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Signal and Information Processing.

Constants and square pulses

> Discrete and finite time index n =0,1,..., N—-1=[0,N-1].
> Discrete signal x is a function mapping [0, N — 1] to real value x(n)

x:[0,N-1] =R

> The values that the signal takes at time index n is x(n)

> Sometimes it will make sense to talk about complex signals
x:[0,N-1] = C

> The values x(t) = xg(t) +j xi(t) are complex numbers

» Space of signals = space of N-dimensional vectors RV or CV
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Units: Sampling time and signal duration

> The discrete delta function &(n) is a spike at (initial) time n =0

Delta function x(n) = &(n)

Signal x(n)
T
|

6(n):{ 1 ifn=0

0 else

Time index n = 0,1, ...,7=[0,7]

> The shifted delta function 6(n — ng) has a spike at time n = ng

Shifted delta function x(n) = 8(n — 3)

! T T T T T

Signal x(n)

1 ifn=ng 0.5 | -
o(n—ng) =
( 0) 0 else ] ]
T2 3 & 5 ¢
Time index n = 0,1, 7=00.7]
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Discrete cosines and sines

» For a signal of duration N define (assume N is even):
=> Discrete cosine of discrete frequency k = x(n) = cos(2mkn/N)

= Discrete sine of discrete frequency k = x(n) = sin(2rkn/N)
Cosine x(n) = cos(2mkn/N) and sine x(n) = sin(2rkn/N). Frequency k = 2 and number of samples N = 32.
TR AT T o)
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Time index n = 0,1, ..., 31

» Frequency k is discrete. l.e.,, k =0,1,2,...
= Have an integer number of complete oscillations

Signal and Information Processing. Discrete signals

> A constant function x(n) has the same value c for all n

Constant function x(n) = 1

Signal x(n)
T

x(n)=c, foralln

Time index n = 0,1, . . ., 15 = [0, 15

> A square pulse of width M, My(n), equals one for the first M values

Square pulse x(n) = Mg (n)
! T T T T
1 ifo<n<M I L
Mu(n) = e o
0 ifM<n &
o o006 060000
o 2 4 6 8 10 12 1

Time index n = 0,1, ..., 15 = [0, 15]

> Can consider shifted pulses My(n — ng), with ng < N — M
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Cosines of different frequencies (1 of 2)

» Discrete frequency k = 0 is a constant
» Discrete frequency k = 1 is a complete oscillation
» Frequency k = 2 is two oscillations, for k = 3 three oscillations ...

Frequency k 0. Number of samples N = 32 Frequency k — 1. Number of samples N = 32

1 1

Y T

0 2 4 6 8101214 16 18 20 22 24 26 28 30 0 2 4 6 8101214 16 18 20 22 24 26 28 30

Frequency k = 2. Number of samples N = 32 Frequency k = 3. Number of samples N = 32

S N

| -
0 2 4 6 8 101214 16 18 20 22 24 26 28 30 0 2 4 6 8 101214 16 18 20 22 24 26 28 30

°
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» Sampling time Ts = Time elapsed between indexes n and n+ 1

= Sampling frequency f; :=1/T;

» Time index n represents actual time t = nT;

Square pulse of duration 1s observed during 25 at a sampling rate T = 125ms

o e o o 060 00
o 02 05 o075 1 125 15 . L75

Time ¢ (in seconds)

» Signal duration T = NT; = Time length of signal
=

Signal and Information

» Frequency k represents k complete oscillations

» Although for large k the oscillations may be difficult to see

Frequency k = 15. Number of samples N = 32 Frequency k = 16. Number of samples N = 32
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02 4 6 8 1012 14 16 18 20 22 24 26 28 30 10 12 14 16 18 20 22 24 26 28 30

°
°

> Do note that we can’t have more than N/2 oscillations
= Indeed 1 - -1 —1,— —1,...
= Frequency N/2 is the last one with physical meaning

> Larger frequencies replicate frequencies between k =0 and k = N/2

Signal and Information Processi Discrete signals



Duplicated frequencies sPe i i i 73 Penn Use of units example 73 Penn
L * L * L
» Frequencies k and N — k represent the same cosine » Generate N = 32 samples of an A note with sampling frequency f; = 1, 760Hz
Frequency & — 1. Number of samples N — 32 Frequency N — 31, Nomber of samples N — 32 > What is the discrete frequency k of a cosine of frequency f? » The frequency of an A note is fy = 440Hz. This entails a discrete frequency
i i -1 i —
E S "‘ N R > Depends on sampling time Ty, frequency f; = <, duration T = NT; . f _ 440Hz B
o %o o o %o 4° X . . . I [ 1,760Hz
08 ] “LM w+ 0 *‘MHHW“ T > Period of discrete cosine of frequency k is T /k (k oscillations) ‘
Tl o2 4 5 8101 10018 2020202628 30 T 2 4 s s w802 226283 . o k k k The A note observed during T = NTs = 18.2ms with a sampling rate f; = 1, 760Hz
Freueney k = 2. Number of samples N = 32 Freduency N — k = 50, Number of sampls N = 32 > Thus, regular frequency of said cosine is = fp = + = NT. N I o \T \ T \ T \ T \ T \ T\ T ]
1 TT T 771 TT T 771 1 TT T 771 TT T 771 zo—ooooooooooooooot
0.5 0.5 g
o T . R ?TWT? . R ‘[ o T . R ?TWT? R ‘[ > A cosine of frequency fy has discrete frequency k = (fy/f.)N @ ’“j [ l I l I L l l I l I l I l 7
70?\\LML\\\\\LML\\ 70?\\LML\\\\\LML\\ o 2 “ o 8 10 12 1 16 18
0 2 4 6 8101214 16 18 20 22 24 26 28 30 02 4 6 8101214 16 18 20 22 24 26 28 30 » Only frequencies up to N/2 <> /2 have physical meaning Time t (in milseconds)
. > Sampling frequency f; = Cosines up to frequency fo = f;/2 > Alternatively = x(n) = cos [27rkn/N} = cos [Zﬂ(ﬁ)/f's)Nn/N]
» Actually, if k 4+ / = N, cosines of frequencies k and / are equivalent
» Not true for sines, but almost. The signals have opposite signs > Which simplifies to = x(n) = cos [2W(fo/fs)"} = cos {Zﬂfo(”Ts)}
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Noninteger frequencies Inner products and energy

> Given two signals x and y define the inner product of x and y as
» The frequency k need not be integer but it's not a discrete cosine

. . v
= Sampled cosine = x(n) = cos(2rkn/N) Discrete signals (oy) =37 x(n)y* ()
= Sampled sine = x(n) = sin(2rkn/N) n=0
N—1 N—1 N—1 N—1
| duct: d = xr(n)yr(n) + xi(myi(n)+4 ) xi(n)yr(n) —j > xer(n)yi(n
» Discrete sine and cosine have complete oscillations MNEr products and energy nz:; w(n)ya(n) ; 1(myi(n) J; 1(m)ya(n) J; #(n)yi(n)

> Sampled sine and cosine may have incomplete oscillations > Inner product between vectors x and y, just with different notation

Discrete complex exponentials

» Discrete sine and cosine are used to define Fourier transforms > Inner product is a linear operations = (x,y + z) = (x,y) + (x, z)

> Reversing order equals conjugation = (y,x) = (x,y)"

Signal and Information screte signals 3 Signal and Information Pre als Signal and Information

Inner product interpretation S Per and energy

» Following the algebra analogies, define the norm of signal x as

. . S . > The largest an inner product can be is when the vectors are collinear
» Signal inner product has same intuition as vector inner product 1/2

N 1/2 1 /
~ Inner product (x,y) is the prajection of y on x Il := [Z \x(nﬂ - [Z ()P + 3 \x,(nnz] Iyl < (x,y) < el vl

= The value of (x,y) is how much of y falls in x direction n=0
o) Y > Or in terms of energy = (x,y)? < || |y|?

» E.g., if (x,y) = 0 the signals are orthogonal. They are “unrelated” > More important, define the energy of the signal as the norm squared . .
» If you are the sort of person that prefers explicit expressions

N—-1 N-1 N-1
o /y ) T ) y\ o ) Bl ::";\x(n)\ ="§:%\XR(n)\2+"§:%|x:(n)F Nzlxn)y {Z\X ‘QHDY ]

(x,y) >0 (x,y) >0 (x,y)=0 (x,y) <0 (x,y) <0

> For complex numbers x(n)x*(n) = = [x(n)? » The equalities hold if and only if x and y are collinear

> Thus, we can write the energy as = ||x||? = (x,x)

Signal and Information Processing. Discrete signals 6 Signal and Information Processing. Discrete signals 7 Signal and Information Processi Discrete signals




Example: Square pulse of unit energy

Shifted pulses

Overlapping shifted pulses

> The unit energy square pulse is the signal My(n) that takes values

M (n) -

1/VM

!‘IM(n):L ifo<n<M

VM

My (n) =0 ifM<n

M—-1 N—-1

» To compute energy of the pulse we just evaluate the definition

N—1 m-1 2 M
[P |2 =" 1w (n)? = Z‘(l/\/ﬁ)‘ “mt
n=0 n=0

» Indeed, the unit energy square pulse has unit energy

> If the height of the pulse is 1 instead of 1/v/M, the energy is M.

Signal and Information Processing. Discrete signals

Discrete complex exponentials

t

> To shift a pulse we modify the argument = My (n — K)
= The pulse is now centered at K (n = K is as n = 0 before)

T K+M-—1 N—1 t

> Inner product of two pulses with disjoint support (K > M)

N-1
(Mm(n),NMu(n = K)) := Z Mm(n) My (n—K) =0
n=0

> The signals are orthogonal, and indeed, “unrelated” to each other

Signal and Information Processing. Discrete signals

Discrete Complex exponentials

> Inner product of two pulses with overlapping support (K < M)
N-1
(M(n), Mu(n = K)) := > Mwa(n) Nt (n = K)
n=0

> The signals overlap between K and M — 1. Thus
M—1

(M(n), m(n — K)) = 2(1/\/@(1/\/@ = MA_AK = 17%
n=K

Mm(n)

K M—1 K+M-1 N-1 t

» Inner product is proportional to the relative overlap

= which is, indeed, how much the signals are “related” to each other

Signal and Information Discrete signals

Properties

Discrete signals

Inner products and energy

Discrete complex exponentials

Signal and Information

Equivalent frequencies

Theorem
If k — I = N the signals exn(n) and en(n) coincide for all n, i.e.,

ei2mkn/N  gj2min/N
en(n)=———=

= en(n)

» Exponentials with frequencies k and / are equivalent if k — /= N

Signal and Information Processing.

Discrete signals

> Discrete complex exponential of discrete frequency k and duration N

en(n) = ef2mkn/N — exp(j2mkn/N)

» The complex exponential is explicitly given by
e2mkn/N — cos(2rkn/N) + jsin(2wkn/N)
» Real part is a discrete cosine and imaginary part a discrete sine

Re (S2740/NY it 2 ana 1 = 32

T T T
et e e

L
0 2 4 6 8 101214 16 18 20 22 24 26 28 30 0 2 4 6 8 101214 16 18 20 22 24 26 28 30

Im (27K0/N) with & = 2 and N = 32

°
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Canonical frequency sets

» Exponentials with frequencies that are N apart are equivalent

-N,  =N+1, ... -1
0, 1L, ., N-1
N, N+1, ..., 2N-1

» Suffice to look at N consecutive frequencies, e.g., k =0,1,... N — 1
» Another canonical choice is to make k = 0 the center frequency

“N241, ., -1, 0, ..., N/2
N/2+1, ..., N-1,

> With N even (as usual) use N/2 positive and N /2 — 1 negative

» From one canonical set to the other =- Chop and shift

Signal and Information Processing. Discrete signals

ARI

[P1] For frequency k = 0, the exponential e.n(n) = eyn(n) is a constant

ewn(n) = = 1

[P2] For frequency k = N, the exponential exn(n) = ewn(n) is a constant

e2mNn/N _ (e27) :ﬂ :L

ewn(n) =

> Actually, true for any frequency k € N (multiple of N)
[P3] For k = N/2, the exponential exn(n) = ey on(n) = (—1)"/
&2n(N/2)n/N (ejx)n (71),'

en/on(n) =

> The fastest possible oscillation with N samples

Signal and Information

Proof of equivalence

Proof.
> We prove by showing that exy(n)/en(n) = 1. Indeed,

en(n) _ ef2rkn/N _ o2r(k—n/N

em(n) e 2min/N

> But since we have that k — / = N the above simplifies to

en(n) _ gf2nNn/N _ [9/2«]" -1

en(n) =

Signal and Information Discrete signals



Orthogonality

Theorem
Complex exponentials with nonequivalent frequencies are orthogonal. l.e.

(exn,emn) =0
when k — 1 < N.
> Signals of canonical sets are “unrelated.” Different rates of change
> Also note that the energy is ||exn||? = (exn, exn) = 1
» Exponentials with frequencies k = 0.1,..., N — 1 are orthonormal

(exns emnv) = 6(1 — k)

» They are an orthonormal basis of signal space with N samples

Signal and Information Processing.

Discrete signals

Conjugate frequencies

Theorem
Opposite frequencies k and —k yield conjugate signals: e_n = e}y (n)

Proof.
> Just use the definitions to write the chain of equalities

el2m(=K)n/N  g=j2mkn/N
e_pn(n) = = =

|:e]27rkn//\/:| *

» Opposite frequencies = Same real part. Opposite imaginary part

= The cosine is the same, the sine changes sign

Signal and Information

> Frequencies from k =1 to k = 4 represent distinct signals

k=0 k=1 k=3 k=14

Proof of orthogonality

Signal and Information Processing.

I T

II | =1 skl

iTII

» Frequencies k = —1 to k = —3 are conjugate signals of k =1 to k =3

® |
01234567 01234567 0123456 0123456

k=1 k=2 k=3

]

1 &
01234567

*

> All other frequencies represent one of the signals above

v3Penn

Proof.
» Use definitions of inner product and discrete complex exponential to write
N-1 ei2mkn/N

(exn, en) = i e (n)ein(n) = Z

n=0 n=0

e—J2min/N

> Regroup terms to write as geometric series

N-1 N-1
p p n
(en, em) = Z 2 (k=Dn/N _ Z I:eJZw(kfl)/N:I
n=0 n=0

> Geometric series with basis a sums to V"' a” = (1 — a")/(1 — a). Thus,

1 [ejbr(k /)/N]N

(exn, em) = 1 _ ek D/N

(k=1)
» Completed proof by noting [42"(k7/)/N] =¥ = [e’z"} =10

Discrete signals

Physical meaning

> Of the N canonical frequencies, only N/2 + 1 are distinct.

0, 1, N/2—1  NJ2
-1, ..., —=N/2+1
N-1, ... N/2+1

> Frequencies 0 and N/2 have no counterpart. Others have conjugates
> Canonical set —N/2+1,...,-1,0,1,..., N /2 easier to interpret

> Reasonable = Can’t have more than N/2 oscillations in N samples

> With sampling frequency f; and signal duration T = NT, = N/f;
k k k ‘

= Discrete fi k = fi fo=== =
Iscrete frequency requency fp T NTS N s

» Frequencies from 0 to N /2 < f;/2 have physical meaning

= Negative frequencies are conjugates of the positive frequencies

> There are 9 distinct frequencies and 7 conjugates (not shown). Some look like
actual oscillations. Border effect of k = 0 and k = N/2 becomes less relevant

T 5

k=1

Ihuﬂ:: i Ihxﬁmlm

| |
10 12 1 0 2 4 6 8 10 12 14 0 2 8 10 12 14

o
L

i fﬁ{??fﬂuﬁfﬁﬁ%Z?L’Wtfﬂlﬁ}
Wﬂﬁﬁﬁi JE"IIIIIIII iy

8 10 12 14 0 8 10 12 14

!

Canonical frequency sets

» Exponentials with frequencies that are N apart are equivalent

» Suffice to look at N consecutive frequencies, e.g.,

,NY

0,
N,

“N+1,
1,
N+1,

-1

N-1

2N -1
k=0,1,..

v3Penn

ARI

N—-1

> Another canonical choice is to make k = 0 the center frequency

—N/2+1,
N/2+1,

-1,
N—-1,

0,

N/2

> With N even (as usual) use N/2 positive and N/2 — 1 negative

» From one canonical set to the other =- Chop and shift

Signal and Information

Complex exponentials for N

Discrete signals

=2and N =4

» When N =2 only k =0 and k = 1 represent distinct signals

'

£

k=-2(k=0) k=-1(k=0) k=0 k=1 k=2(k=0) —3k=1)
1 1 1 1 1 1
0.5 0.5 — 0.5 0.5 - 0.5 0.5 —
OB : 1 DB : ] OB : ]
—0.5 —0.5 — —0.5 —0.5 - —0.5 —0.5 —
-1 -1 » 1 -1 »% 1 -1
o 1 0 o 1 0 1
» The signals are real, they have no imaginary parts
» When N =4, k=0,1,2 are distinct. k= —1 is conjugate of k =1
k=0 K=3k=—)
1 1
0.5 0.5
o 0
—0s -0s
1 o -1
0 1 2 3 o 01 2 3
» Can also use k = 3 as canonical instead of k = —1 — conjugate of k =1

Signal and Information

Discrete Fourier transform
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Discrete Fourier transform
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Discrete Fourier transform

Discrete Fourier transform (DFT), definitions and examples
Units of the DFT
DFT inverse

Properties of the DFT

Signal and Information Processing. Discrete Fourier transform

DFT of a square pulse (derivation)

Definition of discrete Fourier transform (DFT) 73 Penn

> Signal x of duration N with elements x(n) for n=0,...,N — 1

> X is the discrete Fourier transform (DFT) of x if for all k € Z

N-1 ) N-1
X(k):= x(n)e2mkn/N — x(n) exp(—j2wkn/N)
n=0 n=0

> We write X = F(x). All values of X depend on all values of x
> The argument k of the DFT is referred to as frequency

> DFT is complex even if signal is real = X(k) = Xgr(k) + jX(k)
= It is customary to focus on magnitude

x| = [xa00 + x200] " = [xeox )]

Signal and Information Processing. Discrete Fourier transform

DFT of a square pulse (illustration)

DFT elements as inner products v3Penn

> Discrete complex exponential (freq. k) = e_yn(n) = e~J2mkn/N
N-1 N-1

» Can rewrite DFT as = X(k Z (n)e_n( ZX(”)EEN(”)
=0 n=0

> And from the definition of inner product = X(k) = (x, exn)

> DFT element X (k) = inner product of x(n) with eqy(n)
= Projection of x(n) onto complex exponential of frequency k

= How much of the signal x is an oscillation of frequency k

Signal and Information Processi Discrete Fourier transform

Periodicity of the DFT

> The unit energy square pulse is the signal My(n) that takes values

Mm(n)

FIM(n):\/% ifo<n<M

My (n)=0 ifM<n

> Since only the first M — 1 elements of My (n) are not null, the DFT is

N-1 ) M1y )
X(k) = P (n)e=i2mkn/N — Z me”z’”‘"/’v
n=0 n=0

> X(k) = sum of first M components of exponential of frequency —k

» Can reduce to simpler expression but who cares? =- It's just a sum

Signal and Information Fourier transform

» Square pulse of length M = 2 and overall signal duration N = 32

1L &1 kan 1 —j2mk/N
X(k) = — = mkn/N 14 e 72K/
) W;\/E \/ZN( )
» Eg., X(k):\/iTvatk:O,j:N“..andX(k):Oatk:O,j:?sN/Z,...

Modulus | X(k)]| of the DFT of square pulse, duration N = 32, pulse length M = 2

0
—32-28-24-20-16-12 —8 —4 0 4 8 12 16 20 24 28 32 36 40 44 48 52 56 60 64

Frequency index k = —32, —31, ..., 64 = [~32, 64]

» This DFT is periodic with period N = true in general

Signal and Information Pre

» Consider frequencies k and k + N. The DFT at k + N is

N-1
X(k+N) = D x(n)erlkrhn/N
n=0

» Complex exponentials of fregs. k and k + N are equivalent. Then

N-1
X(k+ N) = > x(n)e 2N = X (k)

n=0
» DFT values N apart are equivalent = DFT has period N
» Suffices to look at \V consecutive frequencies = canonical sets
= Computation = k € [0, N —1]

= Interpretation = k € [~N/2,N/2] (actually, N + 1 fregs.)
= Related by chop and shift = [-N/2,—1] ~ [N/2,N — 1]

Signal and Information si screte Fourier transform

> DFT of the square pulse highlighting frequencies k € [0, N — 1]

Modulus | X(K)| of the DFT of square pulse, duration N = 32, pulse length M = 2

0 T T 7T T T T 7T T T T 7T

m}mﬂﬂ M[ﬁwﬂﬂ meTﬂ I

3228 24 —20 ~16 —12 40 16 20 24 28 32 36 40 44 48 52 56 60 64

Frequency index k = —32, =31, ..., 64 = [~32,64]

> Frequencies larger than N/2 have no clear physical meaning

v

DFT of the square pulse highlighting frequencies k € [-N/2, N/2]

v

Negative freq. —k has the same interpretation as positive freq. k

v

One redundant element = X(—N/2) = X(N/2).

Modulus | X(K)| of the DFT of square pulse, duration N = 32, pulse length M = 2

0 T T 7T T T T 7T T T T 7T

ﬂﬁmﬂﬂ H[ﬁwﬂﬂ meTﬂ )

32-28-24-20 16 —12 —8 —4 0 16 20 24 28 32 36 40 44 48 52 56 60 64

Frequency index k = —32, =31, . .., 64 = [—32,64]

> Obtain frequencies k € [-N/2, —1] from frequencies [N/2, N — 1]

» The DFT X gives information on how fast the signal x changes

DFT modulus of square pulse, duration N = 256, pulse length 1 = 2

010 T T T T T T T
008 |- —
0.06 |- —

» For length M = 2 have
weight at high frequencies

004 [ -

002 - -

0
—128 -9 —64 -3 0 32 64 9 128

> Length M = 4 concentrates

Frequency index k = —128, —127, . . . , 128 = 128, 128] i 3
weight at lower frequencies

DFT modulus of square pulse, duration N = 256, pulse length 1 = 4

014 T T T T T T T

» Pulse of length M = 2

012 |- |

0w | 8 changes more than a pulse
006 |- . of length M =4

004 |- B

0.02 |- ~|

| | | | |
0
—128 -9 —64 —32 0 32 64 9 128

Frequency index k = —128, —127, . . . , 128 = [—128, 128]

Signal and Information Processi Discrete Fourier transform

Signal and Information Processing. Discrete Fourier transform

Signal and Information Processing. Discrete Fourier transform



More DFTs of pulses of different length 73 Penn

» The lengthier the pulse the less it changes = DFT concentrates at zero freq.

DFT modulus of square pulse, duration N = 256, pulse length M = 4 DFT modules of square pulse, duration N = 256, pulse length 1 = &

014 T T T T T T T 018 T T T T T T
012 |- B 015 |- ;|
010 (- - oz | i
008 [ - 0o |- B
0.06 =
004 [ . 0.06 [~ 4
002 |- 3 003 |
o | | | | | ° |
128 -9 -64 —32 0 3 64 96 128 128 —96 —64 -32 0 32 64 9% 128
Frequency index k = —128, —127, . . . , 128 = [128, 128] Frequency index k = —128, —127, . . . , 128 = [~128, 128]

DFT modulus of square pulse, duration N = 256, pulse length M = 16 DFT modulus of square pulse, duration N = 256, pulse length M = 32

0.28 T T T T T T T 035 T T T T T T
024 |- - 030 [ -
020 |- - 025 |- -
016 |- - 020 - -
012 |- = 015 [ -
0.08 |- - 010 [ -
0.04 |- .| 005 |- -
0 | o | y | y !
128 -9% -—64 -3 0 32 64 9% 128 ~128 -9% -—64 -32 0 32 64 9% 128
Frequency index k = —128, —127, . . . , 128 = [~128,128] Frequency index k = —128, —127, . . . , 128 = [~128, 128]

Signal and Information Pr > Fourier transform

DFT of a complex exponential

DFT of a shifted delta function 73 Penn

DFT of a delta function 73 Penn

» The delta function is 5(0) = 1 and 3(n) = 0, else. Then, the DFT is > For shifted delta d(no — no) =1 and 6(n — ng) = 0 otherwise. Thus

N—1
N-1 _ —j2mkn/N _ —jemkng /N
. R . 1 X(k) = &(n—np)e = d(no — mo)e
X(k) = Z S(n)eJ2mkn/N — §(0)eI2mkO/N — g
n—
» Of course §(ng — ng) = 6(0) = 1, implying that
Delta function x(n) = &(n) DFT of delta function X(k) = 1/ X(k) = e J2mkm/N _ e_nn(k)
1 T T T T T 1
os L | DFT | B > Complex exponential of frequency —ng (below, N = 16 and ng = 1)
= =
® * * ry ® Py *
RS AR AR AR S At Ad 1 %02« s s w1 Shitd gl fanction () = 5(n — ) OFTX(W) = e/ = e
Time index n = 0, 1 15 = [0, 15] Frequency index k = 0,1, . . . , 15 = [0, 15]
queny 1 T T T T T 1 Y ;T;I T T4 I;T;,
05 |- - OFT 0 ¢
> Only the N values k € [0,15] shown. DFT defined for all k but periodic = = - IiLiI < 8
0000000060000 -1/ | Il * * Il Il
IR Al S e v 420 2 4 6 8 10 12 1 16
» Observe that the energy is conserved || X||? = ||§]? = 1 Time index n = 0,1, ..., 15 = [0,15] Frequency index k = 0,1, ..., 15 = [0, 15]

Signal and Information Pre > Fourier transform Signal and Information Pre D Fourier transform

DFT of a constant bservations

» Complex exponential of freq. ko = x(n) = e?mon/N — g ()

> Use inner product form of DFT definition = X(k) = (exn, exn)

» Orthonormality of complex exponentials = (ex,n, exn) = 0(k — ko)

Complex exponential x(n) el2mkon/N

e LT

20 2 4 6 8 10 12 14 16 12 14

()

IS W4

Time index n = 0,1, ..., 15 = [0, 15] Frequency index n = 0,1, ..., 15 = [0, 15]

> DFT of exponential e, n(n) is shifted delta X (k) = d(k — ko)

Signal and Information Pr Discrete Fourier transform

Units of the DFT

» Constant function x(n) = 1/V/N (it has unit energy) and k =0
= Complex exponential with frequency ko =0 = x(n) = ey

v

DFT of a signal captures its rate of change

v

) Signals that change faster have more DFT weight at high frequencies
> Use inner product form of DFT definition = X(k) = (e, exn)

» Complex exponential orthonormality = (e, exn) = 8(k — 0) = 8(k) > DFT conserves energy (all have unit energy in our examples)

> Energy of DFT X = F(x) is the same as energy of the signal x
Constant function x(n) = 1/ VN DFT of constant is delta function X (k) = §(k) > Indeed, an important property we will show
1 L T T T T T T
| i ort L i > Duality of signal - transform pairs (signals and DFTs come in pairs)
= = > DFT of delta is a constant. DFT of constant is a delta
0 Leoeoeoeeeeeeee
0 2 4 6 8 1 12 ou o 2 4 6 8 1o 12 1 » DFT of exponential is shifted delta. DFT of shifted delta is exponential
Time index n = 0, 1 ,15 = [0, 15] Frequency index k = 0, 1 15 = [0, 15] .
» Indeed, a fact that follows from the form of the inverse DFT

» DFT of constant x(n) = 1/v/N is delta function X (k) = d(k)

Signal and Information Pre Discrete Fourier transform Signal and Information Pre Discrete Fourier transform

Units in DFT of a discrete complex expo

Discrete Fourier transform (DFT), definitions and examples

Units of the DFT

DFT inverse

Properties of the DFT

» Complex exponential of frequency fo = kofs/N

» Sampling time T, sampling frequency f;, signal duration T = NT; = Discrete frequency ko and DFT = X(k) = 6(k — ko)

» Discrete frequency k = k oscillations in time NT,; = Period NT/k » But frequency ko corresponds to frequency f, = X(f) = d(f — f)

k fs
> Discrete fi k equivalent t | fp=——=k=>
iscrete frequency k equivalent to real frequency fi = om N .
. . Nj2fs  fs I
> In particular, k = N/2 equivalent to = fnjp = N —2 1 e T o % )
> Set of frequencies k € [~N/2, N/2] equivalent to real frequencies ...
1
= That lie between —£,;/2 and f;/2
= Are spaced by f;/N (difference between frequencies f; and fi1)
5 AR Lo2% o= kol A k
3 i w o = kofy 3

» Interval width given by sampling frequency. Resolution given by N

Signal and Information Pr Discrete Fourier transform

Signal and Information Pre Discrete Fourier transform Signal and Information Pre Discrete Fourier transform



Units in DFT of a square pulse 73 Penn

» Square pulse of length Ty = 4s observed during a total of T = 32s.
» Sampled every Ts = 125ms = Sample frequency f; = 8Hz

> Total number of samples = N = T /T, = 256

> Maximum frequency k = N/2 = 128 < fi = fy o = f;/2 = 4Hz
» Fequency resolution f;/N = 8Hz/256 = 0.03125Hz

Discrete index, duration N = 256, pulse length M = 32 Sampling frequency fs = 8Hz, duration T = 32s, length T = 45

035 T T T T T T 0.35 T T T T T T
030

025
020
015
010
005

0
—128 -9 —64 —32 0 32 64 9 128  4Hz 3Hz 2Hz -Hz O 1Mz 2Hz 3Hz 4Hz
Frequencies are 0, fs /N, £265 /N, . .., £f5/2

Signal and Information Processing.

Definition of DFT inverse

Units in DFT of a square pulse 73 Penn

v

Interval between freqs. = f;/N = 8Hz/256 = 1/32 = 0.03125Hz
= 32 equally spaced frees for each 1Hz interval = 8 every 0.125 Hz.

Sampling frequency fs = 8Hz, duration T = 32s, length T = 4s

035 T T T T T T
030
025
020
015
010

% .9’??90;0??TT??$?TTI ITT?A”TTT,.A.,’,,,.

OHz -0.625Hz -0.500Hz -0.375Hz -0.250Hz -0.125 0 0125Hz 0250Hz 0375Hz 0500Hz 0.625Hz 0.750Hz

Frequencies 0, £0.03125Hz, 0.06250Hz, . . . , +0.750Hz

v

Zeros of DFT are at frequencies 0.250Hz, 0.500 Hz, 0.750 Hz, ...
= Thus, zeros are at frequencies are 1/7¢,2/ 70,3/ To, ...

> Most (a lot) of the DFT energy is between freqs. —1/Tg and 1/Tq

Signal and Information Processing.

iDFT is, indeed, the inverse of the DFT

DFT inverse

Discrete Fourier transform (DFT), definitions and examples

Units of the DFT

DFT inverse

Properties of the DFT

Signal and Information Discrete Fourier transform

Proof of DFT inverse formula

> Given a Fourier transform X, the inverse (i)DFT x = F~1(X) is

x(n) == - X(k)el2mkn/N — i: X(k)exp(j2rkn/N)
k=0 k=0

> Same as DFT but for sign in the exponent

» Any summation over N consecutive frequencies works as well. E.g.,

N/j2
x(n) = ST X(kyelrrinn

k: N/2+1

> Because for a DFT X we know that it must be X(k + N) = X(k)

Signal and Information

Proof of DFT inverse formula

Proof.
» Exchange summation order to sum first over k and then over n

N—-1 N-1
(7)) = ZX(")[Z i2mkn/N e~ J2mkn/N

n=0 k=0

> Pulled x(n) out because it doesn’t depend on k

> Innermost sum is the inner product between e;n and e,y. Orthonormality:

N—-1
N L mizmka/N _ 55 _ )
=0
N-1
> Reducing to = X(71) = Zx(n)é(ﬁ —n) = x()
=0

> Last equation is true because only term n = 7 is not null in the sum O

Signal and Information Processing.

Theorem
The inverse DFT of the DFT of x is the signal x = F~'[F(x)] = x

> Every signal x can be written as a sum of complex exponentials

N-1 N/2

x(n) = > X(k)PmN = ST Xk
k=0

k=—N/2+1

» Coefficient multiplying e/27"/N is X (k) = kth element of DFT of x

N-1 )
X(k) = x(m)ei2mkn/N

Signal and Information Pre

Inverse DFT as inner product

> Discrete complex exponential (freq. n) = e,n(k) = e2mkn/N
N-1 N-1

> Rewrite iDFT as = x(n) = X(k)ean(k) = Z X(k)e* ,n(k)
k=0 k=0

> And from the definition of inner product = x(n) = (X, e,n)

> iDFT element X(k) = inner product of X(k) with e_,n(k)

» Different from DFT, this is not the most useful interpretation

Signal and Information Processing.

Proof.
> Let X = F(x) be the DFT of x. Let X = F *(X) be the iDFT of X.

= We want to show that X = x

N-1

> From the definition of the iDFT of X = %(f) = X(k)eﬂ"“;’/’v
k=0
N-1 )

> From the definition of the DFT of x = X(k) := Zx(n)e’ﬂ”"/"’
n—0

> Substituting expression for X(k) into expression for %(71) yields

N-1 N-1 ) o
%(7) = [ Z X(")e—/Zﬂ'kn/N} &2kl N
0

k=

n=

Signal and Information

N/2

Z X(k)e2mn/N

k=—N/2+1

> Signal as sum of exponentials = x(n) =

» Expand the sum inside out from k =0 to k = £1, to k = +2, ...
x(n) = X(0) o constant
+ X(1) ef2min/N + X(-1) e—i2m1n/N
+X(2) /N X(-2) eJ2m2n/N

single oscillation

double oscillation

X (ﬁ _ 1) (SN (*% N 1>eﬁ2w(% o/ (g - 1) _ oscillation
X <,> e2n(&)n/n N _ oscillation
2 2
» Start with slow variations and progress on to add faster variations

Signal and Information Discrete Fourier transform




Reconstruction of square pulse 73 Penn

» Consider square pulse of duration N = 256 and length M = 128
» Reconstruct with frequency k = 0 only (DC component)

Pulse reconstruction with k=0 frequencies (N = 256, M = 128)

010 T T T T T

001 | | | | | | |
0 2 64 9% 128 160 192 224

Discrete time index n € [0, 255]

» Bound to be not very good = Just the average signal value

Signal and Information Pr 3 Fourier transform

Reconstruction of square pulse

» Consider square pulse of duration N = 256 and length M = 128
> Reconstruct with frequencies up to k = 8

Pulse reconstruction with k=8 frequencies (N = 256, M = 128)

010 T T T T T

001 | | | | | | |
0 2 64 9% 128 160 192 224

Discrete time index n € [0, 255]

» Good approximation of the N = 256 values with 9 DFT coefficients

Reconstruction of square pulse 73 Penn

» Consider square pulse of duration N = 256 and length M = 128
> Reconstruct with frequencies k = 0, kK = +1, and k = +£2

Pulse reconstruction with k=2 frequencies (N = 256, M = 128)

o010 T T T T T

| | | | |
0 E 64 % 128 160 192 224

Discrete time index n € [0, 255]

> Not too bad, sort of looks like a pulse = only 3 frequencies

Signal and Information Pr 3 Fourier transform

Reconstruction of square pulse

» Consider square pulse of duration N = 256 and length M = 128
> Reconstruct with frequencies up to k = 16

Pulse reconstruction with k=16 frequencies (N = 256, M = 128)

010 T T T T T

009 |\ A 4

707 | v | | | Y

0 E 64 % 128 160 192 224

Discrete time index n € [0, 255]

» Compression = Store k+ 1 = 17 DFT values instead of N = 128 samples

Reconstruction of square pulse

» Consider square pulse of duration N = 256 and length M = 128
> Reconstruct with frequencies up to k = 4

Pulse reconstruction with k—4 frequencies (N = 256, M = 128)

o010 /\ T /\ T T T
000 = -

0 E 64 % 128 160 192 224

Discrete time index n € [0, 255]

» Starts to look like a good approximation

Signal and Information Pr 3 Fourier transform

» Consider square pulse of duration N = 256 and length M = 128
> Reconstruct with frequencies up to k = 32

Pulse reconstruction with k=32 frequencies (N = 256, M = 128)

010 T T T T T

009 [\ il i

707 | | | v | | |

0 E 64 % 128 160 192 224

Discrete time index n € [0, 255]

» Can tradeoff less compression for better signal accuracy

Signal and Information Pre

Fourier transform

Signal and Information Pr Discrete Fourier transform

Signal and Information Pre

Fourier transform

Spectrum (re)shaping

X(k) = x(n)e’jz”"/’v
n=0

(2) (Re)shape spectrum = Transform DFT X into DFT Y

(3) With DFT Y available, recover signal y with inverse DFT

=

—1

y(n) = ¥ (k)ef2mkn/N

x~
Il
°

Discrete Fourier transform

Signal and Information Pre

Spectrum reshaping to remove noise

Spectrum reshaping to remove noise

v3Penn

> An application of spectrum reshaping is to clean a noisy signal

> Signal with some underlying trend (good) and some noise (bad)

Original signal x(n). It moves randomly, but not that much

20 T T T T T

Discrete time index n € [0, 12]

> Which is which? = Not clear = Let's look at the spectrum (DFT)

Signal and Information Pr Discrete Fourier transform

> An application of spectrum reshaping is to clean a noisy signal

> Now the trend (spikes) is clearly separated from the noise (the floor)

DFT X(k) of original signal

—64 —56 —48 —40 —32 —24 —16 —8 0 8 16 24 32 40 48 56 64

Frequency index k € [—64, 64]

» How do we remove the noise? =- Reshape the spectrum

Signal and Information Pr Discrete Fourier transform



Spectrum reshaping to remove noise

» An application of spectrum reshaping is to clean a noisy signal

» Remove fregs. larger than 8 = Y(k) =0 for k > 8, Y (k) = X(k) else

DFT ¥ () of signal with reshaped spectrum

a8 T T ] T T 1
40 -
35 - -
30 -
25 -
20 | -
15— -
10 (- =
05 - |

VMY VT VA TV YWANTN AV M VALY
0
—64 —56 —48 —40 —32 —24 —16 —8 0 8 16 24 32 40 48 56 64

Frequency index k € [—64, 64]

» How do we recover the trend? = Inverse DFT

Signal and Information Processing.

Three important properties of DFTs

Spectrum reshaping to remove noise 73 Penn

> An application of spectrum reshaping is to clean a noisy signal

> Inverse DFT of reshaped specturm Y(k) yields cleaned signal y(n)

Signal y(n) reconstructed from cleaned spectrum

20 T T T T

Discrete time index n € [0, 128]

» The trend now is clearly visible. Noise has been removed

Signal and Information Processing.

Symmetry

Properties of the DFT v3Penn

Discrete Fourier transform (DFT), definitions and examples

Units of the DFT

DFT inverse

Properties of the DFT

Signal and Information Processi Discrete Fourier transform

> DFTs of real signals (no imaginary part) are conjugate symmetric

X(—k) = X*(k)

» Signals of unit energy have transforms of unit energy

> More generically, the DFT preserves energy (Parseval’s theorem)

N-1 N—1
DM = P = IXIP = 3 IX (k)P
n=0 k=0

» The DFT operator is a linear operator

F(ax + by) = aF(x) + bF(y)

Signal and Information

Energy conservation

Theorem (Parseval)
Let X = F(x) be the DFT of signal x. The energies of x and X are the

same, i.e.,
N-1 N-1
Do Ix(mP = IxIP = IXIP =3 X (k)P
n=0 k=0

» In energy of DFT, any set of consecutive freqs. would do. E.g.,

N—1 N/2
IXIP = DO IXMP = > XK
k=0 k=—N/2+1

Signal and Information Processing.

Theorem
The DFT X = F(x) of a real signal x is conjugate symmetric

X(—k) = X*(k)

> Can recover all DFT components from those with fregs. k € [0, N/2]

> What about components with freqs. k € [-N/2,—1]?
= Conjugates of those with freqs k € [0, N/2]

Signal and Information Pre

Proof of Parseval’'s Theorem

Proof.

N—1
> From the definition of the energy of X = || X|* = ZX(k)X*(k)
k=0

N-1
> From the definition of the DFT of x = X(k) := Zx(n)e’/z"k"/’v

n=0

> Substitute expression for X (k) into one for | X||* (observe conjugation)

1 N—1 N-1

=3[ s ][ e

k=0 n=0

Signal and Information Processing.

Proof.
> Write the DFT X(—k) using its definition

N-1 )
X(—k) = X(n)eﬁzr( Kn/N

n

i
o

> When the signal is real, its conjugate is itself = x(n) = x*(n)

» Conjugating a complex exponential = changing the exponent's sign
N-1 P *

> Can then rewrite = X(—k) = Zx*(n) (e JQ"k”/N)
=0

» Sum and multiplication can change order with conjugation

X(—k) = [ Nix(n)e*ﬂ"*"my = X*(k) O

n=0

Signal and Information

Proof of Parseval’'s Theorem

Proof.

» Distribute product and exchange order of summations =- sum over k first

N-1N-1 N1 » o
x| = Z Z x(n)x"(R) [ Z e—2mkn/N L tjemki/N
=0 -0 pard

> Pulled x(n) and x*(7) out because they don't depend on k

» Innermost sum is the inner product between e;n and e,n. Orthonormality:

N—1
z e—2mkn/N etk /N _ (e, enn) = 6(7 — n)

k=0

N—1N-1 N—1
> Thus = [[X[2 =373 x(n)x" (0)3(i — n) = > x(n)x"(n) = |Ix|*

n=0 7=0 n=0
> True because only terms n = 7 are not null in the sum O

Signal and Information Processi Discrete Fourier transform



Linearity 3 Proof of Linearity 3 DFT of a discrete cosine

Proof. > DFT of discrete cosine of freq. kg = x(n) = cos(2mkon/N)
> Let Z := F(ax + by). From the definition of the DFT we have

Theorem ) o ) ) ) o » Can write cosine as a sum of discrete complex exponentials

The DFT of a linear combination of signals is the linear combination of N-1

the respective DFTs of the individual signals, Z(k) = { )+ by( n)} —j2mkn/N x(n) = 71 [9/2”0"/’\’ n e*JZWko"/N} — 1 [ek n(n) + e—k N(n)]
pard P 2 [Tk —ko

Flax+ by) = aF(x) + bF(y).
» Expand the product, reorder terms, identify the DFTs of x and y 1
> From linearity of DFTs = X = F(x) = 5 []:(ekulv) + ]:(e,kuN)]

> In particular... 2 N-1 p Nt
T ) x(n)eJ2mka/N 4 Zy Yei2mkn/N . ) .
= Adding signals (z = x+y) = Adding DFTs (Z =X +Y) > DFT of complex exponential exy is delta function §(k — ko). Then
0 -0
= Scaling signals(y = ax) = Scaling DFTs (Y = aX) " 5 1
» First sum is DFT X = F(x). Second sum is DFT ¥ = F(y) X(k) = 3 [6(k = ko) + 3(k + ko)
Z(k) = aX(k) + bY (k) O » A pair of deltas at positive and negative frequency kg

Signal and Information Processing. Discre er transfors 7 Signal and Information Processing. Discr rier transfor 8 Signal and Information Processi Discrete Fourier transform

DFT of a discrete sine DFT of discrete cosine and discrete sine DFT of discrete cosine and discrete sine (more)  %fPenn

» Cosine has real part only (top). Sine has imaginary part only (bottom)

> DFT of discrete sine of freq. ky = x(n) = sin(2wkon/N)
> Real and imaginary parts are different but the moduli are the same
» Can write sine as a difference of discrete complex exponentials r/z r/z
1 . . —j 1/2 1/2 1/2 1/2
x(n) = —— [eﬂnk‘)nm eijWk""/N] = *J[ekclv(") e—kaN(n)} —e—9o9o00 ¢ 0o 0o oo o> / ! / !
2j 2 N2 ke ko N2k N2 ke ko N2k
i ' k k
_ K K - —k K
> From linearity of DFTs = X = F(x) = %[]—'(e,ko,v) - ]:(ekoN)] 12 N ’ ’ Nz Nz ’ ’ Nz
> DFT of complex exponential exy is delta function §(k — ko). Then ko » Cosine and sine are essentially the same signal (shifted versions)
j i N2 ke % ny2 k N2 ke ny2 k = The moduli of their DFTs are identical
X(k) = 2 Ok + ko)—d(k — ko)] = Phase difference captured by phase of complex number X(+kg)
1/2

» Pair of opposite complex deltas at positive and negative frequency kg
» Cosine is symmetric around k = 0. Sine is antisymmetric around k = 0.

Signal and Information Dis: ori 50 Signal and Information Pre ransfors B Signal and Information

Discrete signals and DFT ol Continuous time signals

Continuous time signals

Fourier transforms » Fourier analysis of discrete signals x : [0, N — 1] — C = DFT, iDFT Fourier transform

> Good (and quick) computational tool .
Inverse Fourier transform

Alejandro Ribeiro = Signal analysis = pattern discovery, frequency components

Dept. of Electrical and Systems Engineering = Signal processing => compression, noise removal Delta function
University of Pennsylvania

aribeiro@seas.upenn.edu » Two important limitations

Generalized orthogonality

http://www.seas.upenn.edu/users/~aribeiro/ = Time is neither discrete nor finite (not always, at least)
= Properties and interpretations are easier in continuous time Generalized Fourier transforms
» Fourier analysis of continuous signals = Fourier transform (FT) Properties of the Fourier transform
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Convolution

Signal and Information Processing. Fourier transforms. Signal and Information Processing. Fourier transforms. 2 Signal and Information Processi Fourier transforms.



To infinity and beyond S Per Continuous time signals 7#Penn

> Given two signals x and y define the inner product of x and y as

> We have been dealing with discrete signals x : [0, N — 1] = C > Continuous time variable t € R. (x,y) = /')L x(t)y*(t)dt
s P » Continuous time signal x is a function that maps t to real value x(t —o0

> To infinity = Let number of samples go to infinity 8 P () v

= Discrete time signal x : Z — C x:R—R > Akin to inner product of discrete signals = (x,y) = Zx(n)y(n)

= Values x(n) forn=...,-1,0,1,... =0

(n) oo > The values that the signal takes at time t is x(t) Y Y Y !
» And beyond = Fill in the gaps between samples : ) L
. . X . > It will make sense to talk about complex signals (as in discrete case) vy x / x I x x y x

= Continuous time signal x : R — C

= Values x(t) for t any real number in (—o0, +00) x:R—=C (x,y) >0 (x,y) >0 (x,y)=0 (x,y) <0 (x,y) <0
> Let's begin by studying continuous time signals > where the values x(t) = xg(t) + j x(t) are complex numbers

» But we have infinite number of components. To infinity and beyond
> Intuition holds = (x, y) is how much of y falls in x direction
» E.g., if (x,y) = 0 the signals are orthogonal. They are “unrelated”

Signal and Information Processing. Fourier transforms. Signal and Information Processing. Fourier transforms. 5 Signal and Information Processi Fourier transforms.

Norm and energy (7] Cauchy Schwarz inequality (7] Example: Square pulse

> As for regular (finite dimensional) signals define the norm of signal x > The square pulse is the signal M7 (t) that takes values
o 12 o o 12 » The largest an inner product can be is when the vectors are collinear T T nr(t)
Il = {/ \x(r)\zdr] = [/ \xR(t)|2dt+/ \x,(t)\zdt] Nr(t)=1 for ——<t<— 1
oo —o0 —oo =Xyl < Gey) < lixlliyl 2 2
5 - Nr(t)=0 otherwise
» More important, define the energy of the signal as the norm squared > Or in terms of energy = (x,y)” < [Ix[|*[|y| 7 T A
lIx]2 = / Ix(6)Pdt = / Ixr(£)2dt +/ Ixi(8)[2dt > If you are the sort of person that prefers explicit expressions » To compute energy of the pulse we just evaluate the definition
J—oo J—oo oo oo . oo =~ - )2
[t oas | [ topa | [ iopa] inr o= [ inrepa= [ pfas
> For complex numbers x(t)x*(t) = = [x(t)[? I o o — -T2
> Thus, we can write the energy as = ||x[|* = (x, x) > The equalities hold if and only if x and y are collinear > Energy proportional to pulse duration (duh!)
> Energy might be infinite. When energy is finite we write ||x||2 < co > Can normalize energy dividing by v/T. But we rather not.

Signal and Information Fourier transforms. Signal and Information Pr Fourier transforms. 8 Signal and Information si Fourier transforms.

Shifted pulses (1 of 2) SPer Shifted pulses (2 of 2)

> Inner product of two pulses with overlapping support (7 > T)
> To shift a pulse we modify the argument = My (t —7) >

oo Inner product and energy are indefinite integrals = need not exist
= The pulse is now centered at 7 (t = 7 is as t = 0 before) (Ar(t),Nr(t — 7)) 2:/ Ar(t) N7 (t—7)
oo

» Complex exponential of frequency f is ef with ef(t) = e/>7

> The signals overlap between 7 — T/2 and T/2. Thus » Since they have unit modulus (|ef(t)| = |e/27'f“ = 1), their energy is

T/2 T T oo oo
(N7 (), Nr(t = 7)) = /T?m(l)(l)dt =5 (T— 5) =T-r [ler||? ;:/ ler(t)[2dt = / 1dt = oo

T/2 T/2 T—T/2 T+ T2 Ot

» Inner product of complex exponentials not defined (“keeps oscillating”)

> Inner product of two pulses with disjoint support (7 > T)

(er, &) :=/ ef(t)eg*(t)dt=/ ef?""e’p”g'dt=/ eG4
o oo o

o _
(Mr(t),Nr(t = 7)) ::/ Ar(t) N7 (t—7)=0 —T/2 T—T/2 T/2 1 T+ T/2 t
oo > This is a problem because we can't talk about orthogonality

» The signals are orthogonal, and indeed, “unrelated” to each other » Inner product is proportional to the relative overlap = Still, a complex exponential is much more like itself than another

=> which is, indeed, how much the signals are “related” to each other

Signal and Information Processing. Fourier transforms. 0 Signal and Information Processing. Fourier transforms. Signal and Information Processi Fourier transforms.




Fourier transform

Continuous time signals

Fourier transform

Inverse Fourier transform

Delta function

Generalized orthogonality
Generalized Fourier transforms
Properties of the Fourier transform

Convolution

Signal and Information Processing.

Fourier transforms.

The sinc function

v3Penn

Definition of Fourier transform 73 Penn

> The Fourier transform of x is the function X : R — C with values
0 P
X(f) = / x(t)e=2 g
> We write X = F(x). All values of X depend on all values of x
> Integral need not exist = Not all signals have a Fourier transform

» The argument f of the Fourier transform is referred to as frequency

> Or, define e with values ef(t) = /2"t to write as inner product

o0

X(f):@(,ef):/ x(t)ef (t)dt

—oo

> Both, time and frequency are real =- domain is infinite and dense

= This is an analytical tool, not a computational tool (as the DFT)

Signal and Information Processing. Fourier transforms.

The pulse and its transform

Example: Fourier transform of a square pulse

v3Penn

» Since pulse is not null only when T/2 < t < T/2 we reduce X(f) to

X(f):= /OO N (t)e 2 tdr = /T/z

—o0 —T/2

e—j2nfrdt

> For f # 0, the primitive of e 727"t is (—1/j2rf)e 27", which yields

_eJonfT/2

_SHMT/T _sin(nfT)

X(f) = -
() [ jorf jonf

wf

> Where we used /™7 — e~ /™7 = 2jsin(rf T)

» For f = 0 we have e /27"t =1 and X(f) reduces to = X(f) =T

Signal and Information Fourier transforms.

Pulses of different width

» Transform is important enough to justify definition of sinc function

sinc(u) = w for u#0

sinc(u) =1 foru=0

> Value at origin, sinc(0) = 1, makes the function continuous

> With this definition and f 0 we can write the pulse transform
sin(mf T) sin(nfT) .
x(F) = = IR _ Tine(nf T
(=7 fT sinc(xfT)

> Which is also true for f = 0 because X(0) = Tsinc(70T) = T

Signal and Information

Pulses of different width

» Transforms of wider pulses are more concentrated around f = 0

Square pulse of length T=1 Transform, zero crossings at £ = +1, =2

. . - . . k
» Fourier transform of pulse of width T is sinc with null crossings T

X(f)
nr(t) T

-T/2 T/2

o
&
4
-+~
-
o

as
> Most of the Fourier Transform energy is between —1/T and 1/T

1/T 2 1T 2
/ [x(r)[*of :/ |Tsinc(xfT)|"f ~ 0.00T = 0.90] 117 (1)
-1/T

-1/T

Signal and Information Pre

Pulses of different width

» Transforms of wider pulses are more concentrated around f = 0

Square pulse of length T=2 Transform, zero crossings at f = 0.5, +1.0

15

10 |- =
05 [ - 05
0= - =
T T 0
|

N — 20 [T

& ]
IS O O O T 0 7 7

- 15

- 10

20 15 -10 05 0 05 10 15 20 20 15 -10 05 0 05 10 15

time  (in seconds) frequency f (in hertz)

» Consistent with interpretation that shorter pulses are faster varying

Signal and Information Processing. Fourier transforms.

20 20 15 -10 05 0 05 10 15 20 20 15 -10 05 0 05 10 15 20

time  (in seconds) frequency f (in hertz)

» Consistent with interpretation that shorter pulses are faster varying

» Transforms of wider pulses are more concentrated around f = 0

Saquare pulse of length T=0.5 Transform, zero crossings at £ = 42, +4

15 -
10 |- -

05 [ - -

I — i I — I Y Y Y S I
20 15 -10 05 0 05 10 15 20 20 15 -10 05 0 05 10 15 20

time  (in seconds) frequency f (in hertz)

» Consistent with interpretation that shorter pulses are faster varying

Signal and Information

The Fourier transform and the DFT

> Let's compute a Fourier transform by approximating the integral
» Use samples spaced by T time units

oo oo
X(f) = / x(t)e Pt~ T,y x(nTy)e 2T
» Still not computable = consider only N samples from 0 to N — 1

N-1
X(F)m T x(nTy)e T

k=0

> This is true for all frequencies. Consider frequencies f = (k/N)f;

N—1 N—-1
k (k) —jor
X <Nfs> ~ Ts;x(nTs)e e/ EnTs = Tsk;x(nn)e Jamhn/N

> Definition of the DFT of a discrete signal (up to constants)

Signal and Information Processing.

Fourier transforms.

Signal and Information Fourier transforms.



DFT as approximation of Fourier transform 73 Penn

Fourier transform of a complex exponential 73 Penn

Fourier transform of a complex exponential 73 Penn

» Define % with X(n) = x(nTs). The DFT of X = F(X) has components

L e . » Complex exponential of frequency fy = ef(t) = /27t
X(k) = —= S(n)e 2mn/N — _—_ x(nTs)e 2mkn/N — X(*f)
* VN ; ) VN ; (nT:) N > Use inner product form to write the components of X = F(e,) as
X(f) = (x,er) = (en €r)
X

x ———————— > Fourier transform

fs
sample = N > We've seen that (er, er) = oo if f = fy and oscillates (#) if f # fy

The complex exponential does not have a Fourier transform

>t <]
v

2 = Happens because energy of complex exponentials is not finite
sample = Ts DFT
> Truncate to T/2 <t < T/2 = multiply by square pulse M(t)
k - Ee7(t) = e () N7 (t) = 20 N7 (¢
» Can then aproximate Fourier transform as = X (Nfs> ~ X(k) 67(®) 6(t) ® ®

> Approximation becomes equality at infinity an beyond (N — oo, Ts — 0)

Signal and Information Processing. Fourier transforms.

Signal and Information Processing. Fourier transforms.

Shifted sinc Shifted sinc

» Truncated exponential not null only when T/2 <t < T/2 (pulse)
> Then, the Fourier transform Xr(f) := F(&;) is given by

- oo p T/2 T/2 .
X(F) ::/ 270t (t)eﬁzwndt _ / 2t gmiamit gy / e i2m(F=)t gy
—oo -T2 —7/2

» Same as pulse transform, except for frequency shift in exponent

> For f # fy, primitive of e /2™t is (—1/j2n(f — fy))e /27(~%)t, Thus

%(F) = —e2r(f=R)T/2 B _eti2n(f=R)T/2 _sin(n(f — /)T)
(- h) | jzm(F—h) | w(f k)

> For f = fy we have e/27("=%)t — 1 and X(f) reduces to = X(f) = T

Signal and Information Processi Fourier transforms.

Shifted sinc

» Fourier transform of truncated complex exponential is shifted sinc » Fourier transform of truncated complex exponential is shifted sinc

X(f) = Tsinc(n(f — fo)T)

Transform, (centered at frequency fo = 1)

X(f) = Tsinc(n(f — fo)T)

Transform, (centered at frequency fo = 1)

frequency f (in hertz) frequency f (in hertz)

» As T — oo truncated exponential approaches exponential » As T — oo truncated exponential approaches exponential

= And shifted sinc becomes infinitely tall = delta function = And shifted sinc becomes infinitely tall = delta function

Signal and Information Signal and Information Pre

Inverse Fourier transform

Continuous time signals
Fourier transform » Given a transform X, the inverse Fourier transform is defined as

Inverse Fourier transform

x(t) := /f X(f)e?t df

Delta function > We denote the inverse transform as x = F~1(X)

Generalized orthogonality > Sign in the exponent changes with respect to Fourier transform

Generalized Fourier transforms » Can write as inner product = x(t) = (X, e_;)
. . » As in the case of the iDFT, this is not the most useful interpretation
Properties of the Fourier transform

Convolution

Signal and Information Processing. Fourier transforms. Signal and Information Processing. Fourier transforms.

» Fourier transform of truncated complex exponential is shifted sinc

X(f) = Tsinc(n(f — fo)T)

Transform, (centered at frequency fo = 1)

20 T T T 7
15 |- -

10 |- -

NS P

LN
1 o 1

3

frequency  (in hertz)

» As T — oo truncated exponential approaches exponential

= And shifted sinc becomes infinitely tall = delta function

Signal and Information

Theorem
The inverse Fourier transform X of the Fourier transform X of a given
signal x is the given signal x

% =FY(X)=F F(x)] =x

» Signals with Fourier transforms can be written as sums of oscillations

x(t) = /Oo X(f)e2 df ~ (AF) i X(f,)e2mht

n=o00

> This is conceptual, not literal (as was the case in discrete signals)

Signal and Information Processi Fourier transforms.



Frequency decomposition of a signal

v3Penn

Proof of inverse Fourier transform

v3Penn

Proof of inverse Fourier transform

> X(f) determines the density of frequency f in the signal x(t)

o

x(t) Y (AF)X(f,)e

n=o00

> It represents relative contribution (as opposed to absolute)

X(f) X(f)

> Signal on left accumulates mass at low frequencies (changes slowly)
> Signal on right accumulates mass at high frequencies (changes fast)

Signal and Information Pr Fourier transforms.

Proof of inverse Fourier transform

Proof.

>

>

>

>

We want to show = % = F '(X) = F '[F(x)] = x. Use definitions

From definition of inverse transform of X = (%) ;:/ X(f)eﬂ-rrf? df

oo

From definition of transform of x = X(f) ;=/ (t)e " d

Substituting expression for X(f) into expression for (%) yields

(F) = /z [/: x(t)e*ﬂ”'dt} &1 gf

Repeating steps done for DFT and iDFT with integrals instead of sums

Signal and Information Pr Fourier transforms.

Proof of inverse Fourier transform

Proof.

» Exchange integration order to integrate first over f and then over t

(%) :/0c x(t)[/'x' eIt e | it

> Pulled x(t) out because it doesn't depend on k
» Innermost integral is the inner product between e; and e;.

/ 2t gmianft g (e, &)

> Up until now we repeated same steps we did for DFT and iDFT

> But we encounter a problem = (e;, &) does not exist (infinity, oscillates)

» To exchange integration order, all integrals have to exist. But one doesn't

= It is mathematically incorrect to interchange the order of integration

Signal and Information Pr Fourier transforms.

Fourier transform pairs

Proof.

» Replace infinite summation boundaries with finite summation boundaries

o0 Fr2 .
(1) = / x(t)[/ e 2y r | dr

—oco F/2

» Eventually, we need to take F — oo, but not yet.

> All integrals exist now. Innermost one is a sinc (truncated exponential)

F/2 .
/ PG Feine(n(t — T)F)

F/2
» Substitute sinc for innermost integral on previous expression

X5 = /jc x(t){Fsinc(ﬁ(t—?)F) at

Signal and Information Pr Fourier transforms.

Proof.

>

>

>

>

o
take the limit formally = (%) = Jim / x(t) [Fsinc(w(t —©)F)|dt
oo ) o

The sinc function is centered at time t = t
The sinc becomes infinitely tall and thin as we take F — oo

Can then take x(f) outside of the integral (only “meaningful” value)

#(5) = Jim x(7) /w Fsinc(r(t — £)F)dt

o
The sinc function has unit integral = / Fsinc(n(t —T)F) =1

We then have %() = x(f) and % = x as we wanted to show 0

Signal and Information Pr Fourier transforms.

Delta functio

» Symmetry between transform and inverse = Transform pairs

> Interpret given function z as signal. Fourier transform X = F(z) is
o P
X(F) = / ()2t t
—o0
» Conjugate z and interpet z* as a transform. Inverse x = F~1(z*) is

x(t) :/ 2*(F)el2 7t df = [/ 2(F)e 2t of
00 o
> Same integrals except for switch of integration index and argument

when f =t

» X is transform of z and z is transform of X* = They are a pair

= Conjugation unnecessary when signal and transform are real

Signal and Information Pr Fourier transforms.

ce of progressively taller sinc pulses

» Square of length T = Sinc with zero crossings at k/T, Tsinc(wfT)

F X(f)
nr(t) Y
1 F!
R \
Jan
— f
T TR BN

> Sinc with zero crossings at k/F, Tsinc(mFt) = Square of length F

x(t) F
F Me(f)
F! 1
J:j_.
t —F/ /
St | B Fr2 T R

» Transform of sinc pulse is difficult to compute through direct operation

Signal and Information Pr Fourier transforms.

Continuous time signals

Fourier transform

Inverse Fourier transform

Delta function

Generalized orthogonality

Generalized Fourier transforms

Properties of the Fourier transform

Convolution

Signal and Information Pr Fourier transforms.

» Define the continuous time delta function as the limit of a sinc pulse

6(t) := lim Fsinc(mFt) - Fsine(mFt)
F—oo
3F
> Limit is 6(t) = oo for t =0 2
> But does not exist for other t
= Oscillates between +1/7t 1 1 t
-F ¥

Signal and Information Pr Fourier transforms.

v3Penn



Sequence of progressively taller sinc pulses 73 Penn

Sequence of progressively taller sinc pulses 73 Penn

Sequence of progressively taller sinc pulses 73 Penn

» Define the continuous time delta function as the limit of a sinc pulse

. . Fsinc(F
6(t) := lim Fsinc(mFt) - sine(mFt)
F—oo
3F
> Limit is 6(t) = oo for t =0 2
> But does not exist for other t - ‘
= Oscillates between +1/7t 3 ‘ f t
-F ¥

Signal and Information Processing. Fourier transforms.

Sequence of progressively taller sinc pulses

» Define the continuous time delta function as the limit of a sinc pulse

6(t) := lim Fsinc(mFt) - Fsine(mFt)
F—oo
3F
> Limit is 6(t) = oo for t =0 2 J
> But does not exist for other t r
= Oscillates between +1/7t B ‘ B t
-F ¥

Signal and Information Processing. Fourier transforms.

Sequence of progressively taller sinc pulses

» Define the continuous time delta function as the limit of a sinc pulse

8(t) == lim Fsinc(nFt) - %Fs’"‘(”“)
F—oo I
3‘@
> Limit is 6(t) = oo for t =0 Z%J\
> But does not exist for other t f ‘ \
= Oscillates between +1/7t Y | ‘ 1 A t
-F / \% F

Signal and Information Processi Fourier transforms.

» Define the continuous time delta function as the limit of a sinc pulse

8(t) == lim Fsinc(nFt) - %Fs’"‘(”“)
F—oo \
3‘@
> Limit is 6(t) = oo for t =0 271\
> But does not exist for other t . /f ‘ \\ 1t
= Oscillates between +1/7t S=vany ‘ WA=
-F / 1% 7

Signal and Information

Delta function

v

Define delta function as the entity ¢ that has this property. l.e., if

{x.8) = x(0)

v

for any signal x, we say that d is a delta function

v

In terms of integrals we write = / x(t)o(t)dt = x(0)

v

Is the delta function a function? = Of course not

v

We say that ¢ is a distribution or generalized function

v

Abstract entity without meaning until we pass through an integral

= Can't observe directly, but can observe its effect on other signals

v

Can define orthogonality and transforms of complex exponentials

Signal and Information Processing. Fourier transforms.

» Define the continuous time delta function as the limit of a sinc pulse

8(t) == lim Fsinc(rFt) - {s’"c(““)
F—oo I
3‘@
> Limit is 6(t) = oo for t =0 27[\
> But does not exist for other t - /f ‘ \\ 1t
= Oscillates between +1 /7t T*;—i_f/,\ ] ‘ VY }——77: t

» On second thought, maybe we should use a different definition

» Intuitively, we want to say that the delta function is
= Infinity for t =0 = (t) = oo for t =0
= Null for all other t = 6(t) =0fort #0

> But the question is what can we say mathematically? = Integrate

Signal and Information Pre

Generalized orthogonality

Continuous time signals

Fourier transform

Inverse Fourier transform

Delta function

Generalized orthogonality
Generalized Fourier transforms
Properties of the Fourier transform

Convolution

Signal and Information Processing. Fourier transforms.

> Integrate the product of a signal with a sinc that is thin and tall
= Recovers the value of the signal at time t =0
» Since x(0) multiplies most of sinc mass

/co x(t)Fsinc(mFt)dt =~ x(0)

» Can write formally as

FIme /w x(t)Fsinc(mFt)dt = x(0)

> Observe that integral is the inner product of x with sinc. Then
lim (x, Fsinc(mFt)) = x(0)
F—oo

» Inner product of a signal with arbitrarily tall sinc is its value at zero

Signal and Information

Orthogonality of complex exponentials

» Consider complex exponentials of frequencies f and g
= Frequency f = ef(t) = &2™". Frequency g = e, (t) = /278"

> We define their inner product (er, &) as the delta function §(f — g)
(er, &) = 0(f — g)
» This is a definition, not a derivation. We are accepting it to be true.

> If it is a definition: Does it make sense? What's its meaning?

Signal and Information Processi Fourier transforms.



It makes sense

» Complex exponentials don’t have a mutual inner product.
> But truncated exponentials e 7 and e,7 do have a mutual product
= Multiply by My. Make signal null for t > T/2 and t < T/2

» Can write inner product of truncated signals as

T/2 T/2 B T/2
(er, €g7) ::/ e;(:)e;(t)dt:/ éz’*”e’ﬂ”‘dt:/ &2t gt
J-1)2 —7/2 J1)2

> Integral above resolves to a sinc with zero crossings at k/ T
(err, egr) = Tsinc[n(f — g)T)

» As T — oo truncated signals approach non-truncated counterparts...
> ...and the sinc limit is our first attempt at defining 6(f — g)

Signal and Information Processing. Fourier transforms.

Fourier transform of complex exponential

What does it mean? 73 Penn

» Delta function is not observable directly, only after integration

» For an arbitrary given signal X(f) we must have
/ X(F)lerr, egr)df = / X(F)3(F — g)df = X(g)
J-oo J—co

> Equivalently, we can write in terms of integrals

.
/ / X(F)e2e=276t dy df — X(g)

» OK, fine, but really, stop messing and tell us what it means
= When f =g = (er.er) =co. When f # g = (er.e;) =0

» Can use for intuitive reasoning, but not for mathematical derivations

Signal and Information Processing. Fourier transforms.

Generalized Fourier transforms v3Penn

Continuous time signals

Fourier transform

Inverse Fourier transform

Delta function

Generalized orthogonality
Generalized Fourier transforms
Properties of the Fourier transform

Convolution

Signal and Information Processi Fourier transforms.

Fourier transform of a shifted delta function 73 Penn

> Again, we can define, not derive, the Fourier transform of e,
> Denote as X, := F(e;) the transform of e,. We define X, as

Xg(f) = 6(f —g)

eg(t) = &7t

[ Xg(f) = 5(f — &)

/ \ / \
1 \ / 1\ At
H 2 2 5
/ J .

» We draw delta functions with an arrow pointing to the sky

Signal and Information

The delta — constant transform pair

> When frequencies are null we have constants and unshifted deltas

> Transform of x(t) = d(t) = X(f) = 1. Transform of x(t) =1 = X(f) = d(f)

a() F x(f)=1

x(t) =1 F X(f) = 8(f)

Signal and Information Processing. Fourier transforms.

> Does it make sense to have X, (f) = d(f — g)
» Yes = Transform definition consistent with orthogonality definition

Xg(f) = (eg,er) = 0(f — g)

> Yes = Definition is consistent with definition of inverse transform
es(t) :/ Xg(F)e>df = / 5(f — g)e>df = et
> Making X;(f) = 6(f — g) maintains Fourier analysis coherence

» Definition has clear, albeit, disappointingly trivial meaning
» Exponential of freq. g can be written as exponential of freq. g

» To find Fourier transform of cosine write as difference of exponentials
17 jorgt | —jomgt
cos(2mgt) = E[ef & e g}
» Since Fourier is a linear operator we transform each of the summands
11, R
X(F) = 5[3(7 - &)+ 6(F + g)]

=1 —
X(t) = cos(2ngt) X(f) = 3 [5(f — &) + 6(f + &)]

Nt = 1]

‘ t

> Pair of deltas of “height 1/2" at (opposite) frequencies +g

Signal and Information Processing. Fourier transforms.

> Denote as X, the transform of the shifted delta function d(t — u)

> This one we can compute = Complex exponential of frequency u

X, () = / 5(t — u)e Pt = ¢ 2 — o (F)

X(f) = e

AN

» It is the inverse we need to define as a delta function centered at u

6(t — u)

Signal and Information

Properties of the Fourier transform

Continuous time signals

Fourier transform

Inverse Fourier transform

Delta function

Generalized orthogonality
Generalized Fourier transforms
Properties of the Fourier transform

Convolution

Signal and Information Processi Fourier transforms.



Three properties we already studied for the DFT

Symmetry

Proof of symmetry property

» Fourier transform is conjugate symmetric, linear, and conserves energy

> Transforms of real signals satisfy = X(—k) = X*(k)

> Linearity = F(ax + by) = aF(x)+ bF(y)

v

Energy = /j; Ix(0)2de = [x|[> = | X = /j; FGIRG

> Not surprising, Fourier transform and DFT are conceptually identical

v

Properties follow from properties of inner products and orthogonality

v

Both transforms are projections on complex exponentials (inner product)

v

And both project onto sets of orthogonal signals

Signal and Information Processing Fourier transforms
Linearity

Theorem
The Fourier transform of a linear combination of signals is the linear combination
of the respective Fourier transforms of the individual signals,

F(ax + by) = aF(x) + bF(y).

Proof.

> Let Z := F(ax + by). From the Fourier transform definition
2(f) = / [ax(6) + by(6)] ™" e
> Expand the product, reorder terms, identify transforms of x and y

Z(f) = a/ x(t)e 2 dt + b/ y(t)e ™ dt = aX(f) + bY(f) O

Signal and Information

Time shift

Theorem

The Fourier transform X = F(x) of a real signal x is conjugate symmetric

X(=f) = X*(f)

» For real signals only positive half of spectrum carries information

» Conjugate symmetry implies that X(—f) and X*(f) are such that...
= Real parts are equal = Re(X(f)) = Re(X(—f))
= Imaginary parts are opposites = Im (X(f)) = Im (X(—f))
= Moduli are equal = |X(f)| = |X(—f)|

Signal and Information Processing. Fourier transforms.

Energy conservation

Theorem (Parseval)

Let X = F(x) be the Fourier transform of signal x. The energies of x
and X are the same, i.e.,

o e = s = x17 = [ xofar

> It follows that X(f) is the energy density concentrated around f

> E.g., removing frequency component = remove corresponding energy

Signal and Information Pre

Proof of time shift property

Proof.

> Write the Fourier transform X (—k) using its definition
X(—f) = / x(t)e 2 Ntgr

> When the signal is real, its conjugate is itself = x(n) = x*(n)

> Conjugating a complex exponential = changing the exponent's sign
> Can then rewrite = X(—f):= / x*(t) (esz"”) dt

> Integration and multiplication can change order with conjugation

X(—f) = [/,: (1) ()’ dt]* - X*(f) =

Signal and Information Processi Fourier transforms.

Shift & modulation

» Two more properties we didn't study for DFTs
= They (sort of) hold for DFTs, but are difficult to explain

» Time shift = multiplication by complex exponential in frequency

> Multiplication by complex exponential in time = Shift in frequency

> Properties are dual of each other =- inverse transform symmetry

= If one holds the other has to be true

Signal and Information

Modulation

> Given signal x and shift 7 define shifted signal x, = x, = x(t — )

> Fourier transform of x is X = 7(x). Transform of x; is X, = F(x;).

Theorem
A time shift of T units in the time domain is equivalent to multiplication
by a complex exponential of frequency —7 in the frequency domain

X =x(t—7) = X, (f) = e 2T X(f)

> The phase of X(f) changes, but the modulus remains the same
()] = e X ()] = e [X(A)] = |X ()

» Useful in signal detection = Don't have to compare different shifts

Signal and Information Processing. Fourier transforms.

Proof.
> Shifted signal transform = X;(f) :/ x(t —7)e 2" gt

—o0

» Change of variables u = t — 7. Separate exponent in two factors

XT(f):/ X(u)e—j?nf(u-ﬂ')du:/ x(u)e I2IT e i2nfugy,

> Pull the term e =727 out of the integral. Identify X(f)

XT(f) — e—j?nfv/ X(u)e—jhfudu — e—jZﬂer(f)
o O

Signal and Information Processing. Fourier transforms.

» For signal x and freq. g define modulated signal = x; = e /2metx(t)

» Fourier transform of x is X = F(x). Transform of xg is X, = F(xg).

Theorem
A multiplication by a complex exponential of frequency g in the time domain
is equivalent to a shift of g units in the frequency domain

xg = e/>"8x(t) = Xo(f) = X(f — g)

> Dual of time shift result = Proof not really necessary

» Principle behind transmission of signals on electromagnetic spectrum

Signal and Information Processi Fourier transforms.



Modulation of bandlimited signals 73 Penn

» Signal x has bandwidth W = X(f) =0 for f ¢ [-W /2, W/2]

» Multiplying by complex exponential shifts spectrum to the right

= Re-center spectrum at frequency g

o2t

x(t) xg(t)

X(f) Xg(f)

[ | [

w2 w2 f g-W/2 | grw)2 f

» Can recover signal x by multiplying with conjugate frequency e /278t

Signal and Information Processing. Fourier transforms.

Convolution

Continuous time signals

Fourier transform

Inverse Fourier transform

Delta function

Generalized orthogonality
Generalized Fourier transforms
Properties of the Fourier transform

Convolution

Signal and Information

Convolution with delta functions

» Convolution with x(t) = 6(t) = y(t) = /5o S(u)h(t — u)du = h(t)

» Hitting h with delta function produces convolution output y = h

x(t) = &(t) x(t) = 6(t —s)

y(t) = h(t) ’ y(8) = h(t —s)
t=s

» Convolution with delayed delta x(t) = 6(t —s)
y(t) = /DQ S(u—s)h(t — u)du = h(t—s)

» Hitting h with delayed delta produces delayed h as output

Signal and Information Processing. Fourier transforms.

Modulation of multiple bandlimited signals 73 Penn

» Modulate two signals with bandwidth W using frequencies g1 and g»
= Spectrum of x recentered at gy. Spectrum of y recentered at g»

o2mat
x(t) Xz (£)
2(t) = x5, (1) + yg, (1)
y(t) @ Ve (1)
1
e

> Sum up to construct signal z(t) = xg, () + yg,(t)
= Can we recover x and y from mixed signal z? = Yes

Signal and Information Processing. Fourier transforms.

Convolution < Product

» Both, Fourier transforms and DFTs are:

= Conjugate symmetric, linear, & conserve energy

> The Fourier transform also satisfies shift and modulation theorems
= They also (sort of) hold for DFTs (although we haven't shown)
= As they should, DFTs are close to Fourier transforms

» A sixth property of Fourier transforms, also sort of true for DFTs

= Convolution in time equivalent to multiplication in frequency

Signal and Information Pre

Convolution with scaled delta functions

» Convolution with scaled delta function x(t) = ad(t)
() :/ ad(u)h(t — u) du = a/ S(u)h(t — u) du = ah(t)
» Convolution with scaled and delayed delta x(t) = ad(t — s)

y(t) = /jo\a&(ufs)h(tf u)du = a/ﬁOO 6(u—s)h(t — u)du = ah(t —s)

x(t) = ad(t) x(t) = ad(t —s)
y(t) = ah(t) y(t) = ah(t —s)
h(t) h(t—s)
~~
~~
\\
t=0 t=s f

» Convolution with scaled and delayed delta is scaled and delayed h

Signal and Information Processing. Fourier transforms.

Spectrum of multiple modulated signals 73 Penn

» No spectral mixing if modulating frequencies satisfy g» — g1 > W

/ \ \
/ \

w2 g+ W2 & — W)2 &+ W/2 f

Z(f)

» To recover x multiply by conjugate frequency e /278

> And eliminated all frequencies outside the interval [—W /2, W /2]

> To recover y multiply by conjugate frequency e /27&:¢
> And eliminated all frequencies outside the interval [—W /2, W/2]

Signal and Information Processi Fourier transforms.

> Given signal x with values x(t) and signal h with values h(t)

» Convolution of x with h is the signal y = x * h with values
[ B(E) = y(t) = / x(u)h(t — u) du
> Operation is commutative = [x * h] = [h* x]
[hxx](t) = = [xxh](t)

» Still, prefer to interpret roles of x and h as asymmetric = x hits h

: - -

Signal and Information

> Approximate convolution with Riemann sum (sampling at u = u,)

o x
y(t) = / x(u)h(t — u)du~ Ty 3 x(un)h(t — un)
> For each u, = Scale h(t) by x(u,) to produce x(un)h(t)
= Shift to time uj, to produce x(u,)h(t — u,)
» Sum over all possible u, = integrate over all u, in the limit

x(t)
y(t)

> Linear combination of shifted versions of h with coefficients x(u)



7#Penn Interpretation = Scale, Shift, Sum (3S) 73 Penn

Interpretation = Scale, Shift, Sum (3S)

Interpretation = Scale, Shift, Sum (3S) 73 Penn

> Approximate convolution with Riemann sum (sampling at u = u,)

> Approximate convolution with Riemann sum (sampling at u = u,)

> Approximate convolution with Riemann sum (sampling at u = u,)
r00 o o0 o o0 0
y(t) = / x(u)h(t — u)du~ Ty 3 x(un)h(t — un) y(t) = / x(u)h(t — u)du~ Ty S x(un)h(t — un) y(t) = / x(u)h(t — u)du~ Ty 3 x(un)h(t — un)
> For each u, = Scale h(t) by x(u,) to produce x(un)h(t) > For each u, = Scale h(t) by x(u,) to produce x(un)h(t) > For each u, = Scale h(t) by x(u,) to produce x(un)h(t)
= Shift to time uj, to produce x(u,)h(t — u,) = Shift to time uj, to produce x(u,)h(t — u,) = Shift to time uj, to produce x(u,)h(t — u,)
» Sum over all possible u, = integrate over all u, in the limit > Sum over all possible u, = integrate over all u, in the limit » Sum over all possible u, = integrate over all u, in the limit
x(t)
y(t)

x(t) x(t)

- t
> Linear combination of shifted versions of h with coefficients x(u)

Signal and Information

> Linear combination of shifted versions of h with coefficients x(u)

Time convolution = Frequency multiplication Proof of convolution theorem Proof of convolution theorem

Proof. Proof.
> Rewrite the nested integral as a double integral

Theorem (Convolution theorem)
> Use the definition of Fourier transform to write the transform of Z as
o0 poo )
Y(f) = / / x(u)h(t — u)e ™72 du dt
—o0 J—o0

Given signals x and y with transforms X = F(x) and Y = F(y). The
Fourier transform Z = F(z) of the convolved signal z = x * y is the o0 )
2(F) = / 2(¢)e 72 g
> Make the change of variables v = t — u and write
0o oo )
Y(F) = / / (u)h(v)e2mF ) dy g

product Z = XY
> Write e /27f(utv) — @=j27fug=j2rf and reorder terms to obtain

Y(F) = ( L Z x(u)e 2 du) ( 1 Z h(v)e 2 dv)

> Factors on the right are the Fourier transforms X(f) and Y(f)

» Use the definition of convolution to write the signal z as

Z=Xx%y — Z=XY
» Convolution in time domain = to multiplication in frequency domain z(t) = / x(u)h(t — u) du
—o0

» When we convolve signals x and y in the time domain . . . .
8 i > Substitute the expression for z(t) into expression for Z(f)

= Their transforms are multiplied in the frequency domain
00 0o
Y(f) = / ( / x(u)h(t — u) du) et gy

» When we multiply two transforms in the frequency domain

= The signals get convolved in the time domain

Signal and Information Pre Signal and Information

Signal and Information

The signal and the noise The signal and the noise

System equivalence
> There is signal and noise, but what is signal and what is noise?

» Convolution in time equivalent to multiplication in frequency > There is signal and noise, but what is signal and what is noise?
= Is this useful in any way? = Certainly, few facts are more useful > We already know answer = Signal discernible in frequency domain > We already know answer = Signal discernible in frequency domain
It moves randomly, but not that much Fourier transform X(f) of original signal

Original signal x(t).

» Convolution theorem implies that these two systems are equivalent

20 T T T T T

X ——————| h ————>y=x%h
F F! F Ft F Fl
X —— H — > Y =HX
1 1 1 I\
"800 700 600 -500 400 300 -200 100 O 100 200 300 400 500 600 700 800
Frequency f in Hertz

time ¢ in miliseconds
> Filter out all frequencies above 100Hz (and below -100Hz)

» The lower path for design, the upper path for implementation
>
Signal and Information Processing. Fourier transforms 3 Signal and Information Proces: Fourier transforms

Fourier transforms.

Signal and Information Processing.



Noise removal — Low pass filter design s Per Noise removal — Low pass filter design v3Penn Noise removal — Low pass filter implementation ~ #%sPenn

> Multiply spectrum with low pass filter H(f) = My/(f) with W = 200Hz > Multiply spectrum with low pass filter H(f) = My/(f) with W = 200Hz » We can implement filtering in the frequency domain
= Only frequencies between +W /2 = +100Hz are retained = Only frequencies between W /2 = £+100Hz are retained — Sample = DFT = Multiply by H(f) = Mw(f) = iDFT
Fourier transform Y (f) = H(f)X(f) of filtered signal Filtered signal y(t) with y = x » hand h = F ~1(H) = F~1(ny)
“5 T T 1 T T ] 20 . . . . .
a0 - 4 X —— H(f) = Nw(f) Y =HX
35 |- a 15 |— —
30 | 7 1ol Al F Ft

25| i
ol i 05 |- /\/ /v 8 x —— 5| h(t)=Wsinc(xWt) |—— sy =xxh

05 |- A » We can also implement filtering in the time domain
0 1 | | | | | | I \ | | | | 1 Il Il Il Il Il Il Il . -
'500 700 600 500 400 300 200 100 O 100 200 300 400 500 600 700 800 1o 1 > 3 " 5 o 7 = Inverse transform of My (f) is h(t) = Wsinc(mWt)
Freauency fin Hertz time ¢ in miliscconds = Sample (or not) = Implement convolution with h(t)
» This spectral operation does separate signal from noise » This spectral operation does separate signal from noise

Signal and Information Processing. Fourier transforms. 85 Signal and Information Processing. Fourier transforms. Signal and Information Processi Fourier transforms.

Discrete time signals

> To infinity, but no beyond = Discrete but infinite time index n € Z.

Discrete time signals

> Discrete time signal x is a function mapping Z to complex value x(n)
Sampling Discrete time Fourier transform i
x:Z—C (values x(n) can be, often are, real)

Inverse discrete time Fourier transform
» Sampling time T is implicit. Time elapsed from sample n to n+ 1

Alejandro Ribeiro DTFT of a constant ; i _
Dept. of Electrical and Systems Engineering > Sois sampling frequency f; = 1/Ts
University of Pennsylvania Fourier transform of a Dirac train . . . .
aribeiroseas.upenn.edu > E.g., a shifted delta function §(n — ng) has a spike at time n = ng
http://www.seas.upenn.edu/users/~aribeiro/ Sampling S(n — no)
Discussions Snno) = 1 ifn=np 1
) . 7= 0 else
February 19, 2015 Signal reconstruction

! noTs
From the FT to the DFT . . . . .
» Signal continuous to plus and minus infinity (unlike discrete signals)

Signal and Information Sampling Sampling B Signal and Information si Sampling

Inner product and energy

> Inner product of pulse My1(n) and shifted pulse My 41(n — K)

> Given two signals x and y define the inner product of x and y as > Define square pulse of odd length M + 1 as signal Mp41 with values
(x,y) i (n)y" (n) Mum1(n) <V_\M+1 (n), Myz1(n — K)> = Z Mas1(n) Mg (n = K)
X,y) = x(n)y™*(n n=—o00
n=—oc Muya (n) =1 if—%gng% 1
Mu+1(n)
» Projection of x on y. How much of x falls in y direction. M1 (n) =0 else M <n L
» How much x and y are like each other = orthogonality = unrelated uT, f ur, ( I I I I I I I I ( I I I
» Define the energy of the signal as the inner product with itself » To compute energy of the pulse we just evaluate the definition M R S 7 RSP T o
= )= 3 = 3 el Y 2 ¥
= oyy = ami = xR patn I g |12 = Z [ msr ()2 = Z 12=M+1 > For shifts 0 < K < M + 1, signals overlap for K — M/2 < n < M/2
n=—o0 n=— n—
> ~ n=-—00 n=—M/2 w2
> Sums extend to plus and minus infinity (they are series, not sums) » Can normalize for unit energy as we did for discrete signal case < M1 (n), Maaa (n — K)> = Z WO =M+1)-K
. .o n=K—-M/2
=> Inner product may not exist. Energy may be infinite > But we rather not, as we did for continuous time (to let M grow) /

» Proportional to overlap = how much pulses “are like each other”

Signal and Information Processing. Sampling Signal and Information Processing. Sampling B Signal and Information Processi Sampling




Discrete time Fourier transform 73 Penn

Discrete time signals

Discrete time Fourier transform
Inverse discrete time Fourier transform
DTFT of a constant

Fourier transform of a Dirac train
Sampling

Discussions

Signal reconstruction

From the FT to the DFT

Signal and Information Processing. Sampling

Periodicity of DTFT

The discrete time Fourier transform (DTFT) 73 Penn

» The DTFT of discrete signal x is the function X : R — C with values

X(f):=Ts Z X(n)e’/Q”f"Ts

n=—oc

v

Denote as X = F(x). Argument f is continuous and called frequency

» Sum need not exist = Not all discrete time signals have a DTFT

v

Definition depends on sampling time T.

v

Fourier transform (FT) has continuous input and continuous output
> DFT is also well matched =- It has discrete input and discrete output

v

DTFT is mismatched =- It has discrete input but continuous output
= A little odd, but of little consequence

Signal and Information Processing. Sampling

Proof of periodicity property

DTEFT is also an inner product v3Penn

> Define err, with values err,(n) = Tse/27"Ts. Write as inner product

X(F)=(xerm)=To > x(n)efr,(n)

n=—o00

> As in the case of the FT and the DFT, the DTFT value X(f):
= Is the projection of x onto discrete oscillation of freq. f
= Measures how much x(n) resembles discrete oscillation of freq. f

» Conceptually identical to FT & DFT = Why a third definition?
= All three, discrete time, discrete, and continuous signals exist
= Deep connections between FT and DTFT and DTFT and DFT

> Analytical tool (as the FT). Not a computational tool (as the DFT)

Signal and Information Processi Sampling

Theorem
The DFTF X = F(x) of discrete time signal x is periodic with period f

X(f + f5) = X(f), for all f € R.
» Any frequency interval of length f; contains all DTFT information
= We will use the canonical set = f € [—£, /2,1 /2]

» For sampling time T, fregs. larger than f;/2 have no physical meaning
= Frequency —f is (more or less) the same as frequency f

Signal and Information Sampling

Proof.
» Use the DTFT definition to write X(f + f;) as

X(F+£)=Ts > x(n)e>rH5Ts

> Separate the complex exponential in two factors

oo
X(F+£)=T. Z x(n)e2mnTs g=i2mhnTs

"o
> Use £ T, =1 in last factor = e /2™"Ts = ¢7/2m" = (27) " = |

» Substitute in previous expression and observe definition of DTFT

X(F+£) =T 3 x(ne T = X(f) i

n=—oco

Signal and Information Pre Sampling

DTFT of a square pulse (computation, 1 of 2)

» Consider square pulse of odd length M + 1

Mui1 (n) =1 if —

M
?SHS

NS

Mu+1 (n) =0 else M <n

> To compute the pulse DTFT X = F(IMy1) evaluate the definition

o M2
X(f) =T, Z Musa(n)e 2T = T, Z e J2rinTs
oo n=—M/2

» Write down the individual elements of the sum to express DTFT as

@ - e/zﬂ(f%)n +ej2«f(—%+1)T5 +I”+€j2wf(%—1)T§ +e[27rf(%)T§

Signal and Information si Sampling

> Multiply by &2 (3)T and &2 (=17 to write the equalities

2mf(3)Ts X7<' ) — o2nf(-4+3)T +e,‘27rf(—%+%)n +___+e,2w(%—%)rs +ej2wf(%+%)n
s

e (DT XU) _ omi( 4 -1)Ts | gonf(-44)Te |y 2nf($-3)Te | 2nf($-1)Te

s

> First term in first row = second term in second row

» Second term in first row = third term in second row (unseen)
» Penultimate term in first row = last  term in second row

> Subtracting second row from first row only two terms survive

= The last term in the first row and the first term in the second row

Signal and Information Processing. Sampling

> Multiply by &2 (3)T and &2 (=17 to write the equalities

e,‘znf(%)nx(f) _ 4+ 2 (F+3)Ts
T,

s
2t (DT XU) _ onr(- 417,

Ts
» First term in first row = second term in second row

» Second term in first row = third term in second row (unseen)
» Penultimate term in first row = last  term in second row

> Subtracting second row from first row only two terms survive

= The last term in the first row and the first term in the second row

Signal and Information Processing. Sampling

» Implementing the subtraction results in the equality
X(f) [ejznf(%)n _ e—ijrf(%)TS:I — 2! %Jr%)rs 78127#(7%7%)75
Ts
» Complex exponentials are conjugate. Subtraction cancels real parts
» We keep imaginary parts only, which are sines

X0 g (an (1) )] =2 (oor (52) 7)

> Solve for X(f) and simplify terms. Pulse length T = (M +1)T;

_sin(af (M+1)T;) _ sin(afT)
X(f)=Ts sin (ﬂfTs) - Tssin (ﬂfTs)

» A slow sine over a fast sine = not unlike a sinc pulse

Signal and Information Processi Sampling



Evaluation of the DTFT of a square pulse

> Sampling freq. f; = 100Hz. Pulse length in time T = 110ms pulse

= Resulting in M + 1 = 11 nonzero samples

DTFT X(f) of a square pulse of duration T = 110ms sampled f; = 100Hz (M = 11 nonzero samples)

120 T T T T T

| | | | |
150 —100= —f  50=f/2 o 0=f/2  10=f 150

frequency f in Hertz

» DTFT is periodic, as we know it should. Focus on f € [—fs5/2,f;/2]

Signal and Information Processing. Sampling

The FT and the DTFT

The DTFT of a square pulse and the sinc pulse  #§Penn

sin (WFT)

» Similar to the sinc pulse = T
wf T

= Tsinc(ﬂfT)

» Fourier transform of unsampled pulse

DTFT X(F) of square pulse (fs = 100Hz, T = 90ms, M = 9)

75 50 = f5/2 250 25 50 = fs/2 75

frequency f in Hertz

> Some difference for f close to +£/2.

Signal and Information Processing. Sampling

The DTFT and the DFT

Pulses of different length v3Penn

> As the pulse widens, the DTFT concentrates. Same as FT and DFT
> As pulse widens difference with FT of continuous time pulse diminishes

DTFT X(F) of square pulse (f; = 100Hz, T = 30ms, M = 3) DTFT X(F) of square pulse (£ = 100Hz, T = 50ms, M = 5)

I | 1 | | |
5 50— /2250 25 50=f/2 75 75 50=f/2250 25 50=f/2 5

DTFT X(f) of square pulse (f; = 100Hz, T = 90ms, M = 9) DTFT X(F) of square pulse (£ = 100Hz, T = 170ms, M = 17)

| | | | |
5 50 =f/2250 25 50=f/2 75 75 50=f/2250 25 50=f/2 15

Sampling

> Interpret signal x(n) as samples xc(nTs) of continuous signal x¢(t)
» DTFT X = F(x) is Riemann sum approximation of FT X¢ = F(xc)

Xc(f) = /jcy xc(t)e 2 fdt ~ T, i x(n)e 27T — X(f)

n=—oc
> Only frequencies between +f;/2 have meaning in DTFT = Chop

> FT Xc(f) = sample in time, chop in frequency = DTFT X(f)

Signal and Information Sampling

time Fourier transform

» Chop x to n € [0, N —1] = Discrete signal xp with DFT Xp = F(xp)

> If elements discarded from x are small

o N-1
X(f) = Ts Z x(n)e 2T ~ TSZXD(n)esz"'"TE
n—oo n=0

> True for all frequencies f. Sample in frequency at f = (k/N)fs
N
N

N-1 -1
% <£f> ~ TSZXD(n)e—jZTr(k,/N)fsnTS = .Y sp(n)e /N — Xo(k)
0

n=0 =l

» DTFT = Chop in time, sample in frequency = DFT

Signal and Information Pre Sampling

The inverse (i)DTFT

o e

chop = [0, NT;] sample = il\sl

XD DFT Xp

» The argument was careless though = We will probe deeper

Signal and Information si Sampling

Discrete time signals

Discrete time Fourier transform
Inverse discrete time Fourier transform
DTFT of a constant

Fourier transform of a Dirac train
Sampling

Discussions

Signal reconstruction

From the FT to the DFT

» The iDTFT x of DTFT X, is the discrete time signal with elements
£/2 )
x(n) = / X(F)e?iT: g
_£)2

> We denote x = F~1(X). Sampling time T (freq. ;) implicit in X
» Sign in exponent changes with respect to DTFT.

» DTFT is an indefinite sum but iDTFT is a definite integral
= DTFT mismatch. Odd, but of little consequence

» Since DTFT X is periodic, any interval of width f; does it. E.g.

£/2 f
x(n) :/ X(F)e2TnTe gf :/ X(F)e2 T gf
- 0

f/2

Theorem
The iDTFT X of the DTFT X of the discrete time signal x is the signal x

% =F HX) = F HF(X)] = x.

» What a surprise. It's getting tired. But this is the last one.

> As usual, discrete time signals can be written as sums of oscillations

£./2 ) N/2 )
x(n):/ X(F)eP™T- df m (AF) Y X(fi)el2nTs
—f/2 n=—N/2

» Conceptual; cf. continuous signals. Not literal; cf. discrete signals.

Signal and Information Processi Sampling

Signal and Information Processing. Sampling

Signal and Information Processing. Sampling



Proof of inverse Fourier transform 73 Penn

Proof.

> We want to show = % = F '(X) = F '[F(x)] = x. Use definitions

/2 P
> Definition of inverse transform of X = %(f) := / X(F)e* T dgf
J-tr2
> From definition of transform of x = X(f):= T, Z x(n)e 2nTs

> Substituting expression for X(f) into expression for (i) yields

/2 oo ) o
S((ﬁ):/ [Ts Z X(n)eﬁzxfﬂg] &2Ts
—t/2

n=—00

» Same as done for iDFT and iFT but with one integral and one sum

Signal and Information Processing. Sampling

From time to frequency and back

Proof of inverse Fourier transform 73 Penn

Proof.

» Exchange integration with sum = Integrate first over f, then sum over n

. o
%A =T. 3 x(n)[/ &2 e g2 InTs i
e he —f/2

> Pulled x(n) out because it doesn’t depend on f

» Up until now we repeated steps we already did for iDFT and iFT
= They worked for iDFT but didn’t for iFT = They work here.

» The innermost integral we have computed repeatedly = It's a sinc

£/2 )
/ 27T g=27I0Ts 4 — fsine(nf.(n — /) Ts) = fisinc(m(n — 7))

/2

» We used £, Ts = 1 in second equality. Recall that n and 7 are discrete

Signal and Information Processing. Sampling

DTFT of a constant

Proof of inverse Fourier transform 73 Penn

Proof.
» Evaluate sinc for n = i = fisinc(m(n — 7)) = f;

> Evaluate sinc for n # i = fisinc(n(n — 7)) =0
» Lucky for us, the innermost integral was a delta function in disguise

/2 .
/ 2T =20 Ts 4 £ 6(n — )

/2
> Substituting in expression for X(i1), only one term in sum is not null
%(7) = Tofs > x(n)d(n — i) = x(i)
n=—oo

> fs Since we have %(71) = x(f) forall i = % = x [m]

Signal and Information Processi Sampling

The DTFT of a constant

» If a discrete signal x has a DTFT X, its DTFT has an iDTFT
= The iDTFT of the DTFT X recovers original signal x

» The DTFT is a transformation without loss of information

= Can always come back from frequency domain to time domain

Signal and Information Sampling

Discrete time signals

Discrete time Fourier transform
Inverse discrete time Fourier transform
DTFT of a constant

Fourier transform of a Dirac train
Sampling

Discussions

Signal reconstruction

From the FT to the DFT

Sampling

Dirac train

» Discrete time constant x has value x(n) = 1 for all n. The DTFT is

X(f)=T. Z X(n)e—j27\'(nT5 —T. Z e—i2miTs

n=—oo n=—o0
> It does not exist. For n =0, X(f) — oo, for other n oscillates
» We know how to solve this problem = Use delta function

» Write constant as pulse limit. DTFT of pulse we saw is ratio of sines
» Then, can think of writing DTFT of constant as the limit

M/2 .
X(f)= lim T, e f2miTs — iy TSM
Moo U S M=ro0 sin(mfTs)

» Except that it is this limit the one that does not exist

Signal and Information si Sampling

it means? Does it make sense?

» As M grows, DTFT grows and narrows around f = 0.
= But it doesn't decrease for other frequencies

L sin(xf(M +1)T.)
sin(rfTs)

> But when multiplying by Y(f) and integrating we recover Y(0)

lim
M—oo

[ Vo DT

%/2 ° o sin(nfTy)

> Define (already did) delta function as the entity with this property

> The delta function J is a generalized function such that for all Y

/Oc Y(F)5(F) df = Y(0)

> We can then define the DTFT of a constant as a delta function

> Almost correct, but observe that we also have peaks at f = %kf;
The DTFT of a constant is then defined as

v

k=00

X(F)= > o(f - k)
k

©

—af =3 -2 —f © o sk an f
» We call this signal a train of deltas, a Dirac train, or a Dirac comb

Signal and Information Processing. Sampling

> Informally = §(f) = oo for f =0, f = &£, f = £2f, ...
= 6(f) = 0 for all other f

» Mathematically, only has sense after multiplication and integration

= =~ k=00 k=00
/ Y (f)X(f) df:/ Y(f) > O(f—kh)df = > Y(f —Kf)
> e k=—oc k=—00

> Recovers the values of Y(f) at the points where the train has spikes

» In particular, the iDTFT recovers the constant

f/2 f/2 k=oo i .
/ X(r.)ézﬂnn df:/ Z J(ffkfs)eﬂ"'"n df:ézﬂo,.n -1

—fs/2 —£/2 k2 oo

» Definition makes sense = Preserves consistency of DTFT analyses

Signal and Information Processi Sampling

Signal and Information Processing. Sampling



Fourier transform of a Dirac train 73 Penn

The constant - Dirac train non-pair 73 Penn

A Dirac train in the time domain v3Penn

Discrete time signals

Discrete time Fourier transform
Inverse discrete time Fourier transform
DTFT of a constant

Fourier transform of a Dirac train
Sampling

Discussions

Signal reconstruction

From the FT to the DFT

Signal and Information Processing. Sampling

DTFT of a constant = FT of a Dirac train

» DTFT of a constant is a Dirac train = suspiciously similar

F-1

4Tg 3Tg 2Ty -Tg 0 Ts 2Tg 3T 4Ts © afy 3 26 s 0 f 26 3f 4f
» Can we use duality to say the FT of a train is another train?
= Not quite. Left signal is discrete. Right signal is continuous

» Not a transform pair = Can't define Dirac train in discrete time
= Definition of delta functions relies on integration

» But we are on to something

Signal and Information Processing. Sampling

The Dirac train - Dirac train FT pair

» For continuous time index t define continuous signal x as

xc(t)=Ts i 6(t—nTy)

n=—00

4T 3Te 2T, T, 0 Ts 2Ty 3T, 4Ts b
» This signal is a Dirac train in time. Not a discrete time constant

» Being continuous, the Dirac train has a Fourier transform X¢

Xc(f):/ xc(t)e*/”"dt:/ {Ts 3 é(tfnTs)]e’jz”"dt

» Can be related to the DTFT of a discrete time constant

Signal and Information Processi Sampling

» Exchange order of sum and integration, use delta function definition

S oo S
Xc(f)=T. Y [/ 5(t — nTy)e /2mft dt] =T, ) e
n=—o00 —o0 n=—o00
» The sum on the right is the DTFT of a constant
i P i -,
X(f)=T, Z x(n)e 2TTe = T, e—J2nfnT,
n=—o0 n=—o00

» The DTFT of a constant and the FT of a Dirac train coincide

Xe(f) = X(f) = i ot — kfy)

k=—00

» Both are a Dirac trains in frequency with spacing fs

Signal and Information Sampling

Sampling

Discrete time signals

Discrete time Fourier transform
Inverse discrete time Fourier transform
DTFT of a constant

Fourier transform of a Dirac train
Sampling

Discussions

Signal reconstruction

From the FT to the DFT

» FT of Dirac train with spacing T is a Dirac train with spacing f;

xc(t) = i t—nT) = Xc(f)= i Ot — kfs)

n=-—00 k=—o00

» The set of Dirac trains is an invariant class with respect to the FT

4Tg 3Tg 2Tg -Ts 0 Ts 2Ts 3T 4Ts T afy 3 2 fs 0 £ 2fs s Afs

» This is a Fourier transform pair because both are continuous signals

Sampling

» Consider continuous time signal x and sampling time T (freq. f;)
» The sampled signal x; is a discrete time signal with values

xs(n) = x(nTs)

> Creates discrete time signal xs from continuous time signal x
> We've been doing this since first day. We want to understand it now

= Information lost from x when discarding all but samples x(nTs)?

AT BTy 2T, Te 0 Ty 2Ts 3T 4Ts t

> Discrete time constant sampled at T = DTFT = Dirac train spaced fs

9

4Ts 3Ts 2Ts -Ts 0 Ts 2Ts 375 4Ts afs 3 2 f5 O fs 26 3 afy
» Dirac train spaced every T; = FT = Dirac train spaced every f;

F
—
}.,

PR

4Ts 3Tg 2Ts -Ts 0 Ts 2Ts 3T 4Ts T afy 3fs 2f s 0 f5 26 3f afs |

> Discrete time constant fundamentally different from continuous time train
» Thus, DFTF of constant fundamentally different from FT of Dirac train
» But they coincide = Something deeper is at play here

Sampling

Sampling as multiplication by a Dirac train

» Equivalently, we represent sampling as multiplication by a Dirac train
oo
xs(t) =x(t) x T, Y 8(t—nTy)
n=—oc
> Indeed, since the only value that is relevant for 6(t — nT) is x(nT;)
S
xs(t) = Ts Z x(nTs)d(t — nTs)
n=—o0

» We can construct x; if given x5 and construct xs if given xs

ATs 3T; 2Ts Ts 0 Ty 2Ty 3T 4T t 4Ty 3Ts 2T -Ts 0 Ty 2T 3Ts 4Ts t

Signal and Information Processi Sampling

Signal and Information Processing. Sampling
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DTFT & FT of sampled signals coincide

Theorem
The DTFT X, = F(xs) of the sampled signal xs and the FT X5 = F(xs)
of the Dirac sampled signal x5 coincide

X5(F) = Xs(f)

> True for all fregs., not just between +f;/2. FT Xs(f) is periodic

» \We already saw this property for sampling continuous time constants

= Discrete time constant and Dirac train

ATs3Tg2Ts -Ts 0 Ty 2T 3Ts 4T, t ATg-3Tg2Ts -Ts O Ts 2Tg 3Ts 4Ts

Signal and Information Processing. Sampling

The spectrum of the Dirac sampled signal

» Spectrum X;s convolves X with a Dirac train with spacing f;

oo

XJ:X*[ > 6(t—kf5)}

k=—00

oo
» But convolution is a linear operation = X5 = Z X x0(f — kfs)

k=—00

» Convolving with shifted delta is a shift = X;(f) = Z X(f — kfs)

k=—o00

Theorem
Spectrum of sampled signal is a sum of shifted versions of original spectrum

Xs(F) = X5(F) = i X(f — kfy)

k=—o0

Signal and Information Sampling

» We start with the spectrum X of x and the Dirac train in frequency

> Sampling to create x; = Multiplication with time Dirac train (T)

» Which in frequency domain entails convolution with Dirac train (f)

» Which is equivalent to summing shifted copies of the spectrum X

36/2 % /2 0 /2 s /2 2% ste/2f

» Second convolution step is to sum all shifted copies

Signal and Information Processing. Sampling

DTFT & FT of sampled signals coincide (proof)

v3Penn

Proof.
> Write the definition of the FT X5 = F(x5) of Dirac sampled signal

00 © .
Xs(F) = / [Ts S x(nT)(t - nrs)e*m“} df
» Exchange the order of summation and integration
Xs(A)=To > [/ x(nT:)(t — nTy)e 72" df]
» Multiplying by delta and integrating recovers value at spike. Thus,
ad o ad P
Xs(f)=Ts Z x(nTo)e > = T, Z xs(n)e T = X,(f)

> We use x;(n) = x(nTs) and definition of DTFT in last two equalities 7

Signal and Information Processing. Sampling

Spectrum periodization

» We start with the spectrum X of x and the Dirac train in frequency

» Sampling to create x; = Multiplication with time Dirac train (Ts)
» Which in frequency domain entails convolution with Dirac train ()

» Which is equivalent to summing shifted copies of the spectrum X

3672 s /2 0 /2 A 36/2 2% 56 /2 f

» FT X of continuous time signal x

Signal and Information Pre Sampling

Information loss

> When sampling x to xs we lose information at high frequencies
= Everything that happens above f;/2 is lost
= Freqs. close to f;/2 distorted by superposition with freqs. above f;/2

-3:/2 £ /2 o /2 3 /2 26 stg/2f

> We say that the sampling process results in spectral aliasing

= When f; is small, severe aliasing destroys all information

Signal and Information Processing. Sampling

Product in time

>

>

>

Signal and Inform:

convolution in frequency

When we convolve signals in time we multiply their spectra

v3Penn

Duality = When we multiply them in time we convolve their spectra

= Don't need to prove. It has to be true because iFT is like an FT

We obtain Dirac sampled signal x5 by multiplying x with Dirac train

xs(t) = x(t) x T i o(t—nTy)

n=—o00

Spectrum Xj is convolution of X = F(x) with the FT of Dirac train

X5 = x*f{rs i a(t— nTs)}

n=—o0

Fourier transform of the Dirac train (Ts) is another Dirac train (f;)

ation Processi Sampling

We start with the spectrum X of x and the Dirac train in frequency

Sampling to create x; = Multiplication with time Dirac train (Ts)

Which in frequency domain entails convolution with Dirac train (f;)

Which is equivalent to summing shifted copies of the spectrum X

>

-3fs/2 -fs -fs/2 o fs/2 fs 3f5/2 2fs 5fs/2

First convolution step is to duplicate and shift spectrum to kfg

Signal and Information si Sampling

36/2

>

>

% /2 0 5/2 s 3:/2 2%

Aliasing eventually disappears =- Approximately true in general
But exactly true for bandlimited signals.
= Signals with X(f) =0 for f ¢ [-W/2, W /2] (bandwidth W)

Signal and Information Processi Sampling



Increasing sampling time 73 Penn

> As we increase the sampling time, aliasing becomes less severe

% 2 0 w2 A 31/2 o f

» Aliasing eventually disappears =- Approximately true in general
» But exactly true for bandlimited signals.
= Signals with X(f) =0 for f ¢ [-W/2, W /2] (bandwidth W)

Signal and Information Processing. Sampling

Discussions

Increasing sampling time 73 Penn

> As we increase the sampling time, aliasing becomes less severe

£ /2 0 /2 s /2 f

» Aliasing eventually disappears = Approximately true in general
» But exactly true for bandlimited signals.
= Signals with X(f) =0 for f ¢ [-W/2, W /2] (bandwidth W)

Signal and Information Processing. Sampling

Sampling of bandlimited signals

Sampling of bandlimited signals 73 Penn

> We have therefore proved the following theorem
Theorem
Let x be a signal of bandwidth W. If the signal is sampled at a frequency
fs > W we have that
Xs(f) = Xs(f) = X(f)
for all frequencies f € [—W /2, W /2]

» There is no loss of information =- We can recover x from xs

> Use low pass filter to remove all frequencies outside of [-W /2, W/2]

Signal and Information Processi Sampling

Non-vanishing sampling time

Discrete time signals

Discrete time Fourier transform
Inverse discrete time Fourier transform
DTFT of a constant

Fourier transform of a Dirac train
Sampling

Discussions

Signal reconstruction

From the FT to the DFT

Signal and Information Sampling

Sampling of non-bandlimited signals

> Signal with bandwidth W = X(f) =0 for all f ¢ [-W/2, W /2]

» Upon sampling, spectrum is periodized but not aliased

X(f) X(f)
[T\
w2 w/2 f -, £ 2f, 3

» This means that sampling entails no loss of information
= Can low pass xs to recover x.

Signal and Information Pre Sampling

Prefiltering

> That there is no loss of information is quite surprising

» \We are discarding part of the signal, indeed, most of the signal

x(t) xs(n)

» |t is reasonable to expect that we don't lose information as Ts — 0

= But we don't have to let the sampling time vanish

1
» Any sampling time T, < W yields f; > W and no information loss

Signal and Information si Sampling

> Information in frequency components larger than f;/2 is lost
= Nothing we can do about that other than increasing f¢

» Can't capture variability faster than f;/2 with sampling time T

3%/2 & /2 o /2 i 3 /2 2% st /2f

> But aliasing is also distorting information in components below f;/2

Signal and Information Processing. Sampling

> To avoid aliasing distortion we preprocess x with a low pass filter

> l.e., we transform x into signal x, with spectrum Xg, = F(x,)

Xe(£) = X(F)e () x () X = Me(X()

[

> The signal x¢ has bandwidth £, and can be sampled without aliasing

= Frequency components below f;/2 are retained with no distortion

3 /2 fs fs/2 0 /2 fs 3f/2 2fs sy /2f

Signal and Information Processing. Sampling

> Prefiltering can be implemented as convolution in the time domain
X, =X *h

> where h is iFT of low pass filter X(f)M, = h(t) = fisinc(rfst)

x X, =x#h X
> h(t) = fisinc(rfit) Sample = T, ——>

» Convolution has to be implemented in continuous time (circuits)

Signal and Information Processi Sampling




Signal reconstruction

Low pass filter recovery 73 Penn

v3Penn

Discrete time signals

Discrete time Fourier transform
Inverse discrete time Fourier transform
DTFT of a constant

Fourier transform of a Dirac train
Sampling

Discussions

Signal reconstruction

From the FT to the DFT

Signal and Information Processing. Sampling

» Bandwidth W . Sample at f; > W
» Can recover signal x from sampled signal x; with low pass filter

= What does exactly mean that “we use a low pass filter"?

X(f) Xs(f)

-w/2 w/2 f -fs fs 2f; f

> Can't filter discrete time signal and have continuous time magically appear

xs(n) x5(t)

LT et [

> But we can filter the continuous time Dirac sampled signal xs(t)

Signal and Information Processing. Sampling

Ideal sampling — reconstruction system v3Penn
> We sample by keeping observations at nTs = xs(n) = x(nTs)
x(t) Ixs(")
%
> To reconstruct we modulate Dirac train = xs(t) = Ts Z xs(n)d(t —nTs)
» And low pass filter Dirac train x5 = x = xs [fssinc(ﬂfst)]
xs(n) xs(t) x(t)
?Tﬂ HT fTﬂ HT
f t f t t
b e = ety =

Signal and Information Processi Sampling

Reconstruction with a pulse train

Dirac train representation of pulse train

» Dirac train is an abstract representation = Can't be generated

» Modulate train of (narrow) pulses
1T
=T Z xe(n)p(t — nT)
> If pulse is sufficiently narrow = x, ~ x5
1 t
» Eg. p(t) = ?sinc (ﬂ?) with T < Tg 4r \ Jr

> Scale pulse by x(n), shift to t = nTs, sum all copies = co
x(t)

> Pulse train modulation can be represented as convolution with x5
p(t)
Xp = P * X5

> Indeed use definition of x5 and convolution linearity to write p % x5 as

Xp = p* [Ts i xs(n)o(t — nTs)] =T i xs(n) [p* S5(t— nTs)}

n=—oc n=—oc
LY AR YA

» Convolving with shifted delta is a shift = x,(t) = T sz(n)p(t— nTs)

nvolution? n=Tee
%(t)

Signal and Information Sampling

More on the spectrum of sampling and recovery

» \We start with a bandlimited signal that we sample at f; =

> Spectrum is = X(f)

Signal and Information Pre Sampling

More on the spectrum of sampling and recovery

36/2 % /2 0 /2 % 372

Signal and Information Processing. Sampling

w » The spectrum X; of the sampled signal is periodization of X
o
= X(f) = D X(f—kf)
k=—o00
2% s/2f 36/2 B2 %/2 o /2 % 36/2 2% ss/2f
>

Signal and Information Processing. Sampling

» Convolution in time is equivalent to multiplication in frequency

> Then, the spectrum of X, = F(x,) is the product of P = F(p) and X5

Xo(f) = P(f)Xs5(f) = P(f) i X(f — kf;)

k=—00

> Reconstructed signal x, obtained by low pass filtering. FT X, = F(x;) is

= P(f) Ny (f) i X(f — kfs)

k=—00

Xi(£) = P(F)Xs(f) M, ()

> Low pass filter eliminates all frequencies outside of [—£/2, £ /2]

X, (F) = P(F) Mg (F)X(F

P(f) X(F — kfs)
X(f) " Z@c P(f) N, (FX(F)

Signal and Information si Sampling

> To recover the signal we modulate a pulse train. Pulse FT is P(f)

i X(f — kf)

k=—o00

= X,(f) = P(f) x

36/2 % /2 0 5/2 s /2 2% ste/2f
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More on the spectrum of sampling and recovery  #%sPenn

Modulation of a sinc train 73 Penn

Modulation of a sinc train v3Penn

» We finalize recovery with a low pass filter of bandwidth f;

= X (f) = Ne(FP(FX(f — kf)

36/2 % /2 0 /2 % /2 2% ste/2f

> Good pulse for recovery = X(f) =1 for f € [~£/2,f;/2]

Signal and Information Processing. Sampling

Modulation of a sinc train

> Do we know a pulse with X(f) =1 for f € [-£,/2,£/2] ?
= We do! = The sinc pulse fisinc(rfst)
» Don't even need to use low pass filter = sinc pulse already lowpass

Theorem
A signal of bandwidth W < f; can be recovered from samples x(nT;) as

x(t) = Z x(nTs)sinc(rf(t — nTy))

x(t)

1T

0 I

AT, am_aT TS | 7 275 3T 4T

> Reconstruction without a Dirac train = (mostly) implementable

Signal and Information Processing. Sampling

Modulation of a sinc train

> Do we know a pulse with X(f) =1 for f € [-£,/2,£/2] ?
= We do! = The sinc pulse fisinc(rfst)
» Don't even need to use low pass filter = sinc pulse already lowpass

Theorem
A signal of bandwidth W < f; can be recovered from samples x(nT;) as

x(t) = Z x(nT)sinc(rf(t — nTy))

x(t)

/DN ] RS

A am_mn o T oTs BA A t

> Reconstruction without a Dirac train = (mostly) implementable

Signal and Information Processi Sampling

From the FT to the DFT

> Do we know a pulse with X(f) =1 for f € [-£,/2,£/2] ?
= We do! = The sinc pulse fisinc(rfst)
» Don't even need to use low pass filter = sinc pulse already lowpass

Theorem
A signal of bandwidth W < f; can be recovered from samples x(nT;) as

x(t) = Z x(nTy)sinc(rf(t — nTy))

x(t)

yT

ra‘Ts - 73& 72‘T5 ,‘rs'

Sampling

The DFT as a proxy for the FT

> Do we know a pulse with X(f) =1 for f € [-£f,/2,£/2] ?
= We do! = The sinc pulse fisinc(rfst)
» Don't even need to use low pass filter = sinc pulse already lowpass

Theorem
A signal of bandwidth W < f; can be recovered from samples x(nT;) as

x(t) = Z x(nTy)sinc(rf(t — nTy))

x(t)

Signal and Information Pre Sampling

Sampling = From the FT to the DTFT

Discrete time signals

Discrete time Fourier transform
Inverse discrete time Fourier transform
DTFT of a constant

Fourier transform of a Dirac train
Sampling

Discussions

Signal reconstruction

From the FT to the DFT

Signal and Information si Sampling

> We use the DFT for frequency analysis of continuous time signals

» Justifiable = They're approximately equal for small T and large N

) X

£

sample = T; chop = =+ 2
N n

s

chop = [0, NT;] sample = N

XD DFT Xp

> Sampling = Can understand what is lost in the approximation

Signal and Information Processing. Sampling

> Sampling in time = periodization (not “chop”) in frequency

xs(n) = x(nTs) =

X.(f) = Z X(F — kfy)

k=—00

> Replicate. Shift to recenter at f = kf;. Add all shifted copies

> If signal is bandlimited = X,(f) = X(f) for all f € [-£,/2,£/2]
= Spectra coincide perfectly = No approximation

X(f) Xs(f)

w2 w/2 f

o~
™

2f, 3
» In general, signals are not bandlimited and we expect some distortion

Signal and Information Processing. Sampling

> Signal is not bandlimited = freqs. above f;/2 not seen in DTFT

> Without prefiltering = aliasing distorts fregs. close to f;/2

62 A 2 0 W2 % 356/ 21 s, /of

» With prefiltering = all fregs. below f/2 approximated correctly

36,/2 -fs f/2 0 /2 o 36/2 2f; s, /2f

» Which means that we do use a low pass filter prior to sampling

Signal and Information Processi Sampling




The DTFT as proxy for the FT (1 of 3) 73 Penn

The DTFT as proxy for the FT (2 of 3)

The DTFT as proxy for the FT (3 of 3) v3Penn

» Filter = multiply in frequency by H = convolve in time with h

Xp=HX <= xf=xxh

» Sample filtered signal X¢ = Periodize filtered spectrum X¢

xs(n) = x¢(nTs) <= X(f) = i X¢(f — kf,)
k 00

» Distortion (information loss) occurs during filtering step
= Frequency = Loss above f;/2 + some distortion if H not perfect
= Time =- Convolution with h

Sampling

» Continuous time signal x with FT X = Not necessarily bandlimited

x(t) X(f)
4T 3Ts-2Ts -Ts Te 2Ts 375 45t Bf/2 f )2 f/2 f a2 f

> Continuous time filtered signal x; = filtering smoothes (distorts) x

xe(t) Xe(f)
4Tg-3Ts-2Ts -Ts Te 2Ts 3T aTs  t /2 o f5)2 f/2 s 32 f

» Sampled signal x; obtained from filtered x = No further distortion
Xs(f)

xs(n) 1
I ANINTN
AT.aTs 2T, Ty | Ts o7 37T 4T, b ::/T W 43/5’/—2:'

Signal and Information Sampling

Spectrum after windowing

> Filtering (chop) induces convolution. Sampling induces periodization

filter = HX

A

I X

i

period = %

Signal and Information Pre Sampling

Frequency sampling

%
> DTFT of sampled signal x, is = X,(f) = Ts Z x(n)eI2mTs

n=—oc
> Windowed signal = Nullify signal values outside of interval [0, N — 1]
Xw(n) = xs(n), forall ne[0,N—1]
> Windowed signal is x,,(n) = 0 outside of window (all n ¢ [0, N — 1])
N-1

> DTFT of windowed signal x, is = X;(f) = Ts Zx(n)e—jhfnn

n=0

Signal and Information si Sampling

The DFT as proxy for the DTFT (1 of 2)

» Windowing equivalent to multiplication with square pulse
> More generically = define a window signal wy as one for which
wy(n) =0  forall n¢[0,N—1]
> Rewrite discrete time windowed signal as = x,,(n) = x(n) x wy(n)
» Since multiplication in time is equivalent to convolution in frequency
Xu(f) = X(f) = Wn(f)
» Multiplicative distortion given by DTFT of window function

> If x; is already finite = No distortion (dual of bandlimited)

Signal and Information Processi Sampling

The DFT as proxy for the DTFT (2 of 2)

N-1
DTFT of windowed signal x,, is = X(f) = T Z x(n)e#=fnT

n=

v

> Reinterpret x,, as discrete signal xp (null vs undefined outside [0, N — 1])

N-1
> Signal xp has a DFT (finite) = Xp(f) = ZXD(n)e’ﬁ"k”/N
n=0
. . k
» Comparing expressions = X Nfs = Xp(k)

» Sample in time = periodize in frequency = Dual property holds?
= Yes. The iDFT is a periodic operation
= We have xp(n+ N) = xp(N)

Signal and Information Processing. Sampling

> Window (chop) induces convolution. Sampling induces periodization

Xs DTFT X

vindow =

Xw —>-—>DTFT

sample = £/N
XD

> Small distortion = Make N so that x(n) ~ 0 for n ¢ [0. N — 1]

x
€

e—

Signal and Information sing Sampling

> Discrete time signal xs with DTFT X; = Not necessarily finite
xs(n) Xs(f)

seseertl] HHNTTT?H..... /\/

NTs NTs ot 36/2 fs f)2 f/2  f ar2f

» Discrete time windowed signal x,, = windowing smoothes (distorts) X

xu(n) X (f)
M 2N
NTs NTs 7.t /2 fs f/2 f/2 s 3f/2f

» Discrete DFT Xp samples windowed DTFT X,, = No further distortion

il il il
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Linear time invariant systems 73 Penn

Fourier transform and convolution

Linear time invariant systems

Finite impulse response filter design

Signal and Information Processi Sampling

Time invariant systems

» Fourier transform enables signal and information processing

= Patterns and properties easier to discern on frequency domain

> Also enables analysis and deign of linear time invariant (LTI) systems

= Not altogether unrelated to pattern discernibility

» Two properties of LTI systems
=> Characterized by their (impulse) response to a delta input

= Responses to other inputs are convolutions with impulse response

» Equivalent properties in the frequency domain
= Characterized by frequency response = F(impulse response)
= Output spectrum = input spectrum x frequency response

Signal and Information Sampling

Linear systems

> A system is characterized by an input (x(n)) output (y(n)) relation
> This relation is between functions, not values

» Each output value y(n) depends on all input values x(n)

o ¥(n)
afllte, i, ittt i,
| I QI e T

» We can, alternatively, consider continuous time systems. The same.

Signal and Information Pre Sampling

Linear time invariant systems

> A system is time invariant if a delayed input yields a delayed output
> If input x(n) yields output y(n) then input x(n — k) yields y(n — k)

» Think of output when input is applied k time units later

» In a linear system =- input a linear combination of inputs

= Output the same linear combination of the respective outputs
> le., if input x;(n) yields output y1(n) and xx(n) yields y>(n)

= Input ayx1(n) + axxz2(n) yields output ayyi(n) + azy2(n)

ax(n) + a2xe(n) au(n) + a2y2(n)
}ys em

> Linear + time invariant system = linear time invariant system (LTI)
> Also called a LTI filter, or a linear filter, or simply a filter

» The impulse response is the output when input is a delta function
= Input is x(n) = §(n) (discrete time, §(0) = 1)
= Output is y(n) = h(n) = impulse response

3(n)

x(n) y(n)
vTT TTTTV + vTTUTTf' 1000 Bl
Mnup RIC 0 ST Ot
x(n — k) y(n— k)
ﬂTTTTTQ QTTTTTTTV o M110,, o110,
¥ RoareS w o T g
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x1(n) yi(n)
il TTTT! . vTTTTTTTv RIS RIS
A T
xa(n) ya(n)
Ca0 N 1 S M, ot ot
JI T O
arxi(n) + azxz(n) a1y1(n) + a2y2(n)

Signal and Information
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h(n)

h(n)
Lﬂmﬁ» a1,

Qi

Scale and shifted impulse responses

> Since the system is time invariant (shift)
= Input 8(n — k) = Induces output response h(n — k)

> Since the system is linear (scale)
= input x(k)&(n — k) = Output x(k)h(n — k)

> Since the system is linear (sum)
= x(k)5(n — ki) + x(ka)3(n — ka) = x(ki)h(n — ki) + x(ka)h(n — ko)

] e |

f(n) h(n)

Lﬂmﬁf o100,

Scale and shifted impulse responses

> Since the system is time invariant (shift)
= Input 8(n — k) = Induces output response h(n — k)

> Since the system is linear (scale)
= input x(k)d(n — k) = Output x(k)h(n — k)

> Since the system is linear (sum)
= x(k)5(n — ki) + x(ka)3(n — ko) = x(ki)h(n — ki) + x(ka)h(n — ko)

5(n— k) - h(n — k)
5(n— k) h(n — k)
[ [ [ Bl artt

Signal and Information Processing. Sampling

Scale and shifted impulse responses

> Since the system is time invariant (shift)
= Input (n — k) = Induces output response h(n — k)

> Since the system is linear (scale)
= input x(k)&(n — k) = Output x(k)h(n — k)

> Since the system is linear (sum)
= x(k)5(n — ki) + x(ka)3(n — ka) = x(ki)h(n — ki) + x(ka)h(n — ko)

R

[x(k)é(n —K) [x(k)h(n —K)

I VTTTTTT?V Liddid -

| g Y
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Scale and shifted impulse responses

> Since the system is time invariant (shift)
= Input (n — k) = Induces output response h(n — k)

> Since the system is linear (scale)
= input x(k)&(n — k) = Output x(k)h(n — k)

> Since the system is linear (sum)
= x(k1)d(n — ki) + x(k2)d(n — k2) = x(ki)h(n — ki) + x(k2)h(n — k2)

5(n — k) h(n — k)

[x(h)é(n — k1) + x(k2)3(n — ko) [x(kl)h(n — k) + x(k2)h(n — k2)
] Rl

| : [
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Frequency response

Output of a linear time invariant system 73 Penn

» Shift, Scale, and Sum = Is this a Convolution? = Of course

+o0
> Can write any signal x as = x(n) = Z x(k)o(n— k)
k=—o00
» Thus, output of LTI with impulse response h to input x is given by
+oo
y(n)= > x(k)h(n— k)

k=—00

» The above sum is the convolution of x and h = y =xxh

Signal and Information Processing. Sampling

Causality

Output of a linear time invariant system 73 Penn

Theorem
A linear time invariant system is completely determined by its impulse
response h. In particular, the response to input x is the signal y = x * h.

> Innocent looking restrictions = Linearity + time invariance

= Induce very strong structure (anything but innocent)

x(n) hn) (xx h)(n) = §X(’<)h(f — k)

» Can derive exact same result for continuous time systems

Signal and Information Processi Sampling

Finite impulse response

> Frequency response = transform of impulse response = H = F(h)

Corollary
A linear time invariant system is completely determined by its frequency
response H. In particular, the response to input X is the signal Y = HX.

X(f) e Y(f) = H(F)X(f)

> Design in frequency = Implement in time

= Have done this already, but now we know its true for any LTI

Signal and Information Sampling

Finite impulse response filter design

Linear time invariant systems

Finite impulse response filter design

Signal and Information Processing. Sampling

> A causal filter is one with h(n) = 0 for all negative n < 0

= Otherwise, we would respond to spike before seeing spike

> In general = y(n) = Z x(k)h(n— k) = Z x(k)h(n — k)
k=—o00 k=—o0

> The value y(n) is only affected by past inputs x(k), with k < n

» If filter is not causal but h(n) =0 for all n < N
= Make it causal with a delay = h(n) = h(n — N)

> Frequency response of delayed filter = H(f) = H(f)
= Qualitatively the same filter

Signal and Information Pre Sampling

Filter design and implementation

> We want to utilize a LTI system to process discrete time signal x(n)
= E.g., to smooth out the signal x(n) shown below

x(n) - y(n)

r(() r/()
‘ o ‘. . .‘ 3, 0 0

> All LTls are completely determined by their impulse responses h

= Design h and implement filter as time convolution = y =xxh

> All LTls are completely determined by their frequency responses h
= Design H and implement filter as spectral product = Y = HX

Signal and Information Processing. Sampling

> A causal finite impulse response filter (FIR) is one for which

h(n)=0 foralln> N
> We say the filter is of length N; only N values in h(n) are not null
» Can write output at time n as

y(n) = h(0)x(n) + h(1)x(n — 1) + ... h(N — I)x(n — N + 1)

> FIR filter vector response h = [h(0), h(1),..., h(N — 1)]

» Can then write output at time nas = y(n) =h’xy

Signal and Information si Sampling

x(n)

» ldentify pattern transformation in frequency domain = Design H
> Use inverse DTFT to compute impulse response = h = }"’I(H)

> Implement convolution in time = y(n) = (x * h)(n)

Signal and Information Processi Sampling




Causality and infinite response

FIR filter design

Spectral effects of windowing and delaying

» Impulse response h = F~1(H) is typically not causal and infinite
= E.g., Low pass filter with cutoff freq. W/2 = H(f) = Nw(f)

w2
h(n) = / H(F)&2™ T df — Wsinc(xWnT,)
J-t)2

H(F) = e (F) hin)
1 Fo
N - X {
LiaL) T[ % Ciad)
w2 w2 f RO ‘ e e,
¥e% &

> Multiply by window (chop) for finite response with N nonzero coeffs.

> Delay h(n) to obtain a causal filter with h(n) =0 for n <0

Signal and Information Processing. Sampling

FIR filter design methodology

v

v

v

v

Signal and Information Processing. Sampling

FIR implementation

Transform h(n) into finite impulse response
hu(n) = h(n)w(n)

Window w(n) =0 for n & [Nmin, Nimax]
Filter length N = Nppax — Niin + 1

hu(n)
’T% » Multiplication in time domain = Convolution in frequency domain
ollle

> As a result, instead of filtering with H(f), we filter with

H, =HxW

» Choose windows with spectrum W = F(w) close to delta function
Transform h,(n) into causal response

B (1 — Nowin) ﬁ”w

» Time delay = Multiplication with complex exponential in frequency

JTT? Hu(F)

> lIrrelevant, as it should, we just shifted the response

hy(n) = .
w(n) —  H,(f)el M T

Choose borders N, and Npax to retain
highest values of h(n)

Often, around n = 0. But not always wow W W oW W

Signal and Information Processi Sampling

Shift registers

» Procedure to design time coefficients of a FIR filter

1) Spectral analysis to determine filter frequency response H(f)

2) Inverse DFT to determine impulse response h(n)

4) Select window w(n) = Alters spectrum to H,, = Hx W

1)
2
(3) Determine nr. of coefficients N and coefficient range [Nmin, Nmax]
4)
(5)

Shift impulse response by Npmin time steps to make filter causal

> How to we use FIR filter coefficients h(n) to implement the filter?

Signal and Information Sampling

Voice recognition = Spectral design

Signal and Information Pre Sampling

> The output y(n) of the FIR filter is given by the convolution value

» Upon arrival of signal value x(n) we compute output value y(n) by

. = Delay (shift) units to shift elements of signal x

y(n) = 3" x(k)h(n - k)

k=—o0

= Product (scale) units to multiply with filter coefficients x(n)
= Sum units to aggregate the products h(k)x(n — k)

» Since h is finite and causal, only N nonzero terms. Make k =n—/

n

yim= >

k=n—(N—1)

x(n) x(n—1) ,—‘ x(n—2)

h(O) h(l) h(Z)
h(0)x(n) h(1)x(n — 1) h(2)x(n — 2)

> Shift register can be implemented in hardware (or software)

N-1
x(K)h(n = k)="> " h(I)x(n — 1)
1=0

» Easier to visualize when written in expanded form
y(n) = h(0)x(n) + h(1)x(n — 1) + ...+ h(N

» The expression above can be implemented with a shift register

h(3)x(n — 3)

—1)x(n—N+1)

Signal and Information si Sampling

Voice recognition = Filter design

» For a given word to be recognized we compare the spectra X and X
= X = Average spectrum magnitude of word to be recognized
= X = Recorded spectrum during execution time

Average spectrum of spoken word “one”

05 T T T T T

frequency (KHz)

» Made coparison with inner product = X7X
> Equivalent to using X to filter X = Y(f) = H(f)X(f) with H(f)

Signal and Information Processing. Sampling

=X

Signal and Information Processing. Sampling

= Inverse DFT of X
(4) Window to keep N = 1,000 largest consecutive taps

(2) Impulse response h(n)

Signal and information processing in time
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Signals and information 73 Penn

Continuous time, discrete time, discrete signals v3Penn

Signals

Signals and information

Fourier transforms

Inverse Fourier transforms
Properties of Fourier transforms
Sampling and reconstruction
Linear time invariant systems
Applications

Signal representation

Signal and Information Pre

Signal and information

Inner products and energy

o~

> Inner product in continuous time = (x,y) := / x(t)y*(t)dt
e

> Inner product in discrete time = (x,y) 1= Z x(n)y*(n)

n=—o0

N-1

> Inner product of discrete signals = (x,y) := Z x(n)y*(n)
n=0

» How much signals x and y are like each other
» Unrelated signals = orthogonality = (x,y) =0

> Energy, same definition works for all = ||x||> = (x,x)

v

Inner product may not exist and energy may be infinite (CT and DT)

Signal and Information Pre Signal and information

Discrete complex exponentials 73 Penn

> Discrete complex exponential =- en(n) = e2Tk/N = gi2mTs
= Discrete time CE observed during N samples = NT; time units
= Defined for frequencies of the form f = (k/N)f; only

= Exactly k oscillations during observation period N < T

Re(&27Ts) | Im (&/27Ts)

> Frequency f = 2Hz. Sampling freq. fi = 64Hz. Time t in seconds
» Observation time T = 1s = number samples N = Tf, = 64.
> Discrete frequency k = N(f/f;) =2

Signal and Information Pre Signal and information

We have studied continuous time, discrete time, and discrete signals
Complex exponentials (CE), discrete time CE, and discrete CE

And also the Fourier transform (FT), the DTFT, and the DFT

For which we respectively studied the iFT, iDTFT and the iDFT

vy vy

v

Different versions of related concepts
= Let's take time to summarize

= And to emphasize analogies and differences

Signal and Information Pre Signal and information

Continuous time complex exponentials

» Continuous time complex exponential e = ef(t) = /2"

= Signal is dense and extend to plus and minus infinity

Re(e27), Im(7%),

» Frequency f = 2Hz shown. Time t in seconds

Signal and Information Pre Signal and information

Orthogonality of complex exponentials 73 Penn

» Discrete complex exponentials are a set of N orthonormal signals
(exn. em) = 6(k — 1)

> We restrict k and / to interval of length N. E.g., [-N/2+1,N/2]

> Discrete time complex exponentials are (sort of) orthogonal
(err,, g1,) = 0(F — &)
» Continuous time delta = Involves a limit. Generalized function

> Same is true in continuous time = (er, e;) = o(f — g)

Signal and Information Pre Signal and information

» Continuous time (CT) t € R = Continuous time signals
x:R—-C
» Discrete time (DT) n € Z = Discrete time signals
x:Z—C
» Discrete and finite n € [0, N — 1] = Discrete signals
x:[0,N—-1] = C

» From discrete signals we go to ...
. infinity = discrete time signals (extend borders)
. and beyond => continuos time signal (fill in spaces, dense)

Signal and Information Pre Signal and information

Discrete time complex exponentials

» Discrete time complex exponential err, = efr.(n) = /2777
= Sample continuous time CE with sampling frequency f; = 1/T;
= Signal extend to plus and minus infinity but is not dense

Re(&27"75), Im(&*7"7s)

» Frequency f = 2Hz. Sampling freq. f; = 64Hz. Time t in seconds.

Signal and Information Pre Signal and information

Fourier transforms 73 Penn

Signals and information

Fourier transforms

Inverse Fourier transforms
Properties of Fourier transforms
Sampling and reconstruction
Linear time invariant systems
Applications

Signal representation
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Fourier transforms

Fourier transforms as inner products 73 Penn

Different formalizations of the same concept 73 Penn

» Fourier transform (FT) of continuous time signal x is the function

X(f) = /N x(t)e "t dt

> The discrete time (DT)FT of discrete time signal x is the function

X(f):=T, Z x(n)eﬁhl"n

n=—oc

> The discrete (D)FT of discrete signal x is the function

z

1 N-1
X(K) == X(n)eijWkn/N _ Zx(n)eszxfnTg

n n=0

I
°

> Discrete frequency k equivalent to real f = k/NTs = kf;/N

>

Signal and Information Processing. Signal and information processing in time

Input and output spaces

» Recall definitions of inner products and complex exponentials

> Write the FT of x as = X(f) = (x, ) :/ x(t)ef(t)dt
—o0

oo
> Write DTFT of x as = X(f) = {x,er7,) = Ts > x(n)efr, (n)

n=—oc

» Write the DFT of x as = X(k) = (x, exn) = Z x(n)egn(n)

n=—o00

» All three transforms written as inner products in respective spaces

Signal and Information Processing. Signal and information processing in time

The DTFT as proxy for the FT (1 of 3)

» Inner products with frequency f complex exponentials

» It follows that they are different formalizations of the same concept
= They are projections of x onto oscillations of frequency f
= They measure how much x resembles oscillation of frequency f

» Integrals, indefinite sums, sums = Inherent differences in signals

» FT and DTFT are analysis tools. DFT is a computational tool

Signal and Information Processi Signal and information processing in time

The DTFT as proxy for the FT (2 of 3)

» Input and output spaces for FTs are continuous
» For DTFTs, discrete inputs, continuous and periodic outputs (odd)

» For DFTs, input and outputs are discrete and periodic

Input space Output space

Fourier transform  Continuous

Continuous
DTFT Discrete Periodic
Continuous
DFT Discrete Periodic
Periodic Discrete

» Observe the duality between sampling and periodicity

Signal and Information Signal and information pre

» Filter = multiply in frequency by H = convolve in time with h

Xp=HX <<= xf=xxh

» Sample filtered signal X¢ = Periodize filtered spectrum X¢

xs(n) = x¢(nTs) <= X(f) = i X¢(f — k)
k 00

» Distortion (information loss) occurs during filtering step
= Frequency =- Loss above f;/2 + some distortion if H not perfect
= Time =- Convolution with h

Signal and Information Pre Signal and information

The DFT as proxy for the DTFT (1 of 3)

> Filtering (chop) induces convolution. Sampling induces periodization

conv. = x*h filter = HX
X -FT X¢
Xs +-DTFT Xs

> Small distortion = Make f; so that X(f) ~ 0 for f ¢ [—f;/2,f;/2]

e— x
I X

Signal and Information si Signal and information pr

» Continuous time signal x with FT X =- Not necessarily bandlimited

x(t) X(f)
4T 3Ts-2Ts -Ts Te 275 375 45t Bf/2 f )2 f/2 f a2 f

> Continuous time filtered signal x; = filtering smoothes (distorts) x

xr(t) X (f)
. | I ;
4Ts-3Ts-2Ts -Ts Te 2Ts 3T aTs  t /2 o f5)2 f/2 s 32 f

» Sampled signal x; obtained from filtered x = No further distortion
Xs(f)

xs(n) +
11T NN
R A A A A 77 w2 w2 6 Trs’/—z)f

» Filter = multiply by window wy = convolve in frequency with Wy

xw(n) = x(n) x wy(n) <= X, (f) = X(f) = Wy(f)

» Sample windowed spectrum X,, = Periodize windowed signal x,,

xa(n)= Y xu(n—kN) <= Xd<%>: X (k)

k=—o00

» Distortion (information loss) occurs during windowing step
= Frequency sampling is with no loss of information

Signal and information processing in time

> Window (chop) induces convolution. Sampling induces periodization

l
window = xmy
e

Xd DFT Xa

x
€

e—

> Small distortion = Make N so that x(n) ~ 0 for n ¢ [0. N — 1]

Signal and Information Processi Signal and information processing in time

Signal and information processing in time

Signal and Information Processing.

Signal and Information Processing.



The DFT as proxy for the DTFT (3 of 3)

» Discrete time signal xs with DTFT X; = Not necessarily finite
xs(n) Xs(f)

Ve

eesvort?] T[[[TTT?T?"QO--.

Bandlimited and finite (periodic) signals

> If signal is bandlimited and sampled at frequency f; > W

a/2f = The DTFT and the FT coincide in the interval [—£/2, f;/2]

> If signal is finite, and windowed with N larger than its length
= DFT and DTFT coincide at the sampled frequencies f = kfs/N

3 2f » What happens when signal is bandlimited and finite?

= Doesn’'t matter. These signals don't exist. Uncertainty principle

NTs NTs ot 36/2 s fs)2 /2 f
» Discrete time windowed signal x,, = windowing smoothes (distorts) X
xw(n) X (F)
M 2N
NTs NTs it 35/2 fs fs)2 2 f
» Discrete DFT Xp samples windowed DTFT X,, = No further distortion
xa(n) Xqy(f)
il Al
NT Ty st 62 h )2 w2 o a/2f

Signal and Information Processing.

Signal and information pro

Inverse Fourier transforms

Signal and Information Processing. Signal and information processing in time

The inverses are inverses indeed

v3Penn

Inverse Fourier transforms

v3Penn

Signals and information

Fourier transforms

Inverse Fourier transforms
Properties of Fourier transforms
Sampling and reconstruction
Linear time invariant systems
Applications

Signal representation

Signal and Information Signal and information processing in time

Inverse DFT as sum of complex exponentials

» Given a transform X, the inverse Fourier transform is defined as

(t) = / X(F)e?* df
» The iDTFT x of DTFT X, is the discrete time signal with elements

f/2 i} fs i
X(n) :/ X(f)e’ZWf"TS df :/ X(f)e/hfﬂ; df
—f/2 0

> Given a Fourier transform X, the inverse (i)DFT is defined as

N—1 ) N/2 )
x(n) = X(k)e2mkn/N — Z X (k)el2mkn/N
k=0 k=—N/2+1

» Same as direct transform but for sign in the exponent = duality

Signal and Information Signal and information pro

Properties of Fourier transforms

Signals and information

Fourier transforms

Inverse Fourier transforms
Properties of Fourier transforms
Sampling and reconstruction
Linear time invariant systems
Applications

Signal representation

Signal and Information Processing.

Signal and information pro

Theorem
The inverse FT (or inverse DTFT or inverse DFT) % of the FT
(respectively, DTFT or DFT) X of a given signal x is the given signal x

% =F (X)) =FF(x)] =x
» We can recover signal from transform =- equivalent representation
= Neither less, nor more information. Just different interpretability

> Implies that we can write signal as a sum of complex exponentials
= Literally for iDFT, conceptually for iDTFT and iFT

Signal and Information Pre Signal and information

Linearity and conjugate symmetry

Theorem
The FT, DTFT, and DFT of linear combinations of signals are linear
combinations of the respective transforms of the individual signals,

F(ax + by) = aF(x) + bF(y).

» Useful to compute transforms when considering sums of signals

Theorem
The FT, DTFT, and DFT X = F(x) of a real signal x
are conjugate symmetric

X(=f) = X"(F)

> Only the positive half of the spectrum carries information

Signal and Information Processing. Signal and information processing in time

N/2

Z X(k)e2mn/N

k=—N/2+1

> Signal as sum of exponentials = x(n) =

» Expand the sum inside out from k =0 to k = £1, to k = +2, ...
x(n) = X(0) o constant
+ X(1) ef2min/N + X(-1) e—i2m1n/N
+X(2) /N X(-2) eJ2m2n/N

single oscillation

double oscillation

o x (g _ 1) (SN (*% N 1>eﬁ2w(% o/ (g - 1) _ oscillation

. N
) e2n(X)n/n - — oscillation

+
x
S
N =

» Start with slow variations and progress on to add faster variations

Signal and Information Signal and information pr

Theorem (Parseval)

The energy of a signal x and its FT, DTFT, or DFT X = F(x) are the
same, i.e.,

2 2
[lxl™ = 11x1
» Energy definitions are different for different signal spaces

> For the FT = / [x(t)|2de = Hx”Z:HxW:/ X(F)|2dF

O fs/2
> For the DTFT = S |x(n)f’ = |Ix| = Hxnzz/ X(F)|2af
n=—oc —f/2

N—1 N/2
> For the DFT = 3~ [x(n)* = <[’ = IX[" = > X0’

n=0 k=—N/2+1

Signal and Information Signal and information processing in time



Shift and modulation 73 Penn Convolutions in continuous and discrete time v3Penn Multiplication and convolution v3Penn

Theorem

A time shift of 7 units in the time domain is equivalent to multiplication » Let x and h be continuous time signals » Convolution in time domain = to multiplication in frequency domain
by a complex exponential of frequency —7 in the frequency domain . . . . .

» Convolution of x with h is the signal y = x * h with values .

o Theorem (Convolution theorem)

xr =x(t—7) — X (f) = e *TX(f)

. -~ Y Given signals x and y with transforms X = F(x) and Y = F(y). The
b I(t) = y(1) = / | X(@)h(e = u) du FT Z = F(z) of the convolved signal z = x + y is the product Z — XY
Theorem
A multiplication by a complex exponential of frequency g in the time > Let x and h be discrete time signals Z=xry hand Z=XY
domain is equivalent to a shift of g units in the frequency domain » Convolution of x with h is the signal y = x * h with values
omat > True for FT and DTFT. For DFT need to define circular convolution
xg = /8 X(t) = Xg(f) =X(f —g) oo
[x = hl(n) = y(n) = Z x(k)h(n — k) » The dual is also true
k=—o00
» Theorems are duals of each other. True for FT and DTFT » Convolution in frequency domain = to multiplication in time domain

» For DFT we need to define circular shifts.

Signal and Information Processing. Signal and information pro in time 29 Signal and Information Processing. Signal and information processing in time Signal and Information Processi Signal and information processing in time

Sampling and reconstruction 3| Sampling Spectral effect of sampling

» The sampled signal x; is a discrete time signal with values > Multiplication < Convolution . Thus spectrum X5 = F(xs) is

Signals and information

xs(n) = x(nTy) i
Fourier transforms Xs=Xx*xF|T,s Z o(t—nTy)
» Creates discrete time signal xs from continuous time signal x n=-o0

Inverse Fourier transforms

» Equivalently, we represent sampling as multiplication by a Dirac train > Fourier transform of the Dirac train () is another Dirac train (£;)

Properties of Fourier transforms 0 oo B
xs(t) =x(t) x T > §(t—nTy) Xo=XxTg D 0(F—kE)= D Xx0(f - kf)
Sampling and reconstruction n=—o0 oo ne—oo
» Dirac train lives in continuous time. Compare FT of x5 to FT of x Theorem

Linear time invariant systems

Sampled signal spectrum is a sum of shifted versions of original spectrum

Applications

Signal representation

Signal and Information Signal and information pro in time 32 g in time 33 Signal and Information si Signal and information pr

Spectrum periodization

» Start with the spectrum X of x and the Dirac train in frequency » To avoid aliasing preprocess x into x;, with a low pass filter

MN I > Signal with bandwidth W = X(f) = 0 for all f ¢ [—-W /2, W/2] Xe(f) = X(F)e(f)

362 s K20 6/2 & 32 % 562 f > Upon sampling, spectrum is periodized but not aliased > The signal x¢ has bandwidth f; and can be sampled without aliasing
» First convolution step is to duplicate and shift spectrum to kf; X ) = Frequency components below f;/2 retained with no distortion
s
VPR - W T
e : + w2 : e Lo w2 wiz f f % 2% f 35/2 -fs /2 0 /2 fi 3f5/2 2fs sty /o
» Second convolution step is to sum all shifted copies )
» This means that sampling entails no loss of information » Prefiltering can be implemented as convolution in the time domain
— \/
Xf, = X * h, h(t) = fsinc(mfst)
3% /2 p /2 o /2 A 36/2 2% sty /o

> iFT of low pass filter with cutoff £;/2 is the sinc pulse with freq. f;
> Loose all info. above f;/2. And some below to aliasing distortion

Signal and Information Processing. Signal and information pro in time 35 Signal and Information Processing. Signal and information processing in time Signal and Information Processi Signal and information processing in time




Reconstruction

» In principle, we can recover x from xs with a low pass filter

» Since Dirac train can’t be generated, we modulate train of pulses

xp(t) = Ts 2 xs(n)p(t —nT)

n=—oc

> For narrow pulses, pulse and Dirac modulation are close, i.e, x, ~ x5

x(t)

Lorl/ RAY VIV VeV Vor,V 7t

Signal and Information Processing. Signal and information pro

Modulation of a sinc train

The spectrum of the reconstructed signal 73 Penn

> Spectrum X; of sampled signal = X,(f) = > X(f — kf)

k=—00

3672 s fs/2 0 /2 fs 365/2 2% s /o
o
> Spectrum X, of pulse train = X,(f) = P(f) x Y X(f — kf)

_— / \\,,

36:/2 £ /2 o /2 A 3% /2 26 s /o

> Reconstructed spectrum X, = X,(f) = Mg (f)P(F)X(f — kf;)

7 N

— f— T =
36:/2 £ /2 o /2 A 3%/2 2f; s /o
> Good pulse for recovery = X(f) =1 for f € [~£/2,1;/2]

Signal and Information Processing.

Signal and information processing in time

Modulation of a sinc train

Modulation of a sinc train v3Penn

» The sinc pulse fisinc(rfst) has a flat spectrum for f € [—£/2, f;/2]

» Don't even need to use low pass filter = sinc pulse already lowpass

Theorem
A signal of bandwidth W < f; can be recovered from samples x(nT;) as

x(t) = Z x(nTs)sinc(rfy(t — nTy))
n=—o0
x(t)
T
oA ] o ¢

Signal and Information Processi Signal and information processing in time

Modulation of a sinc train

» The sinc pulse fssinc(rf;t) has a flat spectrum for f € [—£/2, f;/2]

» Don't even need to use low pass filter = sinc pulse already lowpass

Theorem
A signal of bandwidth W < f; can be recovered from samples x(nT;) as

x(t) = i X(I‘ITS)SinC(’/TfS(f — nTs))
x(t)
e T

Signal and Information Signal and information pro

Philosophical digression

» The sinc pulse fssinc(rf;t) has a flat spectrum for f € [—£/2, f;/2]

» Don't even need to use low pass filter = sinc pulse already lowpass
Theorem
A signal of bandwidth W < f; can be recovered from samples x(nT;) as

o

x(t) = Z x(nTs)sinc(rfy(t — nTy))

n=—o0

x(t)

AN N — 2 TS 2T, 3Ty 4T t

Signal and Information Pre Signal and information

Linear time invariant systems

> The sinc pulse fisinc(rf;t) has a flat spectrum for f € [—£/2, f;/2]

» Don't even need to use low pass filter = sinc pulse already lowpass

Theorem
A signal of bandwidth W < f; can be recovered from samples x(nT;) as

o

x(t) = Z x(nTs)sinc(rfy(t — nTy))

n=—o0

x(t)

Signal and Information si Signal and information pr

Time invariant systems

» Sampling is a straightforward operation, but its effects are obscure
= Or not. If we look at the signal in frequency effects are also clear

Loss of information contained at frequencies f > f;/2
Aliasing distortion for frequencies f < f;/2
Perfect recovery of bandlimited signals

Avoid aliasing with profiteering

vy vYyvyyvyy

Reconstruction distortion when modulating a train of pulses

v

If we had a sixth sense for frequencies, all of this would be obvious

= But we do have that sense, or rather have grown that sense

Signal and Information Processing. Signal and information pro

Signals and information

Fourier transforms

Inverse Fourier transforms
Properties of Fourier transforms
Sampling and reconstruction
Linear time invariant systems
Applications

Signal representation

Signal and Information Processing. Signal and information processing in time

> Systems are characterized by input-output (x — y) relationships

» A system is time invariant if a delayed input yields a delayed output

> If input x(n) yields output y(n) then input x(n — k) yields y(n — k)

x(n — k) - y(n— k)

x(n) y(n)
vTT TTTTV + vTTUTTf' 1000 Bl
Mnup RIC 0 ST Ot
x(n — k) y(n— k)
ﬂTTTTTQ QTTTTTTTV ot M110,, o110,
F T o o T g
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Linear systems

Output of a linear time invariant system 73 Penn

Linear time invariant system frequency response  #%sPenn

> In a linear system =- input a linear combination of inputs

= Output the same linear combination of the respective outputs
> le., if input x;(n) yields output y1(n) and xx(n) yields y>(n)

= Input ayx1(n) + axxz2(n) yields output ayyi(n) + azy2(n)

aixa(n) + axx2(n) - awy1(n) + a2y2(n)

x1(n) yi(n)
il TTTT! . vT'mTTTv RIS RIS
&unlp A“l n o ST T
xa(n) ya(n)
Ca0h N 1 M, ot ot
1 VO VIO P
arxi(n) + azxz(n) a1y1(n) + a2y2(n)
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Applications

Signals and information

Fourier transforms

Inverse Fourier transforms
Properties of Fourier transforms
Sampling and reconstruction
Linear time invariant systems
Applications

Signal representation

Signal and Information Pre Signal and information processing in time

» linear time invariant system (LTI) = Linear + time invariant

Theorem
A linear time invariant system is completely determined by its impulse
response h. In particular, the response to input x is the signal y = x x h.

x(n) o (e o) = D x(RYA(E )

» Theorem true for discrete time and continuous time signals
= Convolutions are defined differently

» For discrete signals we need to use circular convolutions

Signal and Information Pre Signal and information processing in time

Applications

» Practical applications of frequency analysis are very common

> Here are a few applications that we have covered
= Noise removal,
= Music synthesis,
= Compression,
= Modulation,
=> Signal detection (voice recognition)

» There are many more we have not covered
= E.g., equalization, high-pass filtering, band-pass filtering

» In all of these applications understanding time is complicated

= But understanding frequency is straightforward

Signal and Information Pre Signal and information processing in time

Low pass filter design

> Frequency response = impulse response transform = H = F(h)

Corollary
A linear time invariant system is completely determined by its frequency
response H. In particular, the response to input X is the signal Y = HX.

X(F) e Y(f) = H(F)X()

» What a LTI system does to a signal is obscure

= Or not. If we look at the signal in frequency the effects are clear

» |f we had a sixth sense for frequencies. Oh wait, we do
» |t is obvious what LTI filters do = They alter frequency components

» But they don't mix frequency components. Each of them is separate

Signal and Information Pre Signal and information processing in time

Noise removal

» There is signal and noise, but what is signal and what is noise?

» We already know answer =- Signal discernible in frequency domain

Original signal x(t). It moves randomly, but not that much

time ¢ in miliseconds.

Signal and information

> There is signal and noise, but what is signal and what is noise?

» \We already know answer = Signal discernible in frequency domain

Fourier transform X(f) of original signal

| MNTNAY VLV
800 700 -600 -500 -400 -300 -200 -100 O 100 200 300 400 500 600 700 800

Frequency f in Hertz

> Filter out all frequencies above 100Hz (and below -100Hz)

Signal and Information Pre Signal and information

> Multiply spectrum with low pass filter H(f) = My (f) with W = 200Hz
= Only frequencies between +W /2 = £+100Hz are retained

Fourier transform Y (£) = H(F)X(F) of filtered signal

“5 T T ] T T ]

VMNP VN VA TP U AN ™AV M VAW
0
800 700 -600 -500 -400 -300 -200 -100 O 100 200 300 400 500 600 700 800

Frequency f in Hertz

» This spectral operation does separate signal from noise

Signal and Information Pre Signal and information

> Multiply spectrum with low pass filter H(f) = My (f) with W = 200Hz
= Only frequencies between +W /2 = +100Hz are retained

Filtered signal y(t) with y = x  hand h = F~1(H) = F~ ()

10 | | | | | | |
time ¢ in miliseconds

» This spectral operation does separate signal from noise

Signal and Information Pre Signal and information



Low pass filter implementation 73Penn Signal compression 7#Penn Signal compression 7#Penn
» Consider square pulse of duration N = 256 and length M = 128 » Consider square pulse of duration N = 256 and length M = 128
> We can implement filtering in the frequency domain » Reconstruct with 9 frequency components (k € [—4,4]) > Reconstruct with k = 16 frequency components
= Sample = DFT = Multiply by H(f) = Nw(f) = iDFT
Pulse reconstruction with k=4 frequencies (N = 256, M = 128) Pulse reconstruction with k=16 frequencies (N = 256, M = 128)
010 T T T T 010 T T T T T
x —— o h(t)= Wsinc(aWt) |—— oy —xxh oo - VanN PZSRN : s 1
0.07 |- — 0.07 -
006 | - 00 i
. . . . . . 0.05 — 0.05 [~ -
» We can also implement filtering in the time domain 004 | 004 | i
= Inverse transform of My () is h(t) = Wsinc(mWt) ool i ool
oo |- - oo |-
> is i i i i ise? - -
How is it that convolving with a sinc removes noise? =- obscure 700«: ‘ ‘ ‘ NG 700«: ‘ ‘ ‘ ‘ ‘ ‘ ‘
> But is is very clear if we use our frequency sense 0 2 6 % 128 160 192 224 0 32 6 % 128 160 192 224
. . . . . . Discrete time index n € [0, 255] Discrete time index n € [0, 255]
» Signal occupies some frequencies but noise occupies all frequencies
» Compression = Store 9 DFT values instead of N = 128 samples » Can tradeoff less compression for better signal accuracy
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Signal compression (7] Modulation of multiple bandlimited signals

> Transmit multiple bandlimited signals (W) in a common support
> Generic compression = Keep largest DFT coefficients = Wireless, optical fiber, coaxial cable, twisted pair

= Not necessarily the lowest frequencies

» No spectral mixing if modulating frequencies satisfy g» — g1 > W

» Modulate (multiply by complex exponentials) with fregs. g1 and g» Z(f)

» The approximation error energy is that of the coefficients dropped v2 o

z(t) = 78 x(t) 4 2Ty (t) 1\
» What's the advantage of comprising in frequency domain? Y | \

et /
» Well, how would you compress in time domain ¢ ﬁ e — w2 o @t W2 @-W/2 4 &+ W/2 f
> Keep largest coefficients? x(t) xg (t)
= No. Close values are redundant. Small values also important ) = x0 () 1 yer(t) » To recover x multiply by conjugate frequency e /2781t

> Keep values at certain spacing? y(t) Ve (t) > And eliminated all frequencies outside the interval [—W /2, W /2]
= Maybe. Actually that's sampling. Better think in freq. domain

41 > To recover y multiply by conjugate frequency e /27&:¢
> Compression is obscure but becomes clear if we use frequency sense e2rert > And eliminated all frequencies outside the interval [—W /2, W /2]

> Spectrum of x recentered at gi. Spectrum of y recentered at g»

Signal and Information Pre Signal and information 59 Signal and Information Pre Signal and information 60 Signal and Information Pre Signal and information

Modulation analysis and design v3Penn Signal detection (voice recognition) v3Penn Voice recognition = Filter design v3Penn

> For a given word to be recognized we compare the spectra X and X

» Determine impulse response h(n) as inverse DFT of spectrum X

= X = Average spectrum magnitude of word to be recognized

— X = Recorded spectrum during execution time > Window h(n) to keep, say, N = 1,000 largest consecutive taps

» Can we understand modulation in time?

Average spectrum of spoken word “one”
= Actually, yes. Use orthogonality of complex exponentials 05 - - - - -
0l i
> But still, spectral analysis is clearer. Simplifies design
0.3 [— —
» Modulation is not entirely obscure 02— ,
= But it becomes clearer if we use frequency sense 01l N
0 | ! | |
e 12 08 w04 o 04 08 12 16
frequency (KHz)
N/2
> Energy Y (XiXi)? = Filter X with X, i.e., Y(f) = H()X(F) with H(f) = X
k=—N/241

Signal and Information Pre Signal and information 62 Signal and Information Pre Signal and information 63 Signal and Information Pre Signal and information



Signal detection analysis and design 73 Penn

» Can we understand signal detection in time?

= Actually, yes. It's called a matched filter
> But, as in modulation, spectral analysis is clearer. Simplifies design

» Signal detection is not entirely obscure

= But it becomes clearer if we use frequency sense

Signal and Information Pre Signal and information processing in time

» Why a new sense? = We can write signals as sums of shifted deltas
N
x(n) =>" x(k)3(k — n)
k=1
» Conceptually, the same as writing signals as sums of oscillations
N
x(n) =Y X(k)eI2mkn/N
k=1
» Only difference is that we sense time but we don’t sense frequency

» We say we change the signal representation or we change the basis

> It all hinges in our ability to represent the signal in a different domain

Signal and Information Pre Signal and information

Signal representation 73 Penn

Signal representation

Images

Two dimensional discrete signals

Two dimensional (2D) discrete Fourier transform (DFT)

Two dimensional (2D) inverse (i) discrete Fourier transform (DFT)
Energy conservation (Parseval’s theorem)

Convolution in 2 dimensions

Applications

Discrete Cosine Transform

2D Discrete Cosine Transform

JPEG image compression

Signal representation 73 Penn

Signals and information

Fourier transforms

Inverse Fourier transforms
Properties of Fourier transforms
Sampling and reconstruction
Linear time invariant systems
Applications

Signal representation

Signal and Information Pre Signal and information processing in time

Moving forward

» If something is obscure in time but also obscure in frequency

= Change the representation = Change the basis
> Images = multidimensional DFT, Discrete cosine transform (DCT)

> Stochastic processes = Principal component analysis (PCA)

= Eigenvectors of the correlation matrix

> Signals defined on graphs = Graph signal processing
= Eigenvalues of the graph Laplacian

Signal and Information Pre Signal and information

It's all oh so simple v3Penn

» Once and again, things are invisible or obscure in time domain
= But they become, visible and clear in the frequency domain

» Even when clear in time, they are easier to understand in frequency
» Literally a new sense to view things that are otherwise invisible

“On ne voit bien qu'avec le coeur.
L'essentiel est invisible pour les yeux.”

The Little Prince

> One sees clearly only with the frequency

The essential is invisible to the eyes

It's all oh so simple v3Penn

» Once and again, things are invisible or obscure in time domain
= But they become, visible and clear in the frequency domain

» Even when clear in time, they are easier to understand in frequency

> Literally a new sense to view things that are otherwise invisible

“On ne voit bien qu’avec le coeur.
L'’essentiel est invisible pour les yeux."”

The Little Prince

> One sees clearly only with the frequency

Signal and Information Pre Signal and information processing in time
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Signal representation 73 Penn

» Why a new sense? = We can write signals as sums of shifted deltas

N
x(n) =>" x(k)3(k — n)
k=1
» Conceptually, the same as writing signals as sums of oscillations
N
x(n) =Y X(k)el2rkn/N
k=1
» Only difference is that we sense time but we don't sense frequency

» We say we change the signal representation or we change the basis

» It all hinges in our ability to represent the signal in a different domain

Signal and Information Pre

Multidimensional Signal Prc

Signal and Information Pre Multidimensional Signal Prc

Signal and Information Pre Multidimensional Signal Prc



Moving forward 73 Penn

» If something is obscure in time but also obscure in frequency
= Change the representation = Change the basis

> Images = multidimensional DFT, Discrete cosine transform (DCT)

> Stochastic processes = Principal component analysis (PCA)

= Eigenvectors of the correlation matrix

> Signals defined on graphs = Graph signal processing
= Eigenvalues of the graph Laplacian

Signal and Information Pre Multidimensional Signal Prc

Images as signals

73 Penn 73 Penn
Signal representation > A grid of pixels. Values define the luminescence of the point
Images = In a black an white image
Two dimensional discrete signals > In a color image we record multiple channels for different colors
Two dimensional (2D) discrete Fourier transform (DFT) = E.g., red, green, and blue (RGB). Or Yellow Magenta Cyan blacK

Two dimensional (2D) inverse (i) discrete Fourier transform (DFT)
Energy conservation (Parseval’s theorem)

Convolution in 2 dimensions

Applications

Discrete Cosine Transform

2D Discrete Cosine Transform

JPEG image compression

Signal and Information Pre Multidimensional Signal Prc 6 Signal and Information Pre Multidimensional Signal Prc

Two dimensional discrete signals

» An image on the left and a signal on the right

= These are just different ways of visualizing the same information

Image A discrete signal with double indexing

» Can we perform DFT of image? = Yes, vectorize the matrix

» Vectorization records nearby pixels far away = 2D signal processing

Signal and Information Pre Multidimensional Signal Prc

Complex 2D signals 73 Penn

Signal representation > Two dimensional (2D) discrete signal indexed by two indices (m, n)
Images m=01...M-1=[0,M-1]

Two dimensional discrete signals n =01..,N-1 = [0,N-1]

Two dimensional (2D) discrete Fourier transform (DFT) » M rows and N columns. A total of MN different indices

Two dimensional (2D) inverse (i) discrete Fourier transform (DFT) e

Energy conservation (Parseval’s theorem) =

Convolution in 2 dimensions

Applications

index m = 0,1,

Discrete Cosine Transform

indexn =0,1,. .. N =32

2D Discrete Cosine Transform
> 2D signal formally defined as map x : [0.M —1] x [0: N — 1] = R

JPEG image compression > The value that the signal takes at indices (m, n) is x(m, n)

Signal and Information Pre Multidimensional Signal Prc 9 Signal and Information Pre M gnal Processing

Deltas in two dimensions ) Rectangular pulses 73 Penn

> As in one dimensional case, may want to define complex signals
x:[0,M—-1]x[0: N-1] - C
> Space of Mx 2D signals = space of M x N matrices CM*N

Real part Imaginary part

6
6

=1

M
M

index m = 0,1
index m = 0,1,

i
0 8 16 2 32 0 8 16 2 32

indexn = 0,1,...N =32 indexn = 0,1,... N =32

» Because, unsurprisingly, we are going to define two dimensional DFT

Signal and Information Pre

» 2D delta function d(m, n) is a spike at (initial) position (m,n) =0

o)~ 5 m) > Rectangular pulse of N rows and M columns My, is defined as

1 ifm=n=0
J(m’")={ 0 else

E = . x(n, m) = Mq(n, m)

1 if m< My,n< N, .,
0 else

ol || ’_‘MUNQ("L"):{

> Shifted delta §(m — mg, n — no) has a spike at (m, n) = (mo, ng)

(o m) = 60— 1, m — 2 L
(mm=s(n=1 ) > If Mo = Ny, rectangular pulse is said square. Denote Myyn, = My,

1 if (m,n) = (mo, ng)

> Can consider shifted pulses Myy(m — mg, n — ng)
else

= Shifts must satisfy my < M — Mg and ng < N — No

Signal and Information Pre X g S 2 Signal and Information Pre



Symmetric Gaussian pulses 73 Penn

> A 2D Gaussian pulse of mean . and variance o2 is defined as
(n, m) ! e m—p_n—h
m)= ——exp | — —
8ol 2mg2 P 202 202

Gaussian pulse, mean 1 = 8, variance 0% = 16 Gaussian pulse, mean i = 8, variance o2 = 1

16 T T T

12

8

> An actual bell shape. The pulse is symmetric centered at (, 1)
» Variance o controls how fast the pulse decays

Signal and Information Pre

Inner product

» Given 2D signals x and y define the inner product of x and y as

M—-1N-1

(o) = 3 S x(m.n)y*(m,n)

m=0 n:

=2

Il
)

> It has the same properties of other inner products we encountered
= Is a linear operator = (x,y + z) = (x,y) + (x,z)
= Reversing order entails conjugation = (y,x) = (x,y)"

» It also has the same interpretation = How much x looks like y
= Positive = Positive correlation = same direction
= Negative = Negative correlation = opposite directions
= Null = Uncorrelated = Orthogonal = Perpendicular

Signal and Information Pre

Energy of a square pulse

> Rectangular pulse of N rows and M columns My, is defined as

x(n, m) = Mag(n, m)

1 if m< My,n< No,
Putons (m, n):{ 0 else ’ ’ .

» To compute energy of the pulse we just evaluate the definition

M—1N-1 Mo—1 Np—1
[0 2= D03 o (mym)P = D7~ 17 = Mol
m=0 n=0 m=0 n=0

> The energy is the number of pixels (MoNp) in the square pulse
> Can normalize by 1/v/MyNp to obtain pulse of unit energy

Signal and Information Pre

Generic Gaussian pulses 73 Penn

» Different centers in each coordinate and different variances
» Define coordinate vector n = [m, n]”. Just a variable

> Define center vector p = [u1, p2]. Center coordinates

. . . (r%l 012
> Define covariance matrix C = 2
J12 0

> Diagonal controls stretch in each direction. Off diagonals rotation

» The 2D Gaussian pulse of mean p and covariance C is

() = 3 exp [ (=) C o )

Signal and Information Pre

Inner product of two rectangular pulses

» The inner product of two square pulses is the number of pixels in
which both pulses are active (both are one)

Inner product of two square pulses

M=1N-1
> In the inner product sum (x,y) = Z Zx(m, n)y*(m, n) only the

m=0 n=0
terms in which both pulses are not null count

Signal and Information Pre

73Penn

Signal representation

Images

Two dimensional discrete signals

Two dimensional (2D) discrete Fourier transform (DFT)

Two dimensional (2D) inverse (i) discrete Fourier transform (DFT)
Energy conservation (Parseval’s theorem)

Convolution in 2 dimensions

Applications

Discrete Cosine Transform

2D Discrete Cosine Transform

JPEG image compression

Signal and Information Pre

Generic Gaussian pulses 73 Penn

Signal and Information Pre

Norm and energy

M—1N-1 1/2
> The norm of the 2D signal x is = ||x|| := [Z Z [x(m, n)\z]
m=0 n=0

» We define the energy of the 2D signal x as the norm squared

M-1N-1 M-1N-1 M-1N-1
X = D2 D Ix(mm)P = 37 3 Ixr(m )P+ D Ixi(m, )
m=0 n=0 m=0 n=0 m=0 n=0

> We can write the energy as self inner product = ||x|*> = (x,x)

Signal and Information Pre

Definition of 2D DFT 73 Penn

> 2D signal x With N rows and M columns. Elements x(m, n)

» We will focus on signals with M = N. To simplify notation

> Signal X is the 2D DFT of x if its elements X(k, /) are

=

1N
X(k,1):= x(m, n)e 2 lkm+in/N
0 n

=2

Il
o

3
Il

> As in 1D we write X = F(x).
» X may be complex even for real 2D signals x. Focus on magnitude

» Argument k is horizontal frequency and / is the vertical frequency

Signal and Information Pre



The 2D DFT and the (regular, 1D) DFT 73Penn

Discrete Complex exponentials 73 Penn

How 2D complex exponentials look like 73 Penn

» Separate terms in the exponent and regroup factors to write

N-1 N—-1

X(k, 1) := Z Z x(m, n)e’jz"/"/N g Jj2mkm/N

m=0 n=

> For fixed m, the term between parentheses is the DFT of x(m,-)
> We then take the DFT of the resulting DFTs with respect to m

» The 2D DFT of x is the column-wise DFT of the row-wise DFTs
» Or the row-wise DFT of the column-wise DFTs. Just the same

» Useful to know. Not a new computation

> Horizontal / Vertical frequency = Horizontal / Vertical variability

» Diagonals = diagonal variabilty = Directionality also important

Signal and Information si Multidimensional

A patch and its 2D DFT

» 2D Complex exponential of horizontal freq. k and vertical freq. /
eun(m, n) = e—J2m(km+in)/N _ e—i2m(km/N) e—i2n(in/N)
» Separate the exponential into two factors to write

eun(m, n) = e—2m(km/N) e—J2m(In/N) _ een(m)em(n)

» 2D complex exponential is product of two 1D complex exponentials

Signal and Information

DFT elements as inner products

» Rewrite 2D DFT using definition of 2D complex exponential

N—1N-1 N—1N-1
X(k,1)= Z x(m, n)e(y—nn(m,n) = Zx(m, n)egn(m, n)
m=0 n=( m=0 n=

> From definition of inner product we have = X(k,/) = (x, exn)

> DFT element X(k,/) = Inner product of x(m, n) with ex n(m, n)

» How much x is an oscillation of horizontal freq. k vertical freq. f

» 2D DFT contains information on rate of change as the 1D DFT

= But also in the direction of change

Signal and Information Processi Multidimensior

A patch and its 2D DFT

> Signal length N = 8. Total of N? = 64 different exponentials

> Horizontal / Vertical frequency = Horizontal / Vertical variability

» Diagonals = diagonal variabilty = Directionality also important

Signal and Information Pre

2D DFT of an image

» Lenna Sjéodblom, playmate November 1972, Playboy magazine.

» And yet, we wonder why engineering is tough for women. Sorry.

> This is 256 x 256 image. We rarely do DFTs of full images
= Separate in 256 patches, each with 16 x 16 pixels

Signal and Information Processing. Multidimensional Signal Processing

A patch and its 2D DFT

> Image patch on the left, 2D DFT coefficients on the right

> Image patch on the left, 2D DFT coefficients on the right

> Image patch on the left, 2D DFT coefficients on the right

» Signal mostly constant in vertical direction
= Large coefficients concentrated at low vertical frequencies

Signal and Information Multidimensional Signal Processing

» Signal changes diagonally from top left to bottom right
= Large coefficients on diagonal axis from top left to bottom right

Signal and Information Multidimensional Signal Processing

> Signal shows variability in many different directions (piece of the eye)
= Large coefficients everywhere except when both fregs. are high

Signal and Information Processing. Multidimensional Signal Processing




The DFT and variability 73 Penn

» The distribution of the 2D DFT coefficients captures variability
= Most coefficients are small on background patches

= Many coefficients are large on hat feathers patches

Signal and Information Processi Multidimensional Signal Processing

Periodicity of the 2D DFT

> Consider fregs (k, /) and (k+ N, /). DFT at (k+ N,/) is

X(k+ N, 1) = ZZX k\NIN(m n)

» Complex exponentials of freqs.(k, /) and (k + N, /) are equivalent

N-1N-1
X(k+N,I)= x(m, n)efn(m,n) = X(k,I)
m=0 n=0
» 2D DFT has period N in horizontal direction.
» Likewise, 2D DFT has period N in vertical direction

» Suffices to look at N x N adjacent frequencies
> Canonical sets [0, N — 1] x [0, N — 1] and [N /2, N/2] x [-N/2, N/2]

Signal and Information

» Sum is over horizontal and vertical frequencies dimensions

> Recall that 2D DFT has period N in vertical and horizontal fregs.
> Any summation over M x N adjacent frequencies works as well. E.g.,
N/2 N/2

x(m,n) = Z Z X(k, [)ef2mtkm+im/N

k=—N/2+411=—N/2+1

Signal and Information Processing. Multidimensional Signal Processing

More on the the DFT and variability

» Many large coefficients on feather patches
> Large diagonal coefficients on hat = Direction of variability

» Face patches vary mostly in horizontal direction

Signal and Information Processi

Orthogonality of complex exponentials

Theorem
Complex exponentials with nonequivalent frequencies are orthogonal

(eun, eziy) = 8(k — K)a(/ —T)

Proof.
> From definitions of inner product and discrete complex exponential

N—1N-1

(e, €pan) = Z Z g i2m(km+In)/N (e—j27r(l;m+7n)/N))

m=0 n=0

> Separate exponents and regroup factors

N—1 N L N1 ~ .
—j2mkm/N —j2mkm/N —j2min/N —j2min/N
(euns epan) = Ze/ / (E/ /) Ze/ / (e/ /)
m=0

n=0

> Inner products of 1D exponentials. First is §(k — k), second is &(/ — I

Signal and Information Pre

iDFT is, indeed, the inverse of the DFT

Theorem
The 2D inverse DFT % = F~Y(X) of the 2D DFT X = F(x) of any
given signal x is the original signal x

x=F YX)= FHF(x) = x

» Every 2D signal can be written as a sum of 2D complex exponentials

N—-1N-1
x(m,n) == X(k, 1)el2n(km+im/N
k=0 I=0

» The coefficient for horizontal frequency k and vertical frequency f is

2

—1N-1
X(k, 1) = x( e—J2m(km+in)/N
0 n=0

3
Il

Signal and Information Processing. Multidimensional Signal Processing

73 Penn

Periodicity of complex exponentials 73 Penn

» We know that there are only N distinct complex exponentials
> Thus, there are only N? distinct 2D complex exponentials
= Horizontal frequencies k and k + N are equivalent

= Vertical frequencies / and / + N are equivalent
» Canonical sets [0, N — 1] x [0, N — 1] and [-N/2,N/2] x [-N/2,N/2]
» 1D complex exponentials are conjugate symmetric. Thus
& K)(~NN = €

» Flipping sign of both freqs = Conjugation of complex exponential

Signal and Information

Two dimensional (2D) iDFT

Signal representation

Images

Two dimensional discrete signals

Two dimensional (2D) discrete Fourier transform (DFT)

Two dimensional (2D) inverse (i) discrete Fourier transform (DFT)
Energy conservation (Parseval’s theorem)

Convolution in 2 dimensions

Applications

Discrete Cosine Transform

2D Discrete Cosine Transform

JPEG image compression

Signal and Information

Proof.

> To show X = x we prove X(r, 1) = x(/, 1) for all pairs of indices (), 1)

> From the definition of the 2D iDFT of X we write the value X(/, 1) as

N—1N-1
(@, B) = X(k, le/?vr(km\/n)/N
k=0 =

2

°

> From the definition of the 2D DFT of x we write the DFT value X(k, /) as

N—1N-1

X(k, 1) := Z Z x(m, n)E’j?’r\'(an»/n)/N

m=0 n=0

> Substituting expression for X(k, /) into expression for X(7, i) yields
N—1N-1 N—1N—-1

(M, 7)) = x(m, n)e
k=0 1=0 m=0 n=0

J2m(kmtin)/N | gi2m(kiint15)/N

Signal and Information



Proof of DFT inverse formula The 2D DFT sense Reconstruction of an image
Proof.
) . > Separate in 16 x 16 patches (256 total). Compute 2D DFT of each patch
> Exchange summation order, pull out x(m, n), and distribute factors » Can write image x as sum of deltas modulated by individual pixels » Start with low frequencies and work up to larger frequencies
N—1N-1 N—1N-1
_ Pk 7 N-1N-1
(i, B) = x(m. n) g2mlkmin/N L jem(kint 1) /N
;02 §§ x(m, n) = ZZX 6(k —m,l — n)
k=0 1=0
» Can pull x(m, n) out because it doesn't depend neither on k nor on /

» Also write as sum of oscillations modulated by 2D DFT coefficients

» Innermost sum is inner product between esin and enay. Orthonormality: NN
N—1N-1 x(m, n) = X k. I e/21r(km+/n)/N
IRk /N L n (DN g e Y 57— m)S(—n) prarivard
k=0 1=0
» These are mathematically analogous expressions.
M—-1N-1
> Reducing to = X(/f, i) Z ZX('"' n)8(7 — n)3(im — m) = x(/, 7) > We can see (literally) pixels, but we can't see 2D DFT coefficients
m=0 n=0 > Easier to operate on the image, when written as sum of oscillations
> Last equation true because only term m = m, n = 7 is not null in the sum

O
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Reconstruction of an image S Per i i T Reconstruction of an image
» Separate in 16 x 16 patches (256 total). Compute 2D DFT of each patch » Separate in 16 x 16 patches (256 total). Compute 2D DFT of each patch » Separate in 16 x 16 patches (256 total). Compute 2D DFT of each patch
» Start with low frequencies and work up to larger frequencies » Start with low frequencies and work up to larger frequencies » Start with low frequencies and work up to larger frequencies

> Reconstruction when using frequencies —2 < k,/ < 2. Not bad

Signal and Informatic Multidi P Signal and Informatior Miultidi 5 Signal and Information

Reconstruction of an image S Per i ' va3Per Properties of the 2D DFT
> Separate in 16 x 16 patches (256 total). Compute 2D DFT of each patch Signal representation
» Start with low frequencies and work up to larger frequencies Images > All properties of 1D DFTs have corresponding versions for 2D DFTs

Two dimensional discrete signals = Linearity, conjugate symmetry, modulation < shift

Two dimensional (2D) discrete Fourier transform (DFT) > We will cover energy conservation (to study compression)
Two dimensional (2D) inverse (i) discrete Fourier transform (DFT) N—1N-1 N-1N-1
2 2 2
= =X X(k, 1
Energy conservation (Parseval’s theorem) x(m = Il = IIX]" = Z Z X (k. Dl
m=0 n=0 k=0 /=0

Convolution in 2 dimensions

N > Will also cover the 2D convolution theorem (to study linear filtering)
Applications
Discrete Cosine Transform y=xxh << Y=HX

2D Discrete Cosine Transform » Which will require defining the 2D convolution operation x * h

JPEG image compression
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Energy conservation ) Proof of Parseval’'s Theorem Proof of Parseval’'s Theorem

Proof.
Theorem (Parseval) > The energy of the 2D DFT X is = | X[ = 3_ X (k. ))X" (k. /) Proof.
The energies of a signal x and its 2D DFT X = F(x) are the same, i.e., kit > Innermost sum is inner product between emin and emnn. Orthonormality:
N—1N—1 N—1N—1 > The 2D DFT of x is = X(k,/):= ZX(mA, n)eszﬂk"’*/")m o i
e 2mkmbIn) /N am(kinti) /N _ emin, Emny) = 8(F — m, B — n
33 m P = el = X = 3 3 Xk by (o o) = ¢ )

m=0 n=0 k=0 I=0 ) . . ) o
> Substitute expression for X (k. /) into one for ||X||* (observe conjugation)

> Substitute 6(/ — m, 7 — n) for i t to simplify || X|? t
» Since 2D DFT is periodic, any set of adjacent freqs. would do. E.g., ubstitute 6(/ — m, fi — n) for innermost sum to simplify [|X][* to

M—1N—1 M/2 N/2 ”XH2 - ; |:[ Zx(m, ")EﬁEW(kan)/N] [ Z X" (@, E)EﬂzW(MWMM/NH = Z Z x(m, n)x"(m, 7)d(m— m, 7 —n) = Z x(m, n)x"(m, n)
IXIP = 3D IXGDP = 32 > IX(kDP? e e

—0 1= M Yy » Distril h. ] s *(m, . - - .
k=0 I k=—M/2+1 I=—N/2+1 istribute product, exchange sum order, pull x(m, n) and x"*(/m, 1) out > True because only terms with m = /i and n = 7) are not null in the sum
2 PP —j2m(km+in) /N - jom(kintilR)/ N
R X1 = ZZX("” n)x" (i, i) [Z € e ] » Conclude by noting that from definition of the energy of x, we have
mon i Kl
X|? = x(m, n)x*(m, n) = ||x|?
> » Can pull out because x(m, n) and x"(/n, /i) don’t depend on (k. /) X1 ; (m, m” (m. ) = | .

Signal and Information Processing. Multidimensi ignal Processing B Signal and Information

Reconstruction of an image 3 Per Reconstruction of an image
» Separate in 16 x 16 patches (256 total). Compute 2D DFT of each patch > Separate in 16 x 16 patches (256 total). Compute 2D DFT of each patch > Separate in 16 x 16 patches (256 total). Compute 2D DFT of each patch
» Start with low frequencies and work up to larger frequencies > Start with low frequencies and work up to larger frequencies » Start with low frequencies and work up to larger frequencies

Signal and Informatic P 53 5 Signal and Information

Reconstruction of an image S Per Convolution in 2 dimensions va3Per D Convolution
> Separate in 16 x 16 patches (256 total). Compute 2D DFT of each patch Signal representation > Given 2D signal x of length N x N and filter h of length M x M
> Start with low frequencies and work up to larger frequencies Images > Reinterpret filter h as being null for all integers outside its range

Two dimensional discrete signals h(m,n) =0, forall (m,n)¢[0,M—1]x[0,M—1]
Two dimensional (2D) discrete Fourier transform (DFT) » Convolution of x and h is the (N + 1) x (N + M) signal y — x +
Two dimensional (2D) inverse (i) discrete Fourier transform (DFT) -
Energy conservation (Parseval’s theorem) y(m,n) = Z ZX(Ps q)h(m —p,n—q)

p=0 q=0

Convolution in 2 dimensions s L
» Hit filter h with input x to generate output y

Applications
M N M+ N
Discrete Cosine Transform J
2D Discrete Cosine Transform x y=xx%h
—> h A

JPEG image compression
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Padded signals ol 2D convolution theorem

> The padded signal x is an (N + M) x (N + M) signal with

X(m, n) = x(m, n), for (m,n) € [0, N —1] x [0, N — 1] » 2D DFTs of padded signal X = F(x) and padded filter H = F(h)

%(m,n) =0, |
X(m, m) =0, ese > Regular DFT of output signal, Y = F(y)

> The padded filter h is an (N + M) x (N + M) signal with
Theorem (2D Convolution)

I_7(m‘ n) = h(m, n), for (m, n) € [0, M —1] x [0, M —1] The convolution of padded signals in the space domain is equivalent to
h(m, n) =0, else the multiplication of their 2D DFTs in the frequency domain
N M+N M M+ N y=xxh — Y — XH > Convolution doesn’t change with padding = y = X% h=xx%h
J » 2D DFTs do change, but not by much when M < N

» Transformation is obscure in space but crystal clear in frequency » Instead of padding x and h we crop y to make it N x N = y

» Convolution theorem becomes approximate = Y ~ HX

= There are differences close to the borders of the image

Signal and Information Processi ignal Processing 59 Signal and Information Processing. Multidimensi ignal Processing 60 Signal and Information

Applications ol Averaging Filter

Signal representation
Images > An averaging filter is one with a square frequency response

Two dimensional discrete signals

1
Two dimensional (2D) discrete Fourier transform (DFT) h(m, n) = A Mg (m; n)
Two dimensional (2D) inverse (i) discrete Fourier transform (DFT) . o 1
> The convolution y = h* x is an } ‘ l

Energy conservation (Parseval’s theorem) average of adjacent pixels

Convolution in 2 dimensions
M—-1M-1

1

Applications y(m,n) = e Z Z x(m+p, n+q)
Discrete Cosine Transform —
2D Discrete Cosine Transform » What effect does an averaging filter has when applied to an image?

JPEG image compression
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Average Filter in frequency domain S Per T Gaussian filter

» Or, apply 2D Gaussian filter = 2D Gaussian pulse impulse response

» The 2D DFT of a 2D square pulse is a 2D sinc = low pass filter 1 (m—p)?  (n—p)?
h(n.m) = guo(mm) = 3255 exp | == 57— 5

> Blurring entail removal of high frequencies (in all directions) > 2D Gaussian pulse also performs averaging with nearby pixels

= Smoothes edges, which makes image appear out of focus » Can remove noise with averaging filter = Only low frequencies pass
= Image has low frequencies only. Noise has all frequencies

> Also low pass = 2D DFT is Gaussian pulse with inverse variance
= Decrease o2 to let more frequencies pass

Signal and Information Processi ignal Processing 65 Signal and Information Processing. Multidimensi ignal Processing 66 Signal and Information



Gaussian filtering of a noisy image sPe Low pass filter of noisy image

» Remove noise with a Gaussian filter with variance 02 = 1 > Remove noise with a Gaussian filter with variance o> = 4

Noisy image Filtered image Noisy image Filtered image

» More noise removed (good), but also more blurring (not good)

Signal and Information Processing. Multidimensional Signal Py 68 Signal and Information Processing. Multidimensi

Gaussian Derivative Filter Edge Detection

» Multiply Gaussian filter frequency response by inverted pyramid > Now applying this filter to our test image:
H(k, 1) = Guo(k, 1)k + 1|

» Derivative filter because freq. multiplication is derivation in space

» Very rapid variations are filtered out. They are regarded as noise
> Rapid, but now rapid variations are considered edges > After filter, only high frequencies (edges) remain in image

Multidimens P 7 Signal and Information Pr

Discrete Cosine Transform

Edge detecti

> Detect the edges of an image =- Rapid transitions
= A rapid transition is a high frequency = Use a high pass filter

Signal and Information Processing.

Sharpening

» We want to sharpen an image, e.g., because it's blurry, out of focus
= We can do that by heightening the edges

» Low frequencies are still important
= Want to boost high frequencies,

» Add a constant « in frequency to let all frequencies pass
H(k,I) = (1—a)Guo(k, |k + 1] +

> In time, the constant is a delta = we add the signal and the edges

Signal and Information

Signal representation

Images

Two dimensional discrete signals

Two dimensional (2D) discrete Fourier transform (DFT)

Two dimensional (2D) inverse (i) discrete Fourier transform (DFT)
Energy conservation (Parseval’s theorem)

Convolution in 2 dimensions

Applications

Discrete Cosine Transform

2D Discrete Cosine Transform

JPEG image compression

Signal and Information Processing. Signal and Information Processing. Multidimensi

> Patches are well approximated by a subset of 2D DFT coefficients
» Except for borders. And still a problem if we retain most coefficients

Signal and Information Processing.



The DFT and the iDFT

The periodic extension of the iDFT 73 Penn

Inverse discrete cosine transform v3Penn

> Start with real signal x : [0, N — 1] — R. The DFT of signal x is

X(k):= x(n)eJ2mkn/N

> We know that X(n) = x(n) for n € [0, N — 1] (inverse transform)

> But the iDFT is defined for all n

» Signal % is periodic with period N because exponentials e/27%"/N are
= We say that iDFT signal X is a periodic extension of original x

Signal and Information Processing. Multidimensional Signal Processing

The iDCT is an even function

» First sample x(0) and last sample x(N — 1) can be very different

= Most likely are. Unless signal has some structure, e.g., symmetry

» This is a problem for the periodic extension
= The value x(0) = X(N) appears next to x(N — 1) = X(N — 1)

x(n) %(n)

L] I L Ll L]

N1t N f N an t

> It's tough to approximate a jump/discontinuity = High frequency

» Never mind. We're more than Fourier people. We're fearless transformers

Signal and Information Processing. Multidimensional Signal Processing

The iDCT is an even function

» Say that we have a transform X so that we can write signal X as

%) = X(0) + i:X(k)cos{MAfl/z)]

> Inverse discrete cosine transform (iDCT) of X = % =C}(X)

» No complex numbers involved. Signals and transforms assumed real

> Haven't said how to find X so that X(n) = x(n) for n € [0, N — 1]

>
> Details are different but this is still x written as a sum of oscillations
= Still expect low frequency components to be most significant

= But have written cosine in a way that avoids border discontinuities

Signal and Information

iDCT is an even function

> Put a mirror at N+ 1/2 and compare samples in each direction

> The sample at n = N — 1 can be written in terms of iDCT as

N—-1
MN-1)=  XO)+ 3 X(K)cos [W]
k=1
= 2mk(—1/2)
= X(0)+ X (k) cos | 212
2 cos [ N }

» The sample at n =N can be written in terms of iDCT as

N-1
(N )= X(0)+ ZX(k)cos[w]
k=1
N-1 ,
= X(0)+ ZX(k)cos[W}
k=1

> Since cosines are even, sign is irrelevant. Thus = (N — 1) = X(N)

Signal and Information

The iDCT is an even function

> Put a mirror at N + 1/2 and compare samples in each direction

> The sample at n = N — 4 can be written in terms of iDCT as

N—-1
MN-4)=  XO)+ 3 X(K)cos [W]
k=1
= 2mk(~7/2)
= X(0)+ X(K) cos [7}
k=1

» The sample at n = N + 2 can be written in terms of iDCT as

N-1 /:
R(V+3)i=  X(O)+ 3 X(k)cos [%NH”)}
k=1
N-1 /:
= X(0)+ 3™ X(k) cos [W}
k=1

» Since cosines are even, sign is irrelevant. Thus = X(N —4) = %(N + 3)

Signal and Information Processing. Multidimensional Signal Processing

> Put a mirror at N + 1/2 and compare samples in each direction

> The sample at n = N — 2 can be written in terms of iDCT as

= 2mk(N —241/2

S(N-1) = X(0)+ E X (k) cos [%}
N—1

- X0+ X(K) cos [M}
k=1 N
» The sample at n = N + 1 can be written in terms of iDCT as

N-1 /:

S(N+1):=  X(0)+ ;X(k)cos [%NH”)}

N-1 /:
= X(0)+ 3™ X(k) cos [W}
k=1

» Since cosines are even, sign is irrelevant. Thus = X(N —2) = %(N + 1)

Signal and Information Pre

even extension of the iDCT

» Formalize argument to prove that the iDCT yields an even extension
)?[NJr(nfl)} :X[an]
» Or, to better visualize the symmetry
%[(N—1/2)+ (n— 1/2)} = x[(/v —1/2) — (n—1/2)

» Signal x written as sum of oscillations without border effects

x(n) %(n)

NTTTM :aﬂﬂm NTTT??»:?TTTHH

N-1t f

f an t

Signal and Information Processing.

Multidimensional Signal Processing

> Put a mirror at N + 1/2 and compare samples in each direction

> The sample at n = N — 3 can be written in terms of iDCT as

= 2mk(N —3+1/2
S(N-3)=  X(0)+ E X (k) cos [%}
N—1
- X0+ X(K) cos [M}
k=1 N
> The sample at n = N + 2 can be written in terms of iDCT as
; = 2nk(N +2+1/2)
%(N+2):= X(0)+ ; X (k) cos [ﬁ}

N-1 /:
= X(0)+ > X(k) cos [W}
k=1

» Since cosines are even, sign is irrelevant. Thus = X(N — 3) = %(N + 2)

Signal and Information

The discrete cosine transform (DCT)

» Still have to find out a way of computing the coefficients X (k)

> Given a real signal x, the DCT X = C(x) is the real signal with

N-1
X(0) := x(n)
n—=0
= 27k(n+1/2)
X(k) = x(n)cos | ———"—
e [F)

» Normalization constants are different for k = 0 and k € [1, N — 1]

> No complex numbers involved. Signals and transforms are real

Signal and Information



iDCT is the inverse of the DCT v Pey 2D Discrete Cosine Transform v3Penn

Signal representation

. . . . Theorem Images
» Define the elements of the DCT basis as the signals ey with The iDCT % = C~1(X) of the DCT X = C(x) of any given signal x is the

[27rk(n n 1/2)} original signal x, i.e.,
Ccos T

Two dimensional discrete signals
con(n) := cn(n) == Two dimensional (2D) discrete Fourier transform (DFT
ow() () g=cl(X)=C N C(x) = x (2D) (OFT)
X Two dimensional (2D) inverse (i) discrete Fourier transform (DFT)
» Akin to the DFT basis defined by the N complex exponentials exn

» Equivalence means %(n) = x(n) for n € [0, N — 1]. Energy conservation (Parseval’s theorem)
» With basis defined can write DCT of x as = X(k) = (x, ckn) = Otherwise, inverse transform X is an even extension of original x Convolution in 2 dimensions
» To prove theorem, use DCT definition, iDCT definition, reverse Applications

» Inner product implies the usual interpretation

summation order, and invoke orthogonality of the DCT basis. . .
= X(k) is how much x(n) resembles oscillation of frequency k € Y Discrete Cosine Transform

» Conservation of energy (Parseval’s) also holds = orthogonality 2D Discrete Cosine Transform

JPEG image compression
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Rewriting the 1D DCT Two dimensional discrete cosine transform 2D DCT as an inner product

» For 1D signal x we defined the 1D DCT X = C(x) as > Given a two dimensional signal x we define the 2D DCT X as » The 2D discrete cosine of horizontal freq. k and vertical freq. / is
N—1 N-1N-1
1 v 2mk(m +1/2) 271(n +1/2) 2rk(m +1/2) 2rl(n +1/2)
X(0) 1= —— x(n X(k, 1) :=—— x(m, n) cos [ cos N = —_— rvE—
(0) VN ; (n) N 2 mZ:D N N cun(n, m) cos N cos N
2= 2mk(n+1/2) > 2D analogous of the 1D DCT. Or DCT analogous of the 2D DFT > Use to rewrite 2D DCT as inner product = X(k,/) = (x, cu,n)
X(k) = N Zx(n) cos | ——p—— '
n=0 » Can write the double sum as a pair of nested sums > The 2D DCT element X(k, /) is the inner product of x with cx,n
» Define normalization constants 1o = 1 and v = /2 for k #0 Ne1 T N—1
X(k, 1) = i) [Zx(m n) cos [27""(”’ + 1/2)] :| cos [27"/(" + 1/2)} » Observe that, similar to the 2D complex exponentials, we can write
N—1 v N ’ N N
Vi 2rk(n+1/2) =0 L m=o
X(k) = —= x(n) cos N ) ) . cun(n, m) = cinein
N= » The 2D DCT is the vertical DCT of the horizontals DCTs
» Equivalently, it is also the horizontal DCT of the vertical DCTs > Which implies orthonormality of the ci/y. Because the ciy are

Signal and Information Processi Multidimensional Sig: ing % Signal and Information Processing. Multidimensional Signal Processing

Signal and Information

Rewrite the 1D iDCT

Two dimensional inverse discrete cosine transform ¥#§Penn iDCT is the inverse of the DCT

» Given a 2D DCT X we define the 2D iDCT X as

Theorem
» For given DCT X we defined the iDCT as the signal X with values v omk(m+1/2) ari(n 1 1/2) The iDCT % = C~Y(X) of the DCT X = C(x) of any given signal x is the
N1 X(m,n) = Z Z %X(k- /) cos [ N ] cos [ N ] original signal x, i.e.,
%(n) 1 X(0) + /2 Zx(k) {27rk(n+1/2)] =0 m=0
x(n) = — /= cos | ————— o -1 — -1 —
VN \ N =1 N » 2D analogous of the 1D DCT. Or DCT analogous of the 2D DFT x=CT(X)=CT(C() =x
> Use the same constants, 1o = 1 and v = V2 for k # 0, to write > The 2D iDCT is even symmetric (not periodic). In both dimensions » Equivalence means X(n) = x(n) for n € [0, N —1].
N-1 = Otherwise, inverse transform X is an even extension of original x
5(n) = 3 L X(k) cos {M} £[(N = 1/2) + (m—1/2),n] = x[(N ~1/2) = (m—1/2), ]
k=1 VN N » To prove theorem, use DCT definition, iDCT definition, reverse

- summation order, and invoke orthogonality of the DCT basis.
> Just a definition. To avoid writing four separate sums for 2D iDCT x{mA, (N=1/2)+(n— 1/2)} = X{’”ﬁ (N—=1/2) = (n— 1/2)} Y on order n rthogonality :

» Thus, we don't have border effects in the reconstruction. » Conservation of energy (Parseval’s) also holds = orthogonality
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Compression with the 2D DCT and 2D iDCT s Per Compression with the 2D DCT 2D iDCT T Compression with the 2D DCT and 2D iDCT

. . » Compute 2D DCT of 16 x 16 patches. Reconstruct with low frequencies » Compute 2D DCT of 16 x 16 patches. Reconstruct with low frequencies
» Compute 2D DCT of 16 x 16 patches. Reconstruct with low frequencies i i Rk i i Rk
> The signal is reconstructed with small error and no border effects > The signal is reconstructed with small error and no border effects

> The signal is reconstructed with small error and no border effects

> Reconstruction when using coefficients 0 < k,/ < 4. Not too good > Reconstruction when using coefficients 0 < k,/ < 6. Quite good
» Compression factor 16 and error energy 1.59% » Compression factor 7.1 and error energy 0.81%

Signal and Information Processing. Multidimensi Signal and Information

JPEG image compression

» Compute 2D DCT of 16 x 16 patches. Reconstruct with low frequencies » Compute 2D DCT of 16 x 16 patches. Reconstruct with low frequencies Signal representation
> The signal is reconstructed with small error and no border effects > The signal is reconstructed with small error and no border effects Images
Two dimensional discrete signals

Two dimensional (2D) discrete Fourier transform (DFT)

Two dimensional (2D) inverse (i) discrete Fourier transform (DFT)
Energy conservation (Parseval’s theorem)

Convolution in 2 dimensions

Applications

Discrete Cosine Transform

- . . - 2D Discrete Cosine Transform
> Reconstruction when using coefficients 0 < k,/ < 8. Excellent » Reconstruction when using coefficients 0 < k,/ < 10. Flawless

» Compression factor 4 and error energy 0.46% » Compression factor 2.56 and error energy 0.26% JPEG image compression
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JPEG image compression S Per va3Per Importance matrix

» The importance coefficients Q(k, /) form the importance matrix Q
For each frequency pair k, /, define the importance coefficient Q(k, /) = Up to 20. Up to 50. Up to 90.

» Start with a color image = three color channels xg, xg, x¢

v

= Each pixel is represented by 8 bits

16 11 10 16 24 40 51 61
12 12 14 19 26 58 60 55

= Values are integers in [0,255], or, equivalently [-127,128] » Encode each DCT frequent component as

» Transform into luminance y and chrominance yg and yg R X(k, 1) 14 13 16 24 40 57 69 56
» Eye more sensitive to luminance. Sample chrominances every 2 pixels X(k.I) = round (Q(k /)) Q= ig ;; §§ gg Zé 87 8 33
» Work with luminance and chrominance separately. N 24 36 55 64 81
> If Q(k,/) ~ 1 there is little change = X(k, /) ~ X(k,I) 49 64 78 87
> Separate each channel in 8 x 8 patches = 64 pixels per patch > If Q(k, 1) is large we reduce the range of )A((k7 1) 72
> For each patch x, compute the corresponding DCT X > Numbers with smaller range can be encoded with less bits > Instead of top left square, we assign importance to top left triangle
= Keep coefficients associated with largest frequency components = Assign relatively small Q(k, /) to low frequencies > Slight asymmetry = More importance to horizontal frequencies

> Low frequencies more important but high frequencies not irrelevant = Assign relatively large Q(k,/) to high frequencies
» All frequency components encoded to some extent

= Introduce importance quantization = High frequency components encoded only when they are large
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The DFT and iDFT with Hermitian matrices 73 Penn

The discrete Fourier transform, again 73 Penn

Principal Component Analysis
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Signal and Information Processing.

Principal Component Analysis

DFT in matrix notation

The discrete Fourier transform with Hermitian matrices
Stochastic signals

Principal component analisys (PCA) transform
Principal Components

Principal Component analysis for Compression
Dimensionality reduction

Face recognition

Signal and Information Processing. Principal Component Analysis

The DFT as a matrix product

» It is time to write and understand the DFT in a more abstract way

» Write signal x and complex exponential exy as vectors x and exy

X(O) ej27rk0/N
x(l) ej27rk1/N

X = . ey = .
;<(N -1) éjZWk(N—l)/N

> Use vectors to write the kth DFT component as (efly = (ejy)")
N-1 )
X(k) = effyx = (x,ew) = > x(myem2mrniN

n=

> kth DFT component X(k) is the product of x with exponential el

Signal and Information Processi Principal Component Analysis

Some properties of the DFT matrix F

» Write DFT X as a stacked vector and stack individual definitions

X(0) e(ZNx eg,v
X(1) einx e
= . = . = x
X(N—-1) eFN—l)NX efN—l]N
» Define the DFT matrix F¥ so that we can write X = Fx
elly 1 1 1
ot R R ]
- TN : :
el 1 em(N-1)/N e—J2m(N-1)(N-1)/N

» The DFT of signal x is a matrix multiplication = X = Fx

Signal and Information

The Hermitian of the DFT matrix F

> Let F¥ = (F*)7 be conjugate transpose of F. We can write F¥ as
en;r/v
F = :ew < F= [ ey ey - ez/v—l)/v }
efunn

> We say that F" and F are Hermitians of each other

> The nth row of F* is the nth complex exponential ey,

> The kth column of F is the kth conjugate complex exponential e,

> Indeed, in case you are having trouble visualizing the matrix product

= 0
2BV (0) X(_ )
) [ x(n) =x
eﬂzmu(w)/mx(n) )
@ x(N — 1)
e~ 2m(IW=D/Ny(y — 1)
- - .
e~ RFOM/N | g—i2m(h(N-1)/N X(0)
F= e—i2n(WO/N | gm2m)/N | gmi2m()(N=1)/N X (k) =X =Fx
e—2m(N=1O)/N | g=p2n(N=1)()/N | g=i2m(N=1)(N-1)/N X(N —1)

> The kth DFT component X(k) is the kth row of matrix product Fx

Signal and Information Pr Principal Component Analysis

The product of F and its Hermitian F"

> The product between the DFT matrix F and its Hermitian F/ is

- « "
[ ey e en e en-_1)N ]
T T o T x T ox
€on €oneon e €onern s €one(v—1)N
: : =F"F
T T or T o T ox
v € neon T €xnen T eNe(N-_1)N
T T . T . T -
e(n—1)n en—1N®N T N NEN T E(N—)NEW—1)N

> The (n, k) element of product matrix is the inner product el ey

» Orthonormality of complex exponentials = elye}y = (n — k)

= Only the diagonal elements survive in the matrix product

Signal and Information Processing.

» The (k, n)th element of the matrix F is the complex exponential

((F)),,, = e~ 2rRm/N _ (e—jznw/w)‘”)
.

» Since elements of rows are indexed powers we say F is Vandermonde

» Also observe that since e =27(K)(n/N — g=j2x(n)(k)/N \ye have
((F)p = e—i2m(K)(n)/N _ g=j2r(n)(k)/N GR

» The DFT matrix F is symmetric = FT=F

» Can then write Fas = F=F' = [ en ey el ]

Signal and Information si Principal Component Analysis

The matrix F and its inverse

1 -~ 0 --- 0
F'F=| 0 1 0| =1
0 0 1

» Matrices whose inverse is its Hermitian, are said Hermitian matrices
» Have proved the following fundamental theorem.

Theorem
The DFT matrix F is Hermitian = F'F =1

Signal and Information Processi Principal Component Analysis

Signal and Information Processing.

Principal Component Analysis

Principal Component Analysis



The iDFT in matrix form

v3Penn

The iDFT in matrix form

v3Penn

Inverse theorem, like a pro

» We can retrace methodology to also write the iDFT in matrix form

» No new definitions are needed. Use vectors e,y and X to write

=

-1
%(n) = elyX = X (k)e/2mkn/N
0

E
Il

> Define stacked vector % and stack definitions. Use expression for F/

%(0) e(;NX eO:N

(1) ey X ey H
= . =1 . =1 . X=F'X

(N -1) e(TNfl)NX e(TNfl)N

> The iDFT is, as the DFT, just a matrix product = % = F"/X

Principal Component

Theorem
The DFT preserves energy = ||x||? = x"x = X"X = || X|

Proof.
> Use iDFT to write x = F/X and exploit fact that F is Hermitian

IXI?P = x¥x = (Fx)"Fx = x"F"'Fx = x"x = ||x|? O
» This theorem would also be true for any transform pair

X =Tx — % =THX

> As long as the transform matrix T is Hermitian = THT =1

Signal and Information Pre Principal Component Ana

Stochastic signals

The discrete Fourier transform with Hermitian matrices
Stochastic signals

Principal component analisys (PCA) transform
Principal Components

Principal Component analysis for Compression
Dimensionality reduction

Face recognition

Signal and Information Pre

Principal Component Ana

v3Penn

> Again, in case you are having trouble visualizing the matrix product
— Tx

2O X ()
&2 (RN x (k)

AN Da/Nx(y — 1) L

S2OO/N | gemf©)/N 2m(N=1))/N %(0)
FHo | e2rOm/N . gane/N &2 (N=1(r)/N %(n) — %= FfX
E/Z—Vr(D](Nfl)//\/ . e[27r(k'/(N71)/N . éZW(N*AKN*])/N i(/\/ — 1)

> Can write the iDFT of X as the matrix product = % = F//X

Signal and Information Pre

Principal Component

» Are there other useful transforms defined by Hermitian matrices T?

= Many. One we have already found is the DCT

> Define the inverse DCT matrix C" to write the iDCT as x = C"X

1 1 1

27(1)((1)+1/2)
o+ 1 1 \/icos [+}

TV :
2r(1)((N=1)+1/2)
1 \/Ecos [7]

> It is ready to verify that C is Hermitian (the cosines are orthonormal)

» From where the inverse and energy conservation theorems follow
= Proofs hold for all Hermitians, C in particular

Signal and Information Pre Principal Component Ana

Random Variables

» A random variable X models a random phenomena
= One in which many different outcomes are possible

= And one in which some outcomes may be more likely than others

» Thus, a random variable represents two things

= All possible outcomes and their respective likelihoods

px(x), py(y). pz(y) fa\

—ox ox py —oy HY wy+oy uz—oz Mz pztagy XY Z

» Random variable X takes values around 0 and Y values around py
» Z takes values around /17 and the values are more concentrated

Signal and Information Pre Principal Component Ana

27(N—1)((1)+1/2)
V2 cos [%

]

V2 cos [z«(/\/71)((,c/71)+1/2)}

v3Penn

» When we proved theorems we had monkey steps and one smart step

= That was orthonormality = matrix F is Hermitian = FAF=1

Theorem
The iDFT is, indeed, the inverse of the DFT

Proof.

> Write X = F"X and X = Fx and exploit fact that F is Hermitian

% = FP'X = F'Fx = Ix = x 0o

» Actually, this theorem would be true for any transform pair
X=Tx <= x=THX
> As long as the transform matrix T is Hermitian = THT =1

Signal and Information Pre Principal Component

Designing transformations adapted to signals

» A basic information processing theory can be built for any T
» Then, why do we specifically choose the DFT? Or the DCT?
= Oscillations represent different rates of change

= Different rates of change represent different aspects of a signal

> Not a panacea, though. E.g., F/' is independent of the signal
» If we know something about signal, should use it to build better T

» A way of “knowing something” is a stochastic model of the signal
» PCA: Principal component analysis
= Use the eigenvectors of the covariance matrix to build T

Signal and Information Pre Principal Component Ana

Probabilities

> Probabilities measure the likelihood of observing different outcomes
= Larger probability means an outcome that is more likely

= Or, observed more often when seeing many realizations

» Random variables represented by uppercase = E.g., X

> Values that it can take represented by lowercase = E.g., x
> The probability that X takes values between x and x’ is written as
P(X <X< X/)

> Here, we describe probabilities with density functions (pdf)
= px(x)

P(x < X <x') :/ px(u) du
> px(x) ~ How likely random variable X is to take a value around x

Signal and Information Pre Principal Component Ana

v3Penn

v3Penn



Gaussian random variables

Expectation 73 Penn

Variance 73 Penn

> A random variable X is Gaussian (or Normal) if its pdf os of the form

i

px(x) =
To
> The mean y determines center. The variance o2 determines width

px(x), py(y). pz(y) Fa\

x

. A S A

> Means satisfy 0 = j1x < py < j1-. Variances are 0% = 0%y > o2

Signal and Information Processing.

Principal Component Analysis

Random signals

» Expectation of random variable is an average weighted by likelihoods
E[X] = / xpx (x) dx
Joso

> Regular average = Sum all values and divide by number of values
> Expectation = Weight values x by their relative likelihoods px(x)

> For a Gaussian random variable X the expectation is the mean 1

oo
1 2, 2
E[X] = X e~ /7 gy =
o /;m V2ro a

> Not difficult to evaluate integral, but besides the point to do so here

Signal and Information Processing. Principal Component Analysis

Face images

» Measure of variability around the mean weighted by likelihoods
var[X] = E [(x ~E[X] )2} = / (x = E[X])px(x) dx
Jooo

» Large variance = likely values are spread out around the mean

v

Small variance = likely values are concentrated around the mean

» For a Gaussian random variable X the variance is the variance o2

var [X] :/:; (xflE[X])z\/;TTU

e~/ gy — 52

» Not difficult to evaluate either. But also besides the point here

Signal and Information Processi Principal Component Analysis

Vectorization

> A random signal X is a collection of random variables (length N)
X = [X(0), X(1), ... X(N—1)]7

> Each of the random variables has its own pdf = px(n)(x)

v

This pdf describes the likelihood of X(n) taking a value around x

» This is not a sufficient description. Joint outcomes also important

v

Joint pdf px(x) says how likely signal X is to be found around x

P(xeX) = //pr(x)dx

> The individual pdfs px(n)(x) are said to be marginal pdfs
Signal and Information P
Realizations

» Realization x is an individual face pulled from set of possible outcomes

> Three possible realizations shown

» Realizations are just regular signals. Nothing random about them

Signal and Information Processing. Principal Component Analysis

Signal and Information Processing.

> Random signal X =- All possible images of human faces
» More manageable = X is a collection of 400 face images
= The random variable represents all the images
= The likelihood of each of them being chosen. E.g., 1/400 each

» Random variable specified by all outcomes and respective probabilities

Signal and Information Pre Principal Component An:

Expectation, variance and covariance

» Signal's expectation is the concatenation of individual expectations

E[X] = [E[X(O)], E[XQ), ... ]E[X(N—l)]]T ://xpx(x)dx

v

Variance of nth element = ¥,, = var[X(n)] =E [(X(n) —E[X(n)] )2]

> Measures variability of nth component

v

Covariance between the signal components X(n) and X(m)

Tom = E[(X(n) = E[X(n)]) (X(m) —E[X(m)])] = Zm»

v

Measures how much X(n) predicts X(m). Love, hate, and indifference
= X,m = 0, components are unrelated. They are orthogonal

= Y,m >0 (X,m < 0), move in same (opposite) direction

Principal Component Analysis

» Do observe that the dataset consists of images = matrices

> Each image is stored in a matrix of size 112 x 92

my mi2 mi,02

mz,1 mz2 e m2,02
M; =

M2 M2z ... Mi12,02

» Stack columns of image M; into the vector x; with length 10,304

. T
Xj = [m1 1, M1y <oy Mii2,1, Mi2, M22, ...y Mi122, 5 Mig2, M292, .., Mi12,92

R112><92

> Images are matrices M; € . Signals are vectors x; € R10:304

Signal and Information si Principal Component

> Assume that E [X] = 0 so that covariances are ¥,,,, = E[X(n)X(m)]
> Consider the expectation E [xx”| of the (outer) product xx”

> We can write the outer product xx” as

x(0)x(0) S x(O)x(n) e x(O)x(N = 1)
o = | X S o) L =)
Cx(N=1)x(0) -+ x(N = 1)x(n) T x(N = 1)x(N - 1)

Signal and Information Processi Principal Component Analysis



Covariance matrix 73Penn Covariance matrix 73Penn Definition of covariance matrix 73 Penn

> Assume that E [X] = 0 so that covariances are L, = E[X(n)X(m)] > Assume that E [X] = 0 so that covariances are L, = E[X(n)X(m)] > When the mean is not null define the covariance matrix of X as
» Consider the expectation E [xx7] of the (outer) product xx™ » Consider the expectation E [xx"] of the (outer) product xx” T

p [xxT] ( ) p p [xxT] ( ) p Z::E[(xfE[x])(xfE[x]) ]
» Expectation E [XXT} implies expectation of each individual element > The (n, m) element of the matrix E [xxT] is the covariance ¥,

> As when null is mean, the (n, m) element of X is the covariance ¥, n

E[x(0)x(0)] <o E[x(0)x(n)] <o E[x(0)x(N —1)] oo s Ton S Tow-1)
. o o . : - ((2))om =E [(X(n) = EIX(n)]) (X(m) = E[X(m)])] = Zom
LA o E — o] = | 3 R e Sl
]E[XX ] N ]_E[X(")X(O)] TE[X(N)X(")] ]_:[X(n)x(N R ]E[ ] _Z"D > _X"‘N R > The covariance matrix X is an arrangement of the covariances ¥, ,
El(N = 1)x(©)] - Ex(N—Dx(n)] - Ex(N— x(N — 1)] Tv-10 S -~ Eegen ) ) )
> The diagonal of X contains the (auto)variances ¥,, = var [X(n)]
> > Define the covariance matrix of random signal X as ¥ := E [xxT}

» Covariance matrix is symmetric = ((X))n.m = Zom = Zmn = (X)) mn

Signal and Information Processing. Principal Component Analysis 28 Signal and Information Processing. Principal Component Analysis 29 Signal and Information Processi Principal Component Analysis

Mean of face images (A Covariance matrix of face images

> All images are equally likely = probability 1/400 for each image 400
. 400 » Covariance matrix — ¥ — Z (x,- “Ex ) (x,- “E[x ) T The discrete Fourier transform with Hermitian matrices
> The mean face is the regular average = E[x] = 200 Zx,- 400 —
i=1 Stochastic signals

Principal component analisys (PCA) transform
» Heat map of covariance

matrix X shown on left Principal Components

> Large correlation values

around diagonal Principal Component analysis for Compression
> Large correlation values

every 112 elements (jump a Dimensionality reduction

row on matrix)

Face recognition

» Average image looks something, sort of, like an average face

Signal and Information Principal Component A 3 Signal and Information Pre Principal Component An: 32 Signal and Information si Principal Component

Normalization va3Per Ordering
Theorem
. . 7 i >
» Consider a vector with N elements = v = [v(0), v(1), ..., v(N —1)] The eigenvalues of X are real and nonnegative = A € R and A >0
» We say that v is an eigenvector of X if for some scalar A € R » If v is an eigenvector, av is also an eigenvector for any scalar a € R, Proof.
N . . U H 2
v = v E(av) = a(v) = alv = A(av) > Begin by observing that we can write A = v Xv/||v[|*. Indeed
. ' . ) ' viEv = v (Zv) = v" () = v = Ay

» We say that A is the eigenvalue associated to v » Eigenvectors are defined up to a constant

. . . i > Complete by showing that v £v is nonnegative. Indeed
w > We use normalized eigenvectors with unit energy = ||v||> =1

Tvi = Mvi \\ 7’ Bz = Aava > If we compute v with [|v|[? # 1 replace v with v/||v| ViEv = v'E [XXH} v=E [VHXXHV] =E [(VHX) (xHV)] =E [(VHX)Q] >0
V1
/ w
> There are N eigenvalues and distinct associated eigenvectors O

> In general, w and Xw point in different directions » Order eigenvalues from largest to smallest = \g > A\; > ... > Ay_1

» But for eigenvalues v, the product vector Zv is collinear with v » Eigenvectors inherit order = vg,v1,...,Vy_1
> The nth eigenvector of X is associated with its n largest eigenvalue

Signal and Information Processing. Principal Component Analysis 3 Signal and Information Processing. Principal Component Analysis 35 Signal and Information Processi Principal Component Analysis




Eigenvectors are orthonormal 73Penn Eigenvectors of face images (1D) Eigenvectors of face images ( 73 Penn

Theorem > Two dimensional representation of first four eigenvectors v, v1, vz, v3

Eigenvectors of X associated with different eigenvalues are orthogonal o i

Proof.

» Normalized eigenvectors v and u associated with eigenvalues \ # u

v =)v, Tu=pu

» Since the matrix X is symmetric we have M= ¥, and it follows

ut'yv = (uHZv)H =vHTHu =vlsu

» Make Xv = Av on the leftmost side and Xu = pu on the rightmost
ufav = xuf'v = w'u = v pu

» Eigenvalues are different = Relationship can only be true if viu = 0

O

Signal and Information Processing. Principal Component Analysis 37 Signal and Information Processing. Principal Component Analysis Signal and Information Processi Principal Component Analysis

Discussions

Eigenvector matrix

> Define the matrix T whose kth column is the kth eigenvector of X > Any Hermitian T can be used to define an info processing transform

T=[vi,v2,.. vn] » Define principal component analysis (PCA) transform =y = Tx > The PCA transform is defined for any signal (vector) x
. . - H = But we expect to work well only when x is a realization of X
> Since the eigenvectors vy are orthonormal, the product THT is > And the inverse (i)PCA transform = % = T"y
» Since T is Hermitian, iPCA is, indeed, the inverse of the PCA > Write the iPCA in expanded form and compare with the iDFT

[ v o Ve e vy ] N—1 N-1
% = THy = T"(Tx) = THTx = Ix = x =k = X(k
vi! vilvi vl e iy 1 - 0 - 0 x(n) =Y y(kw(n) & x(n)= (k)ewn(n)
. ) . k=0 k=0
THT = : : : : R » Thus y is an equivalent representation of x = Back and forth
vl vivi o vy o Wi | =0 1 0 ) . > The same except that the use different bases for the expansion
» And, also because T is Hermitian, Parseval’s theorem holds » Still, like developing a new sense

Vi viivy o wiive o vl 0 -~ 0 -+ 1 ”XH2 = XHX = (Tx)HTx = x"THTx = x"x = HX”2 » But not one that is generic. Rather, adapted to the random signal X

. . . . > Modifying elements y, means altering energy composition of signal
» The eigenvector matrix T is Hermitian = THT =1 ying Yk g gy p g

Signal and Information P Principal Component A 0 Signal and Information Pre Principal Component An: Signal and Information si Principal Component

Coefficients of a projected face image s Per Reconstructed face images v Pey Reconstructed face images
> PCA transform coefficients for given face image with 10,304 pixels > Reconstructed image for increasing number of PCA coefficients > Reconstructed image for increasing number of PCA coefficients
> Substantial energy in the first 15 PCA coefficients y(k) with k < 15 = Increasing number of coefficients increases accuracy. = Increasing number of coefficients increases accuracy.
> Almost all energy in the first 50 PCA coefficients y(k) with k < 50 = Using 50 coefficients suffices = Using 50 coefficients suffices

= Thas is a compression factor of more than 200

Coeflicients for the first 50 eigenvectors

Tl i

L] . Ts
T ‘lj“l“”““‘““‘

~2000]

—a000

—6000)

Figure: image Figure: No. P.Cs =5
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Reconstructed face images 73 Penn

Reconstructed face images 73 Penn

Reconstructed face images 73 Penn

> Reconstructed image for increasing number of PCA coefficients
= Increasing number of coefficients increases accuracy.
= Using 50 coefficients suffices

Figure: image
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Reconstructed face images

> Reconstructed image for increasing number of PCA coefficients
= Increasing number of coefficients increases accuracy.

= Using 50 coefficients suffices

Figure: image
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Reconstructed face images

> Reconstructed image for increasing number of PCA coefficients
= Increasing number of coefficients increases accuracy.

= Using 50 coefficients suffices

Signal and Information Processi Principal Component Analysis

> Reconstructed image for increasing number of PCA coefficients
= Increasing number of coefficients increases accuracy.
= Using 50 coefficients suffices

Signal and Information

» PCA transform y for pictures of different persons
» Similar pose and attitude, but PCA coefficients are still different
= Can be used to perform face recognition.

” [ .l 1 o 1

T jl‘”wul.‘ e

Signal and Information Processi Principal Component Analysis

> Reconstructed image for increasing number of PCA coefficients
= Increasing number of coefficients increases accuracy.

= Using 50 coefficients suffices

Figure: image

Signal and Information Pre Principal Component An:

Principal Components

The discrete Fourier transform with Hermitian matrices
Stochastic signals

Principal component analisys (PCA) transform
Principal Components

Principal Component analysis for Compression
Dimensionality reduction

Face recognition

Signal and Information Processing. Principal Component Analysis

» PCA transform y for two different pictures of the same person
» Coefficients are similar, even if pose and attitude are different
= E.g., first two coefficients almost identical

” [ .l 1 o 1

JJLYVALAAAAA T

Signal and Information si Principal Component

Signals with uncorrelated components

> A random signal X with uncorrelated components is one with
Yom = E[(X(n) —=E[X(n)]) (X(m) —E[X(m)])] =0

» Different components are unrelated to each other.

> They represent different (orthogonal) aspects of signal

» Components uncorrelated = The covariance matrix is diagonal
oo

Z:E[(X—E[x])(x—ﬁ[x])q: Son
Z(N-1)(N-1)

» How eigenvectors (principal components) of uncorrelated signals look?

Signal and Information Processi Principal Component Analysis



Uncorrelated signal with 2 components 73 Penn

> Signal X = [X(0), X(1)]™ with 2 components and diagonal covariance

=[5 1] |

» Covariance eigenvectors are 4

S H RS H I S

> The respective associated eigenvalues are \g =2 and \; =1

» Eigenvectors are orthogonal, as they should.
= Represent directions of separate signal variability

= Rate of variability given by associated eigenvalue

Signal and Information Pr Principal Component

Eigenvectors in uncorrelated signals

Another uncorrelated signal with 2 components v3Penn

> Signal X = [X(0), X(1)]” with 2 components and diagonal covariance

St

» Covariance eigenvectors reverse order

HES .

> Associated eigenvalues are \g =2 and \; =1

» Eigenvectors still orthogonal, as they should.

= Directions of separate signal variability

= Rate given by associated eigenvalue

Signal and Information Pr Principal Component

Eigenvectors in correlated signals

Signal with correlated components 73 Penn

» Signal X = [X(0), X(1)]” with 2 components and diagonal covariance

e-[32 1]

» Covariance eigenvectors mix coordinates

NHERE

> Eigenvalues are \g =2 and \; =1

> The eigenvalues are orthogonal. This is true for any covariance matrix
= Mix coordinates but still represent directions of separate variability

= Rate of change also given by associated eigenvalue

Signal and Information Pr Principal Component

» Uncorrelated components means diagonal covariance matrix

oo

T(v-1)(v-1)

> |f variances are ordered, kth eigenvector is k-shifted delta §(n — k)
» The corresponding variance X is the associated eigenvalue

» Eigenvectors represent directions of orthogonal variability

> Rate of variability given by associated eigenvalue

Principal Component Ana

» Correlated components means a full covariance matrix

oo © Xon s Xon-1)
Y=| Zn EERED s Tan-n)
Tnv-10 0 EZ(v-nn ccr I(N-1)(N-1)

» The eigenvectors v, now mix different components
= But they still represent directions of orthogonal variability

= With the rate of variability given by associated eigenvalue

» PCA transform represents a signal as a sum of orthonormal vectors
= Each of which represents independent variability

> Principal components (eigenvectors) with larger eigenvalues represent
directions in which the signal has more variability

Signal and Information Pre Principal Component Ana

Recap of Compression by DFT

The discrete Fourier transform with Hermitian matrices
Stochastic signals

Principal component analisys (PCA) transform
Principal Components

Principal Component analysis for Compression
Dimensionality reduction

Face recognition

Signal and Information Pre Principal Component Ana

» Write DFT X as a stacked vector and stack individual definitions

X(0) efix ey
X(1) efix efly
=1. =1 . =1 . x
X(N 1) ef’N—l)Nx efN—l]N
» Define the DFT matrix F¥ so that we can write X = Fx
egy . : i
et T R L
F=| . -
: VN | : :
eFN—l)N 1 e-i2m(N-1O)/N e—J2m(N-1)(N-1)/N

» The DFT of signal x is a matrix multiplication = X = Fx
» The iDFT of signal X is a matrix multiplication = x = FFX

» We map signal x into the frequency domain X using DFT

X(0) 1 1 1 x(0)
X(1) 1 1 e 2TW/N L 2r (NN x(1)

: TN | : : :
X(N—-1) 1 e 2r(N-D@)/N e—2m(N=1)(N-1)/N x(N —1)

> Keep the k largest coefficients of X and make the rest 0 — X

X7 = [X(0), X(1),...,X(N—-1)] - X" =[X(0),0,...,X(N —1)]

» Map the compressed signal X into the time domain % using iDFT

£(0) 1 1 . 1 O]
(1) 1|1 e e—i2m((N-1)/N Q1)

: TUN| : : :

(N —1) 1 e 2r(N-DA)/N e~ /2r(N=1)(N-1)/N X(N-1)

» Define the matrix T whose ith row is the ith eigenvector of X

vg.

0
Vi
T= .
7
V-1
> The eigenvectors v; are orthonormal
» Eigenvectors v; are ordered based on their associated eigenvalues
= X>A > Ao

> principal component analysis (PCA) transform = y = Tx
> And the inverse (i)PCA transform = % = Ty
» For PCA compression we do not pick k largest coefficients of y
» We pick the coefficients of the k largest eigenvectors

Signal and Information Pre Principal Component Ana

Principal Component Ana

Signal and Information Pre
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PCA Compression Idea

» We map signal x into y using PCA transform

y(0) vo(0) vw(l) .- vo(N —1) x(0)
y(1) B v1(0) vi(1) vi(N—1) x(1)
YIN=1) wa(®) (D) - wa(N=1) | | x(N=1)

» Keep k coefficients of y corresponding to the k largest eigenvectors
y =0, y(1), - y(N=1)] = §7 =[y(0),¥(1),. ., ¥(k=1),0,...,0]

» Reconstruct the compressed signal § using iPCA transform

H

%(0) w(0)  w() - w(N-1) 7(0)
%(1) _ vi(0)  w() - w(N-1) y(1)
XN - 1) w-1(0) wa(1) - : wos(N - 1) N 1)

Signal and Information Processing.

Principal Component Analysis

Proof of optimality of PCA (1 of 3)

PCA Compression implementation v3Penn

» PCA compression is equivalent to ignoring v, ...vy_1

» Keep the eigenvectors that corresponds to the k largest eigenvalues

,
V1T Vo
0
- Vi

T= — T=
: : T
T Vi-1

Vi, o

» Transform the signal x to § using the transform matrix T
§=Tx

> Reconstruct signal X by transforming back the ¥ signal
% =THy

Signal and Information Processing. Principal Component Analysis

Proof of optimality of PCA (2 of 3)

Expected reconstruction error 73 Penn

> Define the expected reconstruction error as E [||x — %||?]

> Given the realizations {xi,..., bbx,} for the random variable x

.. . Y <2
= The empirical expected reconstruction error is & > 7, [|x; — X;|
» Consider the case that we only keep k eigenvectors for compression.

» How to choose k eigenvectors to minimize the expected
reconstruction error?

1
min E [||x — x'|[*] or min ;z lIxi — %12
i-1

Signal and Information Processi Principal Component Analysis

Proof of optimality of PCA (3 of 3)

Theorem
The Expected reconstruction error is minimized by choosing the k largest
principal components.

Proof:
» Consider & := {¥0,V1,...,0k—1} CS:={vp,...,vy_1} as the set
of eigenvectors for compression
> y; is the mapped signal of x; when we use all the eigenvectors
» The empirical expected reconstruction error can be simplified as

IS e = S vl - X vl

=1 ves ves

=IN0 Y vl
=1 yes-8
IO vy

i=lyes-$

Signal and Information

Dimension reduction

» Consider a set of realizations in R? as

o[- [2]-[3],
NEINEI N

> The covariance matrix is X = [ 4.66 4.6 ]

4.66 4.66

> The eigenvalues are \g = 9.33 and \; =0

> The eigenvectors are vo = [1/v/2,1/v2]7, vi = [-1//2,1/v2]T

Signal and Information Processing. Principal Component Analysis

> Substituting y;(j) by its definition x/ v;

o Lo
FOBIEEEIEED DD DREC
i=1

=1 vjes-8
(I~ 7
- X (A
ves-§ i=1
> The covariance matrix ¥ of dataset D = {xy,...,X,} is defined as

LA
Y= ;XI:X’X' e R™"
iz

» Considering the definition of covariance matrix ¥, we obtain

R .
m'”;;”"f*xﬂfzm'” Z vaZVj
f

vies—8

Signal and Information Pr Principal Component An:

Dimension reduction

» Consider a set of realizations in R? as

wo[i]a-[3]a-[3
e[ A [ 3] (3]

s

> The covariance matrix is X = [ 4.66 4.6 ]

4.66 4.66

> The eigenvalues are \g = 9.33 and \; =0

> The eigenvectors are vo = [1/v/2,1/v2]7, vi = [-1/+/2,1/v/2]T

Signal and Information Processing. Principal Component Analysis

> The sum Zwes v/ ¥v; = trace(¥) is constant. Therefore,

p T _ T
min E v; Zvjfmaxg vi T

vies-8§ vies

> Therefore, minimizing the empirical expected reconstruction error is
equivalent to

1
min — Z Ixi — x:||* = max Z v/ Ty,
= vies

> The right hand side is maximized if we pick the k largest P.C.s.

= 8= {Vo,..., Uk—1} = {vo, ..., vk_1}

Signal and Information si Principal Component

> Axis [1,1] is very informative, while axis [—1,1] has no information
» Consider that we pick only one P.C. which is vg

» The mapped points are computed as y; = vOTx,- fori=1

o3 o[- F- -

> The reconstructed points are X; = voy; = x; for i =1,...,6

N e E S H U L ey L ey

> The empirical reconstruction error is 0! (lossless compression).

Signal and Information Processi Principal Component Analysis




Dimension reduction 2

» Consider a set of realizations in R? as
15 1.8 33
M=l o7 [T 25 8T 38 ]
—-0.8 —-23 -35
ME| s T 28 T | 27 |

> The covariance matrix is X = [ 4.66 4.6 ]

4.66 4.66

» The eigenvalues are \g = 11.97 and \; = 0.22
> The eigenvectors are vo = [0.687,0.727]7, v; = [-0.727,0.687]"

Principal Component Analysis

73Penn

Dimension reduction 2 73 Penn

» Consider a set of realizations in R? as
= 15 o — 1.8 o = 33
PTlor PP 25 BT 38 )

—0.8 -23 ~35
=115 8T 28 X6 T | 27 |

> The covariance matrix is X = [ 4.66 4.6 ]

4.66 4.66

» The eigenvalues are \g = 11.97 and \; = 0.22
> The eigenvectors are vo = [0.687,0.727]7, v; = [-0.727,0.687]"

Signal and Information Principal Component A

Dimension reduction 2 (continued)

Dimension reduction 2 (continued)

73Penn

> vy = [0.687, 04727]7 is more informative than v; = [704727,0.687]T
» Consider that we pick only one P.C. which is vo

> The mapped points are computed as y; = v{ x; for i = 1,...,6

y1=[1.54] y>=[3.05] ys=[5.03]
ys = [-1.64] ys = [-3.61] ye = [—4.37]

Signal and Information Pre Principal Component An:

Reconstructed face images

> The reconstructed points are X; = voy; = x; fori=1,...,6

> The reconstructed points are X; = voy; = x; fori=1,...,6

. [1067] . [210 ! . [1067] . [210 !

=12 | 2T 22 3 =12 | 2T 22 3

. _[345] o _[-111 ! \ . _[345] o _[-111 ! \
= 1365 | 7| 119 9 “= 1365 | 7| —119 9
. [ —2487. [ -299 | . [ —2487. [ -299 |

= ok | 0T | —317 ) = ok |07 | —317 )

> The empirical reconstruction error is the average of the distances

6

1 .

5 > lIxi — %] = 0.22
i=1

Signal and Information Principal Component Analysis

Reconstructed face images

> Reconstructed image for increasing number of PCA coefficients
= Increasing number of coefficients reduces reconstruction error.

» Reconstruction error = 6.6 x 10°
> Sum of removed eigenvalues = 2.86 x 108

Figure: No. P.Cs =5

Signal and Information Principal Component Analysis

> The empirical reconstruction error is the average of the distances

6

1 .

5 > lIxi — %[ = 0.22
i=1

Signal and Information Principal Component Analysis

Reconstructed face images

> Reconstructed image for increasing number of PCA coefficients
= Increasing number of coefficients reduces reconstruction error.

» Reconstruction error = 3.9 x 100
» Sum of removed eigenvalues = 1.9 x 108

Signal and Information Principal Component Analysis

Signal and Information Processing.

> Reconstructed image for increasing number of PCA coefficients
= Increasing number of coefficients reduces reconstruction error.

» Reconstruction error = 1.25 x 107

> Sum of removed eigenvalues = 5.02 x 108

Figure: image

Signal and Information Processing. Principal Component Analysis

Reconstructed face images

> Reconstructed image for increasing number of PCA coefficients
= Increasing number of coefficients reduces reconstruction error.

» Reconstruction error = 2.1 x 100

» Sum of removed eigenvalues = 8.9 x 107

Figure: image Figure: No. P.C.s = 20

Principal Component Analysis



Reconstructed face images v3Penn Reconstructed face images v3Penn Reconstructed face images 73 Penn

> Reconstructed image for increasing number of PCA coefficients > Reconstructed image for increasing number of PCA coefficients > Reconstructed image for increasing number of PCA coefficients
= Increasing number of coefficients reduces reconstruction error. = Increasing number of coefficients reduces reconstruction error. = Increasing number of coefficients reduces reconstruction error.

» Reconstruction error = 1.3 x 10° » Reconstruction error = 5.8 x 10722 » Reconstruction error = 6.24 x 10~

> Sum of removed eigenvalues = 3.11 x 107 > Sum of removed eigenvalues = 4.7 x 107 > Sum of removed eigenvalues = 2.3 x 10~7

Figure: image

Figure: image

Signal and Information Pr 3 Signal and Information Pre Principal Component s 83 Principal Component

Reconstruction error for one realizati

» | don't know where to put this plot

> Reconstruction error for one realization ||x; — %;||?> decreases

. The discrete Fourier transform with Hermitian matrices
» Sum of the removed eigenvalues decreases 0

Stochastic signals

Principal component analisys (PCA) transform

Principal Components

] Principal Component analysis for Compression

Dimensionality reduction

1 Face recognition

E O R S T R R A
Number of principal components Number of Principal Components o

0 1020 30 40 S0 60 70 80 90 100

Index of eigenvalue

Signal and Information Pre Principal Component Analysis 85 Principal Component Analysis Signal and Information Pre Principal Component Ana

v3Penn Why keeping the first K coefficients? v3Penn

» Transform signal x into frequency domain with DFT X = Fx » Transform signal x into eigenvector domain with PCA y = Tx » Why do we keep the first K DFT coefficients?
> Recover x from X through iDFT matrix multiplication x = F/X > Recover x from y through iPCA matrix multiplication x = T"y — Because faster oscillations tend to represent faster variation
» We compress by retaining K < N DFT coefficients to write » We compress by retaining K < N PCA coefficients to write =
K-1 K-1 » Why do we keep the first K DFT coefficients?
% j2rckn/N %
%(n) = Z X(k)e”r o/ %(n) = Z y(k)vi(n) = Eigenvectors with lower ordinality have larger eigenvalues
k=0 k=0 = Larger eigenvalues entail more variability
» Equivalently, we define the compressed DFT as » Equivalently, we define the compressed PCA as = And more variability signifies more dominant features
X(k) = X(k) for k<K, y(k) =y(k) for k<K, > Eigenvectors with large ordinality represent finer signal features
» Reconstructed signal is obtained with iDFT = % = F/X > Reconstructed signal is obtained with iDFT = % = T"y = And can often be omitted

Signal and Information Pre Principal Component Analysis Signal and Information Pre Principal Component Analysis 89 Signal and Information Pre Principal Component Ana



Dimensionality reduction 73Penn Expected reconstruction error 73Penn Dimensionality reduction expected error 73 Penn

> PCA compression is (more accurately) called dimensionality reduction

i i 1 Theorem
= Do not compress signal. Reduce number of dimensions . . . T
) ¢ > PCA dimensionality reduction is Minimizes the expected error energy The expectation of the reconstruction error is the sum of the eigenvalues
3/2 1/2 L . . - corresponding to the eigenvectors of the coefficients that are discarded
3= > To see that this is true, define the error signal as = e :=x — %
1/2 3/2 N-1
" ; 2 2112
» Covariance eigenvectors mix coordinates > The energy of the error signal is = |le]|* =[x — X|| E [He\ﬂ = Z Ak
| k=K
1 1 » The expected value of the energy of the error signal is
o[i] w-[a]
E [HQHQ} =E [”X - in} » |t follows that keeping the first K PCA coefficients is optimal
> Eigenvalues are Ao =2 and A; =1 = In the sense that it minimizes the Expected error energy

> Keeping the first K PCA coefficients minimizes E [||e]?]
> Signal varies more in vo = [1,1]7 direction than in v; = [1,-1]7 = Among all reconstructions that use, at most K coefficients » Good on average. Across realizations of the stochastic signal X
= Study one dimensional signal X = y(0)vo > Need not be good for given realization(but we expect it to be good)

= instead of the original two dimensional signal x

Signal and Information Pre Principal Component s 9 Signal and Information Pre Principal Component s 92 Signal and Information Pre Principal Component

Proof of expected error expression Principal eigenvalues for face dataset

Proof. » Covariance matrix eigenvalues for faces dataset.
> Error signal signal is e := x — %. Define error PCA transform as f = T/x Proof > Expected approximation error = Tail sum of eigenvalue distribution
rooi . .
> Using Parseval’s (energy conservation) we can write the energy of e as = Average across all realizations. Not the same as actual error

> Compute expected value E [y?(k)] of the squared PCA coefficient y(k)

N-1
L H R
llell? = [IF)2 = Zyz(k) > As per PCA transform definition y(k) = v/'x, which implies
k=K

E [yz(k)] =E [(vfx)z} =E [VbXXTVk} = vE [XXT] Vi
> In the last equality we used that f =y —y =[0,..., 0.y(K),...,y(N=1)]
» Covariance matrix: X :=E [xxT}. Eigenvector definition v, = Ax. Thus
» Here, we are interested in the expected value of the error’s energy
E {yQ(k)} = vfivk = vakvk = A\

—1

> Take expectation on both sides of equality = E [He\ 2} = Z E [yz(k)} N_1 " ooy
k= > Substitute into expression for E [|e||’] to write = E [He\ﬂ = Z A O R N
k=K

> Used the fact that expectations are linear operators » First 10 coefficients have 98% of energy.
() .
» Eigenvectors with index k > 50 have 1073% of energy on average

Signal and Information Pre Principal Component Analysis E Signal and Information Pre Principal Component Analysis 9 Signal and Information Pre Principal Component Ana

Reconstructed face images 73Penn Reconstructed face images 73Penn Reconstructed face images 73 Penn

» Increasing number of coefficients reduces reconstruction error » Increasing number of coefficients reduces reconstruction error » Increasing number of coefficients reduces reconstruction error
> Average and actual reconstruction not the same (although “close”) > Average and actual reconstruction not the same (although “close”) > Average and actual reconstruction not the same (although “close”)
» Keep 1 coefficient = Reconstruction error = 0.06 » Keep 5 coefficients = Reconstruction error = 0.03 » Keep 10 coefficients =- Reconstruction error = 0.02

= Sum of removed eigenvalues = 0.52 = Sum of removed eigenvalues = 0.11 = Sum of removed eigenvalues = 0.04

Signal and Information Pre Principal Component Analysis 9 Signal and Information Pre Principal Component Analysis 98 Signal and Information Pre Principal Component Ana



Reconstructed face images (R Reconstructed face images (R Reconstructed face images

» Increasing number of coefficients reduces reconstruction error » Increasing number of coefficients reduces reconstruction error » Increasing number of coefficients reduces reconstruction error
> Average and actual reconstruction not the same (although “close”) > Average and actual reconstruction not the same (although “close”) > Average and actual reconstruction not the same (although “close”)
> Keep 20 coefficients = Reconstruction error = 0.01 » Keep 30 coefficients = Reconstruction error = 0.006 > Keep 40 coefficients = Reconstruction error = 0

= Sum of removed eigenvalues = 0.01 = Sum of removed eigenvalues = 0.003 = Sum of removed eigenvalues = 0

Signal and Information Pr Principal Component Analysis Signal and Information Pr Principal Component Analysis Signal and Information Pr Principal Component Analysis

Reconstructed face images (A Evolution of reconstruction error (A Dimension reduction

» Increasing number of coefficients reduces reconstruction error » Error for reconstruction process
» Average and actual reconstruction not the same (although “close”) > one realization (red), energy of removed eigenvalues (blue) The discrete Fourier transform with Hermitian matrices
> Keep 50 coefficients = Reconstruction error = 0 Stochastic signals

= Sum of removed eigenvalues = 0
Principal component analisys (PCA) transform

0.4 Principal Components
Principal Component analysis for Compression
Dimensionality reduction

Face recognition

0 _ 15 20 25 30 35 40 45
Number of Principal Components

Signal and Information Pr Principal Component Analysis

Signal and Information Pr Principal Component Analysis Signal and Information Pr Principal Component Analysis

Training set Test set

> Observe faces of known people = Use them to train classifier » Utilize the last image of each person to construct a test set

> Observe a face of unknown character =- Compare and classify

> The dataset we've used contains 10 different images of 40 people

> Interpret these images as know, and use them to train classifier > Interpret these images as unknown, and use them to test classifier

Signal and Information Pr Principal Component Analysis

Signal and Information Pr Principal Component Analysis Signal and Information Pr Principal Component Analysis



Nearest neighbor classification (R The signal and the noise nearest neighbor classification

> Image has a part that is inherent to the person = The actual signal

> Training set contains (signal, label) pairs = 7 = {(x:. z)}izy » But it also contains variability = Which we model as noise > Compute PCA for all elements of training set = y; = T"x;

» Signal x is the face image. Label z is the person’s “name”

v

Redefine training set as one with PCA transforms = 7 = {(y;,z)}¥,
X =% +w

v

> Given (unknown) signals x, we want to assign a label Compute PCA transform of (unknown) signal x = y = T'x

) > Problem is, there is more variability (noise) than signal )
> Nearest neighbor classification rule » PCA nearest neighbor classification rule

= Find nearest neighbor signal in the training set = Find nearest neighbor signal in training set with PCA transforms
xnn = argmin |[x; — x||? ynw = argmin [|y; — y||?
x€T vieT

= Assign the label associated with the nearest neighbor = Assign the label associated with the nearest neighbor

XNN = (Xi,Zf) = z=1z YNNG = (y;,Zf) = z=1z

v

> Reasonable enough. It should work. But it doesn’t Reasonable enough. It should work. And it does

Figure: Test image

Signal and Information Processi Principal Component Analysis Signal and Information Processing. Principal Component Analysis 0 Signal and Information si Principal Component Analysis

Why does PCA work for face recognition? (A PCA on the training set
) ) > The training set D = {xq,..., X350} Where x; € R1%3% is given
» Recall: image = a part that belongs to the person + noise
» Compute the mean vector and the covariance matrix as
X =X +w
. T T X = lixf and Z::li(xifi,')(x;fi;)r
> PCA transformation T = [vJ;...;v{_,] leads to n < n <
i= i—
yi=Tx; =T + Tw > Find the k largest eigenvalues of ¥
s . » Store their corresponding eigenvalues vo, . .., vx_1 € R103% a5 P.C.
> i o .
PCA concentrates energy of X; on a few components = The Principal Components vy, ..., vk_1 are called eigenfaces
» But it keeps the energy of the noise on all components
. » Create the PCA transform matrix as T = [vg—; . ’VZ—I]
» Keeping principal components improves the accuracy of classification » Project the training set into the space of P.C.s y; = Tx
.Csy=Tx;

= Because it increases the signal to noise ratio

Signal and Informatic Principal Component Analysis 2 Signal and Informatior cipal C ent Analysis 3 Signal and Information si Principal C

Num. of P.C. test point Classification method

PCA-ed(k = 5) N.N.

Principal Component Analysis Signal and Information Processing. Principal Component Analysis
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Graph Signals v3Penn he support of one dimensional signals

» We have studied one-dimensional signals, image processing, PCA
Graph Signals » It is time to understand them in a more unified way
Signal Processing on Graphs Graph Laplacian > Con5|d-er the suppoTt of one-dimensional signals
» There is an underlying graph structure
Graph Fourier Transform (GFT) = Each node represents discrete time instants (e.g. hours in a day)
Santiago Segarra, Weiyu Huang, and Alejandro Ribeiro = Edges are unweighted and directed
Dept. of Electrical and Systems Engineering Ordering of frequencies
University of Pennsylvania Spring day in Philadelphia
aribeiro@seas.upenn.edu Inverse graph Fourier transform (iGFT) 0 -
http://www.seas.upenn.edu/users/~aribeiro/ _
Graph Filters £or |
P : L | w -0~ - D
Application: Gene Network %
April 24, 2015 g al ﬂ h
Information sciences at ESE 0 T?TT
o 4 8 12 16

Time of day (hours) Underlying graph

Signal and Information Processing. on Graphs Signal and Information Processing.

Signal and Informatior

The support of images (7] PCA uses another underlying graph

> The previous underlying graph assumes a structure between pixels

> Similarly, images also have an underlying graph structure (neighbors in lattice) a priori of seeing the images ) - -

> Each node represents a single pixel > PCA considers images as defined on a different graph > Formally, a graph ( - ) is a triplet (V. £, W)

» Edges denote neighborhoods of pixels » Each node represents a single pisel » V={1,2,. o N} is a finite set.of N nodes or \{ertlces
= Unweighted and undirected > Edges denote covariance between pairs of pixels in the realizations > £CVxVis aset of edges defined as order pairs (n, m)

= Write N'(n) = {m € V: (m, n) € £} as the in-neighbors of n

= A posteriori after seeing the images R
» W: & — Ris a map from the set of edges to scalar values, wyp,

= Undirected and weighted, including self loops . .
= Represents the level of relationship from nto m

= Unweighted graphs = w,m € {0,1},for all (n,m) € £
= Undirected graphs = (n,m) € £ if and only if (m,n) € £ and
Wpm = Wmp, for all (n,m) € €
= In-neighbors are neighbors
= More often weights are strictly positive, W : & = R,

Signal and Information P Graphs Signal and Information Pre Signal and Information

Graphs — examples

» Unweighted and directed graphs

Qo@O-0-0— - @ =V ={0,1,...,23}
= £=1{(0,1),(1,2),...,(22,23),(23,0)} > Given a graph G = (V,&, W) of N vertices,

= W (n,m) s 1 for all (n,m) € > Its adjacency matrix A € RV*N is defined as OO-0-G ®
if(n, 1
» Unweighted and undirected graphs Anm = W, if(n, m)- €
0, otherwise
=v=1.25...9 » Different ordering
=&=1{(1,2),(2,3),...,(8,9),(1,4),...,(6,9)} > A matrix representation incorporating all information about G will yield different A

= W:(n,m)— 1,forall (n,m)eé& = For unweighted graphs, positive entries represent connected pairs 1 1 1 1 s . 5
T T - . = For weighted graphs, also denote proximities between pairs N 1 1 zi; le -5
» Weighted and undirected graphs » Inherently defines an ordering of vertices : 1 1 .
=V = {p1, p2, p3, Pa} =
T2 1 1

= E={(p1,,), (PrP2); -+ (Pa, pa)} =V x V)
= W (n,m)— Zpp = Zmp, for all (n,m)

Signal and Information Processing. on Graphs 7 Signal and Information Processing.

Signal and Information



Graph signals 3 Graphs — Gene networks v3Penn Graph signals — Genetic profiles v3Penn

> Graphs representing gene-gene interactions > Genetic profiles for each patient can be considered as a graph signal

> Graph signals are mappings x : V — R = Each node denotes a single gene ( ) = Signal on each node is 1 if mutated and 0 otherwise

> Defined on the vertices of the graph = Connected if their coded proteins participate in same metobolism

> May be represented as a vector x € RV é ® é ®

> X, represents the signal value at the nth vertex in V ® Qg ®

» Inherently utilizes an ordering of vertices © ® o © 0]

= ® & © ® & ®©
Sample patient 1 with subtype 1 Sample patient 2 with subtype 1

é 0.6

. o ® o o ® 4
1T é @gé 0] éé ®

Signal and Information Processing. Signal Processing ¢ 0 Signal and Information Processing. Signal Processing on Graphs Signal and Information Processi Signal Process

Graph Laplacian

Graph Signals

» The degree of a node is the sum of the weights of its incident edges

Graph Laplacian

» We are going to derive following concepts for graph signal processing > Given a weighted and undirected graph G = (V, &, W)
= Total variations Graph Fourier Transform (GFT) > The degree of node i, deg(i) is defined as deg(i) = 3= ;cpr(y) Wi
= Frequency

= where N/(/) is the neighborhood of node i

Orderi f fi i
= raenng ot frequencies » Equivalently, in terms of the adjacency matrix A
= DFT an.d DFT for graph signals Inverse graph Fourier transform (iGFT) = deg(i) = Z/ Aj = Z,‘ Aji
= Graph filtering
Graph Filters > The degree matrix D € RV*V is a diagonal matrix s.t. D;; = deg(i)

» And apply graph signal processing to gene mutation dataset

Application: Gene Network » In directed graphs, each node has an out-degree and an in-degree

= Weights in outgoing and incoming edges need not coincide
Information sciences at ESE

Signal and Information Signal Graphs 3 Signal and Information Pr Signal Graphs Signal and Information si sing on Graphs

» Consider a graph G with Laplacian L and a signal x on G
» Given a graph G with adjacency matrix A and degree matrix D = Define the new signal y = Lx
> We define the Laplacian matrix L € RV*N 3
yi=[xli= Y wilx—x)
JEN(i)
» The summand j is large if one of two things happens

L=D-A

> Equivalently, L can be defined elementwise as = The weight wj; is large, i.e., edge (/,j) € £ is significant

= The value of x at node j is very different from the value at node /

deg(i) if i=] > y; measures the difference between x at a node and its neighborhood
Lij=1<—-wy if(i,j)eé& ) . .
0 otherwise » We can also define the Laplacian quadratic form of x
» Diagonal elements are strictly positive since no node is isolated - )
» We assume undirected G = deg(/) is well-defined = Every node has a non-zero degree X lx= 2 2): wij(x; = %)
J)EE
» The normalized Laplacian can be obtained as £ = D~1/2LD~1/2 » Off-diagonal elements are non-positive (’J

» x7Lx quantifies the local variation of signal x
=
= signals can be ordered depending on how wildly they vary

Signal and Information Processing. Signal Processing ¢ 6 Signal and Information Processing. Signal Processing on Graphs 7 bcessi Signal Process



Spectral properties of the Laplacian 73 Penn Graph Fourier Transform (GFT) 73 Penn

X . Graph Signals
» Denote by \; and v; the eigenvalues and eigenvectors of L raph Sien

> Since x"Lx > 0 for x # 0, L is positive semi-definite Graph Laplacian

= All eigenvalues are nonnegative, i.e. \; >0 for all / Graph Fourier Transform (GFT)

> A constant vector 1 is an eigenvector of L with eigenvalue 0 Ordering of frequencies

[L1]; = Z wij(l-1)=0 Inverse graph Fourier transform (iGFT)
JEN(D)
Graph Filters
» Thus, Ay =0 and v; = 1

= In connected graphs \; >0 fori=2,...,n Application: Gene Network

= Multiplicity of A\ = 0 equals the nr. of connected components . .
Information sciences at ESE

Signal and Information Processing. Signal Proc Signal and Information Processing. Signal Processing on Graphs

Graph Fourier Transform (GFT)

Graph-shift operator v3Penn

> Given an arbitrary graph G = (V, &, W)
> A graph-shift operator S € RV*N of graph G ia a matrix satisfying
= S;j=0fori#jand (i,j) €€

> S can take nonzero values in the edges of G or in its diagonal
» We have already seen some possible graph-shift operators

= Adjacency A, Degree D and Laplacian L matrices

> We restrict our attention to normal shifts S = VAVH
= Columns of V = [v1v,...vy] correspond to the eigenvectors of S
= A is a diagonal matrix containing the eigenvalues of S

Signal and Information Processi Signal Process

Ordering of frequencies

> Gi h G and h signal x € RV defined on G
iven a g-rap and a grap sngna x efined on » For the directed cycle graph, GFT = DFT
= Consider a normal graph-shift S = VAVH

OROmORO, ) = ifS=Aor
> The Graph Fourier Transform (GFT) of x is defined as = if S = L for symmetrized graph

H _
N = then V" =F
1

(k) = (x,vi) = > x(n)vi(n)

n=

» In matrix form, X = VHx
» For the covariance graph, GFT = PCA

> Given that the columns of V are the eigenvectors v; of S = if S = A, then VH = PH

= X(k) = vfjx is the inner product between v, and x
= X(k) is how similar x is to vy
= In particular, GFT = DFT when V¥ =F, i.e. v, = ey

Signal and Information Signal and Information Pre

Ordering of frequencies

» Recall in conventional DFT, the kth DFT component can be written . T 0 T
» We want to quantify the qualitative intuition of ‘high oscillations

N—1 ) » Classical zero crossings — # of places signals change signs
X(k) = (x,exn) = Z x(n)e”z”k"/N
=0 ZC(x) = Z 1 {xpxp-1 < 0}
n
> We say X(k) the component for higher frequency given higher k
= There exists a natural ordering of frequencies » Graph zero crossings — # of edges signals on two ends differ in signs
= Higher k = higher oscillations N
ZC = nXm
. . c(x) Z Z 1{xpxm < 0}
n=1 meN (n)
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Signal and Information Processing. Signal Processing on Graphs

Graph Signals

Graph Laplacian

Graph Fourier Transform (GFT)
Ordering of frequencies

Inverse graph Fourier transform (iGFT)
Graph Filters

Application: Gene Network

Information sciences at ESE

Signal and Information si sing on Graphs

» Classical total variations — sum of squared differences in consecutive

signal samples )
TV(x) = Z (Xn — Xn—1)

n

> Graph total variations — sum of squared differences between signals
on two ends of edges multiplied by the corresponding edge weights

= Also known as Laplacian quadratic form

N
TVes(x) = Z Z (xn — Xm)2 Wonn = X" Lx

=1 meN(n)

“ﬂﬁ"iﬂﬂﬂﬂi‘ﬁﬂ

n Underlying graph

Re(egy)

Signal and Information



Graph frequencies 73 Penn

Graph frequencies — Gene networks 73 Penn

Inverse graph Fourier transform (iGFT) v3Penn

» The Laplacian eigenvalues can be interpreted as frequencies

> Larger eigenvalues = Higher frequencies

» The eigenvectors associated with large eigenvalues oscillate rapidly

= Dissimilar values on vertices connected by edges with high weight
> The eigenvectors associated with small eigenvalues vary slowly

= Similar values on vertices connected by edges with high weight
» Eigenvector associated with eigenvalue 0 is constant

=

Signal and Information Processing. Signal Proc

Inverse graph Fourier transform

» Three graph Laplacian eigenvectors for the gene networks

> ZCq(vg) =0
> TVg(v) =0

> ZCq(v1) =2 > ZCg(v1) =20
> TVg(v1) =04 > TVs(v1) =8.0

Signal and Information Processing. Signal Processing on Graphs

Inverse theorem, like a pro

Graph Signals

Graph Laplacian

Graph Fourier Transform (GFT)
Ordering of frequencies

Inverse graph Fourier transform (iGFT)
Graph Filters

Application: Gene Network

Information sciences at ESE

Signal and Information

» Recall the graph Fourier transform x
= of any signal x € R" on the vertices of graph G
= is the expansion of x of the eigenvectors of the Laplacian

N
(k) = (x,vi) = > x(n)vi(n)

» In matrix form, x = V/x

» The inverse graph Fourier transform is

Signal and Information

» Graph signals can be equivalently represented in two domains

= The vertex domain and the graph spectral domain

Sample patient 2 with subtype 1 Spectral representation for patient 2 with subtype 1
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> Recap in proving theorems we have monkey steps and one smart step
= That was orthonormality = V* is Hermitian = VV" =1

Theorem

The inverse graph Fourier transform (iGFT) is, indeed, the inverse of the
GFT.

Proof.

> Write x = V& and % = V"x and exploit fact that V is Hermitian

x = V& = VWWHx = Ix = x O

» This is the last inverse theorem we will see...

Graph Signals

Graph Laplacian

Graph Fourier Transform (GFT)
Ordering of frequencies

Inverse graph Fourier transform (iGFT)
Graph Filters
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Theorem
The GFT preserves energy = ||x||> = x"x = %

Proof.
> Use GFT to write X = Vx and the fact that V is Hermitian

H
IRIP = &% = (V) V' = x"WWix = xx = xF 0

> This is the last energy conservation theorem we will see...

Signal and Information si sing on Graphs

» A graph filter f : RV — RN is a map between graph signals
= Given a graph signal x € RV, its filtered version is y = f(x)

» We will focus on filters f that are linear and shift-invariant
> A linear filter f is one that satisfies
yi="1(x1), y2=f(x2) = auy1+azys = f(aixs + azxz)
> A shift-invariant filter f satisfies
f(Sx) = Sf(x)
where S is the graph-shift operator of the graph where x is defined

» Shift-invariance is the graph analog of time invariance in classical SP

Signal and Information Processi Signal Process
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Graph filters as matrix polynomials 73 Penn

> Given a graph G and a graph-shift operator S € RV*N on G
» We define the graph filter H as

L
Hi= hoS° + S+ mS? + ... = > hS'
=0

> H is a polynomial on the graph-shift operator S with coefficients h;
= L is the degree of the filter

> Filter H acts on a graph signal x € R to generate y = Hx
= If we define x(*) := Sfx = Sx(*~1)

L
=0

» Why is H defined as a polynomial on S?

Signal and Information Processing. Signal Proc

Connection with filters of time-varying signals

Matrix polynomials are linear and shift-invariant ~ #%sPenn

Proposition
The graph filter H = Zé:o heS' is linear and shift-invariant.

Proof.

» Since H is a matrix, linearity is trivial

y1 =Hxi, y2=Hxo = aiy1+ azy> = H(a1x; + azx2)

» For shift-invariance, note that S commutes with S’ for all i

H(Sx) = <i hgsf> Sx=S (i hés’f> x = S(Hx)
£=0 £=0

In fact, no other formulation of H is linear and shift-invariant
=

Signal and Information Processing. Signal Processing on Graphs

Frequency response of a graph filter

Connection with filters of time-varying signals v3Penn

OROROCRORES @  » Consider the particular case where S = A,
= Adjacency matrix of a directed cycle
> Focus on a signal x defined on a cyclic graph with 6 nodes

Sx S%x

x
X
Xo Xs, X1 X4
X5 :X3 Xa, X> X3 X1
X4 X3 X2

» Consider the output signal y = Hx
y = hox + hS*x + hyS%x + h3S>x + hyS*x + hsS°x

Signal and Information

» Let's focus on the first component of signal y

y1 = ho[S°X]1 + M [S'x]1 + ha[S?X]1 + h3[S3x]1 + ha[S*X]1 + hs[S°X]1
= hox1 + h1x + haxs 4+ h3xq + hyxs + hsxo

> In general, for element y, of y, exploiting the fact that x is cyclic
N-1
Yn = Z hixn—
=

» Defining h := [h, hy, ..., hs]T we may write
y=hxx

» Thus, for the particular case where S = A,
= h recovers the impulse response of the filter

Signal and Information

Graph filter design

> Given the desired frequency response h of the graph filter
= We can find the graph coefficients h as
h=w"'h
» Since W is Vandermonde
= W is invertible as long as \; # \; for i # j
> For the particular case when S = A, we have that \; = e 3% (-1

1
2m(1)(1) 7‘27r1l)(N7])
=% eI T —

2n(v-1)1 2m(N=1)(N0L
1 IO emiouon
= The frequency response is the DFT of the impulse response

h=Fh

> Recalling that S = VAV#, we may write
L L
H=> ns‘=v (Z th"> vH
=0 =0

» The application Hx of filter H to x can be split into three parts
= V* takes signal x to the graph frequency domain %
= H:= Zé:o he\! modifies the frequency coefficients to obtain §
=V brings the signal § back to the graph domain y

> Since H is diagonal, define H= diag(ﬁ)
= his the frequency response of the filter H
= Output at frequency i depends only on input at frequency i

Signal and Information Pre

Application: Gene Network
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» In order to design a graph with a particular frequency response h

= Need to know the relation between h and the filter coefficients h
1 A .. AR
» Define the matrix W := Lo :
1 A ..o AR
Proposition
The frequency response hofa graph filter with coefficients h is given by
h=wh
Proof.
> Since h := diag(35_, heA*) we have that h; = 35 he\!
> Defining A; = [\%, AL, ..., AL YT we have that b = ATh

» Stacking the values for all F,-, the result follows

Signal and Information si sing on Graphs

Motivation

v

Patients diagnosed with same disease exhibit different behaviors

v

Each patient has a genetic profile describing gene mutations

v

Would be beneficial to infer phenotypes from genotypes
= Targeted treatments, more suitable suggestions, etc.

A\

Traditional approaches consider different genes to be independent

= Not so ideal, as different genes may affect same metabolism

v

Alternatively, consider genetic network
= Genetic profiles becomes graph signals on genetic network
= We will see how this consideration improves subtype classification

Signal and Information Processi Signal Process
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Genetic network 73 Penn

Genetic profiles 73 Penn

k-nearest neighbor classificatio

> Undirected and unweighted graph with 2458 nodes

= Describes gene-to-gene interactions
> Each node represents a gene in human DNA related to breast cancer
> An edge between two genes represents interaction

= Proteins encoded participate in the same metabolism process

» Adjacency matrix of the gene network

o 500 000 1500 2000
Genes

Signal and Information Pre Signal Process

Genetic profile as a graph signal

» Genetic profile of 240 women with breast cancer
= 44 with serous subtype and 196 with endometrioid subtype
= Patient i has an associated profile x; € {0, 1}24%8

» Mutations are very varied across patients
= Some patients present a lot of mutations
= Some genes are consistently mutated across patients

Genes
» Can we use the genetic profile to classify patients across subtypes?

Signal and Information Pre Signal Process

Distinguishing Power

» Quantify the distance between genetic profiles
= d(i.j) = lIxi = xjll2

> Given a patient / to classify, all other patients’ subtypes are known
> Find the k most similar profiles, i.e. j such that d(i,/) is minimized
= Assign to / the most common subtype among these k neighbors

» Compare estimated with real subtype y for all patients
» \We obtain the following error rates

k=3 =13.3%, k=5=12.9%, k=17=14.6%

» Can we do any better using graph signal processing?

Signal and Information Pre Signal Process

Distribution of distinguishing powers

» Each genetic profile x; can be seen as a graph signal
= On the genetic network
» We can look at the frequency components X; using the GFT
= Use as shift operator S the Laplacian of the genetic network

Example of signal x; Frequency representation X;

Gene : Froquencies

Signal Processing on Graphs

» Define the distinguishing power of frequency vy as

Ei.y,:l ii(k) Zi.y,:Z )'(,-(k) 5.
SR TTEVR SR T DO

DP(vy) =

» Normalized difference between the mean GFT coefficient for v
= Among patients with serous and endometrioid subtypes
» Distinguishing power is not equal across frequencies

1000 1500
Frequency

Signal Processing on Graphs

» The distribution of distributing power

4 5 B
distingushing power X107

> Most frequencies have weak distinguishing power
= A few frequencies have strong differentiating power

= The most powerful frequency outperforms others siginificantly

> The distinguishing power defined is one of many proper heuristics

Signal and Information Pre Signal Processing on Graphs

Information sciences at ESE

» Keeps only information in the most distinguishable frequency
» For the genetic profile x; with its frequency representation X;
» Multiply X; with graph filter H; having the frequency response

Hh(k) = 1, if k = argmax, DP(vk);
70, otherwise.

» Then perform inverse GFT to get the filtered graph signals X;

15

erfor percentage

Signal and Information Pre Signal Proces:

> Keeps information in frequencies with higher distinguishing power
> Multiply X; with graph filter H,, having the frequency response

H, (K) = 1, if DP(vi) > p-th percentile of the distribution of DP;
P70, otherwise,
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Courses to consider More courses to consider

v3Penn

Even more courses to consider

v3Penn

» Once you have information you may want to something with it

. » Controlling the state of a system
» If you want to explore more about transforms and filters )
= ESE210: Introduction to Dynamic Systems = ESE406: Clontrol of Systems > At some point, you want to use what you've learned to do something
. . . . = ESE500: Linear Systems Theory
= ESE303: Stochastic Systems Analysis and Simulation

= ESE290: Introduction to ESE Research Methodology

= ESE325: Fourier Analysis and Applications ... = ESE350: Embedded Systems/Microcontroller Laboratory

> Making decisions that are good in some sense (optimal)
= ESE531: Digital Signal Processing

= ESE204: Decision Models

= ESE304: Optimization of Systems

= ESE504: Introduction to Optimization Theory
= ESE605: Modern Convex Optimization

Signal and Information Processing. Signal Proc Signal and Information Processing. Signal Processing on Graphs Signal and Information Signal Process

Research

> Most professors use about 5% of their time on teaching

» The other 95% of their time they use on research » It has been my pleasure. | am very happy abut how things turned out

» It is a pity to come to Penn and not spend a summer doing research » If you need my help at some point in the next 30 years, let me know
> Most of us are happy to have help > | will be retired after that
>

Even if we are not, our doctoral students are desperate for help

Signal and Information

Signal and Information Pre



