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Matrix Operations on the GPU

CIS 665:
GPU Programming and Architecture

TA: Joseph Kider

Matrix Operations (thanks too…)

z Slide information sources
z Suresh Venkatasubramanian

CIS700 – Matrix Operations Lectures
z Fast matrix multiplies using graphics hardware by 

Larsen and McAllister 
z Dense Matrix Multiplication by Ádám Moravánszky
z Cache and Bandwidth Aware Matrix Multiplication 

on the GPU, by Hall, Carr and Hart
z Understanding the Efficiency of GPU Algorithms for 

Matrix-Matrix Multiplication by Fatahalian, 
Sugerman, and Harahan 

z Linear algebra operators for GPU implementation 
of numerical algorithms by Krüger and Westermann

Overview

z 3 Basic Linear Algebra 
Operations 

z Vector-Vector Operations
z c=a.b

z Matrix-Matrix Operations
z C=A+B - addition
z D=A*B  - multiplication
z E = E-1   - inverse

z Matrix-Vector Operations
z y=Ax

Note on Notation:
1) Vectors - lower case, 

underlined: v
2) Matrices – upper case,

underlined 2x : M
3) Scalar – lower case,

no lines: s

Efficiency/Bandwidth Issues

z GPU algorithms are severely 
bandwidth limited!

z Minimize Texture Fetches

z Effective cache bandwidth…
so no algorithm would be able to read data 
from texture very much faster with texture 
fetches
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Vector-Vector Operations

z Inner Product Review

An inner product on a vector space (V)  over a field (K) (which 
must be either the field  R of real numbers or the field C of 
complex numbers) is a function <,>:VxV→K such that, k1, k2 in K
for all v,w in V the following properties hold:

1. <u+v, w> = <u,w>+<v,w>

2.  <άv,w>= ά<v,w> (linearity constraints)
____

3. <v,w> = <w,v>        (conjugate symmetry)

4. <v,v> ≥ 0 (positive definite)

Vector-Vector Operations

z Inner Product Review

A vector space together with an inner product on it is called an inner 
product space. Examples include:

1. The real numbers R where the inner product is given by  
<x,y> = xy

2. The Euclidean space Rn where the inner product is given by the 
dot product:

c = a.b
c = <(a1, a2,…,an),(b1,b2,…,bn)>
c = a1b1+a2b2+…+anbn
c = ∑aibi

3. The vector space of real functions with a closed domain [a,b]
<f,g> = ∫ f g dx

Vector-Vector Operations

z Inner Product Review

A vector space together with an inner product on it is called an inner 
product space. Examples include:

1. The real numbers R where the inner product is given by  
<x,y> = xy

2. The Euclidean space Rn where the inner product is given by the 
dot product:

c = a.b
c = <(a1, a2,…,an),(b1,b2,…,bn)>
c = a1b1+a2b2+…+anbn
c = ∑aibi

3. The vector space of real functions with a closed domain [a,b]
<f,g> = ∫ f g dx

Vector-Vector Operations

z Dot Product: Technique 1
z (Optimized for memory)

- Store each vector as a 1D texture a and b
- In the ith rendering pass we render a single 

point at coordinates (0,0) which has a single 
texture coordinate i

- The Fragment program uses I to index into 
the 2 textures and return the value s + ai*bi

( s is the running sum maintained over the previous i-1 passes)
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Vector-Vector Operations

z Dot Product: Technique 1: Problems?
/ We cannot read and write to the location s is stored 

in a single pass, we need to use a ping-pong trick 
to maintain s accurately

. Takes n-passes
☺ Requires only a fixed number of texture locations (1 

unit of memory)
/ Does not take advantage of 2D spatial texture 

caches on the GPU that are optimized by the 
rasterizer

/ Limited length of 1d textures, especially in older 
cards

Vector-Vector Operations

z Dot Product: Technique 2
z (optimized for passes)

- Wrap a and b as 2D textures

Vector-Vector Operations

z Dot Product: Technique 2

- Multiply the two 2D textures by rendering a single 
quad with the answer

- Add the elements in (c) the result 2D texture together

Vector-Vector Operations

z Adding up a texture elements to a scalar 
value
z Additive blending
z Or parallel reduction algorithm (log n passes)

//example Fragment program for performing a reduction
float main (float2 texcoord: TEXCOORD0, uniform 
sampler2D img): COLOR
{

float a, b, c, d;

a=tex2D(img, texcoord);

b=tex2D(img, texcoord + float2(0,1) );

c=tex2D(img, texcoord + float2(1,0) );

d=tex2D(img, texcoord + float2(1,1) );

return (a+b+c+d);
} 
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Matrix-Matrix Operations

z Store matrices as 2D textures

z glTexImage2D(GL_TEXTURE_2D, 0,GL_RED , 256, 
256, 0, GL_RED, GL_UNSIGNED_BYTE, pData); 

Matrix-Matrix Operations

z Store matrices as 2D textures

z Addition is now a trivial fragment program 
/additive blend

Matrix-Matrix Operations

z Matrix Multiplication Review

So in other words we have:

In general:
(AB)ij = ∑r=0 air brj

Naïve O(n3) CPU algorithm

for i = 1 to n
for j = 1 to n

C[i,j] = ∑ A[I,k] * B[k,j]

Matrix-Matrix Operations

z GPU Matrix Multiplication: Technique 1

Express multiplication of two 
matrices as dot product of vector 
of matrix row and columns

Compute matrix C by:
for each cell of cij take the dot 
product of row I of matrix  A with 
column j of matrix B
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Matrix-Matrix Operations

z GPU Matrix Multiplication: Technique 1

Pass1
Output = ax1 * b1y

Pass2
Output = Output1+ax2 * b2y
…..
PassK
Output = Outputk-1 + axk * bky

Uses: n passes
Uses: N=n2 space

Matrix-Matrix Operations

z GPU Matrix Multiplication: Technique 2

Blocking

Instead of making one computation per 
pass. Compute multiple additions per 
pass in the fragment program.

Pass1
Output = ax1 * b1y + ax2 * b2y +… + axb * bby

…..

Passes: = n/Blockssize

Now there is a tradeoff between passes and 
program size/fetches

Matrix-Matrix Operations

z GPU Matrix Multiplication: Technique 3

z Modern fragment shaders allow up to 4 instructions to be executed simultaneously

(1) output = v1.abgr*v2.ggab

This is issued as a single GPU instruction and numerically equivalent to the following 4 
instructions being executed in parallel

(2)   output.r = v1.a  *v2.g
output.g = v1.b * v2.g
output.b = v1.g * v2.a
output.a = v1.r * v2.b

In v1.abgr the color channels are referenced in arbitrary order.
This is referred to as swizzling.

In v2.ggab the color channel (g) is referenced multiple times.
This is referred to as smearing.

Matrix-Matrix Operations

Up until now we have been using 1 channel, the red 
component to store the data, why now store data across all the 
channels (RGBA) and compute instructions 4 at a time

z GPU Matrix Multiplication: Technique 3
Smearing/Swizzling

The matrix multiplication can be expressed as follows:

Suppose we have 2 large matrices A B, wog whose dimensions are power of 2s
A11, a12 … are sub matrices of 2i-1 rows/columns
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Matrix-Matrix Operations

Note on Notation:
C(r)=A(r)*B(r)  used to denote the channels

Example:

So now the final matrix multiplication can be expressed recursively by:

Matrix-Matrix Operations

z Efficiency/Bandwidth Issues
z Problem with matrix multiplication is each input contributes to 

multiple outputs O(n)
z Arithmetic performance is limited by cache bandwidth
z Multipass algorthims tend to be more cache friendly

2 Types of Bandwidth
- External Bandwidth: Data from the CPUÙ GPU transfers 

limited by the AGP or PCI express bus
- Internal Bandwidth (Blackbox): read from textures/write to 

textures tend to be expensive

- Back of the envelope calculation:
((2 texture read/write lookups) *blocksize + 2(previous pass lookup)*(prescion)(n2)

- (2*32 + 2)(32)(1024) = 4GB of Data being thrown around

GPU Benchmarks
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Next Generation GPUs
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Matrix-Vector Operations

z Matrix Vector Operation Review

Example 1:

Example 2:

Matrix-Vector Operations

z Technique 1: Just use a Dense Matrix Multiply

Pass1
Output = ax1 * b11 + ax2 * b21 +… + axb * bb1

…..

Passes: = n/Blockssize

Matrix-Vector Operations

z Technique 2: Sparse Banded Matrices    (A*x = y)

A band matrix is a sparse matrix whose nonzero elements are confined to 
diagonal bands

Algorithm:
- Convert Diagonal Bands to vectors 
- Convert (N) vectors to 2D-textures , pad with 0 if they do not fill the 

texture completely
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Matrix-Vector Operations

z Technique 2: Sparse Banded 
Matrices

- Convert the multiplication 
Vector (x) to a 2D texture

- Pointwise multiply (N) Diagonal 
textures with (x) texuture

- Add the (N) resulting matrices 
to form a 2D texuture

- unwrap the 2D texture for the 
final answer

Matrix-Vector Operations

z Technique 3: Sparse Matrices

Create a texture lookup scheme

Matrix Operations in CUDA

Take 2.

CUDA
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CUDA: Matrix – Matrix Operations

CUDA: Matrix – Matrix Operations

z P=M*N of size 
WIDTHxWIDTH

zWithout blocking:
z One thread handles 

one element of P
z M and N are loaded 

WIDTH times from 
global memory

CUDA: Matrix – Matrix Operations

z Is this method any good?
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CUDA: Matrix – Matrix Operations

z P=M*N of size WIDTHxWIDTH
zWith blocking:

z One thread block handles one
z BLOCK_SIZE x BLOCK_Size

sub matrix Psub of P
z M and N are only loaded WIDTH / BLOCK_SIZE (N/M)

times from global memory
z Great savings of 

memory bandwidth
z Better balance of 

work to bandwidth

Generalized Approach to Shared 
Memory
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