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Abstract. In this papemwe follow up our discussioron algorithmsthataresuitablefor optimizationof systems
governedby steady-statgartial differential equations.In the rst partof of this paperwe proposeda Lagrange-
Newton-Krylov-Schurmethod(LNKS) thatusesKrylov iterationsto solve the Karush-Kuhn-Tucker systemof op-
timality conditions but invokesa preconditioneinspiredby reducedspacequasi-Neton algorithms.In the second
partwe focusour discussiorto the outeriterationandwe provide detailson how to obtaina robust and globally
corvergentalgorithm. Newton's stepis known to leadto divergencefor pointsfar from the optimum. Furthermore
for highly nonlinearproblemsthe computationof a stepby itself is very dif cult (for both QN-RSQPand LNKS
methods) As aremedywe emplg line searchmethodshybrid Newton/quasi-Nerton algorithms truncatechonlin-
eariterationsandcontinuation.We testthe globalizedLNKS algorithmon a optimal o w controlproblemwerethe
constraintsarethe steadyincompressiblé&avier-Stokesequations The objectize functionis theminimizationof the
dissipationfunctional. We reportresultsfrom runson up to 128 processor®n a T3E-900at the Pittsturgh Super
computingCenter Our numericalexperimentsdemonstratéhe very goodscalabilityof the nev method.Moreover,
LNKS is anorderof magnituddasterthanreducedjuasi-Nevton SQRandwe areableto solve previously intractable
problemsof up to 800,000stateand5,000decisionvariables—ab timesthe costof a singlePDE solution.
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1. Intr oduction. In the rst partof the paperwe proposeda Lagrange-Neton-Krylov
methodfor PDE-constrainedptimization.We concentratedur discussiorontheinneritera-
tion: thesolutionof thelinearsystemassociatetb aNewton stepfor theKKT optimalitycon-
ditions. Thealgorithmis basednaKrylov solvercombinedwith a Schurtypepreconditioner
which is equivalentto an approximategquasi-Nevton RSQPstep. We termedthe method
“Lagrange-Nevton-Krylov-Schu”, (LNKS) for concatenatioonf “Lagrange-Nevton” method
which is usedin the outeriterationand“Krylo v-Schur”is usedto corvergethe inneritera-
tion. We alsoprovided theoreticaland numericalevidencethat thesepreconditionersvork
verywell.

In the secondpartwe follow up with algorithmicdetailson the outerLagrange-Neston
solver. We alsolook at morestringenttestproblemsthat containmary featuresof the most
challengingPDE-constrainedptimizationproblems:three-dimensionalitymulticomponent
coupling,large scale,nonlinearity andill-conditioning. The problemis oneof optimal con-
trol of aviscousincompressibleuid by boundaryvelocities,a problemof both theoretical
andindustrialinterest.
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2 G.BIROSAND O.GHATTAS

Following Part I, we refer to the unknovn PDE eld quantitiesasthe statevariables
the PDE constraintsasthe state equations solution of the PDE constraintsasthe forward
problem theinversedesignor controlvariablesasthedecisionvariables andtheproblemof
determininghe optimalvaluesof theinverse design,or controlvariablesasthe optimization
problem

This paperis organizedasfollows: in Section2 we brie y review the problemformu-
lation. We discussalgorithmicissuegelatedto Lagrange-Neston methodsandin particular
globalizationmethodologies We give detailson threetechniquesline searchmixing QN-
RSQPstepawith LNKS stepsandcontinuation.To enhanceobustnessthesemethodologies
arecombinedin the globalizedLNKS algorithm. We alsodiscussnexact Newton methods
andhow they interactwith aline searchalgorithm.In Section3 we presentheoverall LNKS
algorithm; in Section4 we discussthe formulation of the optimal control problemfor the
Navier-Stokesequationsandin Section5 we concludewith resultsfrom computationdor a
Poiseuille o w, a 0 w arounda cylinder, anda o w arounda Boeing-707Awving.

Notation:we useboldfacecharacterso denotevectorvaluedfunctionsandvectorvalued
functionspacesWe useromancharacterso denotediscretizedjuantitiesanditalics for their
continuouscounterpartsiFor exampleu will bethecontinuousrelocity eld andu will beits
discretization.Greeklettersare overloadedandwhetherwe referto the discretizatioror the
continuouselds shouldbe clearfrom contet. We alsouse(+) asasubscriptor superscript
to denotevariableupdateswvithin aniterative algorithm.

2. The Newton solver. Let usreconsidethe constrainedptimizationproblemformu-
lation,
min f (x) subjectto c(x) = 0; (2.2)
X2 RN
wherex 2 RN arethe optimizationvariablesf : RN | R is the objective function and

c: RN I R" aretheconstraintsIn our contet theseconstraintarediscretizationof the
stateequationsThelLagrangian,

Lix; ) =)+ TeXx); 2.2

is usedto corvert the constrainedptimizationproblemto a systemof nonlinearequations.
Theseequationsarethe rst orderoptimality conditions:

i
o = g(x)z(ﬁ)‘x) =0 (orh(@)=0)  (23)

We useg for the gradientof the objective function, A for the Jacobiarof the constraints,
andW for the Hessiarof the Lagrangian We useNewton's methodto solve for x and . A
Newton stepon the optimality conditionsis givenby
T T

PO (orkv = h); (2.4)
wherepy andp arethe updatesof x and from currentto next iterations. In Part | we
reviewed the mostpopularalgorithmfor solving for a KKT point, the RSQPalgorithmand
its quasi-Nevton variant (Algorithm 3 in the rst paper). Although thesealgorithmsare
very ef cient androbust,they do not scalevery well with the numberof decisionvariables.
They avoid solving (2.4) directly, but requirea large numberof linearizedforward solves
andthuscanbe inef cient for large-scalePDE-constraine@ptimization. We arguedthata
betterapproactwould beto stayin thefull spaceanduseaKrylov methodto solve (2.4). For
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mostproblemshowever, the KKT matrix is notoriouslyill-conditioned. In the rst part of
this paperwe addressethis problemby proposingef cient preconditioningechniquesThe
key ideawasto usean approximateQN-RSQPasa preconditioner We shaved thatRSQP
canbe viewed as a block-LU factorizationin which the reducedHessianW, is the Schur
complemenfor thedecisionvariables.Therefore approximateversionsof this factorization
canbeusedaspreconditionersA sketchof the LNKS methodis givenby Algorithm 1.

Algorithm 1 Lagrange-Neiton-Krylov-Schu
1: Choosex;
2: loop
Checkfor corvergence
4.  Computec; g; A; W
5. SolveP Kv =P !h (Newton Step)
6: Updatex = x + py
7
8:

Update = +p
endloop

Neverthelessthereare two questionsthat shouldbe answerecheforewe canclaim a
fastandrobust general-purposalgorithm. The rst questionis whetherLNKS algorithm
is corvergentfor ary initial guess(Xo; o) andthe secondoneis whetherwe can utilize
inexact: Newton methodsto further acceleratd NKS. Within this framework we examine
line searchalgorithms,mixing QN-RSQPandLNKS algorithms,continuation,andinexact
Newton methods.

2.1. Line search methods. Algorithm 1 is only locally convergent. Popularmethod-
ologiesto globalizeNewton's methodincludeline searchandtrustregion algorithms.Details
canbefoundin [19]. Recentlytherehasbeenanincreasednterestin trustregion method-
ologies,especiallyin combinationwith RSQPandinexactNewton methods.Thesemethods
have beensuccessfullyappliedto PDE-constrainedptimization[12], [15], [17]. Globalcon-
vergenceproofsfor thesemethodscanbe foundin [3]. Trustregion methodsare basedon
the Steihaugmodi cation [22] of the ConjugateGradient(CG) algorithm. However, this
approachworkswell only with positive de nite systems.t is not obvioushow to usetrust-
regionswith aninde nite Krylov solver (whichis requiredfor the KKT system)andthuswe
have optedto usealine searchalgorithm.

The basiccomponentof a line searchalgorithm s the choice of a merit function: a
scalarfunction(onthe optimizationvariablesthatmonitorsthe progresof thealgorithm.In
contraswith unconstrainedptimization thechoiceof ameritfunctionis notstraightforvard
sincewe aretrying to balanceminimization of the objective function with feasibility. Two
commonchoicesarethel-meritfunction,

(x):=f + kcky; (2.5)
andtheaugmented.agrangian,
C: (2.6)

: =f+c + —
(x; ) c 2c

Thescalar is the penaltyparameter—aweightchosento bring theright balancebe-
tweenminimizingtheobjectivefunctionandminimizingtheresidualof theconstraintsBoth

1Someauthorsusetheterm*“truncated”insteadof “inexact”.
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functionsare“exact”, providedthe penaltyparameteis largeenough By exactwe meanthat
if (x ; )isaminimizerfor (2.1),thenit is alsoan (unconstrainedinimizerfor the merit
function. A crucialpropertyof ameritfunctionis thatit shouldacceptunit steplengthsclose
to a solutionin orderto allow full Newton stepsand thus quadraticcorvergence. Thel ;-
merit functionsuffers from the “Maratos” effect, thatis, sometimest rejectsgoodstepsand
slows down the algorithm. The augmented.agrangiarmerit function doesnot exhibit such
behaior but its drawbackis thatit requiresaccurateestimate®f the Lagrangemultipliers.
Theoutlineof ageneraline searchmethodis givenin Algorithm 2. To simplify notation
weuse ( )for (g+ v)and (0)for (q) (likewiseforthederivativer ). Thealgorithm

Algorithm 2 Line search
1: Chooseay; a > Oand ;, , arbitraryconstantgstrictly positive)
2: while Not corvergeddo
3:  Computesearctdirectionv sothat
vir (00<0
jvir (0)j 1 kvkkr (0)k
kvk  okr (0)k

4: Compute suchthat ( ) @+ av'r (0 Armijo condition
5 Setg=qg+ Vv
6: endwhile

usedto computethe searchdirectionv is intentionallyleft unspeci ed. All that mattersto
ensureglobalcorvergencas thepropertieof themeritfunctionandthe propertieof v. Step
3in Algorithm 2 liststhreeconditionsonv: descentlirection,sufcient angleandsufcient
stepsize[7]. Theconditionin Step4 is often calledthe Armijo condition. If  is bounded
andhasa minimum, andif v is bounded Algorithm 2 is guaranteedo corvergeto a local
minimum[18]. We usea simplebacktrackindine searchwith afactorof 0.5. Thesearchis
boundedsothat min 1. As mentionedbefore,the choiceof the penaltyparameter
hasa greateffecton the performancef thealgorithm.

For astepcomputedy (quasi-Nevton) Algorithm 3, in Part| theupdatefor thel;-merit
functionis relatively straightforvard. The directionalderivative for a searchdirectionpy is
givenby

T

r Tpyx=9"pyx keky: (2.7)

If W is positive de nite it canbeshaown thatby setting
=k kg + ; > 0 (2.8)

we obtainadescentirection.In our numericalexperimentsve have used ; with QN-RSQP
and augmented_agrangianwith LNKS. The |;-merit function performedreasonablywell.
However, we did obsenetheMaratoseffect. To overcomethis obstacleve haveimplemented
a secondordercorrection,in which an extra normal steptowardsfeasibility is taken ([19],
p.570).

Whenanaugmented.agrangiammeritfunctionis usedthe penaltyparameteshouldbe
chosendifferently. The directionalderivative of the augmented.agrangiarmerit functionis
givenby

r Tv=(g+AT + ATc)Tpy+c'p: (2.9)

Lagrangemultipliersslightly complicatethe algorithmsincewe have to computep . Some
researchersonsider asafunctionof x ([2], [6]), otherstreatit asanindependenvariable
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(I3, [21]), orsimplyignoreit by settingp = 0[23]. In LNKS wesolvefor simultaneously
with x andit is naturalto usethestepp . Ontheotherhand RSQPuses = A, Tgsand
it seemsnaturalto consider afunctionof x. In this casethelasttermin (2.9)is givenby

c'p =c(@ )px;
where
@ = AST Wss  Wsg

(However, thisformulacannot beusedwith QN-RSQPmethodssincesecondierivativesare
notavailable.)If we set

_ (g+AT )px"'CTp +
- CTAp

: > 0; (2.10)

we obtaina descentirection.

2.2. Combining QN-RSQP with LNKS. For iteratesfar from the solution, relying
solelyon aline searchalgorithmwill not work sincethe Newton stepis likely to be of poor
quality. Usually global corvergencecanbe shown if the reducedHessian(W,) is positive
de nite (andnot the full HessianW ). If W, is positive de nite (andassuminghe system
(2.4) is solved exactly), thenthe resultingstepv satis esthe Armijo descentriterion. Far
from the minimum, however, W, canbe singularor inde nite. On the otherhand,certain
guasi-Nevtonmethodsl|ike BFGS,arepreferableor iteratesar from the solutionsincethey
canguarantegositive de niteness.For thisreasor(andfor preconditioningpurposes).NKS
doesmaintaina BFGSapproximatiorfor W, : if acomputedsearctdirectionfails to satisfy
the Armijo criterionwe discardit andwe switchto a QN-RSQPstep.

2.3. Continuation. One of the standardassumptionsn global cornvergenceproofsis
the non singularity of the constraintlacobian—fomll iterates. For highly nonlinearPDEs,
like the Navier-Stokesequationsthisis aratherunrealisticassumptionEvenif the Jacobian
is nonsingulay severeill-conditioning will causeboth QN-RSQPand LNKS algorithmsto
stall. Indeed,in our numericalexperimentsthe mostdif cult computationfor iteratesfar
from the solution,wascornvergingthe A s-relatedlinear solves. Krylov solversreachedheir
maximumiteration countswithout a signi cant decreasehe linear systemresidual. As a
result,theiterateswereof very poorquality andthe algorithmstagnatedsit wasimpossible
to computea searchdirection,beit from QN-RSQPor LNKS iteration.

A remedyto this problemis parametercontinuation. This idea (in its simplestform)
works whenwe canexpressthe nonlinearityof the problemasa function of a singlescalar
parameter Continuationis particularly suitablefor PDE-constraine@ptimizationbecause
it is quite typical for a PDE to have a parametethat scaleshe nonlinearities.Examplesof
suchparametersirethe ReynoldsandMachnumbersn uid mechanicsthe Pecletnumber
in generalcorvectiondiffusion equationspr the Hartmannumberin magnetohydrodynam
ics. In problemswheresucha parametecannotbe found an alternatve is pseudo-transient
continuation16].

Continuationallows uphill steps(unlike monotondine searchmethods}o betakenand
generategoodinitial guessesiotonly for the optimizationvariablesput alsofor the penalty
parametein the merit function. The mostimportantfeatureof the continuationalgorithmis
thatit globalizestrivially (for certainproblems). If the continuationstepbringsthe next

2Thisis trueonly whentheinitial problemis awell posedquadraticprogrammingproblem(like Stokes)andall
iterateson the continuationpatharefar from turningandbifurcationpoints.
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iterateoutsidethe attractionbasinof the Newton methodthewe simply reducedhe stepsize.
In principle,the methodglobalizesL NKS without the needto useline searchor someother
globalizationstrateyy. Neverthelesstakingalargenumberof continuatiorstepssigni cantly
slows down thealgorithm.Experiencdrom our numericalexperimentsuggestshatthe best
stratgyy is a combinationof line searchinggquasi-Nevton stepsandcontinuation.

2.4. Inexact Newton's method. Before we discussinexact Newton's methodin the
context of LNKS, we briey summarizea few resultsfor a generalnonlinearsystemof
equations.Assumewe wantto solve h(q) = 0. Furtherassumehe following: (1) h and
K := @h aresufciently smoothin aneighborhooaf asolutiong ; (2) ateachiterationan
inexactNewton methodcomputesa stepv thatsatis es

KKv + hk  ykhk; (2.11)

where y is often calledthe forcing term It canbe shovn thatif § < 1theng ! (¢
linearly;if ! Othenq! q superlinearlyandif n = O(khk) thenwe recoverthe
guadraticcorvergenceratesof a Newton method.Theforcingtermis usuallygivenby

_ kh(+) h Kv k
N khk

(2.12)

Otheralternatiesexist (for detailsseg[5]).

Theextensionof inexactmethoddo optimizationis relatively easyespeciallyfor uncon-
strainedproblems.In [12] globalcornvergenceproofsaregivenfor atrustregionRSQP-based
algorithm.Closeto aKKT pointthetheoryfor Newton's methodappliesandonecanusethe
analysispresentedn [4] to shav thatthe inexactversionof the LNKS algorithmcornvermges.
However, the line searchwe areusingis not basedon the residualof the KKT equationgut
insteadon the merit function discussedn the previous session.That meansthat aninexact
stepthatsimply reducesh may not satisfythe merit function criteria. We will showthat for
pointswhich are closeenoughto the solution, inexactnessdoesnot interfere with the line
seach. Ouranalysiss basedn theaugmented.agrangiarmerit function®. We assumehat,
locally, A andK arenon-singulamanduniformly boundedWede ne ; := maxkK *(q)k
for q in the neighborhoodf the solutionq . We alsode ne v asthe exactsolutionof the
(linearized)KKT systemsothat

Kv + h = 0; (2.13)
andv theapproximatesolutionsothat
Kv+h=r: (2.14)
We alsohavekrk = khk, 0 < N, from the inexactNewton stoppingcriterion (2.11).
By (2.3)wegetthatkhk? = kg + AT k? + kck? andsinceA is boundedthereis constant
> suchthat:

KATck  skhk: (2.15)

We assumehe following: (1) is sufciently large sothatthe merit functionis exactand
kr k skhk for someconstant 3; (2) v satis es the gradientand length conditions,

SFor brevity we dropthesubscripfrom | andwe justusethesymbol .
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aswell asthe Armijo condition. Fromthe latterit is immediatethatv satis esthe Cauchy
fractionconditiorf"

it Tvi 2 4kr K2 (2.16)

We will shaw thatif is small enoughthenthe approximatestepw satis es the Cauchy
fraction,the gradient,andlengthconditions. Then,we will useatheoremfrom [18] to con-
cludethatthe Armijo conditionis satis edwith unit steplengths.Thereforeif = O(khk)
guadraticcorvergencds presered.

From(2.13)and(2.14)we have

andthusby (2.16)we get
it Twi 2akr K2 jr TK L
Thereforeto satisfythe Cauchyfractioncondition

Twj  akr K2 (2.17)

ir
we needto show that
it TK rjo akr K2 (2.18)

Thegradientof the merit functionis givenby

_ ATc |
r =h+ 0 ;
andthus
T T
ir TK rj=jhTK r+ AOC K rj
1 khkkrk+ KkATckkrk
1 khk®+ kA Tckkhk
1 (L+ 2)khk?
kr k2
1 (1+ 2) 2 :
3
If

2
4 3

A+ ) (2.19)

then(2.18)holds.If we choosea superlinearlyconvergentinexactNewton variantthen

NP OO

4The Cauchystepis a steepestlescenstepfor the merit function.
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andthereforecloseto the solution(2.19) holds. We alsohave that

v=K (r h)

kek  1(1+ )khk

ok @+ YK

kwk skr k: (2.20)

By combining(2.20)and(2.17)we get
jr TV‘j akr k? 4 skr kkwk;
and

kr kkwk o T 6 skr k%)
kwk skr k:

Thatis, thegradientandangleconditionsaresatis ed. It canbeshawn ([18], Theorem10.6)
thatthereis , boundedbellow, sothat Armijo conditionholdstrue. Thusby choosing a

small enough,the Armijo conditionis satis ed with unit steplength. Hencethe quadratic
corvergencerate associatedvith Newton's methodis obsened, i.e. the inexactnessdoes
not interferewith the merit function. In additionit canbe shovn that the augmented_a-

grangianmerit function allows unit steplengtmearthe solution(see[6], [21] andtherefer

encegherein).Finally, noticethatcorvergencedoesnotrequirethat ! 0; it only requires
that n issmallenough.Thisisin contraswith inexactreducedgspacaenethodsvhichrequire
thetolerancedo becomeighterastheiteratesapproachhe solution[12].

2.5. The globalized LNKS algorithm. In the previoussectionave discussedhe vari-
ousfeaturesof our globalizationstratagies. In this sectionwe summarizeby giving a high-
level descriptionof implementationdetails and heuristicswe are using in the globalized
LNKS. Thebasicstepsof our methodaregivenin Algorithm 3. Thealgorithmusesa three-
leveliteration.In theouteriterationthecontinuatiorparameteis graduallyincreasedintil the
targetnumbetis reached. Theniddleiterationscorrespondo Lagrange-Netonlinearizations
of the optimality systemfor a x edcontinuatiommumber Finally, theinneriterationconsists
of two corebranchesthe computatiorof an LNKS searchdirectionandthe computationof
thesearchdirectionwith QN-RSQPThedefaultbranchis the LNKS step.If this stepfailsto
satisfytheline searchalgorithmconditionsthenwe switchto QN-RSQPIf QN-RSQPfails
too, thenwe reducethe continuationparameteRe andwe returnto the outerloop.

Herewe summarizehebasicstepsof the algorithm. We alsomentionseveral heuristics
we have usedto improve the performancef the method.

Linearsolvesat steps8, 16 and17 areperformednexactly. We follow [5] in choos-
ing the forcing term. In steps16, and 17 the forcing term formula useskck and
kg:k, whereasn step8 it useskhk. In 7 we alsoexperimentedvith kr  k asaway
to controlinexactnesdut we foundno signi cant difference.

In step6 we usetheadjointvariablesto updatethereducedyradient.Thisis equiva-

lenttog; = ga AJAsTgs, if iscomputeddy solvingexactlyA! + gs = 0.

When is takenfrom LNKS, it includessecondorderterms(which reduceto zero
aswe approacltthesolution),andwhen is takenfrom QN-RSQHRit alsointroduces
extra errorsincewe never solve thelinear systemsexactly.

We usevariousheuristicsto boundthe penalty parameterand if possiblereduce
it. A new penaltyparameter * is computedusing the LNKS stepand formula
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Algorithm 3  GlobalizedLNKS

1: Choosexs; Xq; ;t; a,SetRe = Resgyr ; tol = tolg

2Al +9gs 0 solveinexactly for
3: while Re 6 Regar get do

4: loop

5: Evaluatef; c; g; A; W

6: Oz = gat+ Af

7 Checkcorvergencekg + AT k  tol andkck tol

8: P IKv+P h 0 solveinexactly for v
9: Compute suchthatr T(O)v 0

10: Compute st. () Q)+ A (r T(O)Vv)

11 if Line searclfailedthen

12: Compute s.t.kh( )k < tkh(0)k

13: end if

14 if LNKS stepfailedthen

15: B:pd= 0 solveinexactly for pqg
16: Asps+ Agpgtc O solve inexactly for ps
17: Al t+gs O solveinexactlyfor .
18: Compute st. () (Q)+ A (r T(Q)V)

19: if Line searclon QN-RSQPstepfailedthen

20: ReduceRe andgoto stepb.

21: end if

22: endif

23: += +p (only for LNKS step)
24: X+ = X + Px

25:  endloop

26:. Re= Re+ Re

27:  Tightentol

28: endwhile

(2.10).1f * > 4 we updatethe penaltyparameteandwe switchto QN-RSQP

If * < =4wereducehepenaltyparameteandset * = 0:5 . Wealsoreduce
thepenaltyparameteif thereis a successfusearchonthe KKT residual(stepl2).
We allow for non-monotondine searcheslf the LNKS stepis rejectedby the merit
functionline searchwe donotswitchimmediatelyto QN-RSQPInsteadvedoaline
search(step12) onthe KKT residualandif the stepis acceptedve useit to update
the variablesfor the next iteration. However, we do storethe iterateandthe merit
function gradient,andwe insistthat somestepsatis esthe conditionsof the merit
line search(evaluatedat the failure point) aftera x ed numberof iterations. Oth-
erwise,we switchto QN-RSQP Typically, we permittwo stepsbeforewe demand
reductionof the merit function.

A Lanzosalgorithm can be usedto (approximately)checkthe second-ordeppti-
mality conditions.If thelowesteigervalueof W ; is negative thena QN-RSQPstep
is taken without computingthe full-spacedirections. The eigervaluesare frozen
througha single continuationstep, but if a negative directionis detectedhey are
recomputeat eachSQPiteration.

In the next sectionwe study an optimal control problemof the steadyincompressible

Navier-Stokes equations.We cite resultson the existenceand uniqguenes®f solutionsand
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make comparisondetweerthediscreteandcontinuouforms of the optimality conditions.

3. Formulation of an Optimal Control Problem. In this sectionwe turn our attention
to theformulationandwell-posednessf a speci ¢ optimizationproblem:the Dirichlet con-
trol of the steadyincompressibléNavier-Stokesequations.We presenthe continuousform
of the Karush-Kuhn-Tucker optimality conditionsandwe cite corvergenceresultsfor nite
elementapproximationgrom [13] and[14]. A surwey andarticleson thistopic canbefound
in [9]. More on the Navier-Stokesequationsanbe foundin [8, 11]. We arestudyingprob-
lemsin which we specifybothDirichlet andNeumanrboundaryconditions.Thecontrolsare
restrictedto be only of Dirichlet type but the theoryis similar for distributedandNeumann
controls[13].

We usethe velocity-pressurgu; p) form of the incompressiblesteadystate Navier-
StokesequationsWe begin by writing thefollowing strongform of the o w equations:

r (ru+ru)+(ruwu+rp=>b in ;
rru=0in ;
u=ug on y; (3.1)
u==uyg Oon ds

pn+ (ru+ru”)n=0 on y:

Here = 1=Re andthedecisionvariablesarethevelocitiesugq on 4. For aforwardsolve
we neednot distinguishbetween 4 and . In the optimizationproblemhowever, uq is
not known. We will presenta mixed formulationthat treatsthe tractionson the Dirichlet
boundary 4 asadditionalunknonn variables. The traction variableshereplay the role of
Lagrangamultipliers(notto beconfusedvith the Lagrangemultipliersor theoptimalcontrol
problem)andareusedto enforcethe Dirichlet boundaryconditions[1].

With L?() we denotethe spaceof scalarfunctionswhich are square-intgrablein
andwith H () we denotevectorfunctionswhose rst derivativesarein L2() . H ¥2()
is the tracespace(the restrictionon ) of functionsbelongingto H *() . Finally H ¥(D)
is the setof boundedinearfunctionalson functionsbelongingto H X(D), whereD is some

smoothdomainin R3. We alsodeneV := v2H?() :vj,6 =0 . Wedene the
following bilinearandtrilinear formsassociateavith the Navier-Stokesequations:
z
a(u;v):= (ru+ru’) (rv+rvi)d 8u;v2H?();
z
cw;u;v):= (ru)w vd 8u;v;w2H?):
z

b(q; v) : o vd 8q2L v2H?):
) R
We alsousethenotation(x;y)p for j x y dD.

In theweakformulationof (3.1)weseeku 2 H() ; p2 L2() and 2 H ¥2( )
suchthat:

a(u;v)+ c(u;u;v)+ b(p;v) (;v) , = (f;v) 8v2V;
b(qu)=0 8q2L3() ; (3.2)
(t;u) , = (t;uq) , 8t2H 2( o):

We alsode ne d to bethedecisioneld (sothatuy = d). Basedntheaboveformulationwe
canproceedn de ning the Lagrangiarfunctionfor the optimizationproblem.The objective
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functionis givenby
J (u;d) = Ea(U;U)+ E(d;d) Iy (3.3)

and(theweakform of) theconstraintsaregivenby (3.2). We de ne the Lagrangiarfunction
asfollows:

L(u;p;d; 5 55 )= J (u;d)
+ a(u; Y+cu;u; ) (5 ), (Fs; ) +bp;)
+b(;u) (u d)g; (3.4)

Bu2H'):p2L2); 2H (g d2H( )

8 2V; 2L%); 2H ().
Here ;; arethelLagrangamultipliersfor thestatevariablesu;p; . By takingvariations
with respectto the Lagrangemultipliers we obtain (3.2) augmentedvith ug = d on 4.

Taking variationswith respecto the statesu;p; we obtainthe weakform of the adjoint
equations:

a(v; )+ c(viu; )+ou;v; )+b(;v)+(;v), = alu;v)8v2Vv,
b(g, )=0 8g2L%) (35)
(t; ).=0 8t2H 2( g):

Finally, by takingvariationswith respecto d we obtainthe decisionequation
(d;r) +(3r),=0 8r 2 H¥@( q): (3.6)

Equationg3.2),(3.5),(3.6) aretheweakform of the rst orderoptimality conditions.In
[13], [14] thereis extensie discussioron the existenceof a solutionandthe existenceof the
Lagrangemultipliers. In [13] the existenceof alocal minimumfor the optimizationproblem
andthe existenceof Lagrangemultipliersthat satisfythe rst orderoptimality conditionsis
asserted! Furthermoreuniquenesss shovn uponsufciently smalldata.Notethatin theab-
senceof aNeumanrcondition( y = ;) thethecontrolshaveto satisfytheincompressibility
condition(d n) , = 0.

The strongform of the adjointanddecisionequationsanbe obtainedby usingthe fol-
lowing integrationby partsformulas:

a(u;v) = (v; u) +((ru)n;v);
c(u;v; )= c(u; ;v) ((r u) ;v) +((u n) ;v);
b(; v)=(r ;v) (n;v):
Upon sufcient smoothnessve arrive at the strongform of the optimality conditions.

Equation(3.1)is the strongform of the constraintsThe strongform of theadjointequations
is givenby

ro(r +r DH+@euw @ J)u+r = r (ru+ru’) in
r =0 in ;
=0 on ; (3.7)
=0 on g;
n+ (r +r ")n+(u n) = (ru+ru’)n on y;

5Theobjectize functionalusedn [13] is differentthanours.An 4 functionalis usedfor thematchingproblems
anda 1d is usedfor thepenalizatiorof y—resultingon asurfaceLaplacianequationfor thedecisionvariables.
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and(equatiorfor )
(r +r Dn+ (tu+ru)n =0 on g (3.8)
We may alsodeterminethatthe strongform of thedecisionequationis givenby
= d on g (3.9

In [13] estimatesregivenonthecornvergenceatesof the nite elementapproximations
to the exact solutionsfor the optimal control of steadyiscous o w. For the caseof bound-
ary velocity control, the basicresultis that, if the exactsolutionsaresmoothenough then,
provided the Taylor-Hood elementis used(for both adjointsand states) the solution error
satis esthefollowing estimates:

ku unko O(h%);
kp poko  O(h?);
k  nko O(h%;
k hko  O(h?):

(3.10)

Hereh is themaximumelementize,andk ko istheL?() norm.

3.1. Discrete and discretized optimality conditions. In ourimplementatiorwe have
notdiscretizedhe continuoudormsof the optimality conditions.Insteadve have discretized
the objective function andthe Navier-Stokes equationsand thenwe usedthis discretization
to form the optimality conditions. In general,discretizationand differentiation(to obtain
optimality conditions)do not commute.Thatis, if A is thein nite dimensiona(linearized)
forwardoperatorandA is its adjointthenin general

(A )nh 6 (An)T;

wherethe subscripth indicatesdiscretization.We will shav that for Galerkinapproxima-
tion of the steadyincompressibléNavier-Stokesoptimal control problem,discretizationand
differentiationdo commute.
For the discretizecequationsve usethe following notation:
a(un;Vvn) + c(Un;Un;Vvnp) 99KU (u)u;
a(un;vp) + c(pPpiUn;Vh) + c(Un;Pp; Vi) 99KV (u)p;
a(un;Vvh) 99KQu;
b(ah; un) 99KPu ;
(th;un) 4 99KTu;
(dn;rn) , 99KMd :
then,the discreteform of the Navier-Stokesequationss givenby
UWu+PTp+TT =fg;
Pu = f,; (3.12)
Tu=Td:
Thediscretel agrangiarfunctionis givenby
1
suTQu+ —d™Md + T Uu+PTp+T"T

2 (3.12)

+ TfPu fo,g+ "fTu+ Tdg= 0:
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By taking derivativeswith respectto the discreteLagrangemultiplier vectors ; ; , we
recover the stateequationg(3.11). By taking derivativeswith respectto the discretestate
variablesu; p; , weobtainthediscreteadjointequations:

Vi) +PT +TT = Qu;
P =0 (3.13)
T =0:

Theseequationsorrespondo thediscretizatiorof equationg3.5) providedthatV 7 is
thediscretizatiorofa( ;u)+ c(v;u; )+ c(u;v; ). Thebilinearforma( ; ) is symmetric
sowe omitit from ourdiscussionlf denoteghebasisfunctionforu,  forv,and for

thenthe(3 3)-block elementdor thelinearizedstateandthe adjointare:
z
I (r u) v+ (ru) ,d stateelementmatrix;
z
I(r v u) +(ruf vd adjointelementmatrix

Therefore,the transposeof the discretized(linearized)stateequationscoincideswith the
discretizatiorof theadjointequationsi.e.

(A h=(Ap)":

Oneneedsto be carefulto usethe weakform given by equation(3.5). If (3.7) wereused
without employing the reverseintegrationby partson thetermc(u;v; ), thiswould result
in a discretizationwhich is incompatiblewith the discreteoptimizationproblem (which is
whatthe optimizersees)It would resultin anunsymmetricKKT-matrix andpossiblywould
preventtheoptimizerfrom corvergingto aKKT point. A Petrov-Galerkinformulationwould
alsobeincompatible.

In ourformulationwe donotsolve explicitly for and . We approximatéothtractions
andvelocity tracesin H 1( 4); in this casethe stressesanbe eliminated. For a discussion
on choiceof H( ) for the stressesee[10]. Theresultingequationsare equivalentto the
formulationsdescribedn this section. We usea standardGalerkinapproximationscheme
(no upwinding)with Taylor-Hood elementgo approximatehe velocities,the pressuresand
their adjoints.

We concludethis sectionwith a noteon continuation.To solve a Navier-Stokescontrol
problemwith large Reynoldsnumber somekind of continuationschemds usuallyneeded.
We rst solveaStokes- ow optimalcontrolproblem(Reg = 0) andthenwe progressielyin-
creaseheReynoldsnumberby Re,y = Re+ Re. Onecouldsetu,y = u+ (@e)u Re,
where@eu canbe easilycomputedhrougha linearizedforward solve. Sincewe consider
only steady o ws, we follow [8] anduse x ed Re, andsimply setu(,) = u, i.e.theini-
tial guessat the new Reynolds numberis the solutionfrom the previous optimizationstep.
Additionally, quasi-Ne&vtoninformationis carriedforwardto the next Reynoldsnumber

4. Numerical Results. In this sectionwe usefour numericalteststo investigatethe
accurag and scalability of LNKS method. First we testthe nite elementapproximation
cornvergenceaateswith a problemthathasananalyticsolution. Thenwe revisit the Poiseuille
0 w problem—uwhichis alsoa solutionfor the Navier-Stokes—anduseit to studythe effec-
tivenesf the limited-BFGSmethodasa preconditionerfor the reducedHessian.In both
caseswe solve for the boundaryconditionsthat reproducethe exactsolutionby minimizing

amatchingvelocity functional.
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We continuewith the morechallengingproblema the controlof o w arounda cylinder.
The objectie functionto be minimizedis the dissipationfunctional. We usethis problemto
testtheLNKS line searchalgorithm,the effectivenes®f theKrylov-Schumreconditionefor
highly nonlinearproblems,andthe variousheuristicswe introducedin Section2. The last
problemis theoptimalcontrolof a o w aroundawing.

4.1. Finite elementapproximation error. In this sectionwe usea modelproblemto
verify thecorvergenceateestimategjivenin the previoussection.Thevelocity andpressure
givenby

Uy = 1 (CHYIEK Yy p Gy = X y? 2R
satisfy the Navier-Stokes equations. We restrict this solutionin a cylindrical domainwe
choosesomepartof its boundaryasthe controldomain 4. We de nedthevelocityboundary
conditionsonthecircumferentialwvalls to bethedecisionvariablesOn = 4wesetu = u .
Theobjectve functionis givenby
z

J (u;ug;p) = (u u)?d :

NI =

Sincethe boundaryconditionsfor u;pon = 4 arecompatiblewith (u ;p ) thevaluesfor
theobjective functionandthe Lagrangemultipliersatthe minimumarezero.

In Table4.1we give cornvergenceatesfor the statevariablesandthe Lagrangemultipli-
ers. Theresultsarein goodagreementvith thetheoreticapredictions.The corvergencerate

TABLE4.1
In thistablethecornvergencerateof the nite elemengapproximationfor a matding velocityproblemis given.
Here n is the numberof elements;h is the cuberoot of the volumeof the maximuminscribed sphee inside a
tetrahedon of the nite elementmesh. Near optimal corvemgent ratescan be observedor the stateand adjoint
variables.

n h k hko kp pnko Kk nko Kk h Ko
124639 080 1:34 10 4 201 10 > 388 10 4 1:76 10 °
298,305 053 440 10 ® 900 10 ® 1:19 10 4 7:90 10 ©
586,133 040 170 10 ° 520 10 8 500 10 5 450 10 ©

for thevelocitiesandtheir adjointsis approximately2.92 (comparingerrorsbetweerthe rst
andsecondrows) and 2.96 (comparingerrorsbetweenthe secondandthird rows). For the
pressureandtheir adjointsthe corvergencerateis 1.96and1.97,respectiely.

4.2. Poiseuille o w. ThePoiseuille o w is a stablesolutionof the Navier-Stokesequa-
tionsfor small Reynoldsnumbers.We usethis exampleto studythe effectivenesof BFGS
asa preconditioner Sincethe optimizationproblemis nonlinear LNKS takesseveralitera-
tionsandquasi-Nevton curvatureinformationcanbebuilt up. Quasi-Netontheorypredicts
thatB, approachedV , astheiteratesgetcloserto the solution. Therefore we expectthe
effectivenessf the preconditionetto improve asthe optimizationalgorithm progressesTo
approximatehereducecHessiarwe invoke thelimited-memoryBFGSformulawe described
the rst paper In ourtestwe used30 vectors.

We look ata x ed-size/ xed-granularityproblem. The target Reynoldsnumberis 500.
We startat Reynoldsnumberl00andwe usea continuatiorstep Re = 200. Thecontinua-
tionis notusedo initialize thestateandcontrolvariableshut only to carryBFGSinformation
to the next Reynoldsnumber
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TABLE4.2
Work efciency of the proposedpreconditiones for a Poiseuille ow matding problemfor xed sizeand xed
granularity as a functionof the Reynoldsnumber Recallthat LNKS-Irequirestwo linearizedforward solvesper
iteration, wheeasLINKS-II involvesjust application of the Sthwarz approximation. Re is the Regynoldsnumber;
N/QN denotesthe numberof outer iterations. The numberof iterations for the KKT systemis aveiaged across
the optimizationiterations. The problemhas21,000stateequationsand 3,900contmwl variables;resultsare for 4
processas of the T3E-900.Wall-clock timeis in hours.

Re method N/QNiter  KKT iter k gz k time

100 QN-RSQP 262 — 1 10 4 5.9
LNK 3 186,000 9 106 7.1

LNKS-I 3 48 9 10 & 32
LNKS-II 3 4,200 9 106 13

300 QN-RSQP 278 — 1 104 64
LNK 3 198,000 9 10 & 7.6

LNKS-I 3 40 9 10 & 31
LNKS-II 3 4,300 9 10°% 14

500 QN-RSQP 289 — 1 104 73
LNK 3 213,000 9 10 & 9.0

LNKS-I 3 38 9 10 % 30
LNKS-II 3 4410 9 106 14

The forwardproblempreconditioneis givenby Equation4.5 (Partl). In QN-RSQPwe
useQMR for the linearizedNavier-Stokesoperatoy preconditionedvith an overlappingad-
ditive Schwarz methodwith ILU(1) in eachsubdomaifi. Resultsfor a problemwith 21,000
stateand3,900designvariableson 4 processorandfor a sequencef threeReynoldsnum-
bersarepresentedh Table4.2. Thenumberof KKT iterationsin LNKS | revealstheeffectof
theBFGSpreconditionerThey dropfrom anaveraged8iterationsto 38. Theeffectof BFGS
in LNKS Il is hiddensincethe KKT iterationsaredominatedrom theill-conditioning of the
forwardandadjointoperatorqIn LNKS | thesesolvesareexactin eachiteration). Overall,
we canobsenethatLNKS reducessigni cantly theexecutiontime relative to QN-RSQP

The Newton solver performedwell requiring only 3 iterationsto corverge. In these
problemswe did not useinexact Newton's methodwith the KKT solves, they were fully
corvergedat eachiteration. No line searchwas usedin the LNKS variants;we usedthe
I,-meritfunctionfor theQN-RSQP

It is rathersurprisingthatthe quasi-Nevton works well asa preconditionefor the KKT
systemwhereasit stagnatesvithin the QN-RSQPmethod. One explanationcould be that
the the QN-RSQPin theseruns sufferedthe “Maratos” effect. In our subsequentestswe
switchedto a second-ordecorrectionmethod([19], p.570).

4.3. Flow around acylinder. All theproblemsexaminedsofarwereusefulin verifying
certainaspectof the LNKS methodbut they arelinearor mildly nonlinear In orderto test
LNKS further we studya highly nonlinearproblem: that of o w arounda cylinder with a
dissipation-typebjective function. The cylinderis anchorednsidea rectanguladuct,much
like awind tunnel. A quadraticvelocity pro le is usedasanin o w Dirichlet conditionand
we prescribea traction-freeout ow. The decisionvariablesarede ned to be the velocities
onthedownstreanrportionof thecylinder surface.We have investigatedo wsin thelaminar
steady-stateegime. For exterior problemsthe transitionReynoldsnumberis 40 but for the
ductproblemwe expecthigherReynoldsnumbergiueto the dissipationfrom the ductwalls.

6For de nitions of ILU(0) andILU(1) se€[20Q].
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(@) (b)

(© (d)

FiG. 4.1. Thetop row depictsstreamtubesof the ow for Reynolds number20 and the bottomrow for
Reynoldsnumber40. Theleft columndepictsthe uncontolled ow. Theright columndepictsthe contolled ow.
Thesepicturesdepictthe ow patternonthedownsteamsideof thecylinder

Figures4.1 and4.2illustratethe optimalresultsfor differentReynoldsnumbers LNKS
eliminatesherecirculationregionin thedownstreanregion of thecylinder. In orderto avoid
the excessve suctionthat we obsered in the Stokes case ,we imposedDirichlet boundary
conditionson the out ow of the domain. The incompressibilityconditionpreventsthe opti-
mizerfrom driving the o w insidethecylinder’.

Our experimentson the Stokesoptimal control establishedhe relationbetweernthe per
formanceof theKrylov-SchuriterationandtheforwardproblempreconditionerThusbefore
wediscusgesultsonthe LNKS algorithmwe give somerepresentatieresultsfor the Navier-
Stokesforwardsolver. We useaninexactNewton'smethodcombinedwith thepreconditioner
we presentedn Partl. A block-JacobiLU(0) preconditioneiis usedfor the velocity block
andaswell asfor thepressurenasamatrix (scaledoy 1=Re); thelatteris usedto precondition
thepressureé&schurcomplemenblock. We would very muchlike to useanlLU(1), aswe did
for the Poiseuille o w case but memorylimitations® preventedusfrom doingso.

"WhenDirichlet conditionsare speci ed everywhereon , then d shouldbe zero. The constraint
needdo eitherbeimposedexplicitly, or with implicitly by usinga properfunctionspaceln ourimplementatiorwe
usea penaltyapproactby modifying the objectie function.

81n our Navier-Stokesimplementationyve storethe stateoperatorthe Hessiarof theconstraintsandthe Hessian
of the objective. PSCSs T3E-900(wherethe majority of our runstook place),hasonly 128MB of memoryper
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(© (d)

FI1G. 4.2. Thetoprowdepictsstreamtubesof the ow for Reynoldsnumber20 andthebottomrowfor Reynolds
number40. Theleft columndepictstheuncontolled ow. Theright columndepictsthecontiolled ow. Thedecision
variablesare Dirichlet boundaryconditionsfor the velocitieson the downsteamhalf of the cylinder surface Here
weseethe ow fromtheupsteamsideof thecylinder In (c) wecanclearlyidentifythetwo standingvorticesformed
onthelower left cornerof theimage.

TABLE4.3
Forward solverefciency in relationto problemsizeandthe Reynoldsnumberfor a3D ow arounda cylinder
PEsis processonumber;n istheproblemsize;(Re) is theReynoldsnumber;gmr is thenumberof aggregateKrylov
iterationsrequiredto satisfyk k=k ok 1 10 7; nw is the numberof Newton stepsto satisfyk k=k ok
1 10 ©; andtistimein secondsTherunswere performedona T3E-900.

Re= 20 Re= 30 Re = 60
PEs n qmr nw t qmr nw t gmr nw t
32 117.048| 2,905 5 612 | 3,467 7 732 | 2,850 6 621
64 389,440| 4,845 5 1,938 | 5423 7 2,101 | 5501 7 2,310
128 615,981 | 6,284 5 2,612 | 8,036 8 3,214 | 7,847 7 3,136

Table 4.3 gives statisticsfor threedifferent Reynolds numbersand for threedifferent

problemsizes. We reportthe (aggreyate)numberor Krylov iterationsrequiredto corverge
the Newton solver, the numberof Newton iterations,andthe total executiontime. For these

processor
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runswe did notusecontinuationput we did useaninexactNewton method.Comparingwith
Table4.1 (Partl) we obsenre thatthetime for a forward solve hasincreasedalmostsixfold.
However the time per iterationis roughly the samewith that of the linear, Stolkescase.For
example,in the 128 processoproblemandfor Reynoldsnumber30, the average(Krylov)
iterationcountis 1005,whereasn thelinear caseit is 882. Similarly, the averagetime per
Newton stepis 401 secondsThetime for the Stokessolver s little higher 421 second®. We
canconcludethattheforward preconditioneperformsreasonablyvell.

Table4.4 shavsresultsfor 32,64,and128processorsf a T3E-900for increasingprob-
lem sizes. Resultsfor two different preconditioningvariantsof LNKS are presented:the
exact (LNKS-1) andinexact (LNKS-II) versionof the Schurpreconditioner The globalized

TABLE4.4
Thetable showsresultsfor 32,64, and 128 processos of a Cray T3E for a roughlydoublingof problemsize
Resultsfor the QN-RSQPand LNKS algorithmsare presented.QN-RSQP is quasi-Nevton reduced-spac8QP;
LNKS-I requirestwo exact solvesper Krylov stepcombinedwith 2-step-stationary-BFG@reconditionerfor the
reducedHessian;in LNKS-II the exact solveshavebeenreplacedby approximatesolves;LNKS-II-TR usesa
truncatedNenton methodandavoidsfully corvemging the KKT systenfor iteratesthatare far froma solution.time
is wall-clodk timein hours on a T3E-900.Continuationwasusedonly for Re = 60.

Re = 30

states method N or QN iter KKT iter time
controls

117,048 QN-RSQP 161 — 321

2,925 LNKS-I 5 18 22,8

(32procs) LNKS-II 6 1,367 57

LNKS-II-TR 11 163 1.4

389,440 QN-RSQP 189 — 46.3

6,549 LNKS-I 6 19 27.4

(64 procs) LNKS-II 6 2,153 15.7

LNKS-II-TR 13 238 3.8

615,981 QN-RSQP 204 — 53.1

8,901 LNKS-I 7 20 33.8

(128procs) LNKS-II 6 3,583 16.8

LNKS-II-TR 12 379 4.1

Re = 60
states preconditioning  Newtoniter averageKKT iter  time (hours)

controls

117,048 QN-RSQP 168 — 334

2,925 LNKS-I 6 20 31,7

(32procs) LNKS-II 7 1,391 6,8

LNKS-II-TR 11 169 1.5

389,440 QN-RSQP 194 — 49.1

6,549 LNKS-I 8 21 44.2

(64 procs) LNKS-II 7 2,228 18.9

LNKS-II-TR 15 256 4.8

615,981 QN-RSQP 211 — 57.3

8,901 LNKS-I 8 22 45.8

(128procs) LNKS-II 8 3,610 135

LNKS-II-TR 16 383 51

LNKS algorithmis comparedvith QN-RSQPIn LNKS-II-TR we activatetheinexactNew-
ton method.In this examplewe have usedcontinuationto warmstartthe Re = 60 problem.

9The reasorfor this is relatedto the scalingbetweerthe velocity and pressureblock of the forward problem.
IncreasingheReynoldsnumbelimprovesthis scalingandthusimprovestheeigetvaluedistribution. Of coursethisis
trueupto certainReynoldsnumber For highervaluesthe Jacobiarbecomedighly unsymmetri@andill-conditioned.
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Thereducedessiarpreconditioners acombinatiorof the BFGSand2-steppreconditioners
(aswe describedn Partl, Section3.2). In theline searchwe usethe augmented.agrangian
meritfunction.

In this problem, QN-RSQPdid corverge, but only after 48 hours. LNKS-I, although
faster doesnot reducethe requiredtime signi cantly. LNKS-II doesbetter—4 to 5 times
fasterthanQN-RSQP

Themostnoticeablending in Table4.4is thedramaticacceleratiorof the LNKS algo-
rithm which is achieved by using LNKS-II-TR—the inexact versionof the Newton method.
The inexactnesdlid not interfereat arny point with the merit function andin all caseswe
obsened quadraticcorvergence. Overall LNKS-II-TR runsmorethan 10 timesfasterthan
QN-RSQPThis is in agreemenwith the performancemprovementsve obsened with the
Stokesequations.

Undoubtedlythe external cylinder o w problemis highly nonlinear The augmented
Lagrangianglobalizationperformedrobustly andwe did not have problemscornverging the
equations.Not oncedid the QN-RSQPsafguardget activated—triggeredrom a negative
cunaturedirection. Finally, it is worth noting that the optimizationsolutionis found at a
costof 5to 6 ow simulations—remarkableconsideringhattherearethousand®f control
variables.

4.4. Flow around a Boeing 707 wing. For ourlasttestwe solvedfor controlof a ow
arounda Boeing-707wing. In this problemthe control variablesarethe velocities(Dirichlet
conditions)on the downstreamhalf of thewing. The Reynoldsnumber(basedon the length
of thewing root) wasvariedfrom 100to 500andtheangleof attackwas x edat12.5degrees.
Theproblemsizein this exampleis 710,023statevariablesand4,984controlvariables.

Table4.5 summarizeshe resultsfrom this setof experiments.The main purposeof this
analysisis to comparecontinuationwith the otherglobalizationtechniques.ln additionwe
employ the doubleinexactnessdea,thatis, we solve inexactly in boththe continuationloop
andthe Lagrange-Neton loop. It is apparenthatin this problemcontinuationis crucial.

TABLE4.5

In this tablewe presentresultsfor thewing ow testcase Thesizeof this problemis 710,023stateand 4,984
decisionvariables. Therunswere performedon 128 processas on a T3E-900. Here Re is the Reynoldsnumber;
iter is theaggregatenumberof Lagrange-Nevton iterations—thenumberin parenthesiss thenumberofiterationin
thelaststep;time is theoverall timein hours; gn is thenumberof QN-RSQPsteps—tha@umberin parenthesigjives
how manytimesa negative curvatue was detected;minc is the numberof non-monotondine seach iterations—
in parenthesisis the numberof timesthis heuristic failed. The globalizedLNKS-II-TRalgorithm is used. The
Lagrange-Nevton solverwas stoppedafter 50 iterations. In the last columnRe f givesthe reductionof the
objectivefunction(with therespectheuncontolled ow). “no cont” meanghat continuationwasnotactivated.

Re iter time qn minc kg+ AT k kck Re f
100 no cont 19 4.06 2 4 9 10 °© 9 10 °© 4.065
cont
200nocont | 39 7.8  6(1) 2 9 10 °© 9 10 °© 5.804
cont | 20(10) 4.6 0 3 9 10 ¢ 9 10 6 5.805
300nocont | 48 118 16(3) O 9 10§ 9 10 °© 6.012
cont | 29(11) 6.4 0 2 9 10 6 9 10 © 6.016
400nocont | 50 136 40(3) O 2 10 ° 3 10 ° 3.023
cont | 33(11) 7.36 0 6(1) 9 10 6 9 10 © 8.345
500 no cont 50 16.7  42(5) 0 4 10 ? 9 10 7 1.235
cont | 39(14) 9.09 1 5(1) 9 10 6 9 10 © 10.234

For Reynolds numberslarger than 300, LNKS was forcedto early termination(we setthe
Lagrange-Nesiton iterationboundto 50). In the lastrow (Re = 500) andwhenwe did not
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F1G. 4.3. Theleft columndepictsstreamlinesof theuncontolled ow. Theright columndepictsstreamlineof

thecontolled ow. Top row givesa sidesnapshobf the ow; bottomrow givesa frontview. TheRe/noldsnumber
(basedonthelengththerootof thewing) is 500.

usecontinuationL NKS endsup switchingto a QN-RSQPstep42 timesout of a total of 50
iterations;5 timesa negative curvaturedirectionwasdetected.

As aresultLNKS wasterminatedwithout reachingthe corvergencecriteria. Further
more, the small reductionin the objective function and the residuals(last three columns)
indicatesmall progressat eachoptimizationstep. Notice thatin theseexampleswe did not
activatebacktrackingn the continuationparameter

(It could be arguedthat a reasonthe algorithm stagnatedvas the early terminationof
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FIG. 4.4. Theleft columndepictsstreamlinesof the uncontolled ow. Theright columndepictsstreamlines
of the contolled ow. Top row givesa snapshobf the ow from below; bottomrow givesa bad view. Re/nolds
numberis 500. We can clearly identify the wing tip vorticeson the left, with non-slipboundaryconditionson the
wing. Thesevorticesare directlyassociatedo thelift. Theimagesontheright columndepictthe ow with thewing
boundaryconditionsmodi ed by the optimizer;thevorticity is eliminated.Sois thelift.

the Krylov-Schursolver—becausef the inexactness.We did not conductexhaustie ex-
perimentsto con rm or rejectthis claim. However, our experienceon numerougroblems
suggestshatit is theill-conditioning andnonlinearityof theseproblemshatleadsto stagna-
tion andnottheinexactnessln ourtests(systematior duringdelugginganddevelopment)t
washever thecasethatarun with exactsolvescorvergedin reasonabléme, andtheinexact
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F1G. 4.5. Snapshobf the (Dirichlet contmwol) velocity eld onthewing

versiondid not. Onthecontrary inexactnessigni cantly reducedexecutiontimes.)

Ontheotherhand,whenwe usedcontinuation(fairly large stepson the Reynoldsnum-
ber), the algorithmsuccessfullycorvergedafter 39 Lagrange-Neston iterations. Switching
to QN-RSQPwasrequiredjust once. In the minc columnof Table4.5we monitorthe non-
monotondine searclcriterion. Recallthatif themeritfunctionline searclontheLNKS step
fails, we performa line searchwith a differentmerit—theKKT residual(i.e. the rst order
optimality conditions). If the stepgetsacceptedyia backtrackingwe useit asan update
direction. Eventually we insist that the (augmented.agrangian)merit getsreduced. This
stratgy wasvery successfuR0 timesandit failedonly twice'®.

Finally we concludewith somecommentson the physicsof this problem. Figures4.3
and4.4 depictsnapshotsf the uncontrolledandcontrolled o w for Reynoldsnumber500.
The wing-tip vorticesare eliminatedby the optimizer But at what cost? Figure4.5 shavs
a snapshobf the (scaled)control variables—therelocity boundaryconditions.It is obvious
that the optimizerdesigneda perforatedwing, which meansa signi cant reductionin lift.
This planewill neverleave the ground! (Additional inequalityconstraintoon thelift canbe
treatedwithin theframawvork of LNKS with interior point methods.)

5. Conclusions. In the secondpart of the paperwe presentedhe algorithmiccompo-
nentsof the outer(Newton) solver andwe studiedthe applicationof the LNKS methodto a
setof differentoptimal o w control problems. Our testsdemonstratehe effectivenessand
scalabilityof the LNKS methodin PDE-constrainedptimization. TheKrylov-Schurprecon-
ditionermaintainedts effectivenessthe Lagrange-Neston methodexhibitedthewell known
mesh-independena®rvergenceproperties.lnexact Newton stepsdramaticallyaccelerated
thealgorithmandcontinuationensuredylobal corvergence.

Theresultsrevealatleastanorderof magnitudemprovementin time overpopularquasi-
Newton methods renderingtractablesomeproblemsthat were out of reachpreviously. In-

10In general usingthe residualof the KKT conditionsto testa stepcancompromiseobustnesssincethe opti-
mizercouldgettrappedo a saddlepoint or alocal maximum.
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deedtheoptimumis oftenfoundin a smallmultiple of the costof a singlesimulation.

The LNKS algorithmis moresuitablefor steadyPDE constraints Althoughthe method
is in principle applicableto time-dependenproblemsit is not arecommendedpproactfor
3D problems.The adjointproblemis a nal valueproblemthatrequiresthe velocity history;
andthis requireslarge amountof memory We areinvestigatingvariouswaysto circumwvent
this problem.Anotherimportantextensionof LNKS is thetreatmenbf inequalityconstraints
via interior point methods.

We believe thatthe LNKS methodis a very powerful tool. For this reasorwe decided
to direct effort at developing a codethat will be usableby the scientic community In
a forthcomingpaperwe will discuss\eltisto a PETSc-basedibrary for large-scale PDE-
constraineaptimizationon parallelcomputers.
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