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Abstract

In recent years, an important new application of machine learning research has emerged

from the field of cognitive neuroscience. In ‘mind-reading’experiments, a machine learn-

ing classifier is trained to predict aspects of a human subject’s mental state from patterns of

brain activity recorded by in a functional MRI (fMRI) scanner. However, a typical fMRI

dataset consists of relatively few, noisy observations of brain patterns consisting of tens of

thousands of individual spatial features (”voxels”), so feature selection or dimensionality

reduction is required in order for classification to succeed.

In this thesis, we present a novel method of dimensionality reduction that incorpo-

rates three key neuroscientific assumptions into a probabilistic, generative model of fMRI

data, which we call Probabilistic Additive Component Analysis (PACA). We provide an

algorithm to fit the model using maximum a posteriori (MAP) estimation, and we show

analytically that MAP estimation is equivalent to matrix factorization with L2 and L1 reg-

ularizations and a non-negativity constraint on one of the factors. We then compare PACA

against two similar dimensionality reduction methods–principal component analysis (PCA)

and non-negative matrix factorization (NMF)–analytically and by running each algorithm

experimental fMRI data from two cognitive neuroscience experiments.

We find that both PCA and NMF satisfy one but violate two of the neuroscientific

assumptions motivating PACA, and that PACA outperforms both PCA and NMF using

both unsupervised and supervised measures of the quality ofthe reduced data. However,

supervised methods of feature selection resulted in higheroverall classification accuracy

than unsupervised methods in all but an synthetic, “idealized” case. We conclude that

PACA demonstrates that the integration of existing knowledge into a generative model can

improve analysis of fMRI data, and several new practical andtheoretical improvements on

the model are proposed.
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Chapter 1

Introduction

In the analysis of any sufficiently large dataset, it is oftennecessary to reduce an immense,

noisy set of complicated measurements into a few succinct conclusions about the under-

lying processes generating the observed data. For example,one might be interested in

drawing conclusions about global weather patterns from local weather station measure-

ments, tracking the location of an aircraft measured only bynoisy radar (Russell & Norvig,

2003), or inferring research topics from a corpus of documents based on word frequencies

(Blei et al., 2003). In this thesis, we focus on the problem of‘mind-reading’: the decod-

ing of a human subject’s mental state from fMRI measurementsof brain activity over time

(Norman et al., 2006; Haynes & Rees, 2006). The ‘mind-reading’ problem has become

of increasing interest within the last few years, as the ability to read out even measures

of cognitive state has allowed the direct testing of psychological theories of memory that

were previously impossible (Polyn et al., 2005). However, the ‘mind-reading’ problem is

difficult, because fMRI datasets often contain tens of thousands of uninformative features

and the signal-to-noise ratio is very low Mitchell et al. (2004).

This thesis seeks to address the problem offeature selection, the necessary prepro-

cessing stage of any ‘mind-reading’ experiment in which uninformative input features are

removed from the analysis. We propose a novel latent variable model of fMRI data that

incorporates existing neuroscientific knowledge in the form of three critical generative as-

sumptions. We call this modelProbabilistic Additive Component Analysis (PACA). Using
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this model, estimates of the latent variables replace the original feature set and reduce the

dimensionality of the original data in a multivariate fashion; the reduced data is expressed

in terms of stereotyped patterns of excitation and inhibition, or “neural topics.” To test

the model, we show experimentally that the new model resultsin representations of brain

state that improve generalization performance in ‘mind-reading’ type experiments relative

to two contemporary methods of dimensionality reduction, PCA and NMF.

In this chapter, we first provide background information describing the current state of

‘mind-reading’ research and the reasons why the analysis istechnically challenging (sec-

tion 1.1). We then give a brief introduction to latent variable methods for dimensionality

reduction, which represent an alternative to traditional methods of feature selection (sec-

tion 1.2). In section 1.3, we give a brief introduction to theframework of probabilistic

graphical models, which we will use in chapter 2 for the specification of the PACA model.

In section 1.4, we describe the general methods used to find estimates of unobserved vari-

ables in probabilistic models, which we will use in chapter 2to find estimates of the latent

variables of the PACA model. Finally, in section 1.5, we briefly discuss other research in

‘mind-reading’ fMRI analysis that pursues ideas relevant or similar to those presented in

this thesis.

1.1 Decoding Mental State from Brain Activity

In a typical ’mind-reading’ experiment, a human subject performs a cognitive task while

in a functional Magnetic Resonance Imaging (fMRI) scanner,and the goal of subsequent

analysis is to predict aspects of the cognitive task from therecorded patterns of brain activ-

ity (Norman et al., 2006). The tasks involved vary widely across experiments, depending

on aspects of cognition that the experimenter wishes to study. Machine learning algorithms

have been trained to recognize patterns of brain activity associated with recall of specific

visual memories (Polyn et al., 2005), the category of imagesviewed by a subject (Cox &
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Savoy, 2003), whether a subject was lying to the experimenter during the task (Davatzikos

et al., 2005), and many others (Norman et al., 2006). There issimilar diversity in the variety

of analysis techniques applied to the data to generate a prediction rule. Most commonly,

machine learning classification algorithms such as a neuralnetworks for logistic regression

(Norman et al., 2006), support vector machines (Mitchell etal., 2004), or Fischer Linear

Discriminants (Haynes & Rees, 2005) are used in the analysis, but presumably any suffi-

ciently powerful classification algorithm will suffice (Norman et al., 2006).

However, there remain significant challenges to any mind-reading fMRI experiment

that have not yet been overcome, and first and foremost among these is the problem of fea-

ture selection. A typical fMRI dataset contains500 ∼ 1000 recorded timepoints of brain

activity, but each timepoint is comprised of104 105 voxels, or “volume pixels”, depending

on the spatial resolution of the scanner. Using all105 voxels as inputs to a generic classi-

fication algorithm is often infeasible. Furthermore, the activity of only a small fraction of

the potentially105 voxels provides information that is relevant to the task at hand, due to

neuroanatomical constraints and the high level of noise in fMRI recordings. Thus, even if it

were practical to use the entire brain as the input to the classifier, it would be undesirable to

do so. Instead, it is necessary to select only those input features that are likely to improve

analysis of a given experiment. We can narrow down the numberof voxels by restricting

our analysis to brain regions we expect to be involved in the cognitive task, but feature

selection is still a difficult problem.

Due to the difficult nature of the problem, there is no “standard” approach to feature

selection, but the Statistical Parametric Mapping (SPM) approach is relatively common

(Norman et al., 2006). SPM uses a statistical test to assign avalue for each voxel indicating

its association with the cognitive variables of interest. The basic procedure for SPM in-

volves two steps: calculating a uni-variate test statisticfor each voxel, such as an ANOVA

p-value or F-score, and then selecting the topV voxels according to the test statistic for use

in the rest of the analysis (Shen & Meyer, 2006). The choice ofV can be based on either
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prior expectations (like the anatomical masks) or through an empirical method like cross

validation (section 3.3.2).

However, there are two important limitations to the SPM method. First, SPM attempts

to find the collection of voxels thatcollectivelypredict cognitive state by grouping together

the voxels that are most informativeindividually; only choosing voxels that individually

correlate with or predict the cognitive variables of interest might incorrectly exclude vox-

els that are encoding brain state as part of a population, andultimately the goal of the

analysis is to classifypatternsof brain activity. Ideally, feature selection would involve

choosing pattern-based features that do not rely on uni-variate assessments of individual

voxels (Norman et al., 2006). The second major limitation ofSPM for feature selection is

that it is asupervisedmethod. Supervised methods require that the data and the labels that

are present. Thus, SPM cannot be used on unlabeled data points, even though such points

will carry information about the dataset. Ideally, a partially supervised or completely unsu-

pervised method for feature selection would use all of the available datapoints to produce

the inputs for the classifier. In the next section, we discusspotential means for finding just

such a method.

1.2 Latent Variable Models for Dimensionality Reduction

Rather than seeking to answer the question, “Which of the input features are the most use-

ful for our analysis?”, we can alternatively ask, “Whichtransformationof these features

is the most useful for our analysis?” Ideally, we could map from the high-dimensional

voxel space to a much smaller set of features that would contain all the important high-

level information in the original voxel set while discarding noise and irrelevant activity.

The problem of finding this useful, reduced dimension representation of a given dataset is

known asdimensionality reduction, and it provides an attractive alternative to traditional

feature selection methods. The goal of dimensionality reduction algorithms is to find a fea-
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ture set of many lower dimensions that is nonetheless “equivalent” to the original dataset,

in the sense that the useful properties of the old feature setcan be reconstructed from the

new feature set with a certain degree of accuracy. Unlike SPM, dimensionality reduction

algorithms are typically both inherently multivariate andunsupervised, satisfying both of

the major criticisms of SPM raised above; algorithms for dimensionality will attempt to

find a reduced version of the original data without any other knowledge than the datapoints

themselves.

In general, there are many (sometimes equivalent) familiesof dimensionality reduction

algorithms, but we focus here on a particularly intuitive and powerful group of methods

known aslatent variable models. Latent variable models are used in many fields and de-

fined in many different but equivalent ways, but they can be summarized as follows: in

a latent variable model, one assumes that the observed data was generated according to

a specific process governed by a set of unobserved (orlatent) variables. If one knew the

values of the latent variables, the actual observed datapoints would be redundant–all the

important aspects of the original data could be recreated using the generative process that

we assume has generated the data in the first place. Latent variable models can be used for

dimensionality reduction when it is possible to infer the latent variables from the dataset

and when the dimensionality of the latent variables is lowerthan the dimensionality of the

original data; we can simply replace the observed data by theinferred values of the latent

variables.

An example of latent variable models for dimensionality reduction is Latent Dirichlet

Allocation (LDA) (Blei et al., 2003). LDA is a probabilisticmodel of text documents which

can reduce a corpus of documents (represented by vectors of word counts) to probability

distributions over “topics,” which are themselves probability distributions over words (Blei

et al., 2003). Given a corpus of documents as an input, LDA will find the set ofK topics

that best explains the data according to the model. Thus, if there areD documents with

a dictionary of sizeW words, theD × W input matrixX is reduced to aD × K matrix
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expressing the documents in terms ofK topics, and aK × W matrix defining the topics

over words. By choosingK ≪ W , LDA will produce matrices of latent variables that

are much smaller than the original data, but which can be usedto recreate the word counts

of the original documents according to the LDA model. In thisway, LDA can reduce the

dimensionality of an entire corpus of documents to a much more manageable size.

Of course, it is important to remember that just because a model-based dimensionality

reduction algorithm will infer the model parameters from a given dataset is no indication

that the output will have any meaningful interpretation. Inorder to successfully reduce

the dimensionality of data, any latent variable model must make simplifying assumptions

about the origin of the data. The utility of the reduced data produced by the model depends

on the degree to which the underlying assumptions are appropriate to both the real origins

of the data and the desired interpretations of the reduced data. On the one hand, if the

model assumptions are misguided, oversimplified, or is simply incorrect, the resulting re-

duced data produced by the model will very likely have captured nothing of interest about

the original dataset. On the other hand, even if the model does capture important aspects

of the data, and even if the model reproduces the data successfully, the simplified represen-

tation of the data within the model might be useless for the desired analysis. For instance,

although LDA will produce excellent models of documents in terms of the counts of words

within the document, LDA would be useless for researchers interested in investigating the

grammatical structure of a corpus of documents.

With such a large number of voxels and such a small number of observations, it is

likely that there are many ways in which to represent fMRI datasets in terms of smaller

sets of latent variables, and it is equally likely that some of these representations are more

useful for the ‘mind-reading’ context than others. If we areto use latent variable models

for ‘mind-reading’ experiments, it is therefore crucial that the assumptions underlying the

model are appropriate for the neuroimaging context. We now consider one representation

of statistical models that provides an excellent frameworkfor specifying complex models
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from a concise set of straightforward assumptions: probabilistic graphical models.

1.3 Probabilistic Graphical Models

How does one construct a model? Often, there are many equivalent ways of expressing

a single statistical model, and which representation is themost “natural” is a matter of

debate. For our purposes, and throughout this thesis, we will primarily considerproba-

bilistic graphical models. Probabilistic graphical models are useful because they provide

an intuitive, compact representation of otherwise complexmodels. Furthermore, given a

probabilistic graphical model and a corresponding set of conditional probability distribu-

tions, it is easy to find other important equivalent probabilistic representations of the model:

namely, thegenerative processandjoint probability distribution.

In this thesis, we focus on a specific sub-class of probabilistic graphical models,di-

rectedgraphical models. A directed graphical model is a directed acyclic graph (DAG)

G = {V, E} where each nodev is associated with a random variableXv, and where each

nodeXv is defined to be conditionally independent of all other nodesgiven its parents.

Recall that conditional Independence, read “X is conditionally independent ofY givenZ,”

is defined as

P (X, Y |Z) = P (X|Z)P (Y |Z), (1.1)

whereX, Y , andZ are random variables. The significance of the conditional independence

relationships in the graphical model is that they allow the joint probability distribution of

all nodes in the model can be written succinctly entirely in terms of conditional probability

distributions:

P (X) =
∏

v∈V

P (Xv|Parents(Xv)). (1.2)

Equation 1.2 is practically useful in the statistical modeling we describe in this thesis

for two reasons. First, it is often much easier to specify conditional probability distributions

7



N

Zn

Xn

Figure 1.1:A simple graphical model of coin flipping. The unobserved variableZn (open circle)
determines the identity of the coin chosen, and thus the probability distribution of the observed flips
Xn (filled circle). We represent this relationship in the graphby a directed edge fromZn to Xn.
Rather than draw this diagram for eachZn andXn, the enclosing plate around the two variables
indicatesN repetitions of the structure.

than joint probability distributions when we are describing complex systems. For instance,

if we are modelingN binary variables, such as the occurrences of words in a document, we

need to assign probabilities to all2N possible combinations of outcomes to describe the full

joint distribution, and we might feel unsure as to what theseprobabilities should be. On the

other hand, it’s a lot easier to define the conditional probabilities of words appearing in a

document given that we know the document is about a certain topic (Blei et al., 2003). The

other major benefit of defining graphical models using conditional probability is that many

times, many different variables in the model will share the same conditional probability

distribution, so equation 1.2 can be simplified even further.

As an example, consider a simple model of a coin-flipping system. The system consists

of two steps. First, a coin is chosen at random by the system from a pool of available

coins. Some of these coins are fair coins that will land on “heads” or “tails” with equal

probability, but some coins are unfair, and these will always land on “heads.” It is equally

likely that a fair or unfair coin will be chosen by the system.The second step is to flip the

chosen coinN times. What is the probability of observing 10 “heads” flips in a row? We

could attempt to model the system by figuring out the joint probability of every possible

outcome: fair coin chosen, flip 1 is “heads”, flip two is “tails”, and so forth. However, the

most straightforward answer exploits the local conditional probability relationships defined
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by the system throughmarginalization: if the coin was unfair, the probability is1. If the

coin was fair, the probability is1/210. Since the probability of choosing each coin is1/2,

the probability of observing 10 “heads” flips in a row is1/2 + 1/211.

We can now form a compact, intuitive probabilistic graphical model of the coin flip sys-

tem. To formalize our knowledge, we define an unobserved random variableZ to represent

the choice of coin, and the observed random variablesX1, . . . , XN for each coin flip. Then

we define the following local probability distributions:

pP (Z = Fair) = 1/2, P (Z = Unfair) = 1/2,

P (Xn = H|Z = Fair) = 1/2, P (Xn = H|Z = Unfair) = 1.

These state that there is equal probability that the chosen coin fair or unfair, but that an

unfair coin will always land on heads. Finally, we can draw anassociated graphG, with

nodes forZ, andX1 throughXN (figure 1.1). To indicate thatZ is an unobserved variable

(we don’t know which coin was chosen by the system), the node for Z is left unfilled. From

equation 1.2, we now have the full joint probability distribution for our model:

P (X1:N , Z) = P (Z)

N∏

n=1

P (Xn|Z). (1.3)

Now let us consider how this example relates to latent variable models. Suppose we had

observed a sequence ofN coin flips, and we wished to infer which coin had been chosen

by the system. By applying Bayes Rule, we know that

P (Z|X1:N) =
P (X1:N |Z)P (Z)∑

Z P (X1:N , Z)
. (1.4)

Using the conditional probability distributions defined above, we can evaluate the numera-

tor of equation 1.4, and we can evaluate the denominator using equation 1.3. Thus, we can

use Bayes rule to infer the value of the latent variableZ in this model from an observed
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N

p

Zn

Xn

Figure 1.2:A slightly more complicated model of coin flipping. We add a parameterp that estab-
lishes a prior distribution on the coin choicesZn. This fixed parameter is notated with a dot in the
circle, and because eachZn is conditionally independent givenp, thep node is located outside of
theN plate.

datasetX1:N . We could even consider replacingX1:N with the valueZ as a form of dimen-

sionality reduction, since, knowingZ, we can recreate data with the same distribution as

X1:N .

At this point it is worth considering what the modelcannotdo, due to the limitations

of the simplifying assumptions we have made. One important consequence of the way we

have defined our model is that the individual coin flips areexchangeable:because each

coin flip depends only onZ, the actual ordering of the flips is irrelevant to the model. We

see this in the product term of equation 1.4: the ordering of the terms in a product does not

change the result, so we can reorder the coin flips however we like. Equivalently, each coin

flip is independent of every other coin flip given the unknown quantityZ. However, this

assumption might be inappropriate for the coin flipping system. If we supposed instead

that the coins were landing in a malleable surface, such as jello, then this assumption might

not hold – the later flips might be biased by the deformities introduced into the jello by the

previous flips. Furthermore, from the dimensionality reduction standpoint, exchangability

might limit the usefulness of the model. If we need to recreate X1:N exactly, preserving

order, we will need a more complex model than the one in figure 1.1.

To finish off our simple example of probabilistic graphical models, we increase the
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complexity of our model by adding the assumption that the probability of choosing a fair

coin varies as the coin flipping experiment is repeated on different days. We introduce a

new parameterp, and change our conditional distribution forZ as follows:

P (Z = Fair|p) = p, P (Z = Unfair|p) = 1 − p.

BecauseZ now depends onp, we must add another node to our graphical model (figure

1.2. However, since we are not assumingp to be a random variable, however, we mark the

node forp with a dot; this indicates thatp is a fixed parameter. Suppose we want to infer

a value forp from a set of observed coin flipsX1:N? Unlike in equation 1.4, there is no

probability distributionP (p|X1:N , Z) that we can calculate. In this case, we must form a

point estimatêp using a method such as maximum likelihood estimation (section 1.4).

Although we have only looked at a simplistic example, the example illustrates the three

primary benefits of the graphical approach that we advocate in this thesis. First, all the

assumptions of the model are immediately accessible and easy to understand, as condi-

tional probability distributions must be specified for eachrandom variable in the model.

This makes it easy to qualitatively assess the suitability of the model to a given problem

(e.g., the “jello problem”), and to qualitatively compare one model to another. Second,

the conditional probability distributions are sufficient to fully specify the entire model, so

probabilistic graphical models are easy to build, modify, and then expand later (e.g., adding

the parameterp). Finally, once the probabilistic model is fully specified,we can apply any

number of standard algorithms to form estimates of unknown variables or parameters, such

as maximum likelihood estimation or expectation maximization (EM).

Finally, the last section of background material we cover isthe specific method of

approximate inference used in the remainder of this thesis:maximum a posteriori(MAP)

estimation.
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1.4 Maximum A Posteriori (MAP) Estimation

Let us now consider any probabilistic model in a somewhat more abstract case. Given a

set of observed dataD and a set of governing parametersθ, the probability of observing

the data under a particular parameter set is defined as thelikelihood l of the data with

parametersθ. For a fixed datasetD, the likelihood function is a function of the parameters

θ:

l(θ;D) = p(D|θ). (1.5)

Note that we can define the likelihood function even ifθ is a set of fixed parameters that

have no distributionp(θ). We can use the likelihood function to infer estimates of the

parameters from the observed data. Consider the set of parametersθ̂ML that maximize the

likelihood function; we can think of these parameters as theparameters that have the “best

chance” at explaining the observed data. This is becauseD has the highest likelihood of

being observed whenθ = θ̂ML. If we wish to find a point estimate of the parameters, then

θ̂ML will be a reasonable choice. We defineθ̂ML formally as

θ̂ML = argmax
θ

l(θ;D), (1.6)

and θ̂ML are thus known asmaximum likelihood estimators(Russell & Norvig, 2003). In

practice, it is often easier to maximize thelog likelihood, which we denoteL:

θ̂ML = argmax
θ

log l(θ;D

= argmax
θ

L(θ;D) (1.7)

If we considered the unobserved variableZ in the latent variable model in figure 1.2 to be

the parameters of the model, we could have chosen to ignore the probability distribution

P (Z) and estimatedZ usingẐML instead of calculating the distribution in equation 1.4.

However, a more complicated model might also assume aprior distributionp(θ) over
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the parameters. Intuitively, this is assuming that parameter setsθ some areas of the param-

eter space are more likely to be observed than others. If we want to parameterize the prior

distribution with its own set of parameters, we write

p(θ) = p(θ|η), (1.8)

whereη is the set ofhyperparametersof the model. Under these assumptions, it is not suf-

ficient to estimateθ by simply maximizing the likelihood function. For example,consider

the case wherep(θ̂ML |η) is extremely low. In this case, the prior probability distribution is

saying that observing the estimatorθ̂ML is very unlikely, even thougĥθML might best ex-

plain the observed data. To avoid this problem, we can maximize theposterior distribution

of the parameters given the observed dataset, rather than the likelihood. The posterior dis-

tribution p(θ|D) can be defined in terms of the likelihood and the prior distribution using

Bayes Theorem:

p(θ|D) =
p(D|θ)p(θ|η)

p(D)

∝ p(D|θ)p(θ|η) = l(θ;D)p(θ|η). (1.9)

Instead of maximizing the likelihood, we can instead maximize the posteriorp(θ|D); this

is known asmaximum a posterior (MAP)estimation (Russell & Norvig, 2003). We define

the MAP estimateŝθMAP as the set of parameters that maximize the posterior:

θ̂MAP = argmax
θ

l(θ;D)p(θ|η). (1.10)

In practice, it is often easier to to maximize the log of the posterior distribution, which we

define as a function ofθ.

L(θ;D, η) = log l(θ;D) + log p(θ|η), (1.11)
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In this case, we see that to find̂θMAP, we maximize the sum of the log likelihood and the

log of the prior over the parameters. We also note that this can be written as the sum of the

log likelihood of the data and the log likelihood of the parameters:

L(θ;D, η) = L(θ;D) + L(η; θ). (1.12)

Thus, MAP estimation is equivalent maximum likelihood estimation with a penalty term

log p(θ|η) added to emphasize certain portions of the parameter space.Such penalty terms

are used elsewhere in areas of statistics asregularization(Hastie et al., 2003). We will

explore this relationship between MAP estimation and regularization in more detail within

the context of the PACA model in section 2.4.4.

1.5 Related Work

Although the dimensionality reduction method presented inthis thesis is novel, the “multi-

voxel” approach to fMRI analysis is a more general method that has been attracting increas-

ing interest over the past few years (Haxby et al., 2001; Polyn et al., 2005; Norman et al.,

2006; Detre et al., 2006). Recently, a multi-voxel approachto feature selection has been

proposed that uses a “searchlight” to perform statistical tests on spatially localized groups

of voxels (Kriegeskorte et al., 2006). However, this methodis fundamentally different from

the approach advocated in this paper, as the individual features produced by the method are

still voxels, and it is fundamentally a fully supervised method.

In general, there have been many prior applications of dimensionality reduction tech-

niques to fMRI datasets, but very few within the context of decoding mental state from

brain activity. Most involve the application of Principal Component Analysis (PCA), a

powerful technique which has been applied in almost innumerable contexts (we discuss

PCA in more detail in section 2.5.1). Fan et al. (2006) used PCA for dimensionality re-

duction as one part of a three-tiered feature selection scheme. Although not classifying
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brain activity, Ford et al. (2003) used Principal ComponentAnalysis (PCA) to reduce the

dimensionality of voxel activation maps to classify activation maps as belonging to pa-

tients with various neurological diseases. PCA has also been applied to many other fMRI

analysis in other experimental paradigms (Petersson1 et al., 1999; Andersen et al., 1999).

Non-negative matrix factorization (NMF), a much newer technique, has been applied to

fMRI only recently (Wang et al., 2004). Although we do not discuss Independent Compo-

nents Analysis (ICA) in this paper, ICA can be used in conjunction with PCA as as method

for isolating spatially independent components with fMRI datasets. ICA has been applied

to a wide variety of fMRI analyses (McKeown et al., 1998; Formisanoa et al., 2004). Fi-

nally, a wide variety of non-linear dimensionality reduction techniques have been used in

paradigms outside of the ’mental state decoding’ describedhere (Shen & Meyer, 2006).

Although the mostly Bayesian and probabilistic approach presented in this thesis has

been applied to the analysis of fMRI data before, the use has been largely limited to

Bayesian versions of conventional fMRI analysis (Petersson1 et al., 1999; Frank et al.,

1998). Notably, Mitchell and colleagues have developed andapplied a directed graphical

model, the Hidden Process Model (HPM), to certain limited fMRI datasets within a ‘mind-

reading’ type of context (Mitchell & Rustandi, 2006). However, most of the linear methods

for dimensionality reduction described above have been shown to belong to a single family

of generative statistical models, but with slightly varying assumptions (Tipping & Bishop,

1999; Roweis & Ghahramani, 1999); thus, the general method described in this thesis has

already been widely used, even if it is not yet widely recognized as such. When we compare

the PACA model to PCA and NMF in more detail in sections 2.5.1 and 2.5.2, we shall see

that PACA is also a member of the same general family of models, but with assumptions

that are more appropriate to fMRI datasets.
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Chapter 2

Probabilistic Additive Component

Analysis (PACA)

In this section, we introduce a probabilistic generative model of functional MRI data, which

we callProbabilistic Additive Component Analysis(PACA). We first introduce in detail the

key motivating assumptions behind the model and compare these assumptions to those be-

hind two linear methods of dimensionality reduction, Principal Component Analysis (PCA)

and Non-negative Matrix Factorization (section 2.1). The model is defined in detail in sec-

tion 2.2, and the procedure for fitting the model from data is described in section 2.3. An

alternative formulation of the model as a regularized matrix factorization is given in sec-

tion 2.4.4, and in sections 2.4.2 and 2.4.3 it is shown that regularization induced by the

priors specified in our assumptions are equivalent to the L2 and L1 regularization used

in many other algorithms. A principled method for selectinghyper-parameters based on

the proportion of regularization desired is presented in section 2.4.5. Finally, a working

implementation of PACA is described in section 2.6.
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2.1 Motivation

Given that there already exists a plethora of linear and non-linear methods for dimensional-

ity reduction, why introduce another linear model? First, as discussed in section 1.2, latent

variable models for dimensionality reduction offer an attractive alternative to supervised

feature selection methods, but ascertaining and assessingthe assumptions underlying these

models is critically important when interpreting the results. Therefore, rather than simply

applying existing models to the ‘mind-reading’ experiments, and then assessing the validity

of the assumptions involved, we set out to create a new model with valid, neuroscientific as-

sumptions from the outset. Furthermore, as discussed in section 1.3, it is relatively easy to

construct statistical models using the framework of probabilistic graphical models; this also

will allow us to expand the complexity of the model to incorporate spatial or time-series

relationships in the future (section 4.2).

The PACA model was designed to capture three specific assumptions (two neurosci-

entific, and one statistical) that we believe are appropriate for analysis of fMRI datasets.

These assumptions are defined as follows:

1. Brain activity is driven by a finite number of excitatory and inhibitory neural pro-

cesses, or “neural topics.”This is a basic assumption that is fairly common across all

areas of neuroscience, and evidence for both task-related excitation and task-related

inhibition in functional imaging experiments is readily available (McKiernan et al.,

2003). We capture this assumption in our model by assuming that each underlying

neural topick has a stereotyped effect on each voxelv, which we represent by a

real-valued scalar parameterµk,v. Excitation is represented by positive values and

inhibition represented by negative values, and a single process can have excitatory

and inhibitory effects in different brain areas simultaneously. For example, if there

were a neural topic that corresponded to a particular working memory task, we might

expect to find high positive values ofµk,v in areas of prefrontal cortex associated with
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high level cognitive tasks and short-term memory, and negative values ofµk,v in areas

responsible for the processing of distracting stimuli during the experiment.

2. Neural topics sum additively to produce the observed voxel activations at any given

point in time.Specifically, the measured activityx of each voxelv at each timet is

defined by

xt,v =
∑

k

zk,tµk,v + ǫ, (2.1)

whereµk,v is the effect of thek’th neural topic on thev’th voxel (described above),

zk,t is a positive real number indicating the degree of activation of thek’th neural

topic at timet, andǫ is an error term. The linear sum makes our model linear (as we

shall see, similar to PCA and NMF) and greatly simplifies the mathematical analysis.

The requirement that the topic activationszk,t are positive serves two purposes.

First, we wish to account for the fact that the cognitive variables being decoded in

most ‘mind-reading’ experiments are almost exclusively positive. For example, in a

category-classification experiment, where the goal is to predict what class of stimuli

a subject is viewing (Cox & Savoy, 2003), the cognitive variable of interest is a bi-

nary indicator for whether or not a particular stimulus class is present. Thus, if the

stimulus is “dog,” we wish to model brain activity involved in representing the con-

cepts of “dog” vs. “no dog” through the various activations of the unobserved neural

topics we are trying to model. If we were to allow negative activation of topics, then

by this reasoning we would be modeling the additional concept of “negative dog,”

or the negative activation of whatever neural topics correspond to the “dog” topic.

Similarly, in a lie-detection experiment (Davatzikos et al., 2005), the goal is to model

the presence or absence of top-down brain activity associated with deception, with

no concept of “negative deception.” Furthermore, althoughthe cognitive variables

in these examples are binary, we do not restrict the activations of the topics to be

strictly binary, since we don’t realistically expect neural topics to be activated in a
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sudden all-or-none fashion when considered over the two second resolution of fMRI

recordings.

The second motivation for the positive constraint is that positive topic activations

greatly enhance the interpretability of the fitted results from the model. Using our

interpretation of the neural topics parametersµk,v as excitation and inhibition, allow-

ing the activation of a neural topiczk,t to be negative would change the sign of the

topic’s effect in the observed activity, effectively switching excitation to inhibition

and inhibition to excitation. For example, negative activation of a neural topic cor-

responding to the processing of auditory stimuli, which might excite auditory cortex

when positively activated, would then lead toinhibition of auditory cortex instead.

Although it is unclear whether or not this scenario is neuroscientifically plausible,

it is clear that interpreting the activation maps associated with a particular topic is

much easier if one can easily distinguish inhibition from excitation.

3. The fMRI pattern-classification problem is inherently over-specified, and regulariza-

tion is required for any model to generalize properly.As previously described in

section 1.1, many fMRI datasets involve sparse observations of very high dimen-

sional variables. Thus, the problem of fitting any sufficiently complex model to the

data isover-specified:for any given instance of a dataset, there may be many solu-

tions to the model that can explain the data equally well (Hastie et al., 2003). This is

a problem for several reasons; with so many features and so few observations, there

is a good chance that even with a relatively small number of reduced dimensions,

we might expect the model to find an arbitrarily good fit to the observed data unless

additional constraints are imposed. If we are attempting togeneralize to a previously

unobserved test set, the model will be at severe risk for over-fitting. Finally, if the

solution to the model is not stable and unique, it is difficult(if not impossible) to

draw reliable conclusions from experimental results.
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One statistical approach to solving over-specified problems is to introduceregular-

ization, which forces a model to minimize a penalty term on the parameters of the

model in addition to an objective function used to assess thefit of the data. Com-

mon penalty functions are the L2 norm (used in ridge regression) or the L1 norm

(known as “the Lasso” method in regression) (Hastie et al., 2003). The penalty func-

tions force the model to use a “simpler” parameter set to explain the data than that

which would be found by pure minimization of the objective function, where differ-

ent penalty functions imply different definitions of “simple” parameter sets. Further-

more, regularization has been shown experimentally to be valuable when conducting

‘mind-reading’ type experiments. In a ‘brain activity interpretation’ competition held

in 2006 (http://www.ebc.pitt.edu/PBAIC.html), in which teams competed

to predict aspects of subject’s mental state while watchingepisodes of Home Im-

provement, the second place entry used ridge regression as part of their analysis1

(Chigirev & Stephens, 2006). Regularization in the PACA model is accomplished

through the use of prior distributions over the parameters;we will investigate later

how these priors are equivalent to L2 and L1 regularizationsin space and time, re-

spectively (sections 2.4.2 and 2.4.3).

After we define these assumptions quantitatively, we shall see how these assumptions

compare to the assumptions implicit in PCA and NMF. As it turns out, the “neural topics”

we describe are essentially equivalent to the “principal components” that are found by

PCA, but with the extra specification that the neural topics sum additively. Furthermore,

we define our modelprobabilisticallyin terms of a generative random process, using prior

probability distributions to add regularization to the fitting process, unlike PCA. This is

the origin of the name for our new model, which we will analyzefor the remainder of this

chapter: “Probabilistic AdditiveComponent Analysis.”

1It’s also worth noting that the third-place entry (Battle etal., 2006) used a graphical model as part of their
analysis.
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2.2 Model Definition

Now that we have motivated the PACA model, it is time to begin to define the model. At

this point, it is useful to formalize the terms and notation we have introduced in the previous

section.

2.2.1 Notation

We represent a given fMRI dataset as aT × V observed matrixX, whereT is the number

of recorded samples in the dataset andV is the number of voxels. The activity of thev’th

voxel at timet is notatedxt,v, and it is a scalar, real-valued number recorded by the scanner.

Each rowxt of the observed matrixX is thus a pattern of activity across all recorded voxels

in the brain at a single point in time, which we refer to as apattern. Each columnx〈·〉,v

is a vector of observed values of a single voxel for the entirecourse of the experiment. In

reality, each voxelv corresponds to a point in 3D Cartesian coordinate space, so there is a

mappingf from the columns ofX to a 3D coordinate

f : {1, . . . , V } → {1, . . . , D}3,

whereD is the dimension of a cube containing the subject’s brain. However, although one

might wish to construct a model that assumes relationships between neighboring voxels

in 3D space (section 4.2), PACA (like PCA or NMF) indexes voxels through the arbitrary

ordering induced byf . Similarly, although we describeX as being indexed by timet, the

actual ordering of the datapoints in the model is arbitrary (again, as in PCA or NMF).

We define aneural topicor just topic to be a row vectorµk consisting of a single real

valuedtopic meanfor each voxel:

µk = 〈µk,0, µk,1, . . . , µk,V 〉.
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If there areK different topics in our model, these are represented by aK × V topic matrix

µ. Each row ofµ is a single neural topic, while each columnµ〈·〉,v is a vector of theK

different topic means for thev’th voxel in the dataset. At any timet, we define thetopic

activationto be a positive real numberzk,t; the topic activation can be interpreted as the

degree to which a given neural topic is influencing neural activity in the subject’s brain.

Finally, we define the subject’sbrain stateat timet to be a column vectorz〈·〉 consisting

of the topic activations for each of theK topics at timet:

z〈·〉,t = 〈z0,t, z1,t, . . . , zK,t〉.

The complete set of brain states for each point in time for a single dataset is then theK×T

matrixZ. The columns ofZ are the brain states for each time-point as defined above, while

each rowzk is the activation of a single topic over the course of the entire experiment.

2.2.2 Generative Process

We can now formally define the generative model underlying PACA. We take a similar

approach as in our definition of the coin flipping model described in section 1.3: we first

define a generative process that incorporates our desired assumptions about the data, and

then show how this process can be represented graphically.

In the PACA model, the observed dataX are generated through a three step random

process (figure 2.3). The first step of the process is to generate theK neural topics for each

voxel,µ. These are drawn randomly from a Normal distribution (figure2.1) with meanτ

and varianceσ2
µ:

µk,v ∼ N
(
τk,v, σ

2
µ

)
, ∀k, v. (2.2)

Because each component of each topic is drawn independently, all topic meansµk,v will

be independent of all other topic means given the parametersτk,v andσmu2. Thus, like the

coin flips in the example in section 1.3, the individual voxels and topics are exchangeable.
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Figure 2.1: Example probability density functions of the Normal distribution, from which
µ is drawn in the PACA model. The parameterτ is the mean of the distribution, whileσ2

µ

is the variance. The distribution is plotted for several values of(τ, σ2
µ).

The Normal distribution was chosen as the prior forµ to satisfy our first neuroscientific

assumption; because the domain of the Normal density function is the real line, the values

of eachµk,v are unconstrained. Furthermore, by placing a prior distribution onµ, we will

see that the we satisfy our third motivating principle, as the σ2
µ parameter enforces an L2

norm regularization of the topic means (section 2.4.2).

The next step of the process is to generate the brain states for each point in time,Z.

These are drawn from a Gamma distribution (figure 2.2) with shapea and scaleb:

zk,t ∼ Gamma(a, b). (2.3)

Again, each component of each brain state is drawn independently from the same distribu-

tion, so the time-points are considered exchangeable. The Gamma distribution was chosen

to satisfy the second motivating assumption behind the model: since the domain of the

Gamma density function is over the positive reals,Z is constrained to be non-negative.
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Figure 2.2: Example probability density functions of the Gamma distribution, from which
Z is drawn in the PACA model. The parametera is theshapeof the distribution, whileb is
thescale. The distribution is plotted for several values of(a, b).

Furthermore, as we will see in section 2.4.3, the Gamma priorenforces an L1 norm reg-

ularization over the brain states with certain parameter settings, again satisfying the third

motivating assumption for PACA.

The third and final step of the generative process is to generate the observed data matrix

X. The activation of voxelv at timet is assumed to be drawn from a Normal distribution

where the mean is the additive summation of the topic meansµk,v weighted by the topic ac-

tivationszk,v, and the variance is defined by a parameterσ2
x. Thus, we define the conditional

probability ofxt,v given the corresponding topic vectorsµ〈·〉,v andz〈·〉,t:

xt,v|µ〈·〉,v, z〈·〉,t ∼ N
(
x̂t,v, σ

2
x

)
, (2.4)

where

x̂t,v =
∑

k

zk,tµk,v. (2.5)

Equivalently, we can definext,v exactly as in equation 2.1 by setting the noise termǫ to be
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Figure 2.3The generative process formulation of PACA.

Choose fixed values for hyperparametersa, b, σ2
µ, σ2

x, andτ .

1. Drawµk ∼ N
(
τ k, σ

2
µI
)

for all k ∈ {1, . . . , K}.

2. For each time-pointt ∈ {1, . . . , T}:

(a) Drawzk,t ∼ Gamma(a, b) for all k ∈ {1, . . . , K}.

(b) For each voxelv ∈ {1, . . . , V }:

i. Compute the predicted mean̂xt,v =
∑K

k=1 µk,vzk,t for voxelv at timet.

ii. Draw xt,v ∼ N (x̂t,v, σ
2
x).

normally distributed with mean zero and varianceσ2
x. Thus, the parameterσ2

x can be inter-

preted as the variance of the noise in the observed data, and the sumx̂t,v can be interpreted

as the predicted activation of voxelv at timet in the model.

We can now summarize the various random variables, parameters, and hyperparameters

of the PACA model. In this model, the only observed quantity is the matrixX, which we

have assumed has noise with varianceσ2
x. The latent variables of the model areµ andZ,

which are also the parameters ofX in the conditional probability distributionp(X|µ,Z).

The latent variablesZ andµ are in turn parameterized by the fixed sets of hyperparameters

{a, b} and{τ , σ2
µ}. The model is also defined by the dimensions of the variables:V ,T ,

andK. All of the constants, variables, and parameters are summarized for reference in

table 2.1. Finally, we note that have included all three of our primary assumptions into the

PACA model: the matrixµ consists ofK neural “topics” that sum additively according to

the topic activations in the matrixZ to form the observed data, and bothµ andZ have prior

distributions that will enforce regularization when fitting.

2.2.3 Probabilistic Graphical Model and Full Joint Distribution

From the generative process summarized in figure 2.3, it is easy to draw an equivalent

graphical model. Following the procedure outlined in section 1.3, we build a graph with
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Symbol Type Dim Prior Description
X Observed r.v. T × V Normal Observed brain patterns.
µ Latent r.v. K × V Normal Topic means.
Z Latent r.v. K × T Gamma Brain states.
σ2

x Hyperparameter Scalar None Variance of allXt,v

σ2
µ Hyperparameter Scalar None Variance of allµk,v

τ Hyperparameter K × V None Mean for eachµk,v

a, b Hyperparameter Scalar None Parameters for the GammaZ prior

Table 2.1: The variables (latent and observed) and hyperparameters of the PACA generative
model.

nodes for the random variablesµ, Z, X, and the hyperparametersa, b, σ2
µ, andσ2

x. X

depends on bothµ andZ, in addition toσ2
x, so edges are added fromµ to X, from Z

to X, and fromσ2
x to X. However,µ depends onτ andσ2

µ, andZ depends ona andb,

so these edges are needed as well. Finally, onlyX is observed, anda, b, σ2
µ andσ2

x are

hyperparameters that do not change, so we decorate the nodesaccordingly. The completed

graph is shown in figure 2.4.

From the graph in figure 2.4 and the conditional probability distributions we defined

when expressing PACA as a random process (figure 2.3), it is now easy to obtain the full

joint distribution of the PACA model. Using the formula in equation 1.2, we write the joint

distribution as the product of the conditional probabilitydistribution of every node in the

graph, given its parents. Thus, the joint probability of observations of the random matrices

µ, Z, andX given the set of fixed hyperparametersη = {σ2
x, σ

2
µ, τ , a, b} can be written as

following:

p(X, µ,Z|η) = p(Z|a, b)p(µ|τ , σ2
µ)p(X|µ,Z, σ2

x), (2.6)

where

p(Z|a, b) =
∏

k

∏

t

za−1
k,t

1

baΓ(a)
exp {−zk,t/b} , (2.7)
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Figure 2.4:The probabilistic graphical model representation of Probabilistic Additive Components
Analysis (PACA). Each observed data pointxt,v is Normally distributed around the weighted addi-
tive sum of theK latent componentsµk,v of voxel v according to theK non-negative coefficients
zk,t for time t, zk,t, with varianceσ2

x. The unobserved additive components or “neural topics”µk,v

are normally distributed with meanτk,v and varianceσ2
µ, and the non-negative coefficients or “brain

states”zk,t are distributed according to a Gamma distribution with shape a and scaleb.

as defined by the probability density function of a Gamma distribution,

p(µ|τ , σ2
µ) =

∏

k

∏

v

1

(2πσ2
µ)1/2

exp

{
−

1

2σ2
µ

(µk,v − τk,v)
2

}
, (2.8)

as defined by the probability density function of a Normal distribution, and

p(X|µ,Z, σ2
x) =

∏

t

∏

v

1

(2πσ2
x)

1/2
exp

{
−

1

2σ2
x

(xt,v − x̂t,v)
2

}
. (2.9)

again, applying the probability density function of a Normal distribution and using the

definition of x̂t,v defined in equation 2.5. Thus, the probability of observingX, µ, and

Z together is proportional to the probability of observingµ andZ individually and the

probability of generating the observed values ofX from µ andZ with noise governed by

σ2
x.
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2.3 Estimatingµ and Z from Data

Now that we have fully specified all relevant theoretical aspects of the model, we show

how the latent variablesµ andZ can be estimated from a given set of observed dataX. We

use the method ofmaximum a posterioriestimatation introduced in section 1.4; we will

see in the next section that this method for estimating the latent variables can be used to

characterize PACA purely in terms of a regularized least-squared-error matrix factorization,

without an explicit probabilistic model.

We now apply the method of MAP estimation to the PACA model in this paper. Al-

thoughµ andZ are latent random variables, we define the parametersθ to be

θ = {µ,Z}, (2.10)

sinceµ andZ are the parameters for the modeled distribution ofX, and these are the

variables which we want to estimate. Following the formulation given in section 1.4,a, b,

σ2
µ, τ , andσ2

x are the hyperparameters of the model:

η = {τ, a, b, σ2
µ, σ

2
x}. (2.11)

The hyperparameters are considered fixed, along withX for the MAP maximization prob-

lem. The observed datasetD is then simplyX. We can then write the log posterior (equa-

tion 1.12) of the PACA model in terms of the log likelihoods ofthe data and the parameters

as follows:

L(θ;D, η) = L(θ;D) + L(η; θ) (2.12)

= L(µ,Z;X) + L(τ , σ2
µ; µ) + L(a, b;Z), (2.13)
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where

L(µ,Z;X) = −
TV

2
log(2πσ2

x) −
1

2σ2
x

∑

t

∑

v

(xt,v − x̂t,v)
2, (2.14)

L(τ , σ2
µ; µ) = −

KV

2
log(2πσ2

µ) −
1

2σ2
µ

∑

k

∑

v

(µk,v − τk,v)
2, (2.15)

and

L(a, b;Z) =
∑

k

[
∑

t

[
(a − 1) log zk,t −

zk,t

b

]
− T log Γ(a) − Ta log b

]
, (2.16)

are the individual log likelihoods ofX, µ, andZ, respectively, and̂xt,v is defined as in

equation 2.5 The MAP estimation problem for PACA is therefore

θ̂MAP = argmax
µ,Z

[
L(µ,Z;X) + L(τ , σ2

µ; µ) + L(a, b;Z)
]
, (2.17)

subject to the constraint

Z ≥ 0. (2.18)

We can attempt to solve this problem by taking the derivativeof the log posterior with

respect toµ andZ:

∂L

∂zk0,t0

=
a − 1

zk0,t0

−
1

b
+

1

σ2
x

∑

v

[(xt0,v − x̂t0,v) µk0,v] , (2.19)

and
∂L

∂µk0,v0

= −
1

σ2
µ

(µk0,v0
− τk0,v0

) +
1

σ2
x

∑

t

[(xt,v0
− x̂t,v0

) zk0,t] . (2.20)

Unfortunately, these derivatives cannot be analytically solved to find the critical points of

the log posterior function. Therefore, we must use numerical methods to find the MAP

estimators; in this thesis, we use a conjugate gradient descent algorithm to solve equation

2.17. However, optimizing under the inequality constraintin equation 2.18 poses a number

of practical challenges to this procedure. Thankfully, we can sidestep these issues entirely
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through a simple reparametrization ofZ that converts the constrained maximization in

equation 2.17 into an unconstrained one.

2.3.1 Unconstrained Optimization

To convert the constrained maximization problem in equation 2.17 to an unconstrained

maximization problem, we apply the following reparameterization ofZ:

zk,t = exp{wk,t}, ∀k, v (2.21)

wherewk,t is unconstrained. Since exponentiation is a monotonicallyincreasing function,

the maximum ofL with respect toW will be equal to the maximum with respectZ, and

givenŴMAP, we can easily find̂ZMAP. However, because exponentiation maps the real line

onto the positive reals, the maximization problem with respect toW is now unconstrained.

Plugging inW for Z results in the following set of changed log likelihood functions:

L(a, b;W) =
∑

k

[
∑

t

[
(a − 1)wk,t −

ewk,t

b

]
− T log Γ(a) − Ta log b

]
, (2.22)

and

L(µ,W;X) = −
TV

2
log(2πσ2

x) −
1

2σ2
x

∑

t

∑

v

[
xt,v −

(
∑

k

µk,ve
wk,t

)]2

. (2.23)

The new derivatives are as follows:

∂L

∂wk0,t0

= (a − 1) −
ewk0,t0

b
+

1

σ2
x

∑

v

[(
xt0,v −

∑

k

µk,ve
wk,t0

)
µk0,ve

wk0,t0

]
, (2.24)

and

∂L

∂µk0,v0

= −
1

σ2
µ

(µk0,v0
− τk,v) +

1

σ2
x

∑

t

[(
xt,v0

−
∑

k

µk,v0
ewk,t

)
ewk0,t

]
. (2.25)
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Thus, for a given set of hyperparametersa, b, τ , σ2
µ, andσ2

x, and an observed dataset

X, we can find the MAP estimatorŝµMAP and ẐMAP by directly applying methods for

unconstrained optimization.

2.4 Setting Hyperparameters

So far, we have not yet dealt with how to set values for the hyperparameters,a, b, τ , σ2
µ,

andσ2
x. We now present a principled method of selecting hyperparameters based on the

interpretation of the prior distributions as regularizations of the neural topics and brain

states, respectively.

Let us start by considering the dual minimization problem tothe maximization problem

in equation 2.17:

{µ̂MAP, ẐMAP} = argmin
µ,Z

[
−L(µ,Z;X) − L(τ, σ2

µ; µ) − L(a, b;Z)
]
. (2.26)

The formulation in equation 2.26 is simply minimizing the negative log posterior function,

but at this point, we can ignore the underlying probabilistic context and consider equation

2.26 purely from the perspective of an optimization problem. Because we are minimizing,

we can remove all constant terms from the various terms of theequation to simplify the

analysis. Furthermore, we can analyze each term in equation2.26 separately to determine

the effect of the hyperparameters on that part of the minimization problem. Once we un-

derstand the effect of each hyperparameter on the fit of the data, we can determine which

hyperparameters should be tweaked when fitting the model, and how the values should be

set.
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2.4.1 Minimization of Squared Reconstruction Error

We start by considering the first term in equation 2.26, the negative log likelihood of the

observed dataX given the latent variables and the hyperparameterσ2
x. We start by plugging

in equation 2.14 into the optimization problem of equation 2.26, but without the other

terms:

{µ⋆,Z⋆} = argmin
µ,Z

[
TV

2
log(2πσ2

x) +
1

2σ2
x

∑

t

∑

v

(xt,v − x̂t,v)
2

]
(2.27)

= argmin
µ,Z

[
1

2σ2
x

∑

t

∑

v

(xt,v − x̂t,v)
2

]
. (2.28)

Now, we note that the predicted voxel meansx̂t,v can be written equivalently as the dot

product of thet’th column ofZ with thev’th column ofµ:

x̂t,v =
∑

k

zk,tµk,v = z
T
〈·〉,t · µ〈·〉,v.

Thus, the entireT × V matrix of predicted voxel meanŝX can be written

X̂ = Z
T
µ, (2.29)

whereX̂ is called thereconstructionof the original dataX from the latent variablesµ and

Z. The sum of squared distances betweenX andX̂ is thus thereconstruction error, and it

can be written,

||X− X̂||22 =
∑

t

∑

v

(xt,v − x̂t,v)
2. (2.30)
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Thus, we see by comparing equations 2.30 and 2.28 that minimizing the negative log like-

lihood of the data is equivalent to minimizing the reconstruction error ofµ andZ,

{µ⋆,Z⋆} = argmin
µ,Z

[
1

2σ2
x

∑

t

∑

v

(xt,v − x̂t,v)
2
2

]
(2.31)

= argmin
µ,Z

1

σ2
x

||X− X̂||22, (2.32)

where the reconstruction error is scaled by the inverse variance of the error1
σ2

x
. To simplify

our analysis, we can setσ2
x = 1 without changing the minimum of the reconstruction error

function.

2.4.2 L2 Regularization of Topic Means

We now consider the second term in equation 2.26. Letτk,v = 0, for all k, v. Then

minimizing the negative log likelihood of the latent variable µ (equation 2.15) becomes

{µ⋆,Z⋆} = argmin
µ,Z

[
KV

2
log(2πσ2

µ) +
1

2σ2
µ

∑

k

∑

v

(µk,v − τk,v)
2

]
(2.33)

= argmin
µ,Z

[
1

2σ2
µ

∑

k

∑

v

µ2
k,v

]
(2.34)

= argmin
µ,Z

1

2σ2
µ

||µ||22. (2.35)

Thus, whenτk,v = 0, the Gaussian prior overµ is exactly equivalent to an L2 regularization

over each neural topic. Therefore, when the PACA model is fit using MAP estimation in

equation 2.26, the model must balance the minimization of the reconstruction error with the

minimization of the topic means themselves. The balance is controlled by the variance of

theµ prior, σ2
µ. This sort of L2 norm based regularization is used in the “ridge rigression”

analysis technique, and it is widely known that L2 regularization will result in a smooth

distribution over the regularized parameters (Hastie et al., 2003). Ifτk,v was not zero, the

regularization would serve to bringµ closer toτ , potentially accounting for whitening in
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the data. For our purposes, since all the data is z-scored,τk,v = 0 is sufficient.

2.4.3 L1 Regularization of Brain States

Finally, we examine the last term of equation 2.26. Considerthe case wherea = 1. Then

the minimization becomes

{µ⋆,Z⋆} = argmin
µ,Z

∑

k

∑

t

−
[
(a − 1) log zk,t −

zk,t

b

]
+

∑

k

[T log Γ(a) − Ta log b] (2.36)

= argmin
µ,Z

∑

k

∑

t

zk,t

b
(2.37)

= argmin
µ,Z

1

b
||Z||1. (2.38)

Thus, whena = 1, minimizing the negative log likelihood ofZ is equivalent to minimizing

the L1 norm ofZ (sinceZ is non-negative, so thatZ = |Z|), scaled by the inverse of

hyperparameterb. This is exactly equivalent to L1 regularization, which is known in linear

regression statistics as the “lasso” method (Hastie et al.,2003).

However, it is also well known that L1 regularization will cause the fitting algorithm

to find a sparse distribution over the regularized parameters (Hastie et al., 2003). Since

we have already described reasons for why very sparse brain states are not necessarily

desirable (section 2.1), we consider the case wherea = 1+ b−1, so thata > 1. In this case,
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the minimization becomes

{µ⋆,Z⋆} = argmin
µ,Z

∑

k

∑

t

−

[
1

b
log zk,t −

zk,t

b

]
+

∑

k

[
T log Γ(

1

b
+ 1) − T (

1

b
+ 1) log b

]
(2.39)

= argmin
µ,Z

1

b

∑

k

∑

t

zk,t − log zk,t (2.40)

= argmin
µ,Z

1

b
(||Z||1 −

∑

k,t

log zk,t) (2.41)

= argmin
µ,Z

1

b
(||Z||1 − ||Z||log) (2.42)

Thus, in the case wherea > 1, the Gamma prior overZ is equivalent to an L1 regulariza-

tion with the extra term
∑

k,t log zk,t (we which notate as||Z||log) subtracted. As anyzk,t

approaches zero,log zk,t will approach negative infinity, so subtracting the log of each zk,t

will prevent anyzk,t from becoming exactly zero. (In general, the negative log function can

be usedbarrier function that will prevent absolute zero values in minimization problems.)

By restricting our analysis to the case wherea > 1, we can ensure that the distributions

overZ are not extremely sparse. We can also arrive at the same conclusion by examining

the probability density of the Gamma distribution with different parameter sets (figure 2.2);

for the case wherea > 1, the peak of the density function is positive and shifted away from

zero.

2.4.4 Alternative Formulation: Regularized Matrix Factor ization

One useful consequence of the previous results is that we canre-express the probabilistic

model of PACA as a matrix factorization problem. Combining the minimization problems

in equations 2.35, 2.42, and 2.28 back into the MAP estimation problem, we can express

the parameter estimation process originally derived from the probabilistic model as the
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solution to the regularization matrix factorization problem,

{µ⋆,Z⋆} = argmin
µ,Z

1

2
||X− Z

T
µ||22 +

1

2σ2
µ

||µ||22 +
1

b
(||Z||1 − ||Z||log), (2.43)

subject to the constraintZ ≥ 0. We will see that both PCA and NMF can be expressed as

similar matrix factorization problems, but with differentconstraints and no regularization

terms (table 2.2).

2.4.5 Setting hyperparameters for Proportional Regularization

From the matrix factorization of equation 2.43, we see that the hyperparameters of our

probability model scale the amount of regularization in thecorresponding matrix factor-

ization problem. We can therefore set the hyperparameters to enforce a desired level of

regularization in the fit of the model to the observed data. However, for a constant set of

hyperparameters, the impact of the regularization terms will decrease as the dimensionality

of the observed data increases. To see why, consider the casewhereX, µ, andZ have very

low variance, so that each observationxt,v, µk,v, andzk,t are close to their means̄x, µ̄, and

z̄. Equation 2.43 then becomes

{µ⋆,Z⋆} = argmin
µ,Z

TV

2
||x̄ − Kµ̄z̄||2 +

KV

σ2
µ

µ̄2 +
KT

b
(z̄ − log z̄). (2.44)

Because there areTV error terms, the squared error is scaled byTV , but there are only

KV regularization terms forµ and onlyKT regularization terms forZ. In our fMRI

datasets,V ≫ T ≫ K, so theTV squared error terms will dominate the minimization

as the dimensionality of the observed data increases. Similarly, if the number of reduced

dimensionsK increases, the importance of the regularization terms willbe increased.

If we desire to apply a constant amount of regularization to the matrix factorization

regardless of the dimensionality of the data, then as the dimensions of the data increase,

we will need to adjust our hyperparameters proportionately. In general, the decreasing
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importance of the prior distribution as more data is collected is in accord with a purely

Bayesian approach to model fitting. However, we wish to take amore pragmatic approach

that will allow us to set the hyperparameters in a principledfashion for datasets of different

dimensions. We do this by reparameterizing the hyperparametersa, b, andσ2
µ so that they

are scaled with the dimensions of the data.

Consider now a reparameterization of the hyperparameters,λ andγ:

σ2
µ =

K

Tλ
, b =

2K

V γ
, a = b−1 + 1. (2.45)

Equation 2.44 now becomes

{Z⋆, µ⋆} = argmin
Z,µ

TV

2
||x̄ − x̂||2 +

KV λT

2K
µ̄2 +

KV Tγ

2K
(z̄ − log z̄) (2.46)

= argmin
Z,µ

TV

2

(
||x̄ − x̂||2 + λµ̄2 + γ (z̄ − log z̄)

)
(2.47)

= argmin
Z,µ

||x̄ − x̂||2 + λµ̄2 + γ(z̄ − log z̄), (2.48)

so the reparameterization factors out the dimensionality of the data from the minimization

problem. Thus, usingλ andγ, we can explicitly control the balance of regularization and

error minimization.

Returning to the matrix factorization problem, we plugλ andγ back into equation 2.43.

The final version of the matrix factorization is thus

{Z⋆, µ⋆} = argmin
Z,µ

1

2
||X− µ

T
Z||22 + λ

T

2K
||µ||22 + γ

V

2K
(||Z||1 − ||Z||log). (2.49)

Although the version of PACA implemented in this thesis usesthe probabilistic version

of the model to find MAP estimates forµ andZ, we choose settings fora, b, andσ2
µ based

on the parameterizations in equation 2.49. To ensure that equation 2.43 holds, and because

we use centered dataX with mean0, we setτ = 0. Finally, givenλ andγ in equation 2.43,

there is no need for a third coefficient to scale the squared error, so we useσ2
x = 1. This
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Method Minimization Constraints
PACA ||X − Z

T
µ||22 + λ||µ||22 + γ(||Z||1 − ||Z||log) Z ≥ 0

NMF3 ||X − Z
T
µ||22 µ,Z ≥ 0

PCA4 ||X − Z
T
µ||22 None

Table 2.2: PACA, NMF, and PCA compared, when they are expressed in terms of matrix
factorizations.

method of selecting parameters was used in all analyses unless otherwise noted.

2.5 Comparison to Existing Methods

2.5.1 Principal Component Analysis (PCA)

Principal Component Analysis, in contrast to our model, is predicated on the goal of finding

a set ofK uncorrelated dimensions of a givenN × P datasetX such that variance of the

reduce dataset is maximized. These dimensions are known as the principal components,

and it can be shown that the principal components of a given datasetX are the eigenvec-

tors of the sample correlation matrixΣ (Jolliffe, 2002). The variance of each principal

component is given by the corresponding eigenvalue. Thus, the first principal component,

which explains the most variance in the original data, is theeigenvector with the largest

eigenvalue, the second principal component is the eigenvector with the second largest, and

so forth.

Although it has been claimed that PCA has no explicit model (Jolliffe, 2002), Tipping

and Bishop (1999) presented a probabilistic version of PCA with an associated graphical

model whose maximum likelihood estimators are equivalent to a projection on theprincipal

subspaceof the data defined by the principal components (Tipping & Bishop, 1999). Thus,

we can directly compare the probabilistic assumptions underlying PCA with those of our

model.
3This formulation of non-negative matrix factorization is discussed in (Lee & Seung, 2001).
4The minimizing least-squares formulation of PCA is presented in (Hastie et al., 2003).
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In the probabilistic PCA (PPCA) model, as in our model, the observed datapointsx are

assumed to be normally distributed:

p(x|z) = N
(
x|Wz + τ , σ2

I
)
, (2.50)

wherez is a matrix of normally distributed latent variables,W is a matrix relating the latent

variables to the observed variables, andτ is a matrix of parameters allowing the model to

have non-zero mean (Tipping & Bishop, 1999). Thus, like our model, eachxt,v can be

expressed as a linear combination of latent variables (ignoring τ for the moment):

xt,v =
∑

k

wt,kzk,v + ǫ, (2.51)

whereǫ is a Gaussian error term like before. Thus, PPCA is similar tothe PACA model,

but with no prior distribution overµ and a Normal distribution overZ instead of a Gamma

distribution.

Unlike PACA, PPCA violates two out of the three assumptions we have laid down for

the model. BecauseW has no prior distribution,W is completely unconstrained and no

regularization of the neural topics will occur. Furthermore, because thez’s are normally

distributed, the model will learn more complex distributions over neural topics that will

include many topics contributing negatively to the observed brain activity. Because of this,

we expect that the reduced dataW andZ found by PCA on fMRI datasets will not capture

underlying mental states as well as PACA, and the neural topicsW found by PCA will be

difficult to interpret.

2.5.2 Non-negative Matrix Factorization (NMF)

Non-negative Matrix Factorization (NMF) (Lee & Seung, 1999) is a recently developed

method of dimensionality reduction that solves the following problem, without a proba-
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bilistic model: given a non-negative matrixV , find

V ≈ WH, (2.52)

whereW andH are also non-negative matrices. Several equivalent iterative algorithms for

solving this problem have been proposed (Lee & Seung, 2001).The fascinating property

of NMF is that, when applied to a library of face images, the resulting reduced components

appear to be easily interpretable “parts” of faces (figure 3.3), unlike the results of PCA,

whose “eigenfaces” are often completely uninterpretable (figure 3.2).

Although NMF does not explicitly define a underlying probability model, Lee & Se-

ung (2001) showed an iterative algorithm for solving NMF that solves the minimization

problem,

{W ⋆, H⋆} = argmin
W,H

||X− WH||22, (2.53)

subject to the constraints,

W, H ≥ 0.

Equation 2.53 is solving the same matrix factorization problem as PCA and NMF, but this

time with the positive constraint on both matrix factors. Thus, when applied to neural data,

NMF results in following factorization of a voxel’s activity xt,v:

xt,v =
∑

k

wt,kht,k, xt,v > 0, wt,k > 0, ht,k > 0 (2.54)

Although the non-negative constraint onH satisfies the non negative constraint onZ, the

non-negative constraint onX andW clearly violates the neurological assumption that there

should be inhibitory effects on brain activity evident in the data. Thus, it will be difficult for

NMF to capture patterns of brain activity associated with cognitive states if inhibition is an

important component of that activity. Second, the standardformulation of NMF does not

include any regularization; we would therefore expect NMF to produce reduced datasets
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that are “distracted” by noisy voxels and that fail to facilitate performance in the ’mind-

reading’ task.

2.6 Implementation

2.6.1 PACAfit and PACApredict

The basic model was implemented in a C programPACAfit on a UNIX system, using

the multivariate minimization routines of the GNU Scientific Library (GSL) (Galassi et al.,

2006). The GSL is a free numerical library licensed under theGNU General Public Li-

cense (GPL).PACAfit uses the Fletcher-Reeves conjugate gradient algorithm (Fletcher,

1987) to minimize the negative log posterior (equation 2.26), using the parameterization

of Z given in equation 2.21 to convert the constrained optimization into an unconstrained

optimization problem. The source code forPACAfit can be downloaded freely online at

http://www.princeton.edu/ djweiss/PACAfit/.

A separate version of the program,PACApredict, was also created, for use in the

reconstruction error cross validation experiments of section 3.3.2.PACApredict is iden-

tical to PACAfit, except that the gradient of the neural topicsµ is fixed to zero. Thus,

PACApredict will fit brain states on a “test” set to neural topics found usingPACAfit

on a training set.

2.6.2 PCA and NMF

PCA was implemented in Matlab according to the method outlined by Jolliffe (2002). In

this method, the eigenvectors of the sample covariance matrix Σ are computed and sorted

by eigenvalue. To reduce the data toK dimensions, the topK eigenvectors are used to

create a new basis,Λ. The reduced data is calculated by taking the linear projection of X

into the new basis defined byΛ.
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To run NMF, we used the fast, Matlab-based implementation ofNMF created by Lin

(2007). This is a new algorithm that uses projected gradientmethods to find solutions faster

than the popular multiplicative update rules originally proposed by Lee & Seung (2001).

When NMF was used in the cross validated reconstruction error experiments, the Matlab

code was manually modified to remove theH update step, so that one of the non negative

matrix factors could be fixed. The Matlab code for the projected gradients algorithm was

downloaded from “http://www.csie.ntu.edu.tw/ cjlin/nmf/.”

2.6.3 Running Experiments

Datasets for the model were stored and processed in Matlab (Mathworks, Inc), using the

Princeton Multi-Voxel Pattern Analysis (MVPA) Toolbox (Detre et al., 2006). The MVPA

Toolbox is a suite of Matlab scripts designed to facilitate rigorous pattern-recognition based

analysis of fMRI datasets. Among other things, the MVPA Toolbox provides functions for

Statistical Parametric Mapping (SPM), cross validated machine learning experiments, Z-

scoring and detrending of neural data, and other pre- and post-processing techniques, as

well as providing data structures to keep track of a large fMRI dataset.

For this thesis, a number of additional routines were added to the MVPA toolbox. The

MVPA toolbox was modified to allow for the use of the external logistic regression pack-

age as a classifier, application of Principal Component Analysis (PCA) and Non-negative

Matrix Factorization (NMF) to neural data, and a host of other minor utilities for managing

large-scale experiments across clusters and reading and writing data to and from the PACA

programs. (PACAfit was originally implemented in Matlab, but that proved to take too

long to converge on even small datasets.) Altogether, the original Matlab code totaled ap-

proximately∼ 6000 lines of code, while the C source code forPACAfit totaled∼ 1500

lines of code.
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2.6.4 Initialization & Convergence

In all of the experiments described in this thesis, the same initialization procedure was

used. To initialize the neural topics, ten samples{Xt0 , . . . ,Xt10} were chosen from dataset

at random with replacement. We then averaged these togetherand smoothed by a factor

of four to initialize the first topic. The random sampling andsmoothing procedure was

then repeated for each topicµk. To initialize the brain states, eachzk,t was set to1/K. The

initialization procedure was decided upon after a number ofbrief experiments investigating

the time until convergence for a set of different random initialization experiments.

To assess convergence, the ratioρ of the log posterior over the average of the log pos-

terior of the last 10 rounds was used as a criterion:

ρ =
L(θ̂t;X)

1

10

∑10

i=1 L(θ̂t−i;X)
(2.55)

As a general rule, we considered the algorithm to have converged if the ratioρ < 5× 10−6.

The ratio to average of the last 10 iterations was used instead of the single last iteration

because of the brief “lulls” observed in the progress of the iteration, that would produce an

artificially low estimate of the change in log posterior eachround (figure 3.1).

Generally, the algorithm converged in less than 700 iterations, across all datasets. The

time required to fit PACA on a 2 GHz PowerPC G5 cluster computerranged from approx-

imately 10-40 minutes, depending on the value ofK and the dimensionality of the dataset.

43



Chapter 3

Results

In this chapter, we apply the methods developed in chapter 2 to a number of different

problems. Because matrix decompositions of natural imagesallow easy visualization of the

components, we begin by applying PACA to a publicly available library of faces in section

3.1. The face libraries allow us to gain an intuition of how PACA decomposes images

in comparison to PCA and NMF. We then apply PACA to two representative, real-world

fMRI datasets: a block-design image viewing task used in Haxby, et al. (2001) (section

3.2.1), and a word encoding task in currently ongoing psychological research (Robison

et al., 2007).

3.1 CBCL Face Library

Before we apply PACA to the mind-reading problem, we consider dimensionality reduction

of face databases. The relation to the fMRI dimensionality reduction is straightforward:

instead of a collection of 3D MR images consisting of voxels,we have a collection of 2D

photographic images consisting of pixels. Because none of the methods in this paper assign

meaning to neighboring spatial relationships, we can simply consider thev’th voxel to be
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thev’th pixel, and write

xt,v = brightness of pixelv in imaget.

Like the neural topics, the pixel topicsµk found by the algorithm will be images them-

selves. For simplicity, we refer to the pixel topics asbasis images.

We applied both variants of PACA, PCA, and NMF to face images from the CBCL face

library (Massachusetts Institute of Technology), the samefreely available database used in

the original presentation of NMF (Lee & Seung, 1999). This library consists of 2901 19x19

grayscale images of faces. The images have been adjusted so that the location of the head

is scale and position invariant, but there are multiple images of each subject, taken with

different facial expressions. We used all images in all of our analyses. To ensure that the

data was consistent with our modeling assumptions, the images were z-scored along each

pixel dimension before analysis. The reconstructed imageswere re-scaled and un-centered

before being displayed. Before running NMF, the z-scored data was shifted so that the

minimum value was exactly equal to zero.

3.1.1 Convergence

We assessed the convergence of the PACA algorithm by examining the value of the log

posterior,L, as a function of the iterative steps taken by the conjugate gradient descent

procedure. These traces are displayed for two values ofK in figure 3.1. It is clear from the

figure that convergence on this dataset with our initialization scheme was very stable; two

restarts were used in all subsequent analysis unless specified otherwise.

3.1.2 “Additive Face Components”

Although PACA, PCA, and NMF are all able to qualitatively reproduce the faces in the

database with a relatively small number of components, there is a marked difference be-
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Figure 3.1: PACA Convergence on the CBCL Face Library dataset. Each linerepresents one
restart. Hyperparameters:λ = 0.01,, γ = 0.01.

tween the basis images found by the different algorithms. The basis images found by

PACA, PCA, and NMF are displayed in figures 3.2, 3.3, and 3.4 for comparison. In figure

3.4, the hyperparameters for PACA areλ = 0.01, γ = 0.01. As described in Lee & Se-

ung (1999), the PCA basis images (or “eigenfaces”) bear vague resemblance to aspects of

faces, such as shading, but are generally hard to interpret.This is apparent in figure 3.2a, as

the PCA basis images become progressively “noisier” as the eigenvalue of principal com-

ponent decreases (bottom right). In contrast, because of the non-negativity constraints in

NMF, the NMF basis images are more natural “parts” of faces that are easy to interpret.

As can be seen in figure 3.3a, the NMF basis images, though not entirely anatomical, do

contain “pieces” that generally correspond to various areas of the face. In addition, the

representation of images in the new basis found by NMF is muchsparser than that found

by PCA (figure 3.3b).

In comparison to both PCA and NMF, the basis images found by PACA appear to be

somewhat of a compromise between individual and global features of the dataset. Like
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Figure 3.2:PCA based decomposition of the CBCL face library.a, The 49 eigenfaces found by the
decomposition. Negative values are black, neutral gray, and positive white.b, The coefficients used
by the decomposition to reconstruct the images in the library. Negative values are red, neutral white,
and positive black. Each pixel in each image corresponds to the basis ina at the corresponding
location.c, The reconstructed faces from each cell in partb.
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Figure 3.3:NMF based decomposition of the CBCL face library.a, The 49 face “parts” found by
the decomposition. Positive values are black; small valuesare white.b, The coefficients used by
the decomposition to reconstruct the images in the library.Positive values are black; small values
are white. Each pixel in each image corresponds to the basis in a at the corresponding location.c,
The reconstructed faces from each cell in partb.
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Figure 3.4: PACA based decomposition of the CBCL face library (λ = 0.01, γ = 0.01.). a,
The 49 additive face components found by the decomposition.Negative values are black, neutral
gray, and positive white.b, The coefficients used by the decomposition to reconstruct the images
in the library. Negative values are red, neutral white, and positive black. Each pixel in each image
corresponds to the basis ina at the corresponding location.c, The reconstructed faces from each
cell in partb.

NMF, the representation of images in the new basis space is relatively sparse compared

to PCA (figure 3.4b), and such sparse encoding implies that the bases themselves must

encode more information about aspects of individual faces.However, unlike NMF, the

representations are not totally sparse when the hyperparametera > 1, since the barrier

function in the log likelihood prevents any of the componentactivationszk,t from being

exactly zero. Thus, if we examine the basis images found by PACA, or the “additive face

components,” we see that some of the basis images qualitatively appear to represent global

aspects of the face database, such as lighting highlights and general facial expression, while

others appear to represent components of individual subjects, such as glasses (figure 3.4a).

As we increase the regularization parametersγ andλ, the priors onµ andZ serve to

increase the smoothness of the face components and to increase the relative sparsity of the
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activations, so the trade-off between sparse and dense encoding of faces becomes more

apparent. Figure 3.5 shows the decomposition of faces withλ = 5 andγ = 5. Here,

the difference between global features of faces and individual features of faces is very

clear: in the set of face components (figure 3.5a), there are afew very large amplitude

components that appear to correspond to global features of the data, and many more very

small amplitude faces that appear to correspond to individual features of sets of subjects.

If we look closely at the component activations of a single face, we see that the “global”

features have small values ofzk,t, while a sparse set of “individual” features have large

values, with the remaining “individual” features having small values. Thus, because of

the large amplitude of the “global” features inµ, a small value inZ is still sufficient to

recreate the global aspects of a particular image. And because of the small amplitude

of the “individual” features inµ, only the large-valued “individual” features provide a

significant contribution to the reconstructed image. Thus,shape of the prior distribution

over Z whena > 1 causes PACA to find a representation of the data using both large-

amplitude, “global” trends in the data and small-amplitude, “local” features of individual

observations. In contrast, if we use the same high values ofγ andλ but use the more strict

prior overZ, whena ≤ 1, the resulting component activations are so sparse that only the

“global”, average features of the data are used, and the reconstruction of the original faces

is very poor (data not shown).

3.2 Human fMRI Datasets

After investigating the qualitative properties of the components discovered by the PACA

model on the face datasets, we applied the PACA model to real-world fMRI data used

from two “mind-reading” experiments. Although the goals ofthe experiments are differ-

ent, they both involve the classification paradigm described in section 1.1. From the first

fMRI dataset, we also created a set of synthetic data that we use to investigate the specific
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Figure 3.5:PACA based decomposition of the CBCL face library, with highregularization (λ =
5, γ = 5). The high regularization forces separation of “global” and “individual” details from the
images.a, The additive face components found by the decomposition. Negative values are black,
neutral gray, and positive white.b, The reconstruction coefficients found by the decomposition;
small values are white, positive values are black.c, The reconstructed faces from partb.
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conditions in which PACA results in improved analysis over other algorithms. We now

briefly summarize the important details and qualities of each of these datasets.

3.2.1 Face and Object Representations (Haxby et al., 2001)

The first fMRI dataset we used in our analysis was from the experimental data used in

Haxby et al. (2001). In this experiment, six subjects viewedphotographs from eight cat-

egories (faces, cats, houses, chairs, scissors, shoes, andbottles, and control, non-sense

images) while in an fMRI scanner. The original experimentalanalysis showed that the

different classes of objects elicited different patterns of large and small responses across

a wide area of cortex, supporting a model of cortex in which objects are represented by a

topographically organized distribution of attributes (Haxby et al., 2001). This study was

one of the first “mind-reading” experiments, as the image category was predicted signifi-

cantly on one half of the data using correlation-based similarity measures computed from

the image categories in the other half.

For our analysis, we obtained the data from one subject in theexperiment. The exper-

iment consisted of 10 trials (or “runs”), each containing a single 24s stimulus block (9-10

recorded datapoints) for each category (Haxby et al., 2001). Because of the involvement of

ventral temporal cortex in high-level object recognition (Haxby et al., 2001), we restricted

all analysis to this area. To determine which voxels to include in the anatomical region,

we used a brain atlas in Tailarach space to select voxels in the region consisting of the lin-

gual, parahippocampal, fusiform, and inferior temporal gyri, consistent with the definition

in Haxby et al. (2001). After stripping out unwanted voxels and applying the preprocessing

and averaging steps of our analysis (section 3.3), the single subject’s dataset consisted of

80 averaged timepoints and 3379 voxels, with 10 timepoints for each category. The entire

brain area in this dataset consisted of 43,193 voxels.
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3.2.2 Retrieval Orientation State Memory (Robison et al., 2007)

The second set of fMRI datasets we used in our analysis was from a currently ongoing

study continuing research in classifying “retrieval orientation” state. These experiments

involve guiding subjects to memorize words while using specific mnemonic devices, and

then testing subjects’ memory of the words using one of the mnemonics as a cue. The

“retrieval orientation” is the cue given to the subject to recall the word, which has been

shown to bias the accuracy of the recall process (Robison et al., 2007). In the Robison

et al. (2007) experiment, subjects are asked to study noun words while performing one of

three mnemonic tasks:artist, function,andread. In the artist task, subjects were asked to

rate how difficult it would be to draw the object; in the function task, subjects were asked

to generate lists of potential uses for the object; and in theread task, subjects were asked

to read the word backwards silently (Robison et al., 2007). In the second phase of the

experiment, the goal was to test subjects’ retrieval orientation state memory (ROSM), by

showing them a combination of new and old words and asking them to indicate whether or

not a particular mnemonic was used on a given word (Robison etal., 2007).

For our analysis, we obtained the data from six of the subjects in the experiment during

the study phase. Each dataset consisted of six runs in which the subjects were presented

with 9 words of each task in mini-blocks of 3 words. Each word was presented for 4

seconds (two fMRI timepoints). Because the frontal lobe is thought to be responsible for

top-down mechanisms mediating memory retrieval, analysiswas restricted to voxels within

the frontal lobe of each subject. Frontal lobe anatomical masks were provided by Robison

et al.. After stripping out unwanted voxels and applying thepreprocessing and averaging

steps of our analysis (section 3.3), each subject’s datasetconsisted of 57 averaged time-

points (19 for each task) and between roughly 8,000 and 10,000 voxels, depending on the

subject. The entire brain in these subjects ranged from 43,000 to 58,000 voxels. A sum-

mary of the dimensionality of each subject is given in table 3.1.
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Experiment Subject TotalV MaskedV T
Haxby et al. (2001) haxby1 43,193 3,379 80
Robison et al. (2007) rosm055 48,475 8,757 57
Robison et al. (2007) rosm07 53,904 10,581 57
Robison et al. (2007) rosm08 43,504 7,905 57
Robison et al. (2007) rosm1356 58,473 10,667 57
Robison et al. (2007) rosm14 41,920 7,926 57
Robison et al. (2007) rosm155 57,154 10,575 57

Table 3.1: Summary of the different experimental fMRI datasets used in the analysis.

3.2.3 Synthetic Datasets

To assess whether or not the PACA model could extract more information from a set of

highly informative voxels than the uni-variate SPM approaches, we created an “ideal” syn-

thetic dataset from the Haxby et al. (2001) dataset. This dataset consists of577 voxels

determined to be “category selective” using the criteria discussed in Haxby et al. (2001);

this dataset is considered “synthetic” because these voxels were selected using the entire

dataset. Thus, using this dataset for cross validation is “cheating,”as the supervised voxel

selection process to build the data cheated by looking at both the training and test sets of the

data. However, the dataset is still useful to a certain extend, because this dataset represents

an “ideal” scenario, in which the observed data consists of asmall set of highly informative

voxels.

3.3 Assessing Generalization Using Cross Validation

To assess the utility of the dimensionality reduction method, we recreated the entire anal-

ysis procedure of a typical ‘mind-reading’ experiment (figure 3.6) for each of the fMRI

datasets. First, to eliminate the intrinsic drift in the fMRI signal from run to run, each voxel

was z-scored (subtract the mean, divide by standard deviation) for each recorded run sep-

5Subject was indicated to have “good” generalization from the study phase of the ROSM experiment to
the test phase (Robison, personal communication).

6Subject was the author of this thesis.
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arately (figure 3.6b). Second, all consecutive stimulus presentations belonging to a single

cognitive category (or “miniblocks”) were averaged together, and all “rest” timepoints not

involved in a stimulus presentation were removed (figure 3.6c). Because the presentation

of mini-blocks was randomized in each experiment, the averaging in the second step served

to remove all time-series dependencies from the data. (Thiswas necessary to satisfy the

assumptions of exchangability described in chapter 2).

After preprocessing, cross-validation was used to assess two types of generalization

performance metrics on each dataset: reconstruction error(figure 3.6d) and classifier pre-

diction error (figure 3.6e). In the reconstruction error paradigm, we separated the data into

two halves based on odd and even runs. We then ranPACAfit on one half of the data

(the “training set”), and then ranPACApredict on the other half (the “test” set) withµ

fixed to the values estimated byPACAfit on the first half. We could then compute the

root mean squared reconstruction error (RMSE),

RMSE(X, X̂) =

√
1

V T

∑

t,v

(xt,v − x̂t,v)2, (3.1)

whereX is the observed voxel activity on the test set and

X̂ = Z
T
testµtrain, (3.2)

is the predicted voxel activations on the test set using the neural topics fit to the training

set. The RMSE is thus a measure of of the ability of the PACA model to find neural topics

that explain more than the dataset used to generate those topics, regardless of the context

of the experiment.

To compare the RMSE of PACA against similar values for PCA andNMF, slightly

different procedures were necessary. Since PCA can only reduce the dimensionality of

the data toT components at a maximum, training PCA on only half of the datawould

greatly limit the potential number of principal components, so theN − 1 cross validation
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Figure 3.6:Outline of the data processing pipeline used in analysis of fMRI experimental data
analysis in this thesis.a, The raw fMRI data is recorded in experimental blocks called“runs”, in
which each experimental condition is presented in random order a fixed number of times. Each
presentation lasts for several timepoints, and the conditions are represented in the graph by color.
Timepoints not involved in an experimental condition are excluded from the analysis.b, Due to
drift in the fMRI BOLD signal from run to run, each voxel is z-scored separated for each run.
c, To remove dependence between timepoints, all the timepoints within a given block of stimulus
presentation are averaged together.d, To test the reconstruction error of PACA, the algorithm is
first run on half of the data (blue highlight). Using the componentsµ found by the algorithm in
the first step, PACA finds the reduced matrixZ for the held-out set. The reconstructed error is then
calculated from the differenceZT

µ−Xtest. This whole process is then repeated with the roles of the
training set and test set switched (not shown).e, To test PACA as a dimensionality reduction method
in “mind-reading” classification experiments, aN − 1 cross-validation classification experiment is
run after transforming the entire dataset into the PACA reduced space. For each runn of N runs,
then’th run is held out and used as a test set, and a state-of-the-art logistic regression (LR) classifier
is trained to predict the experimental conditions from the averaged brain images in the training set.
Only the first iteration is shown.
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method was used (see below). To obtain the RMSE score for PCA,the voxel predictions

X̂ were obtained through the linear projection of the test set onto the principal components

calculated from the training set. To obtain RMSE scores for NMF, the entire dataset (both

training and test) was shifted to become positive. Furthermore, the NMF algorithm in (Lin,

2007) was modified to remove the update step of one of the factors, so that the factorization

could be generalized from the training set to the test set.

To assess the usefulness of the reduced data as a means of feature selection in a “mind-

reading” experiment, we also measured the classifier prediction error (figure 3.6e). In the

classifier prediction error paradigm, we first ran PACA (or one of the competing algorithms)

on the entire subject’s dataset. We then trained a state-of-the-art logistic regression clas-

sifier (Paul Komarek, 2005) to predict the cognitive labels from the reduced data using an

N-fold, leave-out-one cross validation procedure, whereN is the number of trials or runs

of the experiment. The procedure for leave-out-one cross validation is straightforward: for

each ofN runs, choose one run to use as the test set, and train the classifier on all of the

others. Next, measure the generalization error of the classifier on the held-out run. The fi-

nal estimate of the error of the classifier’s predictions is the average of the test error across

all N rounds of the procedure. Thus, for the Haxby et al. (2001) dataset, we used 10 rounds

of cross-validation; for the ROSM datasets, we used 6 roundsof cross-validation.

Finally, for a comparison in general of the unsupervised dimensionality reduction meth-

ods to existing supervised methods for feature selection, we ran a traditional SPM-based

cross-validation experiment as well for each dataset. Because SPM is a supervised method,

it must be performed separately on the training set for each round of cross validation. In

our analysis, we performed SPM by running a uni-variate ANOVA to determine which

voxels varied significantly across cognitive labels in the training set. We then selected the

V voxels with the smallest ANOVAp-values, whereV was the desired reduced number of

voxels. We then use this much smaller subset of voxels as the input to the classifier. Thus,

a different subset ofV voxels is used on each round of the cross-validation classification
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experiment.

3.3.1 Avoiding Sparse Brain States

As described in section 2.4.3, if the PACA hyperparametera is less than or equal to one,

then the Gamma prior overZ will cause the estimates ofZ to be very sparse. Since there is

evidence for distributed and overlapping representationsof objects in cortical areas (Haxby

et al., 2001), we expect that forcing the model to find sparse brain states will result in

a much poorer reduced dimensionality representation of thedata. Qualitatively, running

PACA on the face datasets with the sparse Gamma prior reducedthe recognizability of the

reconstructed faces (section 3.1). To quantitatively assess the effect of a sparse prior over

brain states, we examined the generalization performance of the PACA reduced data in both

the reconstruction error and classifier prediction error paradigms (figure 3.7) over a large

set of parameters. In both cases, the generalization performance of PACA whena = 1 was

greatly reduced to the case wherea > 1.

As a consequence, we restricted the rest of our analysis to thea > 1 case. Furthermore,

based on the initial experiment and other exploratory analysis (data not shown), we found

that the set of hyperparameters covering all combinations of γ, λ = [0.1, 0.01] showed

the performance of the algorithm with relatively low, medium, and high amounts of reg-

ularization. All subsequent analysis was performed using these sets of parameters unless

otherwise noted.

3.3.2 Reconstruction Error

The results of analysis using the reconstruction error paradigm (figure 3.6d) are shown for

the Haxby et al. (2001) in figure 3.8 and for three subjects from the ROSM dataset in 3.9.

We restricted our analysis to three ROSM subjects due to the large amounts of time required

to run the reconstruction error paradigm. The number of the ROSM subject is indicated in

the upper left corner of each subplot in figure 3.9. In each experiment, we compare the
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Figure 3.7:Comparison of both cross validated reconstruction error,a, and classifier prediction er-
ror, b, with smooth (blue) vs. sparse (red) priors overZ. PACA was run according to the protocol in
figure 3.6 with six sets of hyperparameters corresponding toall combinations ofλ = [0.01, 0.1, 1]
andγ = [0.01, 0.1]. The shade of the lines indicates the relative amounts of regularization (light is
low regularization, dark is high regularization). Blue datapoints were obtained from PACA using
the reparameterization witha > 1, while red datapoints were obtained from PACA using the repa-
rameterization witha = 1. All data is shown from the single subject from the Haxby et al. (2001)
dataset.
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Figure 3.8:Cross validated reconstruction error on the Haxby et al. (2001) dataset. PACA (circles),
PCA (squares), and NMF (diamonds) were run withK ranging from5 to 100. PACA was run
with four settings of(λ, γ): (0.01, 0.01) (lightest blue),(0.01, 0.1) (light blue), (0.1, 0.01) (blue),
(0.1, 0.1) (dark blue). The measured performance metric was RMSE (lower is better).

performance of PCA, PACA, and NMF with values ofK ranging from5 to 100. We note

that in the case ofK > 57 in the ROSM data andK > 80 in the Haxby et al. (2001)

data, the matrix of topic patternsµ is actually larger than the original datasetX, even

though the dimensions ofZ (the “reduced data”) are much smaller. In these cases, the term

“dimensionality reduction” is technically a misnomer, since we cannot recreateX without

the matrixµ. Nonetheless, the decompositions are still neuroscientifically interesting, since

from the perspective of the classifier, only the dimensionality of the reduced dataZ is

important.

Overall, the RMSE of NMF and PACA is lower than that of PCA in almost all cases,

while NMF and PACA have similar reconstruction errors in theROSM experiment and

different performances in the Haxby et al. (2001) experiment. As can be seen in figures
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3.8 and 3.9, PCA is in all but one case far from either PACA or NMF. Quantitatively, the

mean of PCA over all subjects and values ofK was.507 ± 0.003, while the overall means

of NMF and PACA were.489 ± 0.004 and .482 ± 0.002 respectively. The differences

between average PACA RMSE and average NMF or PCA RMSE was highly significant

difference in both cases (two sampled T-test7, p < 1 × 10−5). However, although the

RMSE of PACA and NMF differed significantly (p < 0.001) across all parameter sets

when considering the Haxby et al. (2001) dataset alone, there was no significant difference

between NMF and PACA within the ROSM experiments alone (p = 0.66). Rather, there

was a massive difference in thetrainingRMSE between PACA and NMF (data not shown):

the mean training RMSE of NMF across all subjects and parameter sets was0.081±0.013,

while the mean training RMSE of PACA was0.409±0.013, a highly significant difference

(p < 1 × 10−15).

However, the PCA results are somewhat unreliable, as the large disparity between PCA

and the other algorithms apparent in ROSM subjects 5 and 15 (figure 3.9) is not apparent in

the Haxby et al. (2001) data or in ROSM subject 13. If we exclude subjects ROSM 5 and 15

from our analysis, there is a sifgnificant difference between the RMSE of PCA and PACA

across all parameter sets and subjects (p < 1 × 10−7). Furthermore, if we exclude ROSM

subjects 5 and 15, there is no longer a significant differencebetween the RMSE of NMF

and PCA (p = 0.95), and the RMSE of PCA is significantly lower than both NMF and PCA

(PCA =0.508± 0.004, NMF = 0.507± 0.004, PACA =0.482± 0.003, p < 1× 10−5). We

can therefore conclude that, regardless of the strange variation in the PCA results, PACA

has significantly lower reconstruction error than PCA in allcases.

3.3.3 Classifier Prediction Error

The results of analysis using the classifier prediction error paradigm (figure 3.6e) are shown

for the Haxby et al. (2001) dataset in figure 3.10 and for six subjects from the ROSM dataset

7Null hypothesis: the mean RMSE values of two compared algorithms are the same.
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Figure 3.9: Cross validated reconstruction error on the ROSM dataset. PACA (circles), PCA
(squares), and NMF (diamonds) were run on each subject withK ranging from5 to 100. PACA
was run with four settings of(λ, γ): (0.01, 0.01) (lightest blue),(0.01, 0.1) (light blue),(0.1, 0.01)
(blue),(0.1, 0.1) (dark blue). The measured performance metric was RMSE (lower is better). The
identity of each subject is indicated in the upper left corner of the subplots.
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Figure 3.10:Cross validated classifier prediction error on the Haxby et al. (2001) dataset. PACA
(circles), PCA (squares), NMF (diamonds), and SPM (dotted triangles) were each run withK rang-
ing from5 to100. PACA was run with four settings of(λ, γ): (0.01, 0.01) (lightest blue),(0.01, 0.1)
(light blue),(0.1, 0.01) (blue),(0.1, 0.1) (dark blue). A logistic regression classifier was trained on
the reduced data to predict cognitive labels for each round of cross validation. The measured per-
formance metric is the average error rate of the classifier onthe test set across all rounds.
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in figure 3.11. For each dataset, we compared classification on reduced data obtained

by SPM, PACA, PCA, and NMF, withK (or V in the case of SPM) ranging from5 to

100. The same technical considerations about dimensionality reduction discussed in section

3.3.2 apply to this section also. We measured accuracy usingthe average percentage of

incorrectly labeled examples on the test set, as discussed in section 3.3. In figure 3.11,

the identity of the ROSM subject is indicated in the upper left corner of the subplot. The

lightness of the PACA line indicates the relative regularization of the PACA model used

to obtain datapoints in the line, ranging from light shadingfor the lowest (λ, γ = 0.01) to

dark shading for the highest (λ, γ = 0.1).

Although none of the supervised algorithms consistently outperformed SPM, PACA for

dimensionality reduction performed significantly better than both PCA and NMF in almost

all cases. Qualitatively, we see in figures 3.10 and 3.11 thatPACA with relatively high

regularization (dark blue lines) has lower generalizationerror than both PCA and NMF.

Performance tends to peak in most subjects in the rangeK = [30, 50]. Quantitatively,

the average generalization error across all subjects and values ofK of PACA with high

regularization over topics (λ = 0.1, γ = 0.01) was36.1% ± 1.72, while average general-

ization error of PCA was46.7% ± 2.21 and the average generalization error of NMF was

42.5% ± 1.61. (Average chance generalization error was58.9%.) The reduction in mean

classification error was significant when PACA was compared to both PCA and NMF (Two-

sample T-test8; p < 0.01). Similarly significant improvements (p < 0.01) were found for

the case of high PACA regularization (λ = 0.1, γ = 0.1), but in the case of low PACA

regularization over topics (λ = 0.01) there was only a significant improvement over PCA

(p < 0.05).

It is also apparent from the figures that there appears to be a range of values ofK near

the peak performance range for which the differences between PACA, NMF, and PCA are

the largest. If we apply the two-sample T-test to data pooledfor each value ofK individ-

8Null hypothesis: the mean classification errors of the two compared algorithms are the same.
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Figure 3.11:Cross validated classifier prediction error on the ROSM dataset. PACA (circles),
PCA (squares), NMF (diamonds), and SPM (dotted triangles) were each run withK ranging from
5 to 100 on six subjects. PACA was run with four settings of(λ, γ): (0.01, 0.01) (lightest blue),
(0.01, 0.1) (light blue), (0.1, 0.01) (blue), (0.1, 0.1) (dark blue). A logistic regression classifier
was trained on the reduced data to predict cognitive labels for each round of cross validation. The
measured performance metric is the average error rate of theclassifier on the test set across all
rounds.

65



0 500 1000 1500 2000 2500 3000
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Number of Voxels (V)

G
en

er
al

iz
at

io
n 

E
rr

or
 (

%
)

 

 
rosm5
rosm13
rosm15
rosm7
rosm8
rosm14
haxby1

Figure 3.12:Cross validated classifier error for the SPM method, over larger sets of voxels, and for
all subjects in the analysis. Cross validation experimentswere run using SPM as the feature selection
step withV ranging from100 to 3000 in increments of100. Plotted is the average generalization
error of the classifier across all rounds of cross validation. The broad “U” shape of most of the
curves indicates the optimal number of voxels to be includedin the analysis.

ually, we find that PACA’s improvement in generalization performance is only significant

for individual values ofK in the rangeK = [40, 60] (p < 0.05), and only for the cases

whereλ = 0.1.

In addition to the comparison of dimensionality reduction methods, we analyzed the

performance of SPM across a wide range of values ofV to obtain a baseline standard

classification performance for each subject and to comparedunsupervised and supervised

feature selection methods generally. The classification error of the SPM method withV

ranging from100 to 3000 is shown for each subject used in our analysis in figure 3.12.

The analysis of SPM was deemed necessary to determine to whatextend each subject

was “classifiable,” as three of the ROSM subjects (open dots)were known to have better

generalization from the study phase of the ROSM experiment to the test phase than the
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others (Robison, personal communication). These subjectsappear qualitatively “easier,”

with less classifier error across the range of included voxels. However, in every case, not

just in the “easy” subjects, the minimum classifier error forSPM across all values ofV was

far below that of any of the unsupervised methods. The mean peak classifier error across

all SPM values was9.63%±2.75, with a average improvement over PACA of9.82%±2.93

(p < 0.02).

3.3.4 Determining “Best Case” Improvements with SyntheticData

Although PACA was unable to outperform SPM in the experimental datasets, we wished

to investigate whether there wasany case in which utilizing an unsupervised algorithm

could do as well or better than supervised methods. To assesswhether PACA could obtain

a theoretical improvement over SPM in any case, we ran NMF, PCA, and PACA on the

“ideal” synthetic dataset (section 3.2.3) withK ranging from5 to 100 (figure 3.13. Figure

3.13 is labeled according to the same scheme used in the previous classifier generalization

error in figures 3.10 and 3.11.

Unlike in the previous cases, there was a large and significant reduction in classifica-

tion error when using PACA compared to every other feature selection or dimensionality

reduction methods. However, these improvements were limited to the cases whereλ = 0.1.

For the high regularization case (λ = 0.1, γ = 0.1), PACA had a mean improvement of

10.9%±4.38 over PCA (Two-tailed T-test9; p < 0.03), 8.83%±2.51 over NMF (p < 0.005),

and a mean improvement of6.17% ± 1.98 over SPM (p < 0.01) when matched for indi-

vidual settings ofK. In the medium regularization case (λ = 0.1, γ = 0.01), PACA had

a mean improvement of8.75% ± 4.00 over PCA (p < 0.05) and5.33% ± 1.65 over NMF

(p < 0.01), but no significant improvement over SPM. In other settingsof PACA hyperpa-

rameters, there was no significant improvement between PACAand any other algorithm.

9Null hypothesis: the mean difference between classifier prediction errors of the two compared algorithms
when matched for individual settings ofK is zero.
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Figure 3.13:Classification performance on the “ideal” dataset.

3.4 Visualizing the Reduced Data

Once we had established that the PACA model was a practical improvement over existing

means of dimensionality reduction, we attempted to find waysto visualize the neural topics

found by the model and assess latent variablesµ andZ from a neuroscientific perspective.

3.4.1 Neural Topics

To visualize the neural topics discovered by PACA, we selected the model fitting results that

had the least classifier prediction error from the single subject in the Haxby et al. (2001)

dataset and subject 13 from the ROSM datasets. Both of these corresponded to the case

whereK = 50, although different hyperparameters were used in each case. To determine

which of the 50 neural topics to visualize, we performed a uni-variate logistic regression

for each of theK neural topics on each of the cognitive labels of the experiment using the
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Matlab statistics toolbox. For each of the cognitive labels, we discarded non-significant

(p ≥ 0.05) topics and sorted the remaining topics by the absolute value of the discovered

relationship,|βk|. Very few of the neural topics had uni-variate significant relationships for

the cognitive labels, as measured through logistic regression.

Four neural topics with significant predictive relationships for four selected cognitive

labels from the Haxby et al. (2001) experiment are shown in figure 3.14. Each subplot

shows the values ofµk,v for four representative axial slices; negative values ofµk, v are

shown in blue, values near zero in red, and positive values are shown in yellow. The color

scales of each neural topicµk are normalized for that topic. The value ofβk is indicated

for each visualizedµk. A similar plot showing two neural topics for each of the cognitive

labels in the ROSM experiment is presented in figure 3.15

Although a rigorous neuroscientific analysis of the discovered neural topics is out of the

scope of this thesis, it’s interesting to note the varying degrees of smoothness and spatial

organization of the different topics. For instance, neuraltopics 43 and 44 in figure 3.14

both show clear “pockets” of excitation in somewhat similarareas, although topic 44 has a

positiveβ for the “house” category while topic 43 has a negativeβ for the “cat” category.

Thus, these discovered topics are qualitatively consistent with the distributed and overlap-

ping representations of objects in ventral temporal cortexdiscussed in Haxby et al. (2001).

Topographical organization of the ROSM topics in frontal cortex is much less clear (figure

3.15), but there no evidence yet to suggest for or against spatially localized representations

of retrieval orientation.

3.4.2 Brain States

To gain a qualitative notion of the differences of the reduced data found by the different

dimensionality reduction algorithms, we visualized theZ matrices of the PACA models

used in the previous section. To form the plots in in figures 3.16 and 3.17, we created an

image where the relative brightness of each pixel represents the valuezk,t. We then sorted
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Figure 3.14:Visualization of selected neural “topics” discovered by PACA on the Haxby et al.
(2001) dataset (λ = 0.1, γ = 0.01,K = 50). Uni-variate logistic regression was performed to
establish the strength of a predictive relationship between each of neural topics and each cognitive
label. Shown are four significant topics for four selected cognitive categories: face, house, cat, and
bottle. The images are four axial slices of cortex with the values ofµk,v superimposed; blue colors
indicate negative values ofµk,v, while yellow values indicate positive values. Color scales have
been normalized for each topic. The strength of the predictive relationshipβk is also displayed for
each topic.
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Figure 3.15:Visualization of selected neural “topics” discovered by PACA on subject 13 from the
ROSM dataset (λ = 0.01, γ = 0.1,K = 50). Uni-variate logistic regression was performed to
establish the strength of a predictive relationship between each of neural topics and each cognitive
label. Shown are two significant topics for the three retrieval orientations: artist, function, and read.
The images are four axial slices of cortex with the values ofµk,v superimposed; blue colors indicate
negative values ofµk,v, yellow values indicate positive values. Color scales havebeen normalized
for each topic. The strength of the predictive relationshipβk is also displayed for each topic.

71



yi

Zk

Time

 a)

yi

Zk

Time

 b)

yi

Zk

Time

 c)

Figure 3.16:The “Z-Images” of the Haxby et al. (2001) dataset from different dimensionality
reduction algorithms:a, PACA,b, PCA, andc, NMF. Timepoints are grouped by experimental cat-
egory and ordered within category by correlation based dendrogram. For non-PCA decompositions,
topics are ordered by correlation based dendrogram; inb, topics are ordered according to decreasing
eigenvalues. All shown forK = 50. The top 8 rows of each picture show the category groupings.

the columns of the image to group similar timepoints together, and sorted the rows of the

image to group similar neural topics together, since the indexesk andt are exchangeable

by assumption. Sorting was done by taking the ordering of a dendrogram produced through

correlation-based agglomerative clustering along each ofthe respective dimensions. We the

concatenated the sorted, pixel-based representation ofZ (“Z-image”) with the associated

matrix of binary cognitive labelsY, so that the reduced representation of the different

cognitive states could be directly and visually compared. In the Z-image, a neural topic

that is associated with a particular cognitive state will appear as a dark or light horizontal

bar, while groups of such topics will appear as a dark or lightblock.

Qualitatively, we see that the three dimensionality reduction algorithms-PACA, PCA,

and NMF-produced dramatically different representationsof the observed data in the re-

duced space ofZ. As expected, the encoding of voxel activity found by PACA issimilar to

the encoding of faces discussed in section 3.1: most time points are represented by many

small values ofzk,t, with a few very large values for each timepoint. The Z-imageof NMF

appears qualitatively similar to that of PCA, except that itis far more sparse. PCA, on the

other hand, has a dramatically asymmetrical representation, as most of the variance in the
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Figure 3.17:The “Z-Images” of subject 13 of the ROSM dataset from different dimensionality
reduction algorithms:a, PACA,b, PCA, andc, NMF. Timepoints are grouped by experimental cat-
egory and ordered within category by correlation based dendrogram. For non-PCA decompositions,
topics are ordered by correlation based dendrogram; inb, topics are ordered according to decreasing
eigenvalues. All shown forK = 50. The top 3 rows of each picture show the category groupings.

Z-image is accounted for by the first few principal components. Generally, very few neural

topics appear visually to be strongly associated with any particular topic, which agrees with

the result from the previous section that very few PACA topics were significantly predictive

of any cognitive label through logistic regression.
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Chapter 4

Discussion

In this thesis, we have developed four central points. First, we showed how a set of neu-

roscientifically motivated assumptions could be instantiated in a probabilistic model by

representing that model graphically and defining conditional probability distributions (sec-

tion 2.1). Second, we compared these modeling assumptions to those behind two currently

popular methods of dimensionality reduction, PCA and NMF. We found that PCA and

NMF did not satisfy the neuroscientific assumptions behind the new PACA model (section

2.5). Third, we showed experimentally that the PACA model isas good or better than the

other models at decomposing functional imaging data into matrix factors (section 3.3.2),

and that classifying on PACA reduced data yields better classification accuracy than classi-

fying on reduced data from PCA or NMF (section 3.3.3). Furthermore, in certain synthetic

conditions, the PACA model boosted classification performance beyond that obtained by

supervised methods (section 3.3.4). Finally, we began to explore the qualitative proper-

ties of the discovered neural topics and brain states in section 3.4, and we found general

agreement with earlier work using the same subjects.
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4.1 Key Points

4.1.1 Modeling Assumptions are Important

The single most important implication of these results can be summed up very simply: the

intrinsic assumptions behind any method of dimensionalityreduction have a crucial im-

pact on the resulting analysis, whether or not these assumptions are explicitly expressed.

Equivalently, we can improve the quality of our fMRI analysis experiments by incorpo-

rating existing neuroscientific knowledge into our data mining techniques. Furthermore,

we can accomplish this by explicitly specifying conditional probability distributions in a

generative model of the data we are trying to analyze. Thus, since there are so many meth-

ods of dimensionality reduction (McKeown et al., 1998; Shen& Meyer, 2006; Fan et al.,

2006), qualitative comparison of the underlying assumptions might provide one means of

determining which methods are appropriate for fMRI analysis and which methods are not.

When the potential models can all be represented graphically, qualitative comparisons be-

comes intuitive and easy; in this thesis, we were able to compare techniques for which the

underlying generative assumptions were not immediately clear (Jolliffe, 2002; Tipping &

Bishop, 1999; Lee & Seung, 1999).

However, it is also important to recognize that comparing the generative assumptions

underlying dimensionality reduction methods is only useful when it is possible to make

definitive judgments about the suitability of those assumption. In this thesis, we motivate

the PACA modeling assumptions from a neuroscientific perspective, but the assumptions

we made are relatively straightforward and uncontroversial. If we wish to expand the com-

plexity of the model to better reflect the nuances of the data,we will need to increase the

specificity of the underlying assumptions. Presumably, at some point the assumptions will

become purely speculative, and the utility of qualitatively comparing such complex and

speculative models will be much less than in the basic case examined in this thesis.
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4.1.2 Supervised vs. Unsupervised Analysis

This thesis also provides an investigation into the practical benefit of unsupervised dimen-

sionality reduction techniques as an alternative to supervised feature selection methods,

such as SPM. In this case, we found that no unsupervised method was as effective at re-

ducing the dimensionality of the data as the supervised SPM method. Nonetheless, in the

“ideal” synthetic case, PACA was able to boost classification accuracy beyond that of su-

pervised methods. This result supports the intuitive notion that neither purely supervised

nor purely unsupervised methods are optimal for fMRI analysis; while SPM ignores struc-

tural information in the voxel data and considers each voxelunivariately, PACA completely

ignores all information about cognitive state that the behavioral cognitive labels provide.

One potential “hack” to combine supervised and unsupervised analysis is simply to run

the dimensionality reduction algorithm PACA on voxels thathave been preselected by SPM

to be informative. This method would essentially replicatethe “ideal” synthetic case, but

without the “peeking” at the entire dataset. The difficulty with such a solution is that the

computational requirements will be very demanding due to the need to run dimensionality

reduction on each iteration of cross validation, and this solution would sacrifice all other

benefits of unsupervised analysis in the name of reduced classification error. Furthermore,

within the framework of probabilistic generative models, it is possible to account for both

labeled and unlabeled in a rigorous fashion (Nigam et al., 2000).

4.1.3 Choosing the Right Number of Components

One fundamental issue critical to any dimensionality reduction or latent variable model is

the question of how to selectK, the number of components in the reduced dimensions

of the model. Interestingly, there appears to be a relatively narrow range ofK for which

both reconstruction error and classification prediction error are minimized most efficiently,

and this range is consistent across both the Haxby et al. (2001) dataset and the ROSM

datasets. In figures 3.8 and 3.9, the reconstruction error for PACA across all parameter
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sets consistently levels off at approximatelyK = 40. Thus,K = 40 is the approximately

the number of components at which the PACA model can reproduce the original voxel

data most effectively. Similarly, as discussed in section 3.3.3, a consistent minimum of

classification error occurred approximately in the rangeK = [30, 50].

Because the reconstruction error is a measure that is computed without looking at the

labels of the data, it is therefore potentially possible to maximize the degree to which the

PACA reduced data predicts cognitive labels without any supervised experimentation at

all. One could chooseK by calculating generalization reconstruction error for a range of

values and then selecting the value closest to the “elbow” ofthe reconstruction error curve.

Such a procedure would allow non-trivial choices ofK for exploratory “mind-reading”

experiments in which cognitive task labels are entirely absent. For example, Hasson et al.

(2004) examined multiple subject fMRI responses to clips ofthe movieThe Good, the Bad,

and the Ugly, and used reverse-correlation to discover which cognitiveaspects of the movie

scenes the subjects’ brains were responding to. A similar analysis could be repeated using

a dimensionality reduction technique such as PACA, and finding those timepoints in the

movie that were represented by similar brain states in the reduced space–but only if there

is an unsupervised means of choosing hyperparameters that also optimizes “mind-reading”

performance.

4.1.4 Benefits of Regularization

The experimental results in this thesis also reinforce the importance of regularization in

overspecified problems, such as the “mind-reading” problem. As noted in sections 3.3.3,

PACA tended to minimize classifier error when PACA was run with relatively high regu-

larization hyperparameters (λ = 0.1 and/orγ = 0.1). The sensitivity of PACA to particular

settings of the hyperparameters was less important for the reconstruction error paradigm,

but NMF was notably very sensitive to overfitting. We also note that the benefit of regular-

ization increased asK increased, indicative of the propensity of the model to overfit as the
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complexity of the model increased. Thus, the use of prior probabilities over the parameters

in probabilistic generative models is successful in preventing overfitting.

4.1.5 Limitations of Experimental Results

There are several important limitations of the experimental results in this thesis that arise

due to the averaging step of the analysis (figure 3.6c). First, one of the goals of most “mind-

reading” experiments, including the analysis of Robison etal. (2007), is to predict cognitive

state at the maximum temporal resolution of fMRI. By averaging together timepoints, we

bring the data into line with our model’s assumptions of exchangability among timepoints,

but we also lose the ability to assess experimentally the practical use of dimensionality

reduction algorithms in these more detailed analyses. Furthermore, averaging together

experimental mini-blocks increases the signal-to-noise ratio of the dataset. Higher signal-

to-noise ratios results in much more accurate classifiers than in the more general case of

non-averaged time-series data. Specifically, we suspect that utility of SPM as a method for

feature selection might be partially inflated due to the lower amounts of noise; with less

noise, it should be easier to tell which voxels are informative about the cognitive labels and

which are not. Regularization should also be more importantwhen the noise content of the

data is high.

Another limitation of the current experiment is that we werelimited by time constraints

when exploring settings of the hyperparametersλ andγ. We noted earlier that the “high”

regularization condition produced the lowest reconstruction and classifier errors; ideally,

we would be able to map out performance over a large portion ofthe hyperparameter space,

to determine the size and uniqueness of the optimal set of hyperparameters. Thus, the

experimental results presented in this thesis do not represent the optimal performance of

the PACA model.
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4.2 Directions for Future Work

There are several ways in which the PACA model could be improved, both analytically and

practically. First, one could substitute the Gaussian prior overµ and corresponding L2 reg-

ularization with a Laplace distribution to enforce L1 regularization over the neural topics.

As discussed earlier (section 2.4.3), regularization using the L1 norm causes the model to

find sparse solutions to the problem; if we used a L1 norm over the neural topics, PACA

would find neural topics that were sparsely distributed in space over cortex. Sparse neural

topics might be more desirable than the “smooth” topics found in the current PACA model

with L2 regularization; although Haxby et al. (2001) found distributed representations of

objects in ventral temporal cortex, there is nonetheless a certain amount of topographi-

cal organization inherent in much of cortical structure. Furthermore, the improvement of

PACA over supervised methods on the “ideal” synthetic dataset might suggest that dimen-

sionality reduction works best when the number of voxels in the neural topics is relatively

small and the distribution is sparse. Using a sparse spatialprior distribution might therefore

be a way to approximate the benefit of the voxel selection usedto create the “ideal” dataset

originally in an unsupervised manner.

A second potential improvement to the existing model would be to use a more powerful

approximate inference technique to infer the posteriordistributionof the parameters,

p(µ,Z|X, η) = p(X|µ,Z, η)p(µ|η)p(Z|η), (4.1)

rather than finding the MAP estimatêµMAP, ẐMAP. If the posterior distribution is known, we

can examine the posterior directly to find whether or not the posterior distribution is multi-

modal and to estimate the confidence intervals for particular parameters. We can then easily

and more rigorously generalize our analysis to new data using the same inference process

as was used to find the original data, simply by using our posterior distribution on one step

as the prior distribution on the next step (a process known asa “Bayesian update” (Russell
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& Norvig, 2003)). One promising means of performing efficient and accurate approximate

inference isvariational inference(Blei et al., 2003).

Finally, there are a number of ways the PACA graphical model could be expanded

structurally to remove the limiting, unrealistic assumptions of exchangability in both space

in time. To account for time-series data, an dependency could be introduced between the

brain state at timet and the brain state at previous timest − 1, . . . , t − d. Similarly, to

account for the spatial relationship between voxels, the topic mean of a given voxel could

be modeled to depend on that of its spatially located neighbors. In this manner, the PACA

model can be expanded in the future to account for more types of data.
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