NOTEBOOK FOR SPATIAL DATA ANALYSIS Part Il. Continuous Spatial Data Analysis

APPENDIX TO PART I

This Appendix, designated as A2, contains additional analytical results for Part II of the
NOTEBOOK, and follows the notational conventions in Appendix Al.

A2.1. Covariograms for Sums of Independent Spatial Processes

First recall that the covariance of any random variables, Z, and Z,, with respective

means, g, and p,, is given by

(A2.1.1) cov(Z,,2,)=E[(Z, = uZ,— 1,)1= E(Z,Z, = Z,pt, — i, 2, + p,11,)
= E(Z,2,)~ E(Z)t, - #EZ,) +
= E(Z,2,) = ity = ity + py 11,
= E(Z,Z,)~ utt

sothatif Z, and Z, are independent then

(A2.1.2) E(ZZ,)=E(Z)E(Z,)=wmp, = cov(Z,,Z,)=0

Hence if a given covariance stationary stochastic process, {Y (S):S € R}, with mean, u, is
the sum of two independent covariance stationary components

(A2.1.3) Y(s)=Y,(s)+Y,(s), seR,

with respective means, g, and z,, then it follows by definition that x = 4, + 1,, and that
Y,(s) and Y,(v) are independent for all s,ve R. Hence for any h>0 and s,ve R with
||S —V|| = h, we see that the covariogram, C, of the Y -process must satisfy,

(A2.1.1) C(h) =cov[Y(s),Y (V)]
= E[Y(5)-Y()]—E[Y(s)]- E[Y ()]= E[Y(5)-Y (V)] — 2/’
= E[(,(9)+Y,(9)) (W) +Y, (V) |- (s, + 1,)*
= E[Y,(5)Y,(V)+ Y, ()Y, (V) + Y ()Y, (V) + Y, ()Y, (V)]

— (1] + 24,00, + 113

ESE 502 A2-1 Tony E. Smith



NOTEBOOK FOR SPATIAL DATA ANALYSIS Part Il. Continuous Spatial Data Analysis

= E[Y,(&)V,(V]+ E[Y (S)IELY, )]+ E[Y, (S)IELY, (V] + E[Y, ()Y, (V)]

— (4 = ptty = oty + 122)

ELY,(S)Y,(V)]+ gty + po 1y + EY, ()Y, (V] — (14 = paypty — po iy + 13)

(EM Y1 =47 ) + (EIY.(8)()]- 45

cov[Y,(s),Y,(V)] + cov[Y,(s),Y, (V)]

C,(h) + C,(h)

where C, and C, are the respective covariograms for the Y, and Y, components of Y .

A2.2. Expectation of the Sample Covariance Estimator under Spatial Dependence

Given any collection of 2n jointly distributed random variables, {(Y,,Y,,),i=L..,n}
where the pairs (Y,,Y,;) have common means E(Y,)= g, E(Y,)=x, and covariance

cov(Y,;,Y,;) = o, forall i=1,..,n, consider the following estimator of &, ,
(A22.1) S =g (=YY, =)

where Y_J =1 in=lei , J=12.Here ¢, and o,, are taken to correspond to the estimator

é(h) of the covariance C(h) in expressions (4.10.2) and (4.10.1), respectively. To
analyze this estimator, it is convenient to begin with the rescaled version

(A222) 6y, = @46, =52, (=YD, =)
and recall the following standard decomposition of sums of squares:

(A2.2.3) 5-12 = %zin:l(Ylini _YliY_Z _Y_lei +Y_1Y_2)

%ZLYlini _(% in=1Y1i)Y_2 _Y_l(%zil]Yzi)-i_ n(%Y_lY_Z)

2, Yi¥o =YY, =YY, + VY,

= %Z;Y]ini _Y_IY_ZI
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But since

(A2.2.4) Yy, = (%Zn 1Y1-)( X 21) =2

it follows from (A2.2.2) through (A2.2.4) that

(A225)  E(6,) =74E@Gy) = | $ 20 E(Y.) - ECY))]
= XL EY,) - £33 EMLY,) |
}z; ECY,Y,) = 2 BV -0 > E(YnYzj)}
(YL ECY) —E YL Y LEY)]
= $ 2 EMY.) —mamy o 2 ECLY,))

Finally, if we let 4, =E(Y;), j=1,2, then since by definition, E(Y,Y,)) =0, + ¢, and

|
]
|
L

Il
:|
=
—

Il
:|
[N =1
|

E(Y,Y,) =cov(Y;,Y,;)+ 4, both hold for all i=1,.,n and j=i, it follows from
(A2.2.5) that

(A2.2.6) E(6,,)= f(o, + ) - n(n— 1)2, IZJ I(COV(YII’ )"‘ﬂnuz)

n n(n-1
= O+ i~ n(nl—l)Zi:]Zj#iCOV(Y“’YZJ') nEn 1; it

— 1 n
=0~ n(n-1) Zi=12j¢i COV(Yli’YZJ)

A2.3. A Bound on the Binning Bias of Empirical VVariogram Estimates

Here it suffices to consider the variogram, y(h), on the interval of distance values,
d,_,<h<d,, for a typical bin k. Recall from (4.7.1) that for a given sample of values

(Y (s):1= 1,..,n), if N, denotes the set of distance pairs, (s;,s;), in bin k, and if the
distance between each such pair is denoted by h; = Hsi =S,
bin k is defined to be

lag distance, h,, for

(A231) |N |Z(s sj)eN, ii
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Recall also that if the &, -linear approximation to y(h) on this interval is denoted by
(A2.3.2) l.(hy=a, -h+b,

then by definition,

(A2.3.3) held._.d,) = |r()-1(h)|< &

In this context we have the following bound on the bias of the empirical variogram
estimates,

N 1 2
(A234)  j(h) = szm(Y(so—v(s,-))
at lag distance, h, :

Proposition A2.1. If for any bin, k =1,..,k , the true variogram, y(h), has an &, -linear
approximation, then at lag distance, h,, it must be true that

(A23.5) [E[7(h)]-7(h)| < 26,
Proof: If for each (s;,s;) € N, we let
(A236) 7 =rth)=1E[(Y6)-Y(s)) |

with h; = Hsi —S;

N 1 2
(A237)  E[ih)] = E[Wz(sﬁsjwk(Y(si)—Y<s,-))}

=ﬁ2(sw{ [(Y(s) Y(s)) }}

|N |Z(s S )eNk

But since h; €[d,_,,d,) for all (s;,s
and thus that

I’]

)€ N, , we see from (A2.3.2) that ‘y/” 1, (h; )‘
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(A2.3.8) —& < 73— L (hy) < g forall (s;,s,) €N,

Hence by summing this set of inequalities and taking averages [with the observation that
(1/|N, |)Z(si’sj)€ngk = (N, |/|N, D& = & ], we have

(A2.3.9) —& < ‘N—luz(siﬁj)em[yu —1(h)] < &

Next. by using (A2.3.1), (A2.3.2) and (A2.3.7), the middle expression of (A2.3.9) can be
rewritten as,

1 — _1 1
(A2.3.10) WZ(si,sj)eNk[%J = ()] = \N_k|2<si,sj)eNk Vi~ WZ(si,sj)eNk I (hy)

B[] = R 2 e o en, BN B

E[];(hk )] - ak (ﬁZ(s,,sj)eNk hij) - bk

E[?(hk)] - akhk - bk

E[j;(hk )] - Ik (hk)
so that (A2.3.9) is seen to imply that

(A23.11)  —¢, < E[p(h)]- L (h)< &,

But since h, e[d,_,d,) it also follows from (A2.3.3) that |Ik(hk)—;/(hk)|Sgk and
hence that

(A23.12)  —g <l (h)-y(h)<eg
Finally, by adding (A2.3.11) and (A2.3.12) we may conclude that
(A23.13)  =2¢ < (E[7(h)] = L.(h))+ (I (h)—r(h)) < 2¢,
= -2¢ < E[y(h)]-y(h) £ 2¢,
= |E[F(h)]-7(h)| < 24,

and thus that (A2.3.5) must hold. m
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