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Abstract

We derive a generalization of barycentric coordinates which allows a vertex in a planar triangulation to be
expressed as a convex combination of its neighbouring vertices. The coordinates are motivated by the Mean
Value Theorem for harmonic functions and can be used to simplify and improve methods for parameterization
and morphing.
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1. Introduction

Let vg, vy, ..., v, be points in the plane withq, ..., v, arranged in an anticlockwise ordering around
vo, @s in Fig. 1. The pointsy, . .., v, form a star-shaped polygon with in its kernel. Our aim is to study
sets of weights.,, ..., A; > 0 such that

k
Zkivi =0, (11)
i=1

k
S =1 (12)
i=1

Eq. (1.1) expressag as a convex combination of the neighbouring points. ., v. In the simplest case

k = 3, the weightsiq, A, A3 are uniquely determined by (1.1) and (1.2) alone; they are the barycentric
coordinates ofy with respect to the trianglg, v, v3], and they are positive. This motivates calling any
set of non-negative weights satisfying (1.1)—(1.2) for genkral set ofcoordinatesfor vy with respect
tovy,..., v
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There has long been an interest in generalizing barycentric coordinatesided polygons with a
view to possible multisided extensions of Bézier surfaces; see for example (Loop and DeRose, 1989). In
this setting, one would normally be free to choese. . ., v, to form a convex polygon but would need
to allow vg to be any point inside the polygon or on the polygon, i.e., on an edge or equal to a vertex.
More recently, the need for such coordinates arose in methods for parameterization (Floater, 1997)
and morphing (Floater and Gotsman, 1999; Gotsman and Surazhsky, 2001) of triangulations. Here the
points vy, vy, ..., v; Will be vertices of a (planar) triangulation and so the paigiwill never lie on an
edge of the polygon formed hy, ..., v;.
If we require no particular properties of the coordinates, the problem is easily solved. Beg#iase
in the convex hull ofuy, ... ., v, there must exist at least one triandle= [v;,, v;,, v;;] Which containsy,
and so we can take;,, A;,, A;, to be the three barycentric coordinates@vith respect tdl’, and make
the remaining coordinates zero. However, these coordinates depend randomly on the choice of triangle.
An improvement is to take an average of such coordinates over certain covering triangles, as proposed in
(Floater, 1997). The resulting coordinates depend continuoushg,an, .. ., v, yet still not smoothly.
The main purpose of this paper is to address this latter problem. We derive coordinates which depend
(infinitely) smoothly on the data pointg, vq, ..., v, through a simple algebraic formula.
Several researchers have studied closely related problems (Meyer et al., 2001; Sibson, 1981;
Wachspress, 1975; Warren, 1996). In the special case that the palygon, v, is convex, Wachspress
(1975) found a solution in which the coordinates can be expressed in terms of rational polynomials,

w; W — A(v;—1, v, Viy1) _ coty;—1 +cotp;

A= —— = -
Y w; A(vi—1, Vi, Vo) A(V;, V41, Vo) llvi — voll?

(1.3)

whereA(a, b, ¢) is the signed area of triangle, b, c] andy;_; and 8; are the angles shown in Fig. 1.

The latter formulation in terms of angles is due to Meyer, Lee, Barr, and Desbrun (2001). Of course
these coordinates depend smoothly on the data peints, ..., v, and are therefore suitable when the
polygon is convex. However, for star-shaped polygons the coordinate(1.3) can be negative, and, in
fact, will be so precisely whep,_, + 8; > 7.

Vi—1

Fig. 1. Star-shaped polygon.
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Another set of previously found weights can be expressed as
Wi
ZI;=1 wj

These weights arise from the standard piecewise linear finite element approximation to the Laplace
equation and appear in several books on numerical analysis, e.g., (Iserles, 1996), and probably go back to
the work of Courant. They have since been used in the computer graphics literature (Pinkall and Polthier,
1993; Eck et al., 1995). However, for our purposes these weights suffer from the same problem as the
last ones, namely that they might be negative. The weiglt negative if and only i8;_1 + y; > 7.

Another possible set of coordinates might be Sibson’s natural neighbour coordinates (Sibson, 1981),
if we treated the points,, ..., v, as a set of scattered data points. However, despite various other good
properties, Sibson’s coordinates, like those of (Floater, 1997), suffer from being defined piecewise, and
have in general onl¢'! dependence on the poing. Moreover, several of Sibson’s coordinates might be
zero, since the only non-zero ones would correspond to Voronoi neighbougs of

)"i = s w; = CO'[,B,»,l + Cot]/i. (14)

2. Mean value coordinates

We now describe a set of coordinates which satisfy all the properties we would like., et «; < 7,
be the angle aty in the triangle[vg, v;, v;41], defined cyclically; see Fig. 1.
Proposition 1. The weights
w; tan(o;_1/2) +tan(e; /2)
k ’ i =
Y, llv; — voll

are coordinates fowg with respect ta, ..., vy.

A= : 2.1)

As will be explained in Section 3, these weights can be derived from an application of the mean value
theorem for harmonic functions, which suggests calling tie@an value coordinate§ hey obviously
depend smoothly on the pointg, vy, ..., vy.

Proof. Since O< «; < 7, we see that tai,; /2) is defined and positive, and therefdreis well-defined
and positive for =1, ..., k, and by definition thé.; sum to one. It remains to prove (1.1). From (2.1),
Eqg. (1.1) is equivalent to

k
> w;(v; — vo) =0. (2.2)
i=1

We next use polar coordinates, centredx@iso that
v; = vg + r; (C0SH;, SinGi).

Then we have

V; — Vo .
m = (c0s4;, sing;), and o =011 —6;,
i
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and Eq. (2.2) becomes
k

Z(tan(ozi_l/Z) + tan(; /2)) (cosd;, sing;) =0,
i=1
or equivalently
Xk:tan(ozi /2)((cosb;, sinG;) + (COSH;11, SiNG;11)) = 0. (2.3)
i=1
To establish this latter identity, observe that

0= /(cos@,sin@)de

Oit1
=" [ (cos.sing) as (2.4)

i=1 6,

k Oit1 .
sin(o; 0 . Sin(@ — 6; _
— Z f (011 — )(COSQ,-, sing;) + M(COSGHL Sinf:. 1) 0.

sing; Sing;

the last line foIIowmg from the addition formula for sines. Since also

Oi+1 i1
/ sin(@; 1 —6)do = / sin(@ — ;) d9 =1 — cos;, (2.5)
0; 0;
and
1— cosy;
t i]2) = ———, 2.6
an(a;/2) sine, (2.6)

Eq. (2.4) reduces to Eq. (2.3).0

Not only are these coordinates positive, but we can bound them away from zero. This might be useful
when considering the conditioning of the linear systems used in (Floater, 1997; Floater and Gotsman,
1999; Gotsman and Surazhsky, 2001)Lif= max |v; — vo||, L+ = min; ||lv; — vo|| anda* = max «;,

a, = min; «;, then from (2.1) we have
2tan(a,/2) cw < 2tana*/2)

x Wi x )

L* L,
and
— <nu< ¢ 2.7)
Ck k
where
L*tan(oc*/Z)

~ L. tan(e, /2)
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The inequality (2.7) becomes an equality wh@n- 1 which occurs whems, . .., v, is a regular polygon
anduy is its centre.

3. Motivation

The motivation behind the coordinates was an attempt to approximate harmonic maps by piecewise
linear maps over triangulations, in such a way that injectivity is preserved. Recall @fafusction u
defined over a planar regiaR is harmonicif it satisfies the Laplace equation

Uyy + 1y, =0.

Suppose we want to approximate the solutiomith respect to Dirichlet boundary conditiong; o = uo,
by a piecewise linear functiom; over some triangulatiol” of 2. Thusu7 will be an element of the
spline spaces?(7). The finite element approach to this problem is to taketo be the unique element
of $9(7") which minimizes

/ Vi 2
22

subject to the boundary conditions. As is well known, this leads to a sparse linear system in the values of
u7 at the interior vertices of the triangulatiah. To be precise, supposg in Fig. 1 is an interior vertex

of the triangulation. As described in several books on numerical analysis, the equation associatgd with
can be expressed as

k
ur(vo) = Y Mg (vy), (3.1)
i=1
where,; is given by Eq. (1.4).

Suppose now that we use this method component-wise to approxirhatenanic mapp : 2 — R?,
that is a mapp = (¢1, ¢2) for which both¢, and¢, are harmonic functions, by a piecewise linear map
o7 2 — R% We would like the mag7 to be injective and a sufficient condition has been derived in
(Tutte, 1963) and (Floater, t.a.):¢fr is aconvex combination mape., at every interior vertexg of 7,
we have

k
¢7(w0) =) didT (00, (32)
i=1
for somepositiveweightsiy, ..., A which sum to one, and ifz maps the boundaryZ homeomorphi-
cally to the boundary of a convex region, thgn is one-to-one.
From this point of view, the standard finite element approximatignhas a drawback: the theory
of (Tutte, 1963) and (Floater, t.a.) cannot be applied. The gaill not in general be a convex
combination map because the weightsin (1.4) can be negative which can lead to “foldover” in the
map (an example is given in (Floater, 1998)).
This motivates, if possible, approximating a harmonic ngapy a convex combination magr,
i.e., one with positive weights in (3.2). Consider the following alternative discretization of a harmonic
function u. Recall that harmonic functions satisfy the mean value theorem. The mean value theorem
comes in two forms.
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Fig. 2. Circle for the Mean Value Theorem.

Circumferential Mean Value Theorem. For a disc B = B(vg, r) C §2 with boundaryr™,
1
u(vg) = C—= / u(v) ds.
r

Solid Mean Value Theorem.
1
u(v0)=—2/u(v)dxdy.
Tr

B

This suggests finding the element of S2(7) which satisfies one of the two mean value theorems
locally at every interior vertexg of 7. We will concentrate on the first version and demand that

1
ur(vo) = %f”T(U)dS, (3.3)
r

for r sufficiently small that the disB(vq, ) is entirely contained in the union of the triangles containing
vo; See Fig. 2. It turns out that this equation can be expressed in the form of (3.1) where the weights
are those of (2.1jndependenof the choice of-.

To see this, consider the triangle = [vo, v;, v;41] in Fig. 2 and letl; be the part ofl” contained
inT,.

Lemmal. If f:T; — Ris any linear function then
Jf i) — fvo) 4 J i) — f(vo)>

llvi = voll llvi+1 — voll

f f(v)ds = re; f (vo) + r* tan(a; /2)( (3.4)
ri
Proof. We represent any pointe I; in polar coordinates with respect tg, i.e.,
v = vg + r(C0sH, Sing),
and we let

Uj:Uo+l"j(C059j,Sin9j), le,l—l-l
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Then
Oi+1
/ Foyds = f F0) . 3.5)
I; 0

Sincef is linear, and using barycentric coordinates, we have

f@W) = f o) + 21 (f () = f (o)) + ha(f (vir1) — £ (v0)), (3.6)

whereir, = A1/A andi, = A,/ A andA; and A, are the areas of the two trianglgg, v, v; 1], [vo, v;, V]
and A the area of the whole trianglE . Using trigonometry we have

1 . 1 : 1
A= Erir,-HSInoz,-, A= Erri+15|n(0i+1—0), Ay = Err,- sin(@ — 6;),

and
_ rsin(0i41—0)

o rsin@ — 6,)
ri Sing; -

2 (3.7)

1 - .
ri+1SINg;

It follows that the substitution of the expression fo) in (3.6) into Eqg. (3.5) and applying the identities
(2.5)—(2.6) leads to Eq. (3.4).0

It is now a simple matter to show that Eq. (3.3) reduces to the linear combination (3.1) with the
coordinates\; of (2.1).

Proposition 2. Suppose the piecewise linear functipn: 2 — R satisfies the local mean value theorem,
i.e., for each interior vertexy, it satisfies Eq(3.3) for somer > 0 suitably small. Them 7 (vg) is given
by the convex combination {8.1) with the weights; of (2.1).

Proof. Eg. (3.3) can be written as

1 k
ur(o)=5—3 / ur (v)ds,

i=1 I
which, after applying Lemma 1 @7, reduces to

0= Xk:tan(oz,-/Z)(uT(vi) — u7 (vo) 4 ur(Vip1) — MT(U()))’

v l[vi — voll llvi+1 — voll

which is equivalent to Eq. (3.1) with the weights of (2.1)a

We now notice that Proposition 1 follows from Proposition 2 due to the simple observation that linear
bivariate functions are trivially harmonic.

It is not difficult to show that Proposition 2 remains true when the solid mean value theorem is used
instead of the circumferential one, the main point being thanda, in Eq. (3.7) are linear in.

We remark finally that it is well known that the standard finite element approximatioconverges
to u in various norms as the mesh size of the triangulaffotends to zero, under certain conditions on
the angles of the triangles. Initial numerical tests suggest that the mean value ‘approximation’ does not
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Fig. 3. Comparisons from left to right: (3a) triangulation, (3b) Tutte, (3c) shape-preserving, (3d) mean value.

converge tou in general. An interesting question for future research is whether it is in fact possible
to approximate a harmonic map by a convex combination map over an arbitrary triangulation with
sufficiently small mesh size.

4. Applications

In the parameterization method of (Floater, 1997), the triangulation is a spatial one, so that the
vertices vy, ..., v, are points inR3. However, the mean value coordinates can be applied directly
to the triangulation; we simply compute the coordinatgsof Eqg. (2.1) directly from the vertices
vo, ..., U € R3. The numerical example of Fig. 3 shows the result of parameterizing a triangle mesh (3a)
and mapping a rectangular grid in the parameter plane back onto the mesh. The three parameterizations
used are uniform (3b) (i.e., Tutte’s embedding), shape-preserving (3c), and mean value (3d). In this
example the mean value parameterization looks at least as good as the ‘shape-preserving’ one of
(Floater, 1997). In addition, the mean value coordinates are faster to compute than the shape-preserving
coordinates, and have the theoretical advantage that the resulting parameterization will depend smoothly
on the vertices of the triangulation.

Mean value coordinates can also be used to morph pairs of compatible planar triangulations, adapting
the method of (Floater and Gotsman, 1999). Such a morph will depend smoothly on the vertices of the
two triangulations. Surazhsky and Gotsman found recently that mean value morphs are visually smoother
than previous morphs; see (Surazhsky and Gotsman, t.a.) for details.

5. Final remarks

When k = 3 the mean value coordinates, like Wachspress’s coordinates, are equal to the three
barycentric coordinates, due to uniqueness. When4 the mean value coordinates and Wachspress
coordinates are different in general. For example, when the peints, vs, v4 form a rectangle, the
Wachspress coordinates are bilinear, while the mean value coordinates are not.

If the pointsvy, ..., v, form aconvexpolygon, the mean value coordinates are defined for all points
vo inside the polygon, but due to the use of the angleth formula (2.1), it is not obvious whether
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the coordinates can be extended to the polygon itself. Though this paper was not intended to deal with

this issue, it would be important if these coordinates were to be used for generalizing Bézier surfaces,

as in (Loop and DeRose, 1989). For Wachspress’s coordinates (1.3), this is not a problem because by
multiplying by the product of all aread(v;, v;1, vo), they have the well-known equivalent expression

kwl . w; = A1, Vi, Vig1) 1_[ A(vj, vj41, Vo).
Zj:l wj Ji—Li
It turns out that the mean value coordinates can also be continuously extended to the polygon itself.
Moreover, like Wachspress'’s coordinates, they are linear along each edge of the polygon and have the
Lagrange property at the verticesvif = v; theni; =1 andi; =0 for j #i. A proof of this as well as
other properties of these coordinates will appear in a forthcoming paper.

=
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