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Abstract

In recent years, an important new application of machinelag research has emerged
from the field of cognitive neuroscience. In ‘mind-readiegperiments, a machine learn-
ing classifier is trained to predict aspects of a human stipj@ental state from patterns of
brain activity recorded by in a functional MRI (fMRI) scannéiowever, a typical fMRI
dataset consists of relatively few, noisy observationsrairbpatterns consisting of tens of
thousands of individual spatial features ("voxels”), sattge selection or dimensionality
reduction is required in order for classification to succeed

In this thesis, we present a novel method of dimensionaditiuction that incorpo-
rates three key neuroscientific assumptions into a prabtbjlgenerative model of fMRI
data, which we call Probabilistic Additive Component Arsa$/(PACA). We provide an
algorithm to fit the model using maximum a posteriori (MAP}iregtion, and we show
analytically that MAP estimation is equivalent to matrixt@arization with L2 and L1 reg-
ularizations and a non-negativity constraint on one of #utdrs. We then compare PACA
against two similar dimensionality reduction methodsrgipal component analysis (PCA)
and non-negative matrix factorization (NMF)—analytigahd by running each algorithm
experimental fMRI data from two cognitive neuroscienceerkpents.

We find that both PCA and NMF satisfy one but violate two of tleeinoscientific
assumptions motivating PACA, and that PACA outperformshil®CA and NMF using
both unsupervised and supervised measures of the qualibeotduced data. However,
supervised methods of feature selection resulted in higherall classification accuracy
than unsupervised methods in all but an synthetic, “idedlizase. We conclude that
PACA demonstrates that the integration of existing knogéenhto a generative model can
improve analysis of fMRI data, and several new practicalthedretical improvements on

the model are proposed.
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Chapter 1

Introduction

In the analysis of any sufficiently large dataset, it is oftexessary to reduce an immense,
noisy set of complicated measurements into a few succinuotlgsions about the under-
lying processes generating the observed data. For exampiemight be interested in
drawing conclusions about global weather patterns fromalleecather station measure-
ments, tracking the location of an aircraft measured onlgdigy radar (Russell & Norvig,
2003), or inferring research topics from a corpus of docusbased on word frequencies
(Blei et al., 2003). In this thesis, we focus on the problenmahd-reading’: the decod-
ing of a human subject’s mental state from fMRI measuremairisain activity over time
(Norman et al., 2006; Haynes & Rees, 2006). The ‘mind-regidinoblem has become
of increasing interest within the last few years, as theitgib read out even measures
of cognitive state has allowed the direct testing of psyeiglal theories of memory that
were previously impossible (Polyn et al., 2005). Howeuee, ‘mind-reading’ problem is
difficult, because fMRI datasets often contain tens of thaods of uninformative features
and the signal-to-noise ratio is very low Mitchell et al. Q20.

This thesis seeks to address the problenfeature selectionthe necessary prepro-
cessing stage of any ‘mind-reading’ experiment in whicméorimative input features are
removed from the analysis. We propose a novel latent variafddel of fMRI data that
incorporates existing neuroscientific knowledge in thenfarf three critical generative as-

sumptions. We call this modé&lrobabilistic Additive Component Analysis (PACAsing



this model, estimates of the latent variables replace tiggnat feature set and reduce the
dimensionality of the original data in a multivariate fastjthe reduced data is expressed
in terms of stereotyped patterns of excitation and intobitior “neural topics.” To test
the model, we show experimentally that the new model resuitspresentations of brain
state that improve generalization performance in ‘miradneg’ type experiments relative
to two contemporary methods of dimensionality reductiddArRRnd NMF.

In this chapter, we first provide background informationalésng the current state of
‘mind-reading’ research and the reasons why the analysecimically challenging (sec-
tion 1.1). We then give a brief introduction to latent vateamethods for dimensionality
reduction, which represent an alternative to traditionathods of feature selection (sec-
tion 1.2). In section 1.3, we give a brief introduction to tinemework of probabilistic
graphical models, which we will use in chapter 2 for the sfeation of the PACA model.
In section 1.4, we describe the general methods used to fidagss of unobserved vari-
ables in probabilistic models, which we will use in chaptéo 2nd estimates of the latent
variables of the PACA model. Finally, in section 1.5, we fyieliscuss other research in
‘mind-reading’ fMRI analysis that pursues ideas relevansimilar to those presented in

this thesis.

1.1 Decoding Mental State from Brain Activity

In a typical ‘'mind-reading’ experiment, a human subjectf@ens a cognitive task while
in a functional Magnetic Resonance Imaging (fMRI) scanaad the goal of subsequent
analysis is to predict aspects of the cognitive task fronréleerded patterns of brain activ-
ity (Norman et al., 2006). The tasks involved vary widelyass experiments, depending
on aspects of cognition that the experimenter wishes toysidchine learning algorithms
have been trained to recognize patterns of brain activep@ated with recall of specific

visual memories (Polyn et al., 2005), the category of imagewed by a subject (Cox &



Savoy, 2003), whether a subject was lying to the experimehteng the task (Davatzikos
etal., 2005), and many others (Norman et al., 2006). Thesiengar diversity in the variety

of analysis techniques applied to the data to generate acpogdrule. Most commonly,

machine learning classification algorithms such as a neetalorks for logistic regression
(Norman et al., 2006), support vector machines (Mitcheldlet2004), or Fischer Linear
Discriminants (Haynes & Rees, 2005) are used in the analystgpresumably any suffi-
ciently powerful classification algorithm will suffice (Nman et al., 2006).

However, there remain significant challenges to any mirdtrg fMRI experiment
that have not yet been overcome, and first and foremost arhesg ts the problem of fea-
ture selection. A typical fMRI dataset contaifi®) ~ 1000 recorded timepoints of brain
activity, but each timepoint is comprised 4f* 10° voxels, or “volume pixels”, depending
on the spatial resolution of the scanner. Usinglafl voxels as inputs to a generic classi-
fication algorithm is often infeasible. Furthermore, théwaty of only a small fraction of
the potentiallyl0® voxels provides information that is relevant to the taskatd due to
neuroanatomical constraints and the high level of noisBIRIfrecordings. Thus, evenif it
were practical to use the entire brain as the input to theifias it would be undesirable to
do so. Instead, it is necessary to select only those inpturesithat are likely to improve
analysis of a given experiment. We can narrow down the nummbeoxels by restricting
our analysis to brain regions we expect to be involved in thgndive task, but feature
selection is still a difficult problem.

Due to the difficult nature of the problem, there is no “stadi@approach to feature
selection, but the Statistical Parametric Mapping (SPMjraach is relatively common
(Norman et al., 2006). SPM uses a statistical test to assigiua for each voxel indicating
its association with the cognitive variables of intereshebasic procedure for SPM in-
volves two steps: calculating a uni-variate test statistie@ach voxel, such as an ANOVA
p-value or F-score, and then selecting theltoyoxels according to the test statistic for use

in the rest of the analysis (Shen & Meyer, 2006). The choicE ean be based on either



prior expectations (like the anatomical masks) or througlempirical method like cross
validation (section 3.3.2).

However, there are two important limitations to the SPM rodthFirst, SPM attempts
to find the collection of voxels thabllectivelypredict cognitive state by grouping together
the voxels that are most informatiwedividually; only choosing voxels that individually
correlate with or predict the cognitive variables of insgrmight incorrectly exclude vox-
els that are encoding brain state as part of a populationuéiimdately the goal of the
analysis is to classifpatternsof brain activity. Ideally, feature selection would invelv
choosing pattern-based features that do not rely on umteaassessments of individual
voxels (Norman et al., 2006). The second major limitatio®BM for feature selection is
that it is asupervisednethod. Supervised methods require that the data and téks idiat
are present. Thus, SPM cannot be used on unlabeled data,piah though such points
will carry information about the dataset. Ideally, a pdlyiaupervised or completely unsu-
pervised method for feature selection would use all of trelable datapoints to produce
the inputs for the classifier. In the next section, we dis@adential means for finding just

such a method.

1.2 Latent Variable Models for Dimensionality Reduction

Rather than seeking to answer the question, “Which of thetifgatures are the most use-
ful for our analysis?”, we can alternatively ask, “Whitransformationof these features
is the most useful for our analysis?” ldeally, we could magfrthe high-dimensional
voxel space to a much smaller set of features that would ooaththe important high-
level information in the original voxel set while discardimoise and irrelevant activity.
The problem of finding this useful, reduced dimension regmtion of a given dataset is
known asdimensionality reductionand it provides an attractive alternative to traditional

feature selection methods. The goal of dimensionalityegdn algorithms is to find a fea-



ture set of many lower dimensions that is nonetheless “adgiN’ to the original dataset,
in the sense that the useful properties of the old featureasebe reconstructed from the
new feature set with a certain degree of accuracy. Unlike Siiiviensionality reduction
algorithms are typically both inherently multivariate amasupervised, satisfying both of
the major criticisms of SPM raised above; algorithms for elisionality will attempt to
find a reduced version of the original data without any otlmevkiedge than the datapoints
themselves.

In general, there are many (sometimes equivalent) fanofiedgmensionality reduction
algorithms, but we focus here on a particularly intuitivel growerful group of methods
known aslatent variable modelsLatent variable models are used in many fields and de-
fined in many different but equivalent ways, but they can bamarized as follows: in
a latent variable model, one assumes that the observed datgemerated according to
a specific process governed by a set of unobserveta{@n) variables. If one knew the
values of the latent variables, the actual observed dat&pwiould be redundant-all the
important aspects of the original data could be recreated)ulke generative process that
we assume has generated the data in the first place. Latéattleamodels can be used for
dimensionality reduction when it is possible to infer theefd variables from the dataset
and when the dimensionality of the latent variables is lothian the dimensionality of the
original data; we can simply replace the observed data binfeered values of the latent
variables.

An example of latent variable models for dimensionalityuettbn is Latent Dirichlet
Allocation (LDA) (Blei et al., 2003). LDA is a probabilistimodel of text documents which
can reduce a corpus of documents (represented by vectorsrdfa@unts) to probability
distributions over “topics,” which are themselves proligbdistributions over words (Blei
et al., 2003). Given a corpus of documents as an input, LDAfimidl the set of K" topics
that best explains the data according to the model. ThukeretareD documents with

a dictionary of sizéV words, theD x W input matrixX is reduced to & x K matrix



expressing the documents in terms/oftopics, and a< x W matrix defining the topics
over words. By choosindgd < W, LDA will produce matrices of latent variables that
are much smaller than the original data, but which can be teseztreate the word counts
of the original documents according to the LDA model. In thiy, LDA can reduce the
dimensionality of an entire corpus of documents to a muchemmanageable size.

Of course, it is important to remember that just because eeivlmased dimensionality
reduction algorithm will infer the model parameters fromigeg dataset is no indication
that the output will have any meaningful interpretation. ohder to successfully reduce
the dimensionality of data, any latent variable model muskensimplifying assumptions
about the origin of the data. The utility of the reduced datadpced by the model depends
on the degree to which the underlying assumptions are apptepo both the real origins
of the data and the desired interpretations of the reductd dan the one hand, if the
model assumptions are misguided, oversimplified, or is kinmgorrect, the resulting re-
duced data produced by the model will very likely have cagdurothing of interest about
the original dataset. On the other hand, even if the modesd dapture important aspects
of the data, and even if the model reproduces the data stigltgste simplified represen-
tation of the data within the model might be useless for therdd analysis. For instance,
although LDA will produce excellent models of documentsamis of the counts of words
within the document, LDA would be useless for researchdeseésted in investigating the
grammatical structure of a corpus of documents.

With such a large number of voxels and such a small number sérehtions, it is
likely that there are many ways in which to represent fMRIladats in terms of smaller
sets of latent variables, and it is equally likely that sorhthese representations are more
useful for the ‘mind-reading’ context than others. If we &rause latent variable models
for ‘mind-reading’ experiments, it is therefore cruciahtthe assumptions underlying the
model are appropriate for the neuroimaging context. We nanwsgicler one representation

of statistical models that provides an excellent frameworkspecifying complex models



from a concise set of straightforward assumptions: prdistibigraphical models.

1.3 Probabilistic Graphical Models

How does one construct a model? Often, there are many eqonivahys of expressing
a single statistical model, and which representation isntlest “natural” is a matter of
debate. For our purposes, and throughout this thesis, wemmharily considerproba-
bilistic graphical models Probabilistic graphical models are useful because theyige
an intuitive, compact representation of otherwise comphexels. Furthermore, given a
probabilistic graphical model and a corresponding set afit@mnal probability distribu-
tions, it is easy to find other important equivalent prokiabd representations of the model:
namely, thegenerative procesandjoint probability distribution.

In this thesis, we focus on a specific sub-class of probaiilggaphical modelsdi-
rectedgraphical models. A directed graphical model is a direc®gtlec graph (DAG)
G = {V, £} where each node is associated with a random variablg, and where each
node X, is defined to be conditionally independent of all other nogiesn its parents.
Recall that conditional Independence, readi$ conditionally independent &f givenZ,”
is defined as

P(X,Y|2) = P(X|2)P(Y|2), (1.1)

whereX, Y, andZ are random variables. The significance of the conditiorddp@endence
relationships in the graphical model is that they allow thiatj probability distribution of
all nodes in the model can be written succinctly entirely in ®ahconditional probability
distributions:

P(X) = [ P(X.|Parents(X,)). (1.2)

veV

Equation 1.2 is practically useful in the statistical manigiwe describe in this thesis

for two reasons. First, it is often much easier to specifyditbonal probability distributions



Figure 1.1:A simple graphical model of coin flipping. The unobservedalale Z,, (open circle)
determines the identity of the coin chosen, and thus thegmitity distribution of the observed flips
X, (filled circle). We represent this relationship in the grdgyha directed edge front,, to X,,.
Rather than draw this diagram for eaZh and X,,, the enclosing plate around the two variables
indicatesNV repetitions of the structure.
than joint probability distributions when we are describaomplex systems. For instance,
if we are modelingV binary variables, such as the occurrences of words in a dextjiwe
need to assign probabilities to alf possible combinations of outcomes to describe the full
joint distribution, and we might feel unsure as to what th@edabilities should be. On the
other hand, it's a lot easier to define the conditional prdlieds of words appearing in a
document given that we know the document is about a certpio (Blei et al., 2003). The
other major benefit of defining graphical models using coowl@l probability is that many
times, many different variables in the model will share thene conditional probability
distribution, so equation 1.2 can be simplified even further

As an example, consider a simple model of a coin-flippingesystThe system consists
of two steps. First, a coin is chosen at random by the system & pool of available
coins. Some of these coins are fair coins that will land oratts8 or “tails” with equal
probability, but some coins are unfair, and these will alsveand on “heads.” It is equally
likely that a fair or unfair coin will be chosen by the systefile second step is to flip the
chosen coinV times. What is the probability of observing 10 “heads” flipsairow? We
could attempt to model the system by figuring out the jointopimlity of every possible

outcome: fair coin chosen, flip 1 is “heads”, flip two is “tdjland so forth. However, the

most straightforward answer exploits the local conditigmabability relationships defined



by the system througinarginalization if the coin was unfair, the probability is. If the
coin was fair, the probability i$/2'°. Since the probability of choosing each coinl j&,
the probability of observing 10 “heads” flips in a rowlig2 + 1/2*L.

We can now form a compact, intuitive probabilistic graphioadel of the coin flip sys-
tem. To formalize our knowledge, we define an unobservedoandriableZ to represent
the choice of coin, and the observed random varialdles. . , X for each coin flip. Then

we define the following local probability distributions:

pP(Z = Fair) = 1/2, P(Z = Unfair) = 1/2,

P(X, = H|Z = Fain =1/2, P(X, = H|Z = Unfair) = 1.

These state that there is equal probability that the chosenfair or unfair, but that an
unfair coin will always land on heads. Finally, we can drawaasociated grap@, with
nodes forZ, and .X; throughX (figure 1.1). To indicate that is an unobserved variable
(we don’t know which coin was chosen by the system), the nod# s left unfilled. From

equation 1.2, we now have the full joint probability distriton for our model:

P(X1n,Z) = P(2) ﬁ P(X,|2). (1.3)

n=1

Now let us consider how this example relates to latent viiaimdels. Suppose we had
observed a sequence df coin flips, and we wished to infer which coin had been chosen

by the system. By applying Bayes Rule, we know that

ZZP(XLN?Z)‘

P(Z|X1.n) = (1.4)

Using the conditional probability distributions definecbab, we can evaluate the numera-
tor of equation 1.4, and we can evaluate the denominatog@sjoation 1.3. Thus, we can

use Bayes rule to infer the value of the latent variablan this model from an observed
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Figure 1.2:A slightly more complicated model of coin flipping. We add agraeterp that estab-
lishes a prior distribution on the coin choicg&s. This fixed parameter is notated with a dot in the
circle, and because each, is conditionally independent given thep node is located outside of
the N plate.

datasetX;.. We could even consider replacifig. y with the valueZ as a form of dimen-
sionality reduction, since, knowing, we can recreate data with the same distribution as
Xin-

At this point it is worth considering what the modsnnotdo, due to the limitations
of the simplifying assumptions we have made. One importansequence of the way we
have defined our model is that the individual coin flips exehangeablebecause each
coin flip depends only o, the actual ordering of the flips is irrelevant to the modeé W
see this in the product term of equation 1.4: the orderingp®térms in a product does not
change the result, so we can reorder the coin flips howevekeeHquivalently, each coin
flip is independent of every other coin flip given the unknowsatity 7. However, this
assumption might be inappropriate for the coin flipping sgst If we supposed instead
that the coins were landing in a malleable surface, sucHlastjgen this assumption might
not hold — the later flips might be biased by the deformitiésoohuced into the jello by the
previous flips. Furthermore, from the dimensionality redurcstandpoint, exchangability
might limit the usefulness of the model. If we need to re@edt.y exactly, preserving
order, we will need a more complex model than the one in figute 1

To finish off our simple example of probabilistic graphicabdels, we increase the

10



complexity of our model by adding the assumption that thédabdity of choosing a fair
coin varies as the coin flipping experiment is repeated dierdift days. We introduce a

new parametep, and change our conditional distribution fgras follows:

P(Z = Fairlp) =p, P(Z = Unfairlp) =1—p.

BecauseZ now depends op, we must add another node to our graphical model (figure
1.2. However, since we are not assumirng be a random variable, however, we mark the
node forp with a dot; this indicates thatis a fixed parameter. Suppose we want to infer
a value forp from a set of observed coin flip§;.,? Unlike in equation 1.4, there is no
probability distributionP(p|X;.y, Z) that we can calculate. In this case, we must form a
point estimate using a method such as maximum likelihood estimation (sedti4).

Although we have only looked at a simplistic example, thengpde illustrates the three
primary benefits of the graphical approach that we advocathis thesis. First, all the
assumptions of the model are immediately accessible andteamderstand, as condi-
tional probability distributions must be specified for eaahdom variable in the model.
This makes it easy to qualitatively assess the suitabifithe model to a given problem
(e.g., the “jello problem”), and to qualitatively compareeomodel to another. Second,
the conditional probability distributions are sufficientfully specify the entire model, so
probabilistic graphical models are easy to build, modify then expand later (e.g., adding
the parametep). Finally, once the probabilistic model is fully specifiedg can apply any
number of standard algorithms to form estimates of unknacaviables or parameters, such
as maximum likelihood estimation or expectation maxima@af{EM).

Finally, the last section of background material we covethis specific method of
approximate inference used in the remainder of this theséximum a posterioiMAP)

estimation.
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1.4 Maximum A Posteriori (MAP) Estimation

Let us now consider any probabilistic model in a somewhatenadastract case. Given a
set of observed dat® and a set of governing parametérshe probability of observing
the data under a particular parameter set is defined abk#lnood ! of the data with
parameterd. For a fixed datasé®, the likelihood function is a function of the parameters
0:

1(6; D) = p(Dlh). (1.5)

Note that we can define the likelihood function evefi i6 a set of fixed parameters that
have no distributiorp(f). We can use the likelihood function to infer estimates of the
parameters from the observed data. Consider the set of pt&aﬂm that maximize the
likelihood function; we can think of these parameters aptdrameters that have the “best
chance” at explaining the observed data. This is bec@ukas the highest likelihood of
being observed wheth = 0,1 If we wish to find a point estimate of the parameters, then

§ML will be a reasonable choice. We defifig; formally as
Orir = argmax [(0; D), (1.6)
(%

and?ML are thus known amaximum likelihood estimato(&ussell & Norvig, 2003). In

practice, it is often easier to maximize tlog likelihood which we denotd.:

§ML = argmaxlogl(0; D
0

= argmax L(0; D) (1.7)
0

If we considered the unobserved variallén the latent variable model in figure 1.2 to be
the parameters of the model, we could have chosen to ignerprbability distribution
P(Z) and estimated usingZy. instead of calculating the distribution in equation 1.4.

However, a more complicated model might also assumea distribution p(¢) over

12



the parameters. Intuitively, this is assuming that paranmssts) some areas of the param-
eter space are more likely to be observed than others. If i twgparameterize the prior

distribution with its own set of parameters, we write

p(0) = p(0]n), (1.8)

wherer is the set ohyperparametersf the model. Under these assumptions, it is not suf-
ficient to estimaté by simply maximizing the likelihood function. For exampéansider
the case Wherp(§ML |n) is extremely low. In this case, the prior probability dibtriion is
saying that observing the estimaﬁm is very unlikely, even thougﬁML might best ex-
plain the observed data. To avoid this problem, we can maehieposterior distribution

of the parameters given the observed dataset, rather tedikeétihood. The posterior dis-
tribution p(#|D) can be defined in terms of the likelihood and the prior distitn using

Bayes Theorem:

oc p(DI0)p(0]n) = 1(0; D)p(0]n). (1.9)

Instead of maximizing the likelihood, we can instead maxirthe posteriop(6|D); this
is known asmaximum a posterior (MAR)stimation (Russell & Norvig, 2003). We define

the MAP estimategMAp as the set of parameters that maximize the posterior:
Orrap = argmax(6; D)p(0|n). (1.10)
6

In practice, it is often easier to to maximize the log of thetedor distribution, which we

define as a function df.
L(0;D,n) = logl(6; D) + log p(6]n), (1.11)

13



In this case, we see that to fir@QAp, we maximize the sum of the log likelihood and the
log of the prior over the parameters. We also note that thmseanritten as the sum of the

log likelihood of the data and the log likelihood of the paeders:

L(0;D,n) = L(0; D) + L(n;0). (1.12)

Thus, MAP estimation is equivalent maximum likelihood eettion with a penalty term
log p(A|n) added to emphasize certain portions of the parameter sBach.penalty terms
are used elsewhere in areas of statisticsegslarization(Hastie et al., 2003). We will
explore this relationship between MAP estimation and ragztion in more detail within

the context of the PACA model in section 2.4.4.

1.5 Related Work

Although the dimensionality reduction method presentdtiismthesis is novel, the “multi-
voxel” approach to fMRI analysis is a more general methotha been attracting increas-
ing interest over the past few years (Haxby et al., 2001;iPetyal., 2005; Norman et al.,
2006; Detre et al., 2006). Recently, a multi-voxel approtcfeature selection has been
proposed that uses a “searchlight” to perform statistestiston spatially localized groups
of voxels (Kriegeskorte et al., 2006). However, this metlsddndamentally different from
the approach advocated in this paper, as the individualfeaproduced by the method are
still voxels, and it is fundamentally a fully supervised ined.

In general, there have been many prior applications of daeality reduction tech-
niques to fMRI datasets, but very few within the context ofatling mental state from
brain activity. Most involve the application of Principab@ponent Analysis (PCA), a
powerful technique which has been applied in almost innaivlercontexts (we discuss
PCA in more detail in section 2.5.1). Fan et al. (2006) used R dimensionality re-

duction as one part of a three-tiered feature selectionnseheéAlthough not classifying
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brain activity, Ford et al. (2003) used Principal Compon&malysis (PCA) to reduce the
dimensionality of voxel activation maps to classify activa maps as belonging to pa-
tients with various neurological diseases. PCA has alsa bpplied to many other fMRI
analysis in other experimental paradigms (Peterssonl,et99; Andersen et al., 1999).
Non-negative matrix factorization (NMF), a much newer t@qgoe, has been applied to
fMRI only recently (Wang et al., 2004). Although we do notaliss Independent Compo-
nents Analysis (ICA) in this paper, ICA can be used in conjiomcwith PCA as as method
for isolating spatially independent components with fMRtakets. ICA has been applied
to a wide variety of fMRI analyses (McKeown et al., 1998; Fmamoa et al., 2004). Fi-
nally, a wide variety of non-linear dimensionality redwctitechniques have been used in
paradigms outside of the 'mental state decoding’ descrilgzd (Shen & Meyer, 2006).
Although the mostly Bayesian and probabilistic approadsented in this thesis has
been applied to the analysis of fMRI data before, the use leas lbargely limited to
Bayesian versions of conventional fMRI analysis (Petarsset al., 1999; Frank et al.,
1998). Notably, Mitchell and colleagues have developedapnplied a directed graphical
model, the Hidden Process Model (HPM), to certain limitediMlatasets within a ‘mind-
reading’ type of context (Mitchell & Rustandi, 2006). Hovegymost of the linear methods
for dimensionality reduction described above have beewsho belong to a single family
of generative statistical models, but with slightly varyiassumptions (Tipping & Bishop,
1999; Roweis & Ghahramani, 1999); thus, the general metlesdribed in this thesis has
already been widely used, evenif itis not yet widely recagdias such. When we compare
the PACA model to PCA and NMF in more detail in sections 2.%1d 2.5.2, we shall see
that PACA is also a member of the same general family of modefswith assumptions

that are more appropriate to fMRI datasets.
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Chapter 2

Probabilistic Additive Component

Analysis (PACA)

In this section, we introduce a probabilistic generativelslof functional MRI data, which
we callProbabilistic Additive Component AnalygRACA). We first introduce in detail the
key motivating assumptions behind the model and compasethgsumptions to those be-
hind two linear methods of dimensionality reduction, Pipat Component Analysis (PCA)
and Non-negative Matrix Factorization (section 2.1). Tredel is defined in detail in sec-
tion 2.2, and the procedure for fitting the model from datagsaiibed in section 2.3. An
alternative formulation of the model as a regularized mdactorization is given in sec-
tion 2.4.4, and in sections 2.4.2 and 2.4.3 it is shown thgdlegization induced by the
priors specified in our assumptions are equivalent to then®lal regularization used
in many other algorithms. A principled method for selectinger-parameters based on
the proportion of regularization desired is presented otige 2.4.5. Finally, a working

implementation of PACA is described in section 2.6.
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2.1 Motivation

Given that there already exists a plethora of linear andlim@ar methods for dimensional-
ity reduction, why introduce another linear model? Firstdescussed in section 1.2, latent
variable models for dimensionality reduction offer anaattive alternative to supervised
feature selection methods, but ascertaining and assdbgiagsumptions underlying these
models is critically important when interpreting the résulTherefore, rather than simply
applying existing models to the ‘mind-reading’ experingi@ind then assessing the validity
of the assumptions involved, we set out to create a new mattelalid, neuroscientific as-
sumptions from the outset. Furthermore, as discussed fioBec3, it is relatively easy to
construct statistical models using the framework of prdistiz graphical models; this also
will allow us to expand the complexity of the model to incorgi@ spatial or time-series
relationships in the future (section 4.2).
The PACA model was designed to capture three specific assumtwo neurosci-

entific, and one statistical) that we believe are appropfiat analysis of fMRI datasets.

These assumptions are defined as follows:

1. Brain activity is driven by a finite number of excitatory amdhibitory neural pro-
cesses, or “neural topics.This is a basic assumption that is fairly common across all
areas of neuroscience, and evidence for both task-relateigon and task-related
inhibition in functional imaging experiments is readilyagtable (McKiernan et al.,
2003). We capture this assumption in our model by assumiaigetiich underlying
neural topick has a stereotyped effect on each voxelvhich we represent by a
real-valued scalar parameter ,. Excitation is represented by positive values and
inhibition represented by negative values, and a singlega® can have excitatory
and inhibitory effects in different brain areas simultangly. For example, if there
were a neural topic that corresponded to a particular wgrkiemory task, we might

expect to find high positive values pf , in areas of prefrontal cortex associated with
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high level cognitive tasks and short-term memory, and megehlues of. , in areas

responsible for the processing of distracting stimuli dgrihe experiment.

. Neural topics sum additively to produce the observed vosi@lations at any given
point in time. Specifically, the measured activityof each voxeb at each time is

defined by

Tro = itk T € (2.1)
k

wherey, ., is the effect of thé:’th neural topic on the’th voxel (described above),
2+ 1S @ positive real number indicating the degree of activadbthe k'th neural
topic at timet, ande is an error term. The linear sum makes our model linear (as we

shall see, similar to PCA and NMF) and greatly simplifies treghematical analysis.

The requirement that the topic activations, are positive serves two purposes.
First, we wish to account for the fact that the cognitive aakes being decoded in
most ‘mind-reading’ experiments are almost exclusivelgifpioe. For example, in a
category-classification experiment, where the goal is édligt what class of stimuli
a subject is viewing (Cox & Savoy, 2003), the cognitive vhlgeof interest is a bi-
nary indicator for whether or not a particular stimulus slaspresent. Thus, if the
stimulus is “dog,” we wish to model brain activity involved iepresenting the con-
cepts of “dog” vs. “no dog” through the various activatioristee unobserved neural
topics we are trying to model. If we were to allow negative\ation of topics, then
by this reasoning we would be modeling the additional conoépnegative dog,”
or the negative activation of whatever neural topics cgoasd to the “dog” topic.
Similarly, in a lie-detection experiment (Davatzikos ef 2D05), the goal is to model
the presence or absence of top-down brain activity assatiaith deception, with
no concept of “negative deception.” Furthermore, althotighcognitive variables
in these examples are binary, we do not restrict the aatiwatof the topics to be

strictly binary, since we don’t realistically expect ndui@pics to be activated in a
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sudden all-or-none fashion when considered over the twansbxesolution of fMRI

recordings.

The second motivation for the positive constraint is thatifpee topic activations
greatly enhance the interpretability of the fitted resultsrf the model. Using our
interpretation of the neural topics parameters as excitation and inhibition, allow-
ing the activation of a neural topig, , to be negative would change the sign of the
topic’s effect in the observed activity, effectively switng excitation to inhibition
and inhibition to excitation. For example, negative adtosa of a neural topic cor-
responding to the processing of auditory stimuli, which Imigxcite auditory cortex
when positively activated, would then leaditdnibition of auditory cortex instead.
Although it is unclear whether or not this scenario is neciettifically plausible,

it is clear that interpreting the activation maps assodiatéh a particular topic is

much easier if one can easily distinguish inhibition froncieaion.

. The fMRI pattern-classification problem is inherently egpecified, and regulariza-
tion is required for any model to generalize properls previously described in
section 1.1, many fMRI datasets involve sparse obsenatidrvery high dimen-
sional variables. Thus, the problem of fitting any suffidigwomplex model to the
data isover-specifiedfor any given instance of a dataset, there may be many solu-
tions to the model that can explain the data equally well {ida al., 2003). This is
a problem for several reasons; with so many features andisoliservations, there
is a good chance that even with a relatively small number dficed dimensions,
we might expect the model to find an arbitrarily good fit to tlhserved data unless
additional constraints are imposed. If we are attemptirggeteeralize to a previously
unobserved test set, the model will be at severe risk for-titerg. Finally, if the
solution to the model is not stable and unique, it is diffi¢iflinot impossible) to

draw reliable conclusions from experimental results.
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One statistical approach to solving over-specified probleo introduceegular-
ization, which forces a model to minimize a penalty term on the pataraeof the
model in addition to an objective function used to assesSitloé the data. Com-
mon penalty functions are the L2 norm (used in ridge regoe$r the L1 norm
(known as “the Lasso” method in regression) (Hastie et 8D32. The penalty func-
tions force the model to use a “simpler” parameter set toa@rghe data than that
which would be found by pure minimization of the objectivadtion, where differ-
ent penalty functions imply different definitions of “singilparameter sets. Further-
more, regularization has been shown experimentally to hefsée when conducting
‘mind-reading’ type experiments. In a ‘brain activity inpeetation’ competition held
in 2006 fttp://ww. ebc. pitt.edu/ PBAI C. ht M), in which teams competed
to predict aspects of subject’s mental state while watclepigodes of Home Im-
provement, the second place entry used ridge regressioarasfptheir analysis
(Chigirev & Stephens, 2006). Regularization in the PACA elad accomplished
through the use of prior distributions over the parameteeswill investigate later
how these priors are equivalent to L2 and L1 regularizatiorspace and time, re-

spectively (sections 2.4.2 and 2.4.3).

After we define these assumptions quantitatively, we sleallow these assumptions
compare to the assumptions implicit in PCA and NMF. As it tuouit, the “neural topics”
we describe are essentially equivalent to the “principahjgonents” that are found by
PCA, but with the extra specification that the neural topia®s additively Furthermore,
we define our modgdrobabilisticallyin terms of a generative random process, using prior
probability distributions to add regularization to theifigg process, unlike PCA. This is
the origin of the name for our new model, which we will analyaethe remainder of this

chapter: Probabilistic AdditiveComponent Analysis.”

Lit's also worth noting that the third-place entry (Battleabt 2006) used a graphical model as part of their
analysis.
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2.2 Model Definition

Now that we have motivated the PACA model, it is time to beginl¢fine the model. At
this point, it is useful to formalize the terms and notatiahave introduced in the previous

section.

2.2.1 Notation

We represent a given fMRI dataset ag' & V' observed matriX, whereT is the number

of recorded samples in the dataset & the number of voxels. The activity of théh
voxel at time! is notatedr, ,,, and it is a scalar, real-valued number recorded by the scann
Each rowx; of the observed matriX is thus a pattern of activity across all recorded voxels
in the brain at a single point in time, which we refer to agadtern Each columnx, ,

is a vector of observed values of a single voxel for the emtn@rse of the experiment. In
reality, each voxel corresponds to a point in 3D Cartesian coordinate spacégese is a

mappingf from the columns oK to a 3D coordinate

f:{1,...,V} = {1,...,D}?,

whereD is the dimension of a cube containing the subject’s brainvéler, although one
might wish to construct a model that assumes relationshepsden neighboring voxels
in 3D space (section 4.2), PACA (like PCA or NMF) indexes Jsxarough the arbitrary
ordering induced by. Similarly, although we describE as being indexed by timg the
actual ordering of the datapoints in the model is arbitraga{n, as in PCA or NMF).

We define aneural topicor justtopicto be a row vectop, consisting of a single real

valuedtopic mearfor each voxel:

l’l’k = <:uk’,07 Mk’,la ceey ,UJk’,V>'
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If there areK different topics in our model, these are represented ky>al” topic matrix

p. Each row ofy is a single neural topic, while each colurpn, , is a vector of thei’

different topic means for the'th voxel in the dataset. At any timg we define thdopic

activationto be a positive real numbey, ;; the topic activation can be interpreted as the

degree to which a given neural topic is influencing neuralégin the subject’s brain.
Finally, we define the subjecttyain stateat timet to be a column vectat., consisting

of the topic activations for each of th¢ topics at time':

Z<'>7t = <Z0,t7 Zl,t; ey ZK,t)-

The complete set of brain states for each pointin time fonglsidataset is then th€ x T’
matrix Z. The columns o¥ are the brain states for each time-point as defined abovés whi

each rowz, is the activation of a single topic over the course of therergkperiment.

2.2.2 Generative Process

We can now formally define the generative model underlyin@RAWe take a similar
approach as in our definition of the coin flipping model ddsailiin section 1.3: we first
define a generative process that incorporates our desisedng@sions about the data, and
then show how this process can be represented graphically.

In the PACA model, the observed daXaare generated through a three step random
process (figure 2.3). The first step of the process is to gen@ra/ neural topics for each
voxel, u. These are drawn randomly from a Normal distribution (fig2uw®) with meanr
and variance;.:

fir ~ N (Thw, 02) Yk, v (2.2)

Because each component of each topic is drawn independalhtlgpic means, , will
be independent of all other topic means given the paramstesndo,,,u?. Thus, like the

coin flips in the example in section 1.3, the individual vaxahd topics are exchangeable.
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Figure 2.1: Example probability density functions of theriMal distribution, from which
w is drawn in the PACA model. The parameteis the mean of the distribution, whi@
is the variance. The distribution is plotted for severalweslof(r, o).

The Normal distribution was chosen as the prior foto satisfy our first neuroscientific
assumption; because the domain of the Normal density fumddithe real line, the values
of eachy, , are unconstrained. Furthermore, by placing a prior distioim on s, we will
see that the we satisfy our third motivating principle, aesdb parameter enforces an L2
norm regularization of the topic means (section 2.4.2).

The next step of the process is to generate the brain statesdt point in timeZ.

These are drawn from a Gamma distribution (figure 2.2) witipgh and scalé:
2k ~ Gammaa, b). (2.3)

Again, each component of each brain state is drawn indepéigdeom the same distribu-
tion, so the time-points are considered exchangeable. Binenta distribution was chosen
to satisfy the second motivating assumption behind the inadece the domain of the

Gamma density function is over the positive redsis constrained to be non-negative.
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Figure 2.2: Example probability density functions of then@aa distribution, from which
Z is drawn in the PACA model. The parameteis theshapeof the distribution, while is
thescale The distribution is plotted for several values(afb).
Furthermore, as we will see in section 2.4.3, the Gamma pnéorces an L1 norm reg-
ularization over the brain states with certain parametgmggs, again satisfying the third
motivating assumption for PACA.

The third and final step of the generative process is to gentra observed data matrix
X. The activation of voxel at timet is assumed to be drawn from a Normal distribution
where the mean is the additive summation of the topic mganpsveighted by the topic ac-
tivationsz; ., and the variance is defined by a parameterThus, we define the conditional

probability ofz; ,, given the corresponding topic vectqrs, , andz.) ;:
Tooll(y o 200 ~ N (B0, 02) (2.4)

where

i't,v - Z Pk kv (25)
k
Equivalently, we can define, , exactly as in equation 2.1 by setting the noise tetimbe
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Figure 2.3 The generative process formulation of PACA.

Choose fixed values for hyperparameters, 02, o2, andr.

1. Drawpy, ~ N (1, 021) forall k € {1,..., K}.
2. For each time-pointe {1,...,T}:
(a) Drawz,; ~ Gammaa,b) forall k € {1,..., K}.

(b) Foreachvoxeb € {1,...,V}:

i. Compute the predicted mean, = Zsz1 i 02k ¢ fOr voxelv at timet.
ii. Draw z;, ~ N (4, 02).

normally distributed with mean zero and varian¢e Thus, the parametef can be inter-
preted as the variance of the noise in the observed dataharstinz, , can be interpreted
as the predicted activation of voxeht timet in the model.

We can now summarize the various random variables, parasnatel hyperparameters
of the PACA model. In this model, the only observed quanstyhie matrixX, which we
have assumed has noise with variange The latent variables of the model gqueandZ,
which are also the parametersXfin the conditional probability distributiop(X|u, Z).
The latent variableZ and e are in turn parameterized by the fixed sets of hyperparameter
{a,b} and{7,07}. The model is also defined by the dimensions of the varialdlg$,,
and K. All of the constants, variables, and parameters are surpetafor reference in
table 2.1. Finally, we note that have included all three afgimary assumptions into the
PACA model: the matrix: consists of’ neural “topics” that sum additively according to
the topic activations in the matri to form the observed data, and bgtlandZ have prior

distributions that will enforce regularization when figin

2.2.3 Probabilistic Graphical Model and Full Joint Distrib ution

From the generative process summarized in figure 2.3, itsg &adraw an equivalent

graphical model. Following the procedure outlined in s@ttl.3, we build a graph with
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Symbol | Type Dim Prior Description

Observedr.v. T xV Normal | Observed brain patterns.
Latentr.v. K xV Normal | Topic means.

Latentr.v. K xT Gamma| Brain states.

Hyperparameter Scalar None| Variance of allX; ,
Hyperparameter Scalar None| Variance of alluy, ,
Hyperparameter K x V' None | Mean for eachu,
Hyperparameter Scalar None| Parameters for the Gamniaprior

qws%qw NT #4

>~ 3 x

e

Table 2.1: The variables (latent and observed) and hypemeters of the PACA generative
model.

nodes for the random variablgs Z, X, and the hyperparameteds b, o—i, ando?. X
depends on botlu and Z, in addition tos?, so edges are added fromto X, from Z
to X, and fromo? to X. However,u depends onr ando— andZ depends o andb,
so these edges are needed as well. Finally, &g observed, and, b, aM ando? are
hyperparameters that do not change, so we decorate the aoxteslingly. The completed
graph is shown in figure 2.4.

From the graph in figure 2.4 and the conditional probabilistributions we defined
when expressing PACA as a random process (figure 2.3), itviseasy to obtain the full
joint distribution of the PACA model. Using the formula inwegion 1.2, we write the joint
distribution as the product of the conditional probabitiigtribution of every node in the
graph, given its parents. Thus, the joint probability of@tvations of the random matrices
u, Z, andX given the set of fixed hyperparameters- {¢2, o o.,T,a,b} can be written as
following:

p(X, 1, ZIn) = p(Zla, b)p(p|T,02)p(X|p, Z, 02), (2.6)

where

p(Z|a,b) HHZM b‘l exp{—zm/b}, (2.7)
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Figure 2.4:The probabilistic graphical model representation of Pidlsdic Additive Components
Analysis (PACA). Each observed data paint, is Normally distributed around the weighted addi-
tive sum of theK latent componentg,, , of voxel v according to the< non-negative coefficients
2y for timet, 2, 4, with variances2. The unobserved additive components or “neural topigs,
are normally distributed with meam ,, and variancai, and the non-negative coefficients or “brain
states?;, ; are distributed according to a Gamma distribution with shapnd scale.

as defined by the probability density function of a Gammaithstion,

1 2
|’T,0’ HH 277'0'2 1/2 exp {_E(uk,v - Tk,v) }7 (28)

as defined by the probability density function of a Normatrisition, and

1 1
X, Z,02) = —_— v — Ti)t e 2.9
p( |l’l'7 7Ux) ];[ ];[ (271_0_:%)1/2 eXp{ 2% 2 (xt — Ty, ) } ( )

again, applying the probability density function of a Notrdastribution and using the
definition of 2, , defined in equation 2.5. Thus, the probability of obsenXgy, and
Z together is proportional to the probability of observingand Z individually and the

probability of generating the observed valuesXofrom p andZ with noise governed by

2

0.
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2.3 Estimatingu and Z from Data

Now that we have fully specified all relevant theoreticalexsp of the model, we show
how the latent variableg andZ can be estimated from a given set of observed Hatd/e
use the method afhaximum a posteriorestimatation introduced in section 1.4; we will
see in the next section that this method for estimating ttentavariables can be used to
characterize PACA purely in terms of a regularized leastased-error matrix factorization,
without an explicit probabilistic model.

We now apply the method of MAP estimation to the PACA modelhis paper. Al-

thoughu andZ are latent random variables, we define the paraméterbe
0 = {2}, (2.10)

sincep andZ are the parameters for the modeled distributionXgfand these are the
variables which we want to estimate. Following the formolagiven in section 1.4y, b,

o7, T, ando? are the hyperparameters of the model:
n={ra,b, ai,ai . (2.11)

The hyperparameters are considered fixed, along Xitar the MAP maximization prob-
lem. The observed datasktis then simplyX. We can then write the log posterior (equa-
tion 1.12) of the PACA model in terms of the log likelihoodglbé data and the parameters

as follows:

L(6;D,n) = L(6;D)+ L(n;0) (2.12)

= L(p,Z;X) + L(7,00; p) + L(a, b; Z), (2.13)
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where

% .1 o,
LQ@ZX}:—iTkg@m%y—%gi %(@m—m@, (2.14)
KV 1
2, _ 2 § E 2
and
. J— — _ Zk7t _ JE—
L(a,b;Z) = §k | [Et ) [(a Dlog 2, — & } TlogD(a) — Talogh|,  (2.16)

are the individual log likelihoods oK, p, andZ, respectively, and: , is defined as in

equation 2.5 The MAP estimation problem for PACA is therefor

Ovap = argmax [L(p, Z;X) + L(7,0%; p) + L(a, b; Z)] , (2.17)

wz

subject to the constraint

Z > 0. (2.18)

We can attempt to solve this problem by taking the derivativihe log posterior with

respect tqu andZ:

oL _a—1 1

1
- - 7 ) E v L v v 219
akato Zko,to b + o2 [(xtm Tto, )Mko’ ] ( )

v

and

oL 1 1 R
= (:uko,vo - Tkomo) + ; Z [(xt,vo - xt,vo) Zko,t] : (220)
Tt

a,uk:o,vo _U_ﬁ
Unfortunately, these derivatives cannot be analyticallyed to find the critical points of
the log posterior function. Therefore, we must use numentthods to find the MAP
estimators; in this thesis, we use a conjugate gradienedésdgorithm to solve equation
2.17. However, optimizing under the inequality constrargquation 2.18 poses a number

of practical challenges to this procedure. Thankfully, \&a sidestep these issues entirely
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through a simple reparametrization Bfthat converts the constrained maximization in

equation 2.17 into an unconstrained one.

2.3.1 Unconstrained Optimization

To convert the constrained maximization problem in equefd?7 to an unconstrained

maximization problem, we apply the following reparametation ofZ:
Rkt = eXp{wk,t}7 Vka v (221)

wherewy,, is unconstrained. Since exponentiation is a monotonidadigeasing function,
the maximum ofL with respect tow will be equal to the maximum with respeZt and
given\/R\fMAp, we can easily fin(iMAp. However, because exponentiation maps the real line
onto the positive reals, the maximization problem with eztpoW is now unconstrained.

Plugging inW for Z results in the following set of changed log likelihood fuoats:

Wit

3 {(a— Dwp, — eb } — Tlog[(a) — Talogb] . (222

t

L(a,b; W) = > [

k

and

2
% 1 y
L(p, W;X) = 5 log(2mo?) — 552 Z Z [xw - <Z [0€ kt)] . (2.23)
k

Tt v

The new derivatives are as follows:

xT

oL eWko:to 1
= — 1 — —_— v — . Wit v Wt 7 224
a’lUk:o,to (CL ) b + o2 ZU: [(l’to, Zk:,uk, € 0) iy 0€ "0 0] ( )

and

oL 1 1 . .
8%071)0 = —;(ﬂkmvo - Tk,u) + 0_—% Z [(mt,vo - Zk:luk’voe k, ) eWkos ] . (225)

K t
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Thus, for a given set of hyperparametetsb, 7, aﬁ, ando?, and an observed dataset
X, we can find the MAP estimatoig, ., and Ziap by directly applying methods for

unconstrained optimization.

2.4 Setting Hyperparameters

So far, we have not yet dealt with how to set values for the tpgrametersg, b, T, aﬁ,
ando?. We now present a principled method of selecting hyperpatars based on the
interpretation of the prior distributions as regularieas of the neural topics and brain
states, respectively.

Let us start by considering the dual minimization problerth®omaximization problem

in equation 2.17:

{ﬁ’MAPv zMAP} = argrgin [_L(y’v Z7 X) - L(Tv Oﬁ; M’) - L(CL, bv Z)} : (226)
K,

The formulation in equation 2.26 is simply minimizing thegaéve log posterior function,

but at this point, we can ignore the underlying probabdistintext and consider equation
2.26 purely from the perspective of an optimization probl&eacause we are minimizing,
we can remove all constant terms from the various terms oétjuation to simplify the

analysis. Furthermore, we can analyze each term in equ2tthseparately to determine
the effect of the hyperparameters on that part of the miration problem. Once we un-
derstand the effect of each hyperparameter on the fit of ttee de can determine which
hyperparameters should be tweaked when fitting the modelhaw the values should be

set.
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2.4.1 Minimization of Squared Reconstruction Error

We start by considering the first term in equation 2.26, thgatiee log likelihood of the
observed datX given the latent variables and the hyperparametewe start by plugging

in equation 2.14 into the optimization problem of equatioR62 but without the other

terms:
- v 1 )
{p*, 27} = ar%’rgm 710g(27m§) + 207 Et Ev (@4 —xm)Z] (2.27)
! i
= ar%’r;m 207 % Ev (xm—xt,v)Q]. (2.28)

Now, we note that the predicted voxel means can be written equivalently as the dot

product of thet'th column of Z with thev’th column of

f;t,v = Z Rk tHky = Z{%t : /J/(.>7v-
k

Thus, the entird” x V matrix of predicted voxel mear can be written
X =7"pu, (2.29)

whereX is called thereconstructiorof the original dataX from the latent variableg and
Z. The sum of squared distances betwaeandX is thus thereconstruction errorand it

can be written,

1X = X[B =" (@, — ). (2.30)
t v
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Thus, we see by comparing equations 2.30 and 2.28 that nzimigiihe negative log like-

lihood of the data is equivalent to minimizing the reconsti@n error ofp andZ,

* * : 1 S
{p 2"} = argmin |55 > > (wr, — ) (2.31)
n,Z az t v
1 ~
= argmin —2||X—X||§, (2.32)
I‘L’Z O-Z’
where the reconstruction error is scaled by the inversanee of the erro%. To simplify

our analysis, we can set = 1 without changing the minimum of the reconstruction error

function.

2.4.2 L2 Regularization of Topic Means

We now consider the second term in equation 2.26. .t = 0, for all k,v. Then

minimizing the negative log likelihood of the latent vari@lp (equation 2.15) becomes

KV
X gL in | — log(2 — 2.
{u*, 2"} ar‘gf;lm 5 log(270; ZZ (o — Teo)?|  (2.33)
— ar%’nznn 202 Z ; P (2.34)
= argmin o 2.39)

Thus, whenr,, , = 0, the Gaussian prior overis exactly equivalent to an L2 regularization
over each neural topic. Therefore, when the PACA model issfitgtMAP estimation in
equation 2.26, the model must balance the minimizationefeélsonstruction error with the
minimization of the topic means themselves. The balancengralled by the variance of
the p prior, ai. This sort of L2 norm based regularization is used in theg&idigression”
analysis technique, and it is widely known that L2 regulkatin will result in a smooth
distribution over the regularized parameters (Hastie.e@03). Ifr; , was not zero, the

regularization would serve to bring closer tor, potentially accounting for whitening in
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the data. For our purposes, since all the data is z-scoreds 0 is sufficient.

2.4.3 L1 Regularization of Brain States

Finally, we examine the last term of equation 2.26. Condidercase where = 1. Then

the minimization becomes

{p, 2"} = argmlnzz [a—l logzkt—ﬁ]+

b
Z [T'logI'(a) — Talogb] (2.36)
= argmmzzzkt (2.37)
) 1
= argmin —||Zl;. (2.38)
n,Z b

Thus, wher: = 1, minimizing the negative log likelihood & is equivalent to minimizing
the L1 norm ofZ (sinceZ is non-negative, so tha = |Z|), scaled by the inverse of
hyperparametdr. This is exactly equivalent to L1 regularization, which reokvn in linear
regression statistics as the “lasso” method (Hastie e2@0.3).

However, it is also well known that L1 regularization willuise the fitting algorithm
to find a sparse distribution over the regularized pararadtéastie et al., 2003). Since
we have already described reasons for why very sparse bgssare not necessarily

desirable (section 2.1), we consider the case whetel +b~!, so thatz > 1. In this case,
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the minimization becomes

A 1 Zhit
(.2) = o33 - g 5] 4

1 1
> {T log (3 +1) = T(; + 1) log b} (2.39)
k
= argmm ; Z Z 2kt — log 2k (2.40)
= argmm (11Z]]: — Zlog Zkt) (2.41)
= argmin - (||Z||1 — |1Z]]10g) (2.42)
w,Z

Thus, in the case where> 1, the Gamma prior oveZ is equivalent to an L1 regulariza-
tion with the extra tern} _, , log 2, (we which notate agZ||,,) subtracted. As any; ,
approaches zertog 2, Will approach negative infinity, so subtracting the log oflea ;
will prevent anyz;, ; from becoming exactly zero. (In general, the negative logfion can
be usedarrier function that will prevent absolute zero values in minintiaa problems.)
By restricting our analysis to the case where- 1, we can ensure that the distributions
overZ are not extremely sparse. We can also arrive at the sameusomtlby examining
the probability density of the Gamma distribution with diént parameter sets (figure 2.2);
for the case where > 1, the peak of the density function is positive and shiftedyafram

Zero.

2.4.4 Alternative Formulation: Regularized Matrix Factor ization

One useful consequence of the previous results is that weeeaxpress the probabilistic
model of PACA as a matrix factorization problem. Combinihg tminimization problems
in equations 2.35, 2.42, and 2.28 back into the MAP estimagtiroblem, we can express

the parameter estimation process originally derived from grobabilistic model as the
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solution to the regularization matrix factorization preii,
* g% : 1 T 2 1 2 1

{p", 2"} = argmin _ || X — Z7 p|[; + 5 [lwlz + 2 (1Z]1 = 11Z]]10g), (2.43)
4 2 2UM b

subject to the constraitd > 0. We will see that both PCA and NMF can be expressed as
similar matrix factorization problems, but with differecdnstraints and no regularization

terms (table 2.2).

2.4.5 Setting hyperparameters for Proportional Regulariation

From the matrix factorization of equation 2.43, we see thathyperparameters of our
probability model scale the amount of regularization in toeresponding matrix factor-
ization problem. We can therefore set the hyperparameteesforce a desired level of
regularization in the fit of the model to the observed dataweier, for a constant set of
hyperparameters, the impact of the regularization termisletrease as the dimensionality
of the observed data increases. To see why, consider thevbaseX, p, andZ have very
low variance, so that each observation, s ,, andz;; are close to their means j, and

z. Equation 2.43 then becomes

KV

TV KT
{p*,Z*} = argmin 7\\:@ — Kpz||? + —-1° + T(z —log 2). (2.44)
wn,Z o

i

Because there arBV error terms, the squared error is scalediBy, but there are only
KV regularization terms fop and only K'T' regularization terms foZ. In our fMRI
datasets) > T > K, so theT'V squared error terms will dominate the minimization
as the dimensionality of the observed data increases. &lgilf the number of reduced
dimensiongx increases, the importance of the regularization termshgiihcreased.

If we desire to apply a constant amount of regularizatiorh matrix factorization
regardless of the dimensionality of the data, then as themwions of the data increase,

we will need to adjust our hyperparameters proportionatétygeneral, the decreasing
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importance of the prior distribution as more data is co#dcis in accord with a purely
Bayesian approach to model fitting. However, we wish to takeee pragmatic approach
that will allow us to set the hyperparameters in a princigésthion for datasets of different
dimensions. We do this by reparameterizing the hyperpassie b, andaﬁ so that they
are scaled with the dimensions of the data.

Consider now a reparameterization of the hyperparametensd-:
oP=_—— b="— a=b'4+1 (2.45)
Y

Equation 2.44 now becomes

KVAT , , KVT

TV y
7 p'} = in —||z — &||* z—logz) (2.4
{Z7, p} argmin = 12 = 2[|" + —7—h e (7 —logz)  (2.46)
TV e i
= argmlnT(Hx—xH + Ai® + 7 (2 —log 2)) (2.47)
Z,pn
= argmin ||Z — 2||* + M\a® + (2 — log 2), (2.48)
Z,p

so the reparameterization factors out the dimensionalitge@data from the minimization
problem. Thus, using and-~, we can explicitly control the balance of regularizatiom an
error minimization.

Returning to the matrix factorization problem, we plugnd~ back into equation 2.43.

The final version of the matrix factorization is thus
* * . 1 T 2 T 2 V
(20} = angmin X = w23 + A5l all 75 (1215 = [1Zlhes)- (2:49)

Although the version of PACA implemented in this thesis ubegprobabilistic version
of the model to find MAP estimates far andZ, we choose settings far;, b, andai based
on the parameterizations in equation 2.49. To ensure thatien 2.43 holds, and because
we use centered da¥ with mean), we setr = 0. Finally, given\ and~ in equation 2.43,

there is no need for a third coefficient to scale the squanen, exo we user? = 1. This
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Method Minimization Constraint
PACA  [IX —Z" pull5 + NIpll5 +v(Z[ls = |Z][10g) Z >0
NMF®  [[X — Z7 3 1,7 >0
PCA*  ||IX —ZTp|3 None

U)

Table 2.2: PACA, NMF, and PCA compared, when they are expcessterms of matrix
factorizations.

method of selecting parameters was used in all analysessuolkerwise noted.

2.5 Comparison to Existing Methods

2.5.1 Principal Component Analysis (PCA)

Principal Component Analysis, in contrast to our modelyedrated on the goal of finding
a set of K uncorrelated dimensions of a givéh x P datasetX such that variance of the
reduce dataset is maximized. These dimensions are knowreasitcipal components
and it can be shown that the principal components of a givéasdtX are the eigenvec-
tors of the sample correlation matr® (Jolliffe, 2002). The variance of each principal
component is given by the corresponding eigenvalue. Thedijrist principal component,
which explains the most variance in the original data, isdigenvector with the largest
eigenvalue, the second principal component is the eigéowvedth the second largest, and
so forth.

Although it has been claimed that PCA has no explicit modaliffe, 2002), Tipping
and Bishop (1999) presented a probabilistic version of PG an associated graphical
model whose maximum likelihood estimators are equivateatdrojection on thprincipal
subspacef the data defined by the principal components (Tipping &Bjs 1999). Thus,
we can directly compare the probabilistic assumptions dyidg PCA with those of our

model.

3This formulation of non-negative matrix factorization isclissed in (Lee & Seung, 2001).
4The minimizing least-squares formulation of PCA is presdrin (Hastie et al., 2003).
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In the probabilistic PCA (PPCA) model, as in our model, theeslied datapoints are

assumed to be normally distributed:
p(x|z) = N (x|Wz + 7,5°I), (2.50)

wherez is a matrix of normally distributed latent variabld¥ is a matrix relating the latent
variables to the observed variables, ans a matrix of parameters allowing the model to
have non-zero mean (Tipping & Bishop, 1999). Thus, like owdsl, eachr,, can be

expressed as a linear combination of latent variables figge- for the moment):

Tiy = Zwt,kzk,v + €, (2.51)
k

wheree is a Gaussian error term like before. Thus, PPCA is similah&oPACA model,
but with no prior distribution over: and a Normal distribution ovef instead of a Gamma
distribution.

Unlike PACA, PPCA violates two out of the three assumptioeshave laid down for
the model. Becaus® has no prior distributionW is completely unconstrained and no
regularization of the neural topics will occur. Furthermobecause the's are normally
distributed, the model will learn more complex distributsoover neural topics that will
include many topics contributing negatively to the obsdivein activity. Because of this,
we expect that the reduced dAd andZ found by PCA on fMRI datasets will not capture
underlying mental states as well as PACA, and the neurat$dpi found by PCA will be

difficult to interpret.

2.5.2 Non-negative Matrix Factorization (NMF)

Non-negative Matrix Factorization (NMF) (Lee & Seung, 19#9a recently developed

method of dimensionality reduction that solves the follogvproblem, without a proba-
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bilistic model: given a non-negative matfix, find
V ~WH, (2.52)

wherel/ andH are also non-negative matrices. Several equivalentieralgorithms for
solving this problem have been proposed (Lee & Seung, 20008.fascinating property
of NMF is that, when applied to a library of face images, theiieng reduced components
appear to be easily interpretable “parts” of faces (figuB),3unlike the results of PCA,
whose “eigenfaces” are often completely uninterpretdigene 3.2).

Although NMF does not explicitly define a underlying prodapimodel, Lee & Se-
ung (2001) showed an iterative algorithm for solving NMFtthalves the minimization
problem,

{W*, H*} = argmin ||X — WH]|3, (2.53)
W,H

subject to the constraints,

W,H > 0.

Equation 2.53 is solving the same matrix factorization peobas PCA and NMF, but this
time with the positive constraint on both matrix factorsushwhen applied to neural data,

NMF results in following factorization of a voxel's actiyitz, ,.:
Tpy = Zwt,kht,ka T > 0w >0,k >0 (2.54)
k

Although the non-negative constraint éhsatisfies the non negative constraintonthe
non-negative constraint A andW clearly violates the neurological assumption that there
should be inhibitory effects on brain activity evident ietthata. Thus, it will be difficult for
NMF to capture patterns of brain activity associated witgrabve states if inhibition is an
important component of that activity. Second, the standiamthulation of NMF does not

include any regularization; we would therefore expect NMptoduce reduced datasets
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that are “distracted” by noisy voxels and that fail to faeite performance in the 'mind-

reading’ task.

2.6 Implementation

2.6.1 PACAfit and PACApr edi ct

The basic model was implemented in a C progACAf i t on a UNIX system, using
the multivariate minimization routines of the GNU Sciemntifibrary (GSL) (Galassi et al.,
2006). The GSL is a free numerical library licensed underGiNJ General Public Li-
cense (GPL)PACAf i t uses the Fletcher-Reeves conjugate gradient algorithetctidr,
1987) to minimize the negative log posterior (equation 2.B8ing the parameterization
of Z given in equation 2.21 to convert the constrained optinorainto an unconstrained
optimization problem. The source code ACAf i t can be downloaded freely online at
http://www.princeton.edu/ djweiss/PACA(it/.

A separate version of the prograPACApr edi ct , was also created, for use in the
reconstruction error cross validation experiments ofise@.3.2.PACApr edi ct isiden-
tical to PACAf i t , except that the gradient of the neural topicss fixed to zero. Thus,
PACApr edi ct will fit brain states on a “test” set to neural topics foundngdPACAf i t

on a training set.

2.6.2 PCA and NMF

PCA was implemented in Matlab according to the method cedliby Jolliffe (2002). In
this method, the eigenvectors of the sample covariancexydtare computed and sorted
by eigenvalue. To reduce the datafodimensions, the tog eigenvectors are used to
create a new basig,. The reduced data is calculated by taking the linear priogjeaf X

into the new basis defined by.
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To run NMF, we used the fast, Matlab-based implementatioNMf created by Lin
(2007). This is a new algorithm that uses projected gradiezihods to find solutions faster
than the popular multiplicative update rules originallpposed by Lee & Seung (2001).
When NMF was used in the cross validated reconstruction experiments, the Matlab
code was manually modified to remove tHeupdate step, so that one of the non negative
matrix factors could be fixed. The Matlab code for the pragdajradients algorithm was

downloaded from “http://www.csie.ntu.edu.tw/ cjlin/ntif

2.6.3 Running Experiments

Datasets for the model were stored and processed in Matlakhiirks, Inc), using the
Princeton Multi-Voxel Pattern Analysis (MVPA) Toolbox (Be et al., 2006). The MVPA
Toolbox is a suite of Matlab scripts designed to facilitag@rous pattern-recognition based
analysis of fMRI datasets. Among other things, the MVPA Boxl provides functions for
Statistical Parametric Mapping (SPM), cross validatedhireclearning experiments, Z-
scoring and detrending of neural data, and other pre- andpposessing techniques, as
well as providing data structures to keep track of a large fiiiRaset.

For this thesis, a number of additional routines were addede MVPA toolbox. The
MVPA toolbox was modified to allow for the use of the exterr@diktic regression pack-
age as a classifier, application of Principal Component ysisl(PCA) and Non-negative
Matrix Factorization (NMF) to neural data, and a host of othéor utilities for managing
large-scale experiments across clusters and reading ataigvetata to and from the PACA
programs. PACAf i t was originally implemented in Matlab, but that proved togd&o
long to converge on even small datasets.) Altogether, tiggnat Matlab code totaled ap-
proximately~ 6000 lines of code, while the C source code fACAf i t totaled~ 1500

lines of code.
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2.6.4 Initialization & Convergence

In all of the experiments described in this thesis, the sami@lization procedure was
used. To initialize the neural topics, ten samdiXs, , . . ., X;,,} were chosen from dataset
at random with replacement. We then averaged these togatidesmoothed by a factor
of four to initialize the first topic. The random sampling asidoothing procedure was
then repeated for each togig.. To initialize the brain states, each, was settd /K. The
initialization procedure was decided upon after a numbeérief experiments investigating
the time until convergence for a set of different randomiatization experiments.
To assess convergence, the ratiof the log posterior over the average of the log pos-

terior of the last 10 rounds was used as a criterion:

N ﬁ(éﬁ X)
% 2321 L(et—ﬁ X)

P (2.55)

As a general rule, we considered the algorithm to have cgedsf the ratiop < 5 x 107°.
The ratio to average of the last 10 iterations was used idsté#he single last iteration
because of the brief “lulls” observed in the progress of thrtion, that would produce an
artificially low estimate of the change in log posterior eagtind (figure 3.1).

Generally, the algorithm converged in less than 700 itenati across all datasets. The
time required to fit PACA on a 2 GHz PowerPC G5 cluster compuatieged from approx-

imately 10-40 minutes, depending on the valudoénd the dimensionality of the dataset.
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Chapter 3

Results

In this chapter, we apply the methods developed in chapter 2 mnumber of different

problems. Because matrix decompositions of natural imall@s easy visualization of the
components, we begin by applying PACA to a publicly avagdtirary of faces in section
3.1. The face libraries allow us to gain an intuition of howd?\ decomposes images
in comparison to PCA and NMF. We then apply PACA to two repnéstive, real-world

fMRI datasets: a block-design image viewing task used inliyagt al. (2001) (section
3.2.1), and a word encoding task in currently ongoing pskatiocal research (Robison

et al., 2007).

3.1 CBCL Face Library

Before we apply PACA to the mind-reading problem, we congilitmensionality reduction
of face databases. The relation to the fMRI dimensionaétjuction is straightforward:
instead of a collection of 3D MR images consisting of voxels,have a collection of 2D
photographic images consisting of pixels. Because norteeafiethods in this paper assign

meaning to neighboring spatial relationships, we can simaphsider the’'th voxel to be
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thev’th pixel, and write

x.,, = brightness of pixel in imaget.

Like the neural topics, the pixel topigs, found by the algorithm will be images them-
selves. For simplicity, we refer to the pixel topicshasis images
We applied both variants of PACA, PCA, and NMF to face imagesiithe CBCL face

library (Massachusetts Institute of Technology), the séewly available database used in
the original presentation of NMF (Lee & Seung, 1999). THisdry consists of 2901 19x19
grayscale images of faces. The images have been adjustedtsbé location of the head
is scale and position invariant, but there are multiple iesagf each subject, taken with
different facial expressions. We used all images in all afanalyses. To ensure that the
data was consistent with our modeling assumptions, theasagre z-scored along each
pixel dimension before analysis. The reconstructed images re-scaled and un-centered
before being displayed. Before running NMF, the z-scoreié @laas shifted so that the

minimum value was exactly equal to zero.

3.1.1 Convergence

We assessed the convergence of the PACA algorithm by exagnihe value of the log
posterior,£, as a function of the iterative steps taken by the conjugeddignt descent
procedure. These traces are displayed for two valués ioffigure 3.1. It is clear from the
figure that convergence on this dataset with our initialimascheme was very stable; two

restarts were used in all subsequent analysis unless spkaifierwise.

3.1.2 “Additive Face Components”

Although PACA, PCA, and NMF are all able to qualitatively reguce the faces in the

database with a relatively small number of componentsetiseea marked difference be-
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Figure 3.1: PACA Convergence on the CBCL Face Library dataset. Eachrépeesents one
restart. Hyperparametera:= 0.01,, v = 0.01.
tween the basis images found by the different algorithmse basis images found by
PACA, PCA, and NMF are displayed in figures 3.2, 3.3, and 3r&donparison. In figure
3.4, the hyperparameters for PACA axe= 0.01,7 = 0.01. As described in Lee & Se-
ung (1999), the PCA basis images (or “eigenfaces”) bearevagsemblance to aspects of
faces, such as shading, but are generally hard to inteffinetis apparent in figure 3.2a, as
the PCA basis images become progressively “noisier” asigenealue of principal com-
ponent decreases (bottom right). In contrast, becausesaidh-negativity constraints in
NMF, the NMF basis images are more natural “parts” of faces #ne easy to interpret.
As can be seen in figure 3.3a, the NMF basis images, thoughtictlg anatomical, do
contain “pieces” that generally correspond to various suaathe face. In addition, the
representation of images in the new basis found by NMF is nspetnser than that found
by PCA (figure 3.3b).

In comparison to both PCA and NMF, the basis images found gAPAppear to be

somewhat of a compromise between individual and globalfeatof the dataset. Like
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Figure 3.2:PCA based decomposition of the CBCL face libraxyThe 49 eigenfaces found by the
decomposition. Negative values are black, neutral graypasitive white b, The coefficients used
by the decompoasition to reconstruct the images in the §bifdegative values are red, neutral white,
and positive black. Each pixel in each image correspondhddasis ima at the corresponding
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location. ¢, The reconstructed faces from each cell in fbart
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Figure 3.3:NMF based decomposition of the CBCL face libraay.The 49 face “parts” found by
the decomposition. Positive values are black; small vaiuesvhite. b, The coefficients used by
the decomposition to reconstruct the images in the librRgsitive values are black; small values
are white. Each pixel in each image corresponds to the basiat the corresponding locatio,
The reconstructed faces from each cell in foart
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Figure 3.4: PACA based decomposition of the CBCL face libraty £ 0.01,v = 0.01.). a,
The 49 additive face components found by the decomposifitegative values are black, neutral
gray, and positive whiteb, The coefficients used by the decomposition to reconsth&inhages

in the library. Negative values are red, neutral white, aositive black. Each pixel in each image
corresponds to the basis &at the corresponding locatiort, The reconstructed faces from each
cell in partb.

NMF, the representation of images in the new basis spacdavedy sparse compared
to PCA (figure 3.4b), and such sparse encoding implies tleab#ses themselves must
encode more information about aspects of individual faddewever, unlike NMF, the
representations are not totally sparse when the hypergéeam > 1, since the barrier
function in the log likelihood prevents any of the componadtivationsz;, from being
exactly zero. Thus, if we examine the basis images found WyAAr the “additive face
components,” we see that some of the basis images quaditatippear to represent global
aspects of the face database, such as lighting highlightgemeral facial expression, while
others appear to represent components of individual stshjgach as glasses (figure 3.4a).

As we increase the regularization parameteend )\, the priors onp andZ serve to

increase the smoothness of the face components and tosediearelative sparsity of the

49



activations, so the trade-off between sparse and denseliegcof faces becomes more
apparent. Figure 3.5 shows the decomposition of faces Wwith 5 and~y = 5. Here,
the difference between global features of faces and indalifeatures of faces is very
clear: in the set of face components (figure 3.5a), there desvavery large amplitude
components that appear to correspond to global featurdseafdta, and many more very
small amplitude faces that appear to correspond to indalitkatures of sets of subjects.
If we look closely at the component activations of a singleefave see that the “global”
features have small values of ;, while a sparse set of “individual” features have large
values, with the remaining “individual” features havingahvalues. Thus, because of
the large amplitude of the “global” features iy a small value irZ is still sufficient to
recreate the global aspects of a particular image. And Isecatithe small amplitude
of the “individual” features inu, only the large-valued “individual” features provide a
significant contribution to the reconstructed image. Thalmspe of the prior distribution
overZ whena > 1 causes PACA to find a representation of the data using bagle-lar
amplitude, “global” trends in the data and small-amplitutiecal” features of individual
observations. In contrast, if we use the same high valugsaoid A but use the more strict
prior overZ, whena < 1, the resulting component activations are so sparse thgttbal
“global”, average features of the data are used, and theséremtion of the original faces

is very poor (data not shown).

3.2 Human fMRI Datasets

After investigating the qualitative properties of the canpnts discovered by the PACA
model on the face datasets, we applied the PACA model towedt fMRI data used

from two “mind-reading” experiments. Although the goalstioé experiments are differ-
ent, they both involve the classification paradigm desdrilmesection 1.1. From the first

fMRI dataset, we also created a set of synthetic data thatse¢auinvestigate the specific
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Figure 3.5:PACA based decomposition of the CBCL face library, with higgularization § =
5, = 5). The high regularization forces separation of “globaltldmdividual” details from the
images.a, The additive face components found by the decompositicegahive values are black,
neutral gray, and positive whiteb, The reconstruction coefficients found by the decompasitio
small values are white, positive values are blagKl he reconstructed faces from phrt
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conditions in which PACA results in improved analysis ovérey algorithms. We now

briefly summarize the important details and qualities oheafdhese datasets.

3.2.1 Face and Object Representations (Haxby et al., 2001)

The first fMRI dataset we used in our analysis was from the exy@ntal data used in
Haxby et al. (2001). In this experiment, six subjects viewbadtographs from eight cat-
egories (faces, cats, houses, chairs, scissors, shoe&oties, and control, non-sense
images) while in an fMRI scanner. The original experimetahlysis showed that the
different classes of objects elicited different patterhtacge and small responses across
a wide area of cortex, supporting a model of cortex in whicjects are represented by a
topographically organized distribution of attributes g et al., 2001). This study was
one of the first “mind-reading” experiments, as the imagegaty was predicted signifi-
cantly on one half of the data using correlation-based anityi measures computed from
the image categories in the other half.

For our analysis, we obtained the data from one subject iexperiment. The exper-
iment consisted of 10 trials (or “runs”), each containingree 24s stimulus block -10
recorded datapoints) for each category (Haxby et al., 2@dgdause of the involvement of
ventral temporal cortex in high-level object recognitibtakby et al., 2001), we restricted
all analysis to this area. To determine which voxels to idelin the anatomical region,
we used a brain atlas in Tailarach space to select voxel®iretfion consisting of the lin-
gual, parahippocampal, fusiform, and inferior temporal,gyonsistent with the definition
in Haxby et al. (2001). After stripping out unwanted voxeisl@applying the preprocessing
and averaging steps of our analysis (section 3.3), theessugbject’'s dataset consisted of
80 averaged timepoints and 3379 voxels, with 10 timepooteéch category. The entire

brain area in this dataset consisted of 43,193 voxels.
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3.2.2 Retrieval Orientation State Memory (Robison et al., Q07)

The second set of fMRI datasets we used in our analysis was drcurrently ongoing
study continuing research in classifying “retrieval oteion” state. These experiments
involve guiding subjects to memorize words while using ggemnemonic devices, and
then testing subjects’ memory of the words using one of themmumics as a cue. The
“retrieval orientation” is the cue given to the subject teak the word, which has been
shown to bias the accuracy of the recall process (Robisoh,20®7). In the Robison
et al. (2007) experiment, subjects are asked to study noudsamehile performing one of
three mnemonic tasksirtist, function,andread In the artist task, subjects were asked to
rate how difficult it would be to draw the object; in the furmstitask, subjects were asked
to generate lists of potential uses for the object; and inrdlael task, subjects were asked
to read the word backwards silently (Robison et al., 2001h)the second phase of the
experiment, the goal was to test subjects’ retrieval oaigon state memory (ROSM), by
showing them a combination of new and old words and asking tieendicate whether or
not a particular mnemonic was used on a given word (Robisah,&t007).

For our analysis, we obtained the data from six of the subjedhe experiment during
the study phase. Each dataset consisted of six runs in wiichubjects were presented
with 9 words of each task in mini-blocks of 3 words. Each woraswresented for 4
seconds (two fMRI timepoints). Because the frontal lobén@ight to be responsible for
top-down mechanisms mediating memory retrieval, analyasrestricted to voxels within
the frontal lobe of each subject. Frontal lobe anatomicalkeavere provided by Robison
et al.. After stripping out unwanted voxels and applying pheprocessing and averaging
steps of our analysis (section 3.3), each subject’s datasstisted of 57 averaged time-
points (19 for each task) and between roughly 8,000 and 0046Kels, depending on the
subject. The entire brain in these subjects ranged from083® 58,000 voxels. A sum-

mary of the dimensionality of each subject is given in table 3
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Experiment Subject TotalV  MaskedV T

Haxby et al. (2001) | haxby1l 43,193 3,379 8(
Robison et al. (2007) r osnD5° | 48,475 8,757 57
Robison et al. (2007) r osn07 53,904 10,581 57
Robison et al. (2007) r osn08 43,504 7,905 57
Robison et al. (2007) r osml 3% | 58,473 10,667 57
Robison et al. (2007) r osnL4 41,920 7,926 57
Robison et al. (2007) r osml5° | 57,154 10,575 57

Table 3.1: Summary of the different experimental fMRI datasised in the analysis.

3.2.3 Synthetic Datasets

To assess whether or not the PACA model could extract mocendtion from a set of
highly informative voxels than the uni-variate SPM appluoes; we created an “ideal” syn-
thetic dataset from the Haxby et al. (2001) dataset. Thiasgtconsists 0377 voxels
determined to be “category selective” using the criterecdssed in Haxby et al. (2001);
this dataset is considered “synthetic” because these yoxele selected using the entire
dataset. Thus, using this dataset for cross validationhisdting,”as the supervised voxel
selection process to build the data cheated by looking atthettraining and test sets of the
data. However, the dataset is still useful to a certain ektbacause this dataset represents
an “ideal” scenario, in which the observed data consistssofiall set of highly informative

voxels.

3.3 Assessing Generalization Using Cross Validation

To assess the utility of the dimensionality reduction mdthwe recreated the entire anal-
ysis procedure of a typical ‘mind-reading’ experiment (fg8.6) for each of the fMRI
datasets. First, to eliminate the intrinsic drift in the fM&ggnal from run to run, each voxel

was z-scored (subtract the mean, divide by standard den)dtr each recorded run sep-

SSubject was indicated to have “good” generalization fromstudy phase of the ROSM experiment to
the test phase (Robison, personal communication).
8Subject was the author of this thesis.
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arately (figure 3.6b). Second, all consecutive stimulusgmeations belonging to a single
cognitive category (or “miniblocks”) were averaged togetland all “rest” timepoints not
involved in a stimulus presentation were removed (figure)3.Because the presentation
of mini-blocks was randomized in each experiment, the ajegan the second step served
to remove all time-series dependencies from the data. (Tassnecessary to satisfy the
assumptions of exchangability described in chapter 2).

After preprocessing, cross-validation was used to assessypes of generalization
performance metrics on each dataset: reconstruction @igare 3.6d) and classifier pre-
diction error (figure 3.6e). In the reconstruction errorguigm, we separated the data into
two halves based on odd and even runs. We therPA@Af i t on one half of the data
(the “training set”), and then raRACApr edi ct on the other half (the “test” set) with
fixed to the values estimated BACAf i t on the first half. We could then compute the

root mean squared reconstruction error (RMSE),

~ 1 R
RMSE(X,X) =, |- ;(xm, — y)?, (3.1)

whereX is the observed voxel activity on the test set and
X = thésou’trainv (3.2)

is the predicted voxel activations on the test set using theai topics fit to the training
set. The RMSE is thus a measure of of the ability of the PACA ehtalfind neural topics
that explain more than the dataset used to generate thass,tgmgardless of the context
of the experiment.

To compare the RMSE of PACA against similar values for PCA BihF, slightly
different procedures were necessary. Since PCA can onlycesthe dimensionality of
the data tol' components at a maximum, training PCA on only half of the dedald

greatly limit the potential number of principal componersts the/N — 1 cross validation
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Figure 3.6:Outline of the data processing pipeline used in analysisviitIf experimental data
analysis in this thesisa, The raw fMRI data is recorded in experimental blocks cattems”, in
which each experimental condition is presented in randoteroa fixed number of times. Each
presentation lasts for several timepoints, and the camditare represented in the graph by color.
Timepoints not involved in an experimental condition areleded from the analysisb, Due to
drift in the fMRI BOLD signal from run to run, each voxel is zewed separated for each run.
¢, To remove dependence between timepoints, all the timepuwiithin a given block of stimulus
presentation are averaged togethey.To test the reconstruction error of PACA, the algorithm is
first run on half of the data (blue highlight). Using the comentsy found by the algorithm in
the first step, PACA finds the reduced matZixor the held-out set. The reconstructed error is then
calculated from the differenc®” u—X,.;. This whole process is then repeated with the roles of the
training set and test set switched (not shovep)lo test PACA as a dimensionality reduction method
in “mind-reading” classification experimentsNa— 1 cross-validation classification experiment is
run after transforming the entire dataset into the PACA ceduspace. For each runof N runs,
then'th run is held out and used as a test set, and a state-ofrttegastic regression (LR) classifier
is trained to predict the experimental conditions from theraged brain images in the training set.
Only the first iteration is shown.
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method was used (see below). To obtain the RMSE score for B@Ajoxel predictions
X were obtained through the linear projection of the test st the principal components
calculated from the training set. To obtain RMSE scores folANthe entire dataset (both
training and test) was shifted to become positive. Furtioeenthe NMF algorithm in (Lin,
2007) was modified to remove the update step of one of therlaeo that the factorization
could be generalized from the training set to the test set.

To assess the usefulness of the reduced data as a meansid gsdéction in a “mind-
reading” experiment, we also measured the classifier pgredierror (figure 3.6e). In the
classifier prediction error paradigm, we first ran PACA (oe ofithe competing algorithms)
on the entire subject’s dataset. We then trained a statiees#rt logistic regression clas-
sifier (Paul Komarek, 2005) to predict the cognitive labetsrf the reduced data using an
N-fold, leave-out-one cross validation procedure, wh€res the number of trials or runs
of the experiment. The procedure for leave-out-one crolédateon is straightforward: for
each of N runs, choose one run to use as the test set, and train théietass all of the
others. Next, measure the generalization error of theiéilxssn the held-out run. The fi-
nal estimate of the error of the classifier’s predictionfesdverage of the test error across
all N rounds of the procedure. Thus, for the Haxby et al. (2009wt we used 10 rounds
of cross-validation; for the ROSM datasets, we used 6 roohdsoss-validation.

Finally, for a comparison in general of the unsupervisedaisnionality reduction meth-
ods to existing supervised methods for feature selectientam a traditional SPM-based
cross-validation experiment as well for each dataset. B8&PM is a supervised method,
it must be performed separately on the training set for eaahd of cross validation. In
our analysis, we performed SPM by running a uni-variate ARQY determine which
voxels varied significantly across cognitive labels in tfz@ning set. We then selected the
V' voxels with the smallest ANOVA-values, wheré” was the desired reduced number of
voxels. We then use this much smaller subset of voxels asifhi o the classifier. Thus,

a different subset of voxels is used on each round of the cross-validation claasifin

57



experiment.

3.3.1 Avoiding Sparse Brain States

As described in section 2.4.3, if the PACA hyperparameterless than or equal to one,
then the Gamma prior ovér will cause the estimates @ to be very sparse. Since there is
evidence for distributed and overlapping representatdibjects in cortical areas (Haxby
et al., 2001), we expect that forcing the model to find sparaetstates will result in
a much poorer reduced dimensionality representation otiha. Qualitatively, running
PACA on the face datasets with the sparse Gamma prior redheegdcognizability of the
reconstructed faces (section 3.1). To quantitativelyssstee effect of a sparse prior over
brain states, we examined the generalization performdrtbe ®ACA reduced data in both
the reconstruction error and classifier prediction errgagigms (figure 3.7) over a large
set of parameters. In both cases, the generalization peafuare of PACA whem = 1 was
greatly reduced to the case where- 1.

As a consequence, we restricted the rest of our analysigto:thl case. Furthermore,
based on the initial experiment and other exploratory amskgata not shown), we found
that the set of hyperparameters covering all combinatidng, @ = [0.1,0.01] showed
the performance of the algorithm with relatively low, madiuand high amounts of reg-
ularization. All subsequent analysis was performed udnegée sets of parameters unless

otherwise noted.

3.3.2 Reconstruction Error

The results of analysis using the reconstruction errorgigna (figure 3.6d) are shown for
the Haxby et al. (2001) in figure 3.8 and for three subjectaftbe ROSM dataset in 3.9.
We restricted our analysis to three ROSM subjects due t@tge bmounts of time required
to run the reconstruction error paradigm. The number of B8R subject is indicated in

the upper left corner of each subplot in figure 3.9. In eacleargent, we compare the
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Figure 3.7:Comparison of both cross validated reconstruction eaand classifier prediction er-
ror, b, with smooth (blue) vs. sparse (red) priors o¥ePACA was run according to the protocol in
figure 3.6 with six sets of hyperparameters correspondiral ttombinations of\ = [0.01,0.1, 1]
and~ = [0.01,0.1]. The shade of the lines indicates the relative amounts eflaggation (light is
low regularization, dark is high regularization). Blue afaints were obtained from PACA using
the reparameterization with > 1, while red datapoints were obtained from PACA using the tepa
rameterization witlu = 1. All data is shown from the single subject from the Haxby et(2001)
dataset.
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Figure 3.8:Cross validated reconstruction error on the Haxby et aD{2@ataset. PACA (circles),
PCA (squares), and NMF (diamonds) were run withranging from5 to 100. PACA was run
with four settings of(A,~): (0.01,0.01) (lightest blue),(0.01,0.1) (light blue), (0.1,0.01) (blue),
(0.1,0.1) (dark blue). The measured performance metric was RMSEeflimbetter).
performance of PCA, PACA, and NMF with values &franging from5 to 100. We note
that in the case of{ > 57 in the ROSM data andd > 80 in the Haxby et al. (2001)
data, the matrix of topic patterns is actually larger than the original datasef even
though the dimensions & (the “reduced data”) are much smaller. In these cases, tifme te
“dimensionality reduction” is technically a misnomer,swe cannot recread€ without
the matrixu. Nonetheless, the decompositions are still neurosciealfifiinteresting, since
from the perspective of the classifier, only the dimensibpnalf the reduced dat& is
important.

Overall, the RMSE of NMF and PACA is lower than that of PCA imalst all cases,

while NMF and PACA have similar reconstruction errors in R@SM experiment and

different performances in the Haxby et al. (2001) experimés can be seen in figures
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3.8 and 3.9, PCA is in all but one case far from either PACA ormKuantitatively, the
mean of PCA over all subjects and valuegoivas.507 + 0.003, while the overall means
of NMF and PACA were.489 + 0.004 and .482 4+ 0.002 respectively. The differences
between average PACA RMSE and average NMF or PCA RMSE wasyhsggmificant
difference in both cases (two sampled T-tegt < 1 x 10~°). However, although the
RMSE of PACA and NMF differed significantlyp(< 0.001) across all parameter sets
when considering the Haxby et al. (2001) dataset aloneg thias no significant difference
between NMF and PACA within the ROSM experiments alome=(0.66). Rather, there
was a massive difference in ttraining RMSE between PACA and NMF (data not shown):
the mean training RMSE of NMF across all subjects and parsets wa8.081 + 0.013,
while the mean training RMSE of PACA wast09 + 0.013, a highly significant difference
(p <1x1071).

However, the PCA results are somewhat unreliable, as tge tisparity between PCA
and the other algorithms apparent in ROSM subjects 5 anddu5€f3.9) is not apparent in
the Haxby et al. (2001) data or in ROSM subject 13. If we exelsubjects ROSM 5 and 15
from our analysis, there is a sifgnificant difference betwde RMSE of PCA and PACA
across all parameter sets and subjeets (1 x 10~7). Furthermore, if we exclude ROSM
subjects 5 and 15, there is no longer a significant differdretereen the RMSE of NMF
and PCA f = 0.95), and the RMSE of PCA is significantly lower than both NMF ar@@iAP
(PCA =0.508 £ 0.004, NMF =0.507 # 0.004, PACA =0.482 4+ 0.003, p < 1 x 107°). We
can therefore conclude that, regardless of the strangatwmariin the PCA results, PACA

has significantly lower reconstruction error than PCA incalées.

3.3.3 Classifier Prediction Error

The results of analysis using the classifier predictionrgranadigm (figure 3.6e) are shown

for the Haxby et al. (2001) dataset in figure 3.10 and for sbjestts from the ROSM dataset

“Null hypothesis: the mean RMSE values of two compared alyms are the same.
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Figure 3.9: Cross validated reconstruction error on the ROSM datas&CAP(circles), PCA
(squares), and NMF (diamonds) were run on each subject Mitanging from5 to 100. PACA
was run with four settings af\, v): (0.01,0.01) (lightest blue),(0.01,0.1) (light blue), (0.1, 0.01)
(blue), (0.1,0.1) (dark blue). The measured performance metric was RMSEefiasvbetter). The
identity of each subject is indicated in the upper left cofehe subplots.
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Figure 3.10:Cross validated classifier prediction error on the Haxbyl.g801) dataset. PACA
(circles), PCA (squares), NMF (diamonds), and SPM (dotteddgles) were each run with rang-
ing from5 to 100. PACA was run with four settings @f\, v): (0.01,0.01) (lightest blue)(0.01,0.1)
(light blue), (0.1, 0.01) (blue),(0.1,0.1) (dark blue). A logistic regression classifier was trained o
the reduced data to predict cognitive labels for each rodrmlass validation. The measured per-
formance metric is the average error rate of the classifiehemest set across all rounds.
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in figure 3.11. For each dataset, we compared classificatioreduced data obtained
by SPM, PACA, PCA, and NMF, with< (or V' in the case of SPM) ranging fromto
100. The same technical considerations about dimensionatityation discussed in section
3.3.2 apply to this section also. We measured accuracy ukagverage percentage of
incorrectly labeled examples on the test set, as discusssection 3.3. In figure 3.11,
the identity of the ROSM subiject is indicated in the upper ¢efner of the subplot. The
lightness of the PACA line indicates the relative regulatian of the PACA model used
to obtain datapoints in the line, ranging from light shadiogthe lowest §,~+ = 0.01) to
dark shading for the highest(y = 0.1).

Although none of the supervised algorithms consistenttpeddormed SPM, PACA for
dimensionality reduction performed significantly betteart both PCA and NMF in almost
all cases. Qualitatively, we see in figures 3.10 and 3.11RA&A with relatively high
regularization (dark blue lines) has lower generalizagomor than both PCA and NMF.
Performance tends to peak in most subjects in the rdtige [30,50]. Quantitatively,
the average generalization error across all subjects alnés/af X' of PACA with high
regularization over topics\(= 0.1,y = 0.01) was36.1% =+ 1.72, while average general-
ization error of PCA wad6.7% =+ 2.21 and the average generalization error of NMF was
42.5% + 1.61. (Average chance generalization error V#89%.) The reduction in mean
classification error was significant when PACA was compawdxbth PCA and NMF (Two-
sample T-te$t p < 0.01). Similarly significant improvementg (< 0.01) were found for
the case of high PACA regularization <= 0.1, = 0.1), but in the case of low PACA
regularization over topics\(= 0.01) there was only a significant improvement over PCA
(p < 0.05).

It is also apparent from the figures that there appears to &egerof values o near
the peak performance range for which the differences betWwa€A, NMF, and PCA are

the largest. If we apply the two-sample T-test to data potde@ach value of< individ-

8Null hypothesis: the mean classification errors of the twmpared algorithms are the same.
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Figure 3.11:Cross validated classifier prediction error on the ROSM sita PACA (circles),
PCA (squares), NMF (diamonds), and SPM (dotted triangleskewach run with ranging from
5 to 100 on six subjects. PACA was run with four settings(af v): (0.01,0.01) (lightest blue),
(0.01,0.1) (light blue), (0.1,0.01) (blue), (0.1,0.1) (dark blue). A logistic regression classifier
was trained on the reduced data to predict cognitive laloelsdch round of cross validation. The
measured performance metric is the average error rate dfldissifier on the test set across all

rounds.
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Figure 3.12Cross validated classifier error for the SPM method, oveelasets of voxels, and for
all subjects in the analysis. Cross validation experimesti® run using SPM as the feature selection
step withV" ranging from100 to 3000 in increments ofi00. Plotted is the average generalization
error of the classifier across all rounds of cross validatidhe broad “U” shape of most of the
curves indicates the optimal number of voxels to be includdtie analysis.

ually, we find that PACA's improvement in generalizationfpemance is only significant
for individual values ofK in the rangeK = [40,60] (p < 0.05), and only for the cases
where) = 0.1.

In addition to the comparison of dimensionality reductioathods, we analyzed the
performance of SPM across a wide range of value¥ db obtain a baseline standard
classification performance for each subject and to compamedpervised and supervised
feature selection methods generally. The classificatioor &f the SPM method with
ranging from100 to 3000 is shown for each subject used in our analysis in figure 3.12.
The analysis of SPM was deemed necessary to determine toexteatd each subject

was “classifiable,” as three of the ROSM subjects (open dwese known to have better

generalization from the study phase of the ROSM experimeié¢ test phase than the

66



others (Robison, personal communication). These subgpgsar qualitatively “easier,”
with less classifier error across the range of included wxdbwever, in every case, not
justin the “easy” subjects, the minimum classifier errorS&M across all values &f was
far below that of any of the unsupervised methods. The meak gassifier error across
all SPM values wa8.63% +2.75, with a average improvement over PACAD82% +2.93

(» < 0.02).

3.3.4 Determining “Best Case” Improvements with Synthetidata

Although PACA was unable to outperform SPM in the experirabdatasets, we wished
to investigate whether there wasy case in which utilizing an unsupervised algorithm
could do as well or better than supervised methods. To asgetber PACA could obtain
a theoretical improvement over SPM in any case, we ran NMRA,R@d PACA on the
“ideal” synthetic dataset (section 3.2.3) withranging from5 to 100 (figure 3.13. Figure
3.13 is labeled according to the same scheme used in thepseslassifier generalization
error in figures 3.10 and 3.11.

Unlike in the previous cases, there was a large and signifreaiuction in classifica-
tion error when using PACA compared to every other featukecten or dimensionality
reduction methods. However, these improvements weredahtd the cases where= 0.1.
For the high regularization casa & 0.1,+ = 0.1), PACA had a mean improvement of
10.9%=4.38 over PCA (Two-tailed T-tedtp < 0.03), 8.83%+2.51 over NMF (p < 0.005),
and a mean improvement 6f17% =+ 1.98 over SPM f < 0.01) when matched for indi-
vidual settings of. In the medium regularization casg € 0.1,y = 0.01), PACA had
a mean improvement &75% =+ 4.00 over PCA p < 0.05) and5.33% =+ 1.65 over NMF
(p < 0.01), but no significant improvement over SPM. In other settiopBACA hyperpa-

rameters, there was no significant improvement between P&@fany other algorithm.

9Null hypothesis: the mean difference between classifiatiptien errors of the two compared algorithms
when matched for individual settings éf is zero.
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Figure 3.13:Classification performance on the “ideal” dataset.

3.4 Visualizing the Reduced Data

Once we had established that the PACA model was a practigabiement over existing
means of dimensionality reduction, we attempted to find wayssualize the neural topics

found by the model and assess latent variaplesdZ from a neuroscientific perspective.

3.4.1 Neural Topics

To visualize the neural topics discovered by PACA, we selbtiie model fitting results that
had the least classifier prediction error from the singlgesttbn the Haxby et al. (2001)
dataset and subject 13 from the ROSM datasets. Both of tlwesesponded to the case
where K = 50, although different hyperparameters were used in each Gasgetermine
which of the 50 neural topics to visualize, we performed auamiate logistic regression

for each of the neural topics on each of the cognitive labels of the expartrasing the
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Matlab statistics toolbox. For each of the cognitive lapele discarded non-significant
(p > 0.05) topics and sorted the remaining topics by the absolutesvaluhe discovered
relationship|Sy|. Very few of the neural topics had uni-variate significatéatienships for
the cognitive labels, as measured through logistic regress

Four neural topics with significant predictive relatiorshfor four selected cognitive
labels from the Haxby et al. (2001) experiment are shown iaréd3.14. Each subplot
shows the values ai; , for four representative axial slices; negative valuegofv are
shown in blue, values near zero in red, and positive valueslkaown in yellow. The color
scales of each neural topig, are normalized for that topic. The value @f is indicated
for each visualized,.. A similar plot showing two neural topics for each of the cibige
labels in the ROSM experiment is presented in figure 3.15

Although a rigorous neuroscientific analysis of the discedaeural topics is out of the
scope of this thesis, it’s interesting to note the varyingrdes of smoothness and spatial
organization of the different topics. For instance, netwgics 43 and 44 in figure 3.14
both show clear “pockets” of excitation in somewhat siméegas, although topic 44 has a
positive3 for the “house” category while topic 43 has a negativer the “cat” category.
Thus, these discovered topics are qualitatively condisteh the distributed and overlap-
ping representations of objects in ventral temporal cadisgussed in Haxby et al. (2001).
Topographical organization of the ROSM topics in frontatter is much less clear (figure
3.15), but there no evidence yet to suggest for or againsafigdocalized representations

of retrieval orientation.

3.4.2 Brain States

To gain a qualitative notion of the differences of the redldata found by the different
dimensionality reduction algorithms, we visualized #enatrices of the PACA models
used in the previous section. To form the plots in in figurd$&nd 3.17, we created an

image where the relative brightness of each pixel represbnetvaluez;, ;. We then sorted
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bottle

Figure 3.14:Visualization of selected neural “topics” discovered bydAon the Haxby et al.
(2001) dataset & = 0.1,v = 0.01, K = 50). Uni-variate logistic regression was performed to
establish the strength of a predictive relationship betnesch of neural topics and each cognitive
label. Shown are four significant topics for four selectegnitive categories: face, house, cat, and
bottle. The images are four axial slices of cortex with thiees of ., , superimposed; blue colors
indicate negative values of;, ,,, while yellow values indicate positive values. Color seatave

been normalized for each topic. The strength of the pregicglationships; is also displayed for
each topic.
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artist function read

Figure 3.15.Visualization of selected neural “topics” discovered byd@don subject 13 from the
ROSM datasetX = 0.01,y = 0.1, K = 50). Uni-variate logistic regression was performed to
establish the strength of a predictive relationship betwesch of neural topics and each cognitive
label. Shown are two significant topics for the three reaii@rientations: artist, function, and read.
The images are four axial slices of cortex with the valueg;of superimposed; blue colors indicate
negative values ofi;, ,,, yellow values indicate positive values. Color scales Hzaen normalized
for each topic. The strength of the predictive relationships also displayed for each topic.
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Time Time

Figure 3.16:The “Z-Images” of the Haxby et al. (2001) dataset from d#fer dimensionality
reduction algorithmsa, PACA, b, PCA, andc, NMF. Timepoints are grouped by experimental cat-
egory and ordered within category by correlation based igndm. For non-PCA decompositions,
topics are ordered by correlation based dendrograim; timpics are ordered according to decreasing
eigenvalues. All shown foK = 50. The top 8 rows of each picture show the category groupings.
the columns of the image to group similar timepoints togethied sorted the rows of the
image to group similar neural topics together, since thexedi andt¢ are exchangeable
by assumption. Sorting was done by taking the ordering ohaagram produced through
correlation-based agglomerative clustering along eatieafespective dimensions. We the
concatenated the sorted, pixel-based representati@n(td-image”) with the associated
matrix of binary cognitive label&’, so that the reduced representation of the different
cognitive states could be directly and visually comparedthke Z-image, a neural topic
that is associated with a particular cognitive state wipegr as a dark or light horizontal
bar, while groups of such topics will appear as a dark or libtk.

Qualitatively, we see that the three dimensionality reiducalgorithms-PACA, PCA,
and NMF-produced dramatically different representatiohthe observed data in the re-
duced space dl. As expected, the encoding of voxel activity found by PACAimsilar to
the encoding of faces discussed in section 3.1: most tim&gare represented by many
small values ot ;, with a few very large values for each timepoint. The Z-imafBMF
appears qualitatively similar to that of PCA, except thas flar more sparse. PCA, on the

other hand, has a dramatically asymmetrical representa®most of the variance in the
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Figure 3.17:The “Z-Images” of subject 13 of the ROSM dataset from differdimensionality
reduction algorithmsa, PACA, b, PCA, andc, NMF. Timepoints are grouped by experimental cat-
egory and ordered within category by correlation based gndm. For non-PCA decompositions,
topics are ordered by correlation based dendrograim,; timpics are ordered according to decreasing
eigenvalues. All shown foK = 50. The top 3 rows of each picture show the category groupings.
Z-image is accounted for by the first few principal composefenerally, very few neural
topics appear visually to be strongly associated with amyquéar topic, which agrees with
the result from the previous section that very few PACA tepiere significantly predictive

of any cognitive label through logistic regression.
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Chapter 4

Discussion

In this thesis, we have developed four central points. Fivstshowed how a set of neu-
roscientifically motivated assumptions could be instaaetlan a probabilistic model by
representing that model graphically and defining condéi@nobability distributions (sec-
tion 2.1). Second, we compared these modeling assumptidhese behind two currently
popular methods of dimensionality reduction, PCA and NMIe idund that PCA and
NMF did not satisfy the neuroscientific assumptions behiredtew PACA model (section
2.5). Third, we showed experimentally that the PACA modelsgjood or better than the
other models at decomposing functional imaging data inttrimnactors (section 3.3.2),
and that classifying on PACA reduced data yields bettestiaation accuracy than classi-
fying on reduced data from PCA or NMF (section 3.3.3). Funti@re, in certain synthetic
conditions, the PACA model boosted classification perfaroeabeyond that obtained by
supervised methods (section 3.3.4). Finally, we began ptoex the qualitative proper-
ties of the discovered neural topics and brain states inose8t4, and we found general

agreement with earlier work using the same subjects.
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4.1 Key Points

4.1.1 Modeling Assumptions are Important

The single most important implication of these results casiommed up very simply: the
intrinsic assumptions behind any method of dimensionaétjuction have a crucial im-
pact on the resulting analysis, whether or not these assomspare explicitly expressed.
Equivalently, we can improve the quality of our fMRI analygixperiments by incorpo-
rating existing neuroscientific knowledge into our data imgrntechniques. Furthermore,
we can accomplish this by explicitly specifying conditibpaobability distributions in a
generative model of the data we are trying to analyze. Those shere are so many meth-
ods of dimensionality reduction (McKeown et al., 1998; SBeMeyer, 2006; Fan et al.,
2006), qualitative comparison of the underlying assunmgtimight provide one means of
determining which methods are appropriate for fMRI analygsid which methods are not.
When the potential models can all be represented grappicalalitative comparisons be-
comes intuitive and easy; in this thesis, we were able to esenfechniques for which the
underlying generative assumptions were not immediatesralJolliffe, 2002; Tipping &
Bishop, 1999; Lee & Seung, 1999).

However, it is also important to recognize that comparirgdlbnerative assumptions
underlying dimensionality reduction methods is only us&fben it is possible to make
definitive judgments about the suitability of those assuomptin this thesis, we motivate
the PACA modeling assumptions from a neuroscientific petspe but the assumptions
we made are relatively straightforward and uncontroverEieve wish to expand the com-
plexity of the model to better reflect the nuances of the dagawill need to increase the
specificity of the underlying assumptions. Presumablypatespoint the assumptions will
become purely speculative, and the utility of qualitativebmparing such complex and

speculative models will be much less than in the basic caam@i@ed in this thesis.
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4.1.2 Supervised vs. Unsupervised Analysis

This thesis also provides an investigation into the prattenefit of unsupervised dimen-
sionality reduction techniques as an alternative to supedvfeature selection methods,
such as SPM. In this case, we found that no unsupervised thetas as effective at re-
ducing the dimensionality of the data as the supervised St @d. Nonetheless, in the
“ideal” synthetic case, PACA was able to boost classificatiocuracy beyond that of su-
pervised methods. This result supports the intuitive motiat neither purely supervised
nor purely unsupervised methods are optimal for fMRI anajyghile SPM ignores struc-
tural information in the voxel data and considers each voralariately, PACA completely
ignores all information about cognitive state that the b@ral cognitive labels provide.
One potential “hack” to combine supervised and unsupethaslysis is simply to run
the dimensionality reduction algorithm PACA on voxels thate been preselected by SPM
to be informative. This method would essentially replicdie “ideal” synthetic case, but
without the “peeking” at the entire dataset. The difficultifhasuch a solution is that the
computational requirements will be very demanding due ¢éoibed to run dimensionality
reduction on each iteration of cross validation, and thlatsm would sacrifice all other
benefits of unsupervised analysis in the name of reducesifitasion error. Furthermore,
within the framework of probabilistic generative modetgsipossible to account for both

labeled and unlabeled in a rigorous fashion (Nigam et aDP20

4.1.3 Choosing the Right Number of Components

One fundamental issue critical to any dimensionality réidacor latent variable model is
the question of how to seledt, the number of components in the reduced dimensions
of the model. Interestingly, there appears to be a relgtimatrow range of” for which
both reconstruction error and classification predictionreare minimized most efficiently,
and this range is consistent across both the Haxby et allj2@dtaset and the ROSM

datasets. In figures 3.8 and 3.9, the reconstruction erroPACA across all parameter
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sets consistently levels off at approximatély= 40. Thus,K = 40 is the approximately
the number of components at which the PACA model can repedue original voxel

data most effectively. Similarly, as discussed in sectid3 a consistent minimum of
classification error occurred approximately in the rahge- [30, 50].

Because the reconstruction error is a measure that is ceahputhout looking at the
labels of the data, it is therefore potentially possible &ximize the degree to which the
PACA reduced data predicts cognitive labels without anyesuiped experimentation at
all. One could choos& by calculating generalization reconstruction error foaage of
values and then selecting the value closest to the “elbowliefeconstruction error curve.
Such a procedure would allow non-trivial choicesoffor exploratory “mind-reading”
experiments in which cognitive task labels are entirelyeabsFor example, Hasson et al.
(2004) examined multiple subject fMRI responses to clipthefmovieThe Good, the Bad,
and the Uglyand used reverse-correlation to discover which cognasgects of the movie
scenes the subjects’ brains were responding to. A similalyais could be repeated using
a dimensionality reduction technique such as PACA, andrimdnose timepoints in the
movie that were represented by similar brain states in theaed space—but only if there
is an unsupervised means of choosing hyperparameterdsbat@imizes “mind-reading”

performance.

4.1.4 Benefits of Regularization

The experimental results in this thesis also reinforce thgortance of regularization in
overspecified problems, such as the “mind-reading” probl&sinoted in sections 3.3.3,
PACA tended to minimize classifier error when PACA was rurhwélatively high regu-

larization hyperparameters & 0.1 and/ory = 0.1). The sensitivity of PACA to particular
settings of the hyperparameters was less important foreb@nistruction error paradigm,
but NMF was notably very sensitive to overfitting. We alsoentbiat the benefit of regular-

ization increased aK increased, indicative of the propensity of the model to fivas the
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complexity of the model increased. Thus, the use of priobabdlities over the parameters

in probabilistic generative models is successful in prémgroverfitting.

4.1.5 Limitations of Experimental Results

There are several important limitations of the experimlengisults in this thesis that arise
due to the averaging step of the analysis (figure 3.6c¢).,lein& of the goals of most “mind-
reading” experiments, including the analysis of Robisaal .€R007), is to predict cognitive
state at the maximum temporal resolution of fMRI. By avenggiogether timepoints, we
bring the data into line with our model's assumptions of exayability among timepoints,
but we also lose the ability to assess experimentally thetiped use of dimensionality
reduction algorithms in these more detailed analyses. hEurtore, averaging together
experimental mini-blocks increases the signal-to-naagie iof the dataset. Higher signal-
to-noise ratios results in much more accurate classifiens it the more general case of
non-averaged time-series data. Specifically, we suspatttitity of SPM as a method for
feature selection might be partially inflated due to the loasmounts of noise; with less
noise, it should be easier to tell which voxels are inforreasibout the cognitive labels and
which are not. Regularization should also be more impoxtdren the noise content of the
data is high.

Another limitation of the current experiment is that we wigmated by time constraints
when exploring settings of the hyperparameteend~. We noted earlier that the “high”
regularization condition produced the lowest reconstoucand classifier errors; ideally,
we would be able to map out performance over a large portitmedfiyperparameter space,
to determine the size and uniqueness of the optimal set odrpgpameters. Thus, the
experimental results presented in this thesis do not reptdbe optimal performance of

the PACA model.
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4.2 Directions for Future Work

There are several ways in which the PACA model could be imguiplaoth analytically and
practically. First, one could substitute the Gaussianrmver .. and corresponding L2 reg-
ularization with a Laplace distribution to enforce L1 regjugation over the neural topics.
As discussed earlier (section 2.4.3), regularizationgitiie L1 norm causes the model to
find sparse solutions to the problem; if we used a L1 norm dwemneural topics, PACA
would find neural topics that were sparsely distributed &cgpover cortex. Sparse neural
topics might be more desirable than the “smooth” topics tbiarthe current PACA model
with L2 regularization; although Haxby et al. (2001) foundtdbuted representations of
objects in ventral temporal cortex, there is nonethelessraic amount of topographi-
cal organization inherent in much of cortical structurertke@rmore, the improvement of
PACA over supervised methods on the “ideal” synthetic dstasght suggest that dimen-
sionality reduction works best when the number of voxelfhierteural topics is relatively
small and the distribution is sparse. Using a sparse symaitaldistribution might therefore
be a way to approximate the benefit of the voxel selection teserkate the “ideal” dataset
originally in an unsupervised manner.

A second potential improvement to the existing model wolddouse a more powerful

approximate inference technique to infer the postatistributionof the parameters,

p(w, Z|1X,m) = p(X|p, Z, n)p(p|n)p(Zln), (4.1)

rather than finding the MAP estimgig,ap, Zunp. If the posterior distribution is known, we
can examine the posterior directly to find whether or not th&tgrior distribution is multi-
modal and to estimate the confidence intervals for partipdeameters. We can then easily
and more rigorously generalize our analysis to new datagubie same inference process
as was used to find the original data, simply by using our piosteistribution on one step

as the prior distribution on the next step (a process knoven“8ayesian update” (Russell

79



& Norvig, 2003)). One promising means of performing effi¢tiand accurate approximate
inference isvariational inferenceBlei et al., 2003).

Finally, there are a number of ways the PACA graphical modeild be expanded
structurally to remove the limiting, unrealistic assurops of exchangability in both space
in time. To account for time-series data, an dependencyddoelintroduced between the
brain state at time and the brain state at previous times 1,...,t — d. Similarly, to
account for the spatial relationship between voxels, tpetmean of a given voxel could
be modeled to depend on that of its spatially located neighlda this manner, the PACA

model can be expanded in the future to account for more typesta.
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