 to 5 times
fasterthanQN-RSQP.

Themostnoticeable�nding in Table4.4 is thedramaticaccelerationof theLNKS algo-
rithm which is achievedby usingLNKS-II-TR—the inexactversionof theNewton method.
The inexactnessdid not interfereat any point with the merit function and in all caseswe
observedquadraticconvergence.Overall LNKS-II-TR runsmorethan10 timesfasterthan
QN-RSQP. This is in agreementwith the performanceimprovementswe observedwith the
Stokesequations.

Undoubtedlythe external cylinder �o w problemis highly nonlinear. The augmented
Lagrangianglobalizationperformedrobustly andwe did not have problemsconverging the
equations.Not oncedid the QN-RSQPsafeguardget activated—triggeredfrom a negative
curvaturedirection. Finally, it is worth noting that the optimizationsolution is found at a
costof 5 to 6 �ow simulations—remarkableconsideringthat therearethousandsof control
variables.

4.4. Flow around a Boeing707wing. For our lasttestwe solvedfor controlof a �o w
arounda Boeing-707wing. In this problemthecontrolvariablesarethevelocities(Dirichlet
conditions)on thedownstreamhalf of thewing. TheReynoldsnumber(basedon thelength
of thewing root)wasvariedfrom 100to 500andtheangleof attackwas�x edat12.5degrees.
Theproblemsizein thisexampleis 710,023statevariablesand4,984controlvariables.

Table4.5summarizestheresultsfrom this setof experiments.Themainpurposeof this
analysisis to comparecontinuationwith theotherglobalizationtechniques.In additionwe
employ thedoubleinexactnessidea,that is, we solve inexactly in boththecontinuationloop
andthe Lagrange-Newton loop. It is apparentthat in this problemcontinuationis crucial.

TABLE 4.5
In this tablewepresentresultsfor thewing �ow testcase. Thesizeof this problemis 710,023stateand4,984

decisionvariables. Therunswere performedon 128processors on a T3E-900.Here Re is theReynoldsnumber;
iter is theaggregatenumberof Lagrange-Newtoniterations—thenumberin parenthesisis thenumberof iteration in
thelaststep;time is theoverall timein hours; qn is thenumberof QN-RSQPsteps—thenumberin parenthesisgives
howmanytimesa negativecurvature wasdetected;minc is the numberof non-monotoneline search iterations—
in parenthesisis the numberof timesthis heuristic failed. The globalizedLNKS-II-TRalgorithm is used. The
Lagrange-Newton solverwasstoppedafter 50 iterations. In the last columnRe � � f givesthe reductionof the
objectivefunction(with therespecttheuncontrolled �ow). “no cont” meansthat continuationwasnotactivated.

Re iter time qn minc kg + A T
� k kck Re � � f

100 nocont 19 4.06 2 4 9 � 10� 6 9 � 10� 6 4.065
cont

200 nocont 39 7.8 6(1) 2 9 � 10� 6 9 � 10� 6 5.804
cont 20(10) 4.6 0 3 9 � 10� 6 9 � 10� 6 5.805

300 nocont 48 11.8 16(3) 0 9 � 10� 6 9 � 10� 6 6.012
cont 29(11) 6.4 0 2 9 � 10� 6 9 � 10� 6 6.016

400 nocont 50 13.6 40(3) 0 2 � 10� 4 3 � 10� 3 3.023
cont 33(11) 7.36 0 6(1) 9 � 10� 6 9 � 10� 6 8.345

500 nocont 50 16.7 42(5) 0 4 � 10� 2 9 � 10� 2 1.235
cont 39(14) 9.09 1 5(1) 9 � 10� 6 9 � 10� 6 10.234

For Reynoldsnumberslarger than300, LNKS wasforcedto early termination(we set the
Lagrange-Newton iterationboundto 50). In the last row (Re = 500) andwhenwe did not
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(a) (b)

(c) (d)

FIG. 4.3. Theleft columndepictsstreamlinesof theuncontrolled �ow. Theright columndepictsstreamlinesof
thecontrolled �ow. Top row givesa sidesnapshotof the�ow; bottomrow givesa front view. TheReynoldsnumber
(basedon thelengththerootof thewing) is 500.

usecontinuation,LNKS endsup switchingto a QN-RSQPstep42 timesout of a total of 50
iterations;5 timesanegativecurvaturedirectionwasdetected.

As a resultLNKS wasterminatedwithout reachingthe convergencecriteria. Further-
more, the small reductionin the objective function and the residuals(last threecolumns)
indicatesmall progressat eachoptimizationstep. Notice that in theseexampleswe did not
activatebacktrackingin thecontinuationparameter.

(It could be arguedthat a reasonthe algorithmstagnatedwasthe early terminationof
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(a) (b)

(c) (d)

FIG. 4.4. Theleft columndepictsstreamlinesof theuncontrolled �ow. Theright columndepictsstreamlines
of the controlled �ow. Top row givesa snapshotof the �ow from below; bottomrow givesa back view. Reynolds
numberis 500. We canclearly identify the wing tip vorticeson the left, with non-slipboundaryconditionson the
wing. Thesevorticesaredirectlyassociatedto thelift. Theimageson theright columndepictthe�ow with thewing
boundaryconditionsmodi�ed by theoptimizer;thevorticity is eliminated.Sois thelift.

the Krylov-Schursolver—becauseof the inexactness.We did not conductexhaustive ex-
perimentsto con�rm or rejectthis claim. However, our experienceon numerousproblems
suggeststhatit is theill-conditioningandnonlinearityof theseproblemsthatleadsto stagna-
tion andnottheinexactness.In ourtests(systematicor duringdebugginganddevelopment)it
wasnever thecasethata run with exactsolvesconvergedin reasonabletime,andtheinexact
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FIG. 4.5. Snapshotof the(Dirichlet control) velocity�eld on thewing.

versiondid not. On thecontrary, inexactnesssigni�cantly reducedexecutiontimes.)
On theotherhand,whenwe usedcontinuation(fairly largestepson theReynoldsnum-

ber), thealgorithmsuccessfullyconvergedafter 39 Lagrange-Newton iterations.Switching
to QN-RSQPwasrequiredjust once. In theminc columnof Table4.5 we monitor thenon-
monotoneline searchcriterion.Recallthatif themerit functionline searchontheLNKS step
fails, we performa line searchwith a differentmerit—theKKT residual(i.e. the �rst order
optimality conditions). If the stepgetsaccepted,via backtracking,we useit asan update
direction. Eventually, we insist that the (augmentedLagrangian)merit getsreduced.This
strategy wasverysuccessful20 timesandit failedonly twice10.

Finally we concludewith somecommentson the physicsof this problem. Figures4.3
and4.4 depictsnapshotsof theuncontrolledandcontrolled�o w for Reynoldsnumber500.
The wing-tip vorticesareeliminatedby the optimizer. But at what cost? Figure4.5 shows
a snapshotof the(scaled)controlvariables—thevelocity boundaryconditions.It is obvious
that the optimizerdesigneda perforatedwing, which meansa signi�cant reductionin lift.
This planewill never leave theground! (Additional inequalityconstraintson the lift canbe
treatedwithin theframework of LNKS with interiorpointmethods.)

5. Conclusions. In the secondpart of the paperwe presentedthealgorithmiccompo-
nentsof theouter(Newton) solver andwe studiedtheapplicationof theLNKS methodto a
setof differentoptimal �o w control problems.Our testsdemonstratethe effectivenessand
scalabilityof theLNKS methodin PDE-constrainedoptimization.TheKrylov-Schurprecon-
ditionermaintainedits effectiveness;theLagrange-Newtonmethodexhibitedthewell known
mesh-independenceconvergenceproperties.InexactNewton stepsdramaticallyaccelerated
thealgorithmandcontinuationensuredglobalconvergence.

Theresultsrevealat leastanorderof magnitudeimprovementin timeoverpopularquasi-
Newton methods,renderingtractablesomeproblemsthatwereout of reachpreviously. In-

10In general,usingthe residualof theKKT conditionsto testa stepcancompromiserobustnesssincetheopti-
mizercouldgettrappedto asaddlepointor a local maximum.
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deed,theoptimumis oftenfoundin a smallmultipleof thecostof asinglesimulation.
TheLNKS algorithmis moresuitablefor steadyPDEconstraints.Althoughthemethod

is in principleapplicableto time-dependentproblemsit is not a recommendedapproachfor
3D problems.Theadjointproblemis a �nal valueproblemthatrequiresthevelocityhistory,
andthis requireslargeamountof memory. We areinvestigatingvariouswaysto circumvent
thisproblem.Anotherimportantextensionof LNKS is thetreatmentof inequalityconstraints
via interiorpoint methods.

We believe that theLNKS methodis a very powerful tool. For this reasonwe decided
to direct effort at developing a codethat will be usableby the scienti�c community. In
a forthcomingpaperwe will discussVeltisto, a PETSc-basedlibrary for large-scale,PDE-
constrainedoptimizationonparallelcomputers.
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