
CIS121 - Fall 2008
Lab 3 – Monday/Tuesday, September 22/23

1 + q + q2 + q3 + . . . + qn−1 =
qn − 1

q − 1
.

1

Solve the following recurrence relation

T (1) = 0.5 and T (n) = 0.5n + T (n − 1)

Solution: T (n) = 0.5n + T (n − 1).

T (n − 1) = 0.5(n − 1) + T (n − 2)

T (n − 2) = 0.5(n − 2) + T (n − 3)

T (n) = 0.5n + [0.5(n − 1) + T (n − 2)]

T (n) = 0.5n + 0.5(n − 1) + T (n − 2)

T (n) = 0.5n + 0.5(n − 1) + [0.5(n − 2) + T (n − 3)]

T (n) = 0.5(n + (n − 1) + (n − 2) + · · · + 1) = 0.5(n(n + 1)/2) = n(n + 1)/4

2

Solve the following recurrence relation

T (1) = 3 and T (n) = 2T (n/2) + 1

You can assume that n = 2k for some integer k.

Solution: T (n) = 2T (n/2) + 1

T (2k) = 2T (2k−1) + 1

Let S(m) = T (2m)

S(m) = 2S(m − 1) + 1

S(m − 1) = 2S(m − 2) + 1

S(m − 2) = 2S(m − 3) + 1

S(m) = 2[2S(m − 2) + 1] + 1

S(m) = 22S(m − 2) + 2 + 1

S(m) = 22[2S(m − 3) + 1] + 2 + 1

S(m) = 23S(m − 3) + 22 + 2 + 1

1



S(m) = 2m · S(0) +
∑m−1

i=0 2i

S(m) = 2m · S(0) + 2m − 1

S(m) = 2m · T (1) + 2m − 1

S(m) = 4 · 2m − 1

T (n) = T (2k) = S(k) = 4 · 2m − 1 = 4 · 2log2 n − 1 = 4n − 1

3

Solve the following recurrence relation

T (1) = 2 and T (n) = T (n − 1)

Solution: T (n) = T (n − 1)

T (n − 1) = T (n − 2)

T (n) = T (n − 1) = T (n − 2) = · · · = 2

T (n) = 2

4

Solve the following recurrence relation

T (1) = 1 and T (n) = 4T (n − 1) + 1

Solution: T (n) = 4T (n − 1) + 1

T (n − 1) = 4T (n − 2) + 1

T (n − 2) = 4T (n − 3) + 1

T (n) = 4 · (4T (n − 2) + 1) + 1

T (n) = 42 · (4T (n − 3) + 1) + 4 + 1

T (n) = 43 · (4T (n − 4) + 1) + 42 + 4 + 1

T (n) = 4n−1 · T (1) +
∑n−2

i=0 4i

T (n) = 4n−1 · T (1) + (4n − 4)/12

T (n) = (4n − 1)/3
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5

Solve the following recurrence relation

T (1) = 1 and T (n) = 3T (n/3) + 1

You can assume that n = 3k for some integer k.

Solution: T (n) = 3T (n/3) + 1

T (3k) = 3T (3k−1) + 1

Let S(m) = T (3m)

S(m) = 3S(m − 1) + 1

S(m − 1) = 3S(m − 2) + 1

S(m − 2) = 3S(m − 3) + 1

S(m) = 3[3S(m − 2) + 1] + 1

S(m) = 32S(m − 2) + 3 + 1

S(m) = 32[3S(m − 3) + 1] + 3 + 1

S(m) = 33S(m − 3) + 32 + 3 + 1

S(m) = 3m · S(0) +
∑m−1

i=0 3i

S(m) = 3m · S(0) + (3m − 1)/2

S(m) = 3m · T (1) + (3m − 1)/2

S(m) = (3 · 3m − 1)/2

T (n) = T (3k) = S(k) = (3 · 3m − 1)/2 = (3 · 3log3 n − 1)/2 + 1 = (3n − 1)/2

6

Solve the following recurrence relation

T (1) = 0 and T (n) = 2T (n/2) + n + 1

Solution: Solve by recurrsion tree
n + 1 = n + 1

n/2 + 1 n/2 + 1 = n + 2

n/4 + 1 n/4 + 1 n/4 + 1 n/4 + 1 = n + 4
...

...

T (1) + 1 T (1) + 1 · · · T (1) + 1 T (1) + 1 = n

T (n) = n + n + · · · + n + 2log(n) − 1 = n log(n) + n − 1
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