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I.) THE POWER SERIES METHOD, EXPANSION ABOUT AN OR-
DINARY POINT

We have seen in class that © = =z, is an ordinary point for the differential
equation

y'(x) + P(x)y'(z) + Qx)y(z) = 0 (1.1)
if
leIglo P(x) and xlijglo Q(x) (1.2)

both exist. Since the limits in Equation (1.2) allow us to write

P(x) =Y palz —x,)" (1.3a)
n=0
and -
Qz) =Y gulz — z,)", (1.3b)
n=0
we may expand the solution to Equation (1.1) as
y(@) =D an(z —x,)". (1.4a)
n=0

Differentiating this result leads to,

Y'(z) = na,(z—z,)" ' =04 > nay(z —z,)" "
n=0

n=1



or (after shifting the summation index by one unit down),

o0

Y(x) =Y (n+Dan(z — z,)", (1.4Dh)

n=0

while a further differentiation leads to

y'(z) =Y nn+ Dagi(z —x,)" Z (n+ Dap(z —x,)" !
n=0 n=1

or (after shifting the summation index by one unit down),

(e}

y'(x) = X_,;(n + 1)(n+ 2)anga(r — x0)". (1.4c)

If we operate on Equation (1.4a) with L, where

d2
L= P 4 Q).
then
Lly] = i(n—l—l)(n+2)an+2($—xo i n+ Day(z —x,)"
n=0 n=0

o0

Z (x —x,)"

If we put in Equations (1.3a) and (1.3b) for P(x) and Q(z), respectively, we get

i(n—l—l Y(n+ 2)apo(x — z,)"

:—0 Z Pul@ — 20) ) (g(n + Danga(z — mo)”>
+ (,;o gl — xo)"> (gjo an(z — xo)"> :

Using the algebraic identity,

EE)-EEea)

n=0 \k=0



we may write for L[y| above,

Lly] = io(n + 1) (n+ 2)apo(x — x,)"
i i—o% kzn:pnk(x B x")nik(k + Dags1 (v — :co)k>
= ( -kl = 70)" " a(w = 7o) )
— Zo(n +1)(n + 2)ano(z — x,)"
+§: n pn k k+1)ak+1> (x_xo)n

or
= ZO{ n+1)(n+2)a, o+ ;;) (k4 Dpn—kars1 + gn— kak)} (z —z,)".
Setting L[y| = 0, then yields
> {0 )0+ D 3 (b4 s+ arcaan) | =2 =0
for all z in some region |z — x,| < R, which means,
(4 )0+ 2o + 3 (€ Dpstues + k) =0 (10

forn =0,1,2,.... Solving this for a,,- then leads to

- é:o (k4 Dpn—rags1 + gn—rax)
(n+1)(n+2)

Apt+2 =

or

qn = kpn k+1 An—k { Po }
nip = — > 1B e (L
Gnt2 {(n+1)(n—|—2} { n+1(n—|—2)}ak n+2 ani1 (1.8)

3




for n =0,1,2,.... This says, for example, that

e (8- {3):
2 92 0 9 1

and
{2 (42— )
3 6 J @0 6 1 3 [ %
or
e (- (2 (H- (3] (3)0)
3 6 0 6 1 3 2 o 2 1
:> )
s = {pOQDG_ ql}ao—l—{po_%_qo}al.

Continuing this process leads to fact that (in general) a, can be expressed as a
linear combination of ay and a;. Specifically, we may write

ap = An(pOapl: - yPnyq0,4q1, - - - 7%)@0 + Bn(p07p17 - yPn,q0,41, - - .7(]”)@1 (19>

for n = 273747"'7 where An(p07p17--'apnaQan17"'7qn) and Bn(pl)?pl?"'vpna
4o, q1, - - - » Gn) are functions of pg, p1, ..., P, and qo, q1, - . ., ¢,. Rewriting Equation
(1.4a) as

y(z) = ag+ ar1(x — o) + D an(x — x,)"
n=2
and putting in Equation (1.9) then gives
y(l‘) = ao+ CLl([E - IO) + Z {An<p07p17 -y Pn,q0,41, - - - 7Qn)a0

n=2

+ Bn(p07p17 -eyPn,q0,4q1, - - - 7qn)a1} ({E - xo)n

or

y(l’) = Qo {1 + Z An(p07p17 co 3 Pnydo, 41y - - - aqn)(x - CCo)n}

n=2
+aq {(Q? - xo) + Z Bn(p07p17 <o sPnyqo, 415 - - - 7Qn)<x - xo)n}

n=2

where ag and a; are arbitrary. This yields for the general solution of Equation

(1'1)7

y(r) = agyr () + a1y2() (1.10)
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with -
yl(ﬂj) =1+ Z An(p()apla -+ Pns 40,415 - - - aQn)(x - :Bo)n (111&)
n=2

and

yg(l') = (.CL' - xo) + Z Bn(p07p17 -+ Pny 40,915 - - - 7qn)($ - xo)n- (111b )
n=2
Therefore, a series expansion about an ordinary point, in principle, will always
lead to both solutions y(x) and yo(z), and these solutions will be well-behaved
in a region |z — x,| < R.

II.) THE POWER SERIES METHOD, EXPANSION ABOUT A REG-
ULAR SINGULAR POINT

We have seen in class that x = x, is a reqular singular point for the differential
equation

y'(z) + P(2)y (z) + Q(x)y(z) =0 (2.1)
if either
i Pa) o Jim QU
does not exist, yet
lim (2 —z,)P(x) and Jim (2 — 7,)2Q(z) (2.2)

both do exist. Since the limits in Equation (2.2) allow us to write

(&~ 2)P(r) = 3 pulc — )" (2.34)
and .
(x = 2,)*Q(x) = E_: Gn (7 — 75)", (2.3b)
P(ZL‘) ZL’ - l‘o an l‘ - JZO (2.3C)
and
Q(.’L’) :C - xo Z Qn xr — xo 3 (23d)



we may expand the solution to Equation (2.1) as

[e.e]

Z (x —x,)"™, (2.4a)

where ag(s) # 0, and s is a parameter to be determined.

Differentiating Equation (2.4a) with respect to z leads to,

o)

Y(z,8) = (s +n)an(s)(z —zo) " (2.4b)

n=0
while a further differentiation with respect to x leads to

[e.9]

y'(z,5) = ;)(s +n)(s+n—1ay(z — 2,)*T" 2 (2.4c)

If we operate on Equation (2.4a) with L, where

d2
Lo dx2+ P(x )_+Q( ),
then
Lyl = Xl mo-tn = Dag(s)a = 2,)"
+P(x) i}(s +n)a,(s)(r — ggo)“”*l

)Y an(s)(z — z,)"t
n=0
If we put in Equations (2.3¢) and (2.3d) for P(z) and Q(x), we get

i(s +n)(s+n—1)a,(s)(x — x,)*T" 2

( St (b
¢

3

n=0

T — x,)2 nf%)qn(x — xo)n> <§: an(s)(x — xo)”") .

n=0

+



Using the algebraic identity,
(Z An> (Z Bn> S (Z AnkBk> , (25)
n=0 n=0 n=0 \k=0

we may write for L[y| above,

o0

L)) = (s ms +n = Donfe)le - o)+

+(z — IL‘O)—l i (i Pr—k(T — xo)”_k(s + k)ag(s)(z — IO)S+k_1>

+($ — QZO)—Q f:o (zi: Qn—k(x N xo)n—kak(s)(x . xo)s+k>

= i(s +n)(s+n—1)ay(s)(z —2,) "2
+ i (Zn:(S + k)pn—kak(S)) (7 — x0)5T" 2
n=0 \k=0

+ E_:O (; Qn—kak(3)> (z — x,)* T2

_—
Lyte.s) = > {5+ s+ 0= Da(s)
+ Enj((s + E)pn—k + qn—k)ak(s)} (7 — )52,
k=0

Lly(z,5)] = {s(s = 1) + pos + qo} ao(s)(x — 2,)*

F30lls+ m)(s +n— 1)+ pols + 1) + o] (s

n=1

n—1

+ 2_:((8 + k)pn—k + Qn—k)ak(s)} (x — @) 2 (2.6)

To simplify the notation, we define the quadratic polynomial is s,
f(s) =5+ (po— 1)s + qo (2.7a)

7



and the set of linear polynomials in s,
Ynk(8) = (8 + K)Pn—r + Gnr (2.7b)

so that Equation (2.6) becomes

Lly(z,s)] = f(s)ao(s)(x —x,)*~
+ i {f(s +n)a,(s) + :z_: ’Yn,k(s)ak(s)} (& — )"+ 2, (2.8)
If we now require that
f(S + n)an(s) + ”z:: ’ymk(s)ak(s) =0 (2.9>

for n=1,2,3, ..., then Equation (2.8) reads
Lly(x, 5)] = f(s)ao(s)(z — x,)* " (2.10)
This says that y(z, s) is a solution to L[y(z, s)] = 0, if s is chosen so that
f(s) =5+ (po—1)s +qo = 0.

because, ag(s) # 0. This leads to

f(s)=(s—s1)(s—s2) =0 (2.11)
where 1
§1 = 5{—(p0—1)+\/(p0—1)2—4q0} (2.12a)
and
5= 5 {=m =1 =l — 1P~ (2.12b)
with

81—822\/(170—1)2—4%20

when both are real numbers. Therefore

Lly(z,s)] = (s — 51)(s — s2)ao(s)(x — ,)* 2 (2.13)



and hence
Lly(z,s1)] = Lly(z, s2)] = 0. (2.14)

Equation (2.14) says that y(z, s1) and y(z, se) are solutions to Equation (2.1)
provided, of course that the assumptions in Equation (2.9) are valid, and these
assumptions are valid as long as it is possible to solve for the a,(s)’s.

To see if we can always solve for the a,(s)'s let us first rewrite Equation (2.9)

as

(s+n—s1)(s+n—s2)an(s +nynk =0
or

(s+n—s1)(s+n—s2)an(s Z’ynk (2.15)
forn=1,2,3,..., and now let us consider some cases.

a.) THE CASE WHEN (py — 1)? —4¢, < 0

Under this case both s; and sy are complex. If we set s = s; in Equation
(2.15), then

n(n + s1 — s2)an(s1) = :Z Yo,k (51)ak(51)
— n—1
n {n + \/(po —1)2— 4q0} an(s1) = — ;; Ynk(81)ak(s1)
n{n+i\/4qg — (po — 1)2} n(51) = :z:%k s1)ax(s1)

forn=1,2,3,.... But

n{n+i\/4q0 — (po — 1)2} #0

or all possible integer values of n. Therefore, we may divide by this and write

n—1

- 1;::0 Yk (51)ar(51)

9

an(sl) =



for n = 1,2,3,..., which means that we can always solve for all a,(s1)’s for

n=1,2,3,..., in terms of just ag(s;). A similar conclusion is reached if we make
s = s9 in Equation (2.15). As a result, both
y1($) = y(x, Sl) = Z an<31)<$ - xo)SH_n (216&)
n=0
and .
ya() = y(@,59) = Y an(s2)(w — )" (2.16b)
n=0

are linearly independent solutions to Equation (2.1), and

y(x) = cry(w, s1) + coy(w, s2)

is the general solution to Equation (2.1).
b.) THE CASE WHEN (py — 1) —4qy =0

For this case we have for Equation (2.12a) and (2.12b),

1 _
o 2p0 =s, (2.17)

which is a real number. Putting this into Equation (2.15) leads to

(s+n—35,)(s+n—38y)ay(s) = — HZ Yk (8)ar(s)

which (after setting s = s,) reduces to

n—1
nzan(SO) = - Z 7n,k(30)ak(30)
k=0
forn=1,2,3,..., and so
n—1
- Z 7n,k<so)ak<30)
(o) = —=° (2.18)

n2

which means we can always solve for the a,(s,)'s in terms of ay(s,), and so
yi(@) = y(z,50) = Y an(so)(z — 2,)% ™" (2.19)
n=0
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is always one solution to Equation (2.1). A second solution can then be obtained

using
effP(m)dx
yo(x) = y1(z) / {7%(:6) } dx (2.20)

or by the following procedure.

If we take Equation (2.13) and set s; = s3 = s,, then
Lly(z,5)] = (s — 50)%ao(s)(z — x,)* 2. (2.21)

If we differentiate Equation (2.21) with respect to s, then

R (R
(s —s,)? =2 20a(s) o2
= Tao(s) (x —2,)" "+ (s — So) s (r — )

s = 50) ao(s) =

= 2(s —5,)ag(s)(x — 2,)° "2 + (5 — 50)%ah(s)(x — x,)° 2

+(5 — 80)%ao(s) In |z — z,| (v — x,)° 2

Recall that p

—a” = (Inla|)a”. 2.22
" = (n o] (222)

In addition, since L operates on functions = and % operates on functions of s,

(with x and s independent) we may invert the order and write, Therefore

L [%y(:r, s)] = 2(s — so)ao(s)(x — m,)° 72 + (5 — 5,)%ap(s) (x — x,)" 7

+(5 = 50)%ao(s) In |z — x| (x — )2

L [lim ay(“”s)] —0

Y

which leads to

85— 8o S
Therefore 3
yo(z) = lim y(@ 5) (2.23)
5—8o S

11



is a second linearly independent solution to Equation (2.1).

Note that -
= an(s)(z — x,)""
n=0
so that
oy(z,s) & 8 ytn
- Z{“ (2 = 20)™" + an(s >3<x—xo>s+"}
n=0 Js
= Z{a (2 — 20)"™ + an(s )(x—xo)s+"ln|a:—x0|}
n=0
= > an(s)(@—z,)""" +Inlr — x| Y an(s)(z — z,)* "
n=0 n=0
If o
Y1 (37) = y(ZC, So) = Z an(so)(x - xo)so—i-n’ (224&)
n=0
then
: 8 - Sotn > Sotn
y2(z) = lim = an(so)(x — )" +1In|z — x| D an(so)(x — )%
° n=0 n=0
or
: a .- So+n
yo(z) = Sll)rg Z (So)(x — 2)* ™" 4+ y1(x) In |z — x,|. (2.24D)

Note then that the general solution to Equation (2.1) now reads

y(x) = 1y (w) + caya() (2.25)

with y;(x) and ys(z) given in Equations (2.24a) and (2.24b). Therefore this case
always leads to a general solution.

12



c.) THE CASE WHEN (p, — 1)2 —4qy > 0 AND s, — s, IS NOT A
POSITIVE INTEGER

This case is very similar to case (a) above except that under this case both s;
and s are real. However, if we set s = s1 in Equation (2.15), then

n—1
n(n 4+ s; — s9)an(s1) = Z Yk (51)ak(s1)
k=0
forn=1,2,3,.... But s; — sy # integer means that

n(n+81—82)§é0

or all possible integer values of n. Therefore, we may divide by this and write

n—1
-z Yok (51)ar(s1)
an(s1) = =
(1) n(n + s — s2)
for n = 1,2,3,..., which means that we can always solve for all a,(s;)’s for
n=1,2,3,..., in terms of just ap(s1). A similar conclusion is reached if we make

s = s9 in Equation (2.15). As a result, both

yi(r) = y(z, 51) Z (z — z,)% 1" (2.26a)
and .
ya(x) = y(, 55) Z (x — @) (2.26b)

are linearly independent solutions to Equation (2.1), and

y(x) = cry(w, s1) + coy(w, s2)

is the general solution to Equation (2.1).

13



d.) THE CASE WHEN (p, —1)2—4q, > 0 AND s; — s, IS A POSITIVE
INTEGER

Under this case both s; and sy are again real. If we set s = s; (the larger of
the two), in Equation (2.15), then

n—1

n(n+ sy — sa)an(s1) = — > Yx(s1)ar(s1)
k=0
forn =1,2,3,.... But s; — s = M (a positive integer) means that
n(in+ M) #0

or all possible integer values of n. Therefore, we may divide by this and write

n—1
- kgo Yo,k (51)ax(51)
an(s1) = n(n 4+ M)
which means that we can always solve for all a,(s1)’s for n =1,2,3,..., in terms
of just ap(s1). As a result,
yi(z) = y(z,81) = Y an(s1)(x — o) ™" (2.27)
n=0

is one solution to Equation (2.1).
Note that if we set s = sy (the smaller of the two), in Equation (2.15), then

n—1

(n+ s9 — s1)nay(sy) = — kz_: Tk (S2)ak(s2)

forn=1,2,3,.... But s — sy = M (a positive integer) so that

n—1

n(n — M)a,(s2) = — Z Yk (S2)ak(52), (2.28)

k=0
forn=1,2,3,.... When n = M in this equation we get

M-1

M(0)an(s2) = — ’; Yor i (S2)ak(s2). (2.29)
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If the right-hand side of Equation (2.29) equals zero, then ay;(s,) is arbitrary, and
then both ag(s2) and ay;(s2) are arbitrary, which means that

y(z,50) = Y an(ss)(x — zp)2 "
n=0
M-1 [e’e)
— an(82)(x — )% + Z an(s2)(x — )%™
n=0 n=M

and be written as
y(z,s2) = F(x)ag(se) + G(x)an(s2)

so that y(x, s2) not only gives one solution to Equation (2.1), but it gives two
linearly independent solutions F'(x) and G(x) to Equation (2.1)! On the other
hand if the right-hand side of Equation (2.29) is not equal to zero, then using
s = Sy (the smaller of the two) leads to no solution! We still, and always have
y(x, s1) as one solution, however. A second solution can then be obtained using

=i [ (2.30)
yo(x) = 1 (@ / ——— ¢ dT 2.30
’ : yi ()

or by the following procedure.

If we take Equation (2.13) and multiply by (s — s3), then
(5 — s9)L[y(x,8)] = (5 — 51)(5 — 82)%ao(s)(x — ,)° 2

L[(s — s2)y(x,5)] = (5 — 81)(5 — 52)%ao(s)(x — 3,)5 2. (2.31)

If we differentiate Equation (2.31) with respect to s, then
0 0

o Lls = say(e.9)] = o (s = 1)(s = s2)%an(s) (& — 2)°7)
_ d(s — s1) 2 s—2
= — gy (5= s2) a;(s)(x — )
+(s — sl)Wao(s)(x — )52

2 0ap(s)
0s

(7 — 2,)"2

+(s — s1)(s — s2)
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s —s1)(s = 32)2%(3)W
= (5—89)%ap(s)(z —x,)" 2

+2(s — s1)(s — s2)ap(s)(x — xo)372
(s = 51)(s = 52) ap(s) (2 — )"
(

(s = 51)(s = 52)a0(s) In 1 — | (& — )"

In addition, since L operates on functions x and % operates on functions of s,
(with x and s independent) we may invert the order and write, Therefore

. P(s - SQ)y(w)] _

s—2

(5 — 52)%ao(s) (2 — o)

0s
+2($ — Sl)(S — 32>a0<3)<x _ $0)572
(s = s1)(s — s2)’ag(s) (@ — 2,)"

+(s = 51)(5 — 82)%ap(s) In |z — 2| (v — 2,)* 2

Letting s — s then leads to

(s — s2)y(x,s)

L |l =0. 2.32
s, s (2:32)
This implies that

S—>S2 8

is a second linearly independent solution to Equation (2.1). If we compute the
result in Equation (2.33), we get

yo(z) = slggl % i(s — 89)an(8)(z — x,)"™"
= lim Z{g s — s2)an(s)] (x — x,)° " + (s — s9)a (s)g(a:—:c )t
=9 =0 0 2)an ° 2 9s °
= i 3 (= s o ) [ = s o )
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or

o0

yo(z) = Zosli_)ngsl2 dii (s — 89)an(s)] (x — z,)*t"

+In|x — z,| i lim [(s — s2)an(s)] (x — 2,)"™

8*&5}2

so that
Ya() = ) bl (52)(x — 20) " + In |z — zo] Y bu(s2)(2 — 20) %" (2.34a)
n=0 n=0
where
bu(s) = (s — s2)an(s). (2.34Db)

To summarize our findings here, we note that cases (a) and (c) will always
lead to

y(@) = ay(z, s1) + cy(z, 52) (2.35)
as a general solution to Equation (2.1), while case (b) leads to
0
y(x) = cry(x, s,) + co lim @ (2.36a)
or
6ffP(:r)d:vd .
- SRR 9.
y(l’) Cly(l‘7 SO) + CQQ(I‘, SO) / y2($, So) T ( 36 )
as the general solution to Equation (2.1). Finally case (d) leads to
y(x) = cpy(x, s1) + c2 lim s = ngy(x’ s)] (2.37a)
S—>S2
or
effP(m)dzd .
_ el 9.
y(fl?) Cly(xa 81) + ng(l’, Sl) / yQ(I7 81) L ( 37 )
or
Ya(x) = D bl (s9)(x — @) + Infz — xo| Y bu(s2)(x — 20)% " (2.37c)
n=0 n=0
where
bu(s) = (s — s2)an(s). (2.37d)

as the general solution to Equation (2.1). In either case we can always expand
the solution to Equation (2.1) about a regular singular point. The handout that
follows these discussions shows examples of the cases we have discussed.
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