SYSTEMS 302
LECTURE 9

* LEAST-SQUARES ESTIMATION

e Unbiasedness of Beta Estimates

e Efficiency of Beta Estimates

* VIOLATIONS OF REGRESSION
MODEL ASSUMPTIONS

e Nonlinear Model Specifications

e Coefficient of Determination

e For next time:

 Devore, Section 12.1-12.2,13.2



METHOD OF LEAST SQUARES

Recall that for any random variable, Y, with mean y it
must be true that for any other value, a,

E[(Y—y)z} < E[(Y —a)z}

So if E(Y | x) = 3, + B,x for all x, then for any other
linear relation, g, +a,x, it must be true that

E[(Y,~(8, +Bx)) | <E| (% ~(ay +ax)) |, =L.m

= 30+ ] <] (0 <t +an)Y |

n

= E{Z(Yi ~(A, +ﬁlxi>)2} SE{i(Yf T +“1’“"))2}

i=1 i=1

Hence it is natural to estimate ( ,[)’0,,81) by minimizing

n

S(,BO,,Bl) =Z(y,- _(:80 +ﬁxi))2

i=1




LEAST SQUARES ESTIMATES

Minimizing the objective function:

S(BO?BI) = Z;(yi _Bo _lei)z

yields the following two first-order conditions:

1 "1y, =B, =Bx.) =0
® | > (-8 -Bx) I
EQUATIONS

@ | Yo (v -8 -Bx)x =0

Dividing (1) by » simplifies this relation to

A

3) B, =¥ -Bx

where X =13 x. and y =12 y.. Substitution of (3)
in (2) then yields the following solution for Blz

(4) Bl = Z;=1(yi _i/)xl.
Zi=1(xi _x)xl.

Finally, substitution of (4) into (3) yields [3,.




LINEARITY OF BETA ESTIMATES

We focus on S, . To see that ,31 is a linear estimator of S, ,
observe first that since ) " (x,—-X)=0,

5 _ 2. ?)( =%) 25— FWi =52, (6= %)

b= = —\2
Z Zi(xi _x)
(1) )
Z ( X) :Z. xi_f y
P C RS N DI EE I
Hence by letting
(2) W, = %~ X ,i=1,..,n

ZJ-(xj _f)z

and replacing the data values, y,, by the corresponding
random variables, Y., we see that

ﬁl :Z; w; Y,




UNBIASEDNESS OF BETA
ESTIMATES

To establish unbiasedness of ,31 , observe first that the
weights, w., by definition satisfy

(1) Ziwi _ Zi(xi_y) 0

> (% —x)’
(2) Ziwi(xi _Y) - %IEE ::;2 =1

so that
(3) 1= W(X—X)=D Wx—X> w=> WX

Hence the expected value of ,31 IS given by

( ) D WE(Y) =D WE(S+ X +5)

:Zi iﬁ0+ﬂ1i :ﬂozi i+ﬂlzi Wi X;
=(0)+ -1

— E(ﬂAl) = 181




VARIANCE OF BETA ESTIMATES

The linearity of the beta estimates allows us to compute their
variance in closed form. For (3 we see that

(1) Var(,él) = Z w, Var(K)
But since [, + [ x, is nonrandom
) var(Y) = var(B, + Bx, +&) =var(g) =0°

Hence the variance of ,[?1 is computable as

var(B) = 3 wivar(g) = a*Y w?

3) -3 (x, —%) g Z,-(xi—f)z
l[zj(xj —)—C)z} [Zj(xj —97)2}

which yields




EFFICIENCY OF BETA ESTIMATES

The key optimality property of least-squares estimators is
given by the following fundamental result:

GAUSS-MARKOV THEOREM. For any linear function
L=ap,+ap, of (B,,B,), the least-squares estimator

L= aOBO + ale1 has minimum variance among all
possible linear unbiased estimators of L.

= ( ,5’0, ,5’1) are Best Linear Unbiased (BLU) estimators

of the regression parameters ( Bos ,81)

= yx)= ,5’0 + ﬁlx is a Best Linear Unbiased (BLU) estimator
of the conditional mean x, = E(Y |x)=f,+ fx

NOTE: This also generalizes our earlier result that Y,isa
BLU estimator of the mean £(Y) since:

Y,=p,+¢&) = [EX,)=Bland [, =7,]





