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Abstract

We study a general sub-class of concave games, which we call socially concave games. We
show that if each player follows any no-external regret minimization procedure then the dynamics
converges in the sense that both the average action vector converges to a Nash equilibrium and
that the utility of each player converges to her utility in that Nash equilibrium.

We show that many natural games are socially concave games. Specifically, we show that
linear Cournot competition and linear resource allocation games are socially-concave games,
and therefore our convergence result applies to them. In addition, we show that a simple
best response dynamic might diverge for linear resource allocation games, and is known to
diverge for a linear Cournot competition. For the TCP congestion games we show that “near”
the equilibrium these games are socially-concave, and using our general methodology we show
convergence of specific regret minimization dynamics.
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1 Introduction

Equilibrium is a widely acceptable solution concept in economics, in general, and in game theory
in particular. The basic definition of an equilibrium is static: describing a steady state of a system
where no agent has an incentive to unilaterally deviate from. While an equilibrium can be viewed
as a steady state, an important conceptual issue is how such an equilibrium can be reached, and
which dynamics lead to an equilibrium (see, [16, 28]). Understanding the dynamics has two dif-
ferent perspectives. The first perspective is developing general dynamics that will always reach an
equilibrium (for any game). This line of research includes computationally efficient procedures for
correlated equilibrium [12, 20, 7, 5] and inherently exponential time procedures for Nash equilib-
rium [13, 14, 28, 11, 21, 17] (see, [19] for communication complexity lower bounds). The second
perspective is analyzing specific simple and natural behavior and its resulting dynamics in concrete
games, which is the focus of our work.

When considering a dynamics, an important and critical question is to what extent are the
dynamics “natural”. We are interested in natural dynamics, since they will support the belief that
the system naturally reaches an equilibrium. We would like the individual agent procedures to be
rational, where the agent can be viewed as trying to maximize her long-term utility. We would
like the dynamics to be distributed, where each agent has very little knowledge about other agents’
utilities, and is mainly concerned with her own utility. We would like the dynamics to be simple,
which would support the idea that they naturally occur. Finally, we would like the dynamics to
be flexible in the sense that different agents may behave differently (and will not have to follow
specific prescribed procedure). Examples of such widely studied dynamics are best response, where
the agent selects an action which is a best response to the current action of the other players, and
fictitious play where an agent selects an action which is best response to the average action profile
of the other players (see, [16]).

Regret minimization procedures match all the above requirements. In a regret minimization
setting each agent focuses on her own utility (and conceptually is oblivious to the other agents
utilities). By regret we compare the agent’s average utility to that of the best procedure from a
given limited class of procedures. Having no-regret means that no procedure in that class would
improve significantly the agent’s utility. The no-external regret compares the agent’s utility to that
of a fixed constant action. The no-internal regret uses a larger comparison class, where the agent
can swap each time it did a specific action a1 by another action a2. The main results are that there
are no-regret algorithm and that their average regret vanishes at the rate of O(T−1/2), where T is
the number of time steps. In this work we focus on no-external regret procedures.

Regret minimization procedures prescribe to most of the requirement we mentioned. It is
rational, in the sense that the agent has a guarantee on her own utility regardless of how the other
agents act. It is distributed, since an agent needs to be aware only of her own utility. Many of the
no-external regret procedures are very simple, and they share the idea that an agent increases the
weight on actions that have been doing well. There is a large variety of no-external regret procedures
that have been studied, and more conceptually, the assumption is not tied to any specific procedure,
but describes the payoffs of the agents in retrospect.

The regret minimization dynamics have attracted significant attention in recent years. First, the
no-internal regret dynamics converges to the set of approximate correlated equilibria [12, 20, 7, 5].
However, for continuous games, no general efficient no-internal regret algorithm is known. Second,
there have been works addressing the properties of no-external regret dynamics in specific games.
In zero-sum games it is known that the no regret dynamics will converge to the min-max solution
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[15]. However, for general games, it is known that the no external regret does not necessarily
converge to equilibrium [30]. Blum et al. [3] analyzed the no-external regret dynamics in routing
games showing that most of the agents, most of the time, are playing near equilibrium strategies.
In a subsequent work, Blum et al. [4] defined the price of total anarchy as the ratio of the optimum
to that of the worst no-external regret dynamics, and showed that it can be similar to the price of
anarchy even in cases where the dynamics do not lead to an equilibrium.

In this work we will be studying no-external regret dynamics of various concave games. In a
concave game the utility function of each player is concave in her own action. Rosen [26] showed that
a Nash equilibrium in pure strategies always exists in such games. We concentrate on a sub-class
of concave games, which we call socially concave games. We show that many interesting games are
socially-concave. including linear Cournot competition [25], and linear resource allocation games
[23].1 We also show that TCP congestion control [24] games are socially-concave “near” their
equilibrium.

We derive a general convergence result, showing that if each agent follows a no-external regret
procedure, then the dynamics, in any socially-concave game reaches an equilibrium. The conver-
gence is both of the average action vector, and the payoff of the individual agents. On the other
hand, we show that a best response dynamics might diverge for linear resource allocation games,
and it is known to diverge for linear Cournot competition [27]. For the TCP congestion control
setting we study two different games, depending on how the network handles overflow. The first is
related to router’s tail-drop policies, was proposed in [24], and studied in the context of competi-
tive online algorithms [24, 1]. Our second is motivated by router’s policy of Random Early Discard
(RED) [10]. In both cases, although the games are not socially-concave, we show that gradient
based no-external regret procedures (such as [29]) guarantee the desired convergence.

All proofs, excluding the proof of our main theorem (Theorem 3.1) are deferred to the appendix,
for lack in space.

2 Model

An n-person game is denoted by the tuple Γ = (N, (Si)i∈N , (ui)i∈N ), where N = {1, . . . , n} is the
set of n players, Si is the set of actions of player i and ui : S → R is player’s i utility function,
where S = S1 × S2 × · · · × Sn is the joint action set.

For s ∈ S let s−i denote the strategy combination of all players except i, i.e., s−i = (sj)j 6=i. An
action xi ∈ Si is an ε-best response to s−i if for every action yi ∈ Si, ui(xi, s−i) ≥ ui(yi, s−i)− ε. A
joint strategy s ∈ S is an ε-Nash equilibrium(NE), if for each player i we have that si ∈ Si is an ε
best response to s−i. For ε = 0 a 0-Nash equilibrium is a Nash equilibrium and a 0-best response
is a best response and is denoted by BR.

For the rest of the paper we assume that Si is a closed, convex and bounded action set and that
Si ⊂ Rmi for some mi ∈ N. Also, we assume that the utility functions ui are twice differentiable
and bounded from above by 1.

In his seminal paper, Rosen [26] considered the class of concave games, where every player’s
utility function ui is concave in her own action si ∈ Si. In this paper we consider a closely related
class of socially concave games we now define.

1In a linear Cournot competition multiple firms compete by setting their production levels, and the price is a
linear function of the overall production level. In a linear resource allocation game where the agent receive a share
of the resource (e.g., bandwidth or a market share), as a function of their investment.
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Definition 2.1. A game is socially concave if the following holds:

A1 There exists a strict convex combination of the payoff functions which is a concave function.
Formally, there exists an n-tuple (λi)i∈N , λi > 0, and

∑
i∈N λi = 1, such that g(x) =∑

i∈N λiui(x) is a concave function in x.

A2 The utility function of each player i, is convex in the actions of the other players, i.e., for
every si ∈ Si the function ui(si, x−i) is convex in x−i ∈ S−i.

Next, we show that the class of socially concave games is a sub-class of concave games.

Lemma 2.2. If ui is twice differentiable for every i ∈ N , then a socially concave game is also a
concave game.

Rosen [26] showed that every concave game has a Nash equilibrium point in S. Therefore, every
socially concave game has a Nash equilibrium.

External Regret Minimization and Online Concave Programming

Definition 2.3. A concave programming problem, C, consists of a convex feasible set F ⊂ Rm and
an infinite sequence {f1, f2, . . .} where each f τ : F → R is a concave function.

An online concave programming algorithm selects, at each time step t, a vector xt ∈ F , given
the history. After xt is selected, the algorithm observes the payoff function f t(·), and receives a
payoff of f t(xt).

After defining the basic setting, let us define the online problem.

Definition 2.4. Let A be an online concave programming algorithm, and let x ∈ F be the optimal
static solution, i.e., x = arg miny

∑t
τ=1 f t(y), then the regret of algorithm A is defined by

RA(T ) =
T∑

t=1

f t(xt)−min
x

T∑
t=1

f t(x).

An algorithm A has no external regret, if RA(T ) = o(T ).

Regret Minimization bounds for concave games: Zinkevich [29] provides a simple procedure
that guarantees a regret of at most R(T ) = O(

√
T ), when F is a closed, convex, bounded and

non-empty set, and that every f t is differentiable with a bounded first derivative. Hazan et al.[22],
give algorithms that guarantee an upper bound of O(log(T )) on the external regret, when f t are
strictly concave functions and twice differentiable. Other gradient based procedures include [9, 2].
Regret and repeated games: The regret of player i in a game Γ following the sequence of
joint actions (x)T

t=1 is Ri((x)T
t=1) =

∑T
t=1 ui(xt) − maxy∈Si ui(y, xt

−i). We define an upper bound
Ri(T ) = max(x)T

t=1∈ST Ri(T ).

3 Main Result

We show that for the class of socially concave games, no-external regret behavior leads to a Nash
equilibrium. For every t, let x̂t be the average of the n-tuples of strategies played up to time t, that
is x̂t = 1

t

∑t
τ=1 xτ . Let ût denote the average payoff vector up to time t, that is, for every player i,

ût
i = 1

t

∑t
τ=1 ui(xτ ).
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Theorem 3.1 (Main Theorem). Let Γ = (N, (Si)i∈N , (ui)i∈N ) be an n-players socially concave
game. If every player i plays according to a procedure with external regret bound Ri(t), then at
time t,

(i) The average strategy vector x̂t is an εt-Nash equilibrium, where εt = 1
λmin

∑
j∈N

λjRj(t)
t and

λmin = minj∈N λj.

(ii) The average utility of each player i is close to her utility at x̂t, the average vector of strategies.
Formally,

|ût
i − ui(x̂t)| ≤ 1

λi

∑
j∈N

λjRj(t)
t

.

Proof. The proof is constructed in the following six steps:

Step I: By definition of a regret minimization algorithm, for any period {1, . . . , t}, each player
i ∈ N has low regret to any action si ∈ Si. Specifically, we can apply it to the best response to
x̂t
−i = 1

t

∑t
τ=1 x−i, i.e., BRi(x̂t

−i) ∈ Si. Therefore,

ût
i =

1
t

t∑
τ=1

ui(xτ ) ≥ max
si∈Si

1
t

t∑
τ=1

ui

(
si, x

τ
−i

)
−Ri(t) ≥

1
t

t∑
τ=1

ui

(
BRi(x̂t

−i), x
τ
−i

)
− Ri(t)

t
. (3.1)

Step II: Fix an action yi ∈ Si of player i. Property A2 states that ui(yi, x−i) is convex in its
second argument x−i, which implies,

1
t

t∑
τ=1

ui(yi, x
τ
−i) ≥ ui(yi,

1
t

t∑
τ=1

xτ
−i) = ui(yi, x̂

t
−i). (3.2)

Step III: By definition of best response, for every n-tuple of strategies y ∈ S,

ui(BRi(y−i), y−i) ≥ ui(y). (3.3)

Step IV: Property A1 states that for some λ = (λi)i∈N , g(x) =
∑

i∈N λiui(x) is concave. By
the concavity of g(x) we have that,∑

i∈N

λiui(x̂t) =
∑
i∈N

λiui(
1
t

t∑
τ=1

xτ ) ≥
∑
i∈N

λi

t∑
τ=1

1
t
ui(xτ ) =

∑
i∈N

λiû
t
i. (3.4)

Step V: Combining Inequalities (3.1)—(3.4) we get the following chain of inequalities:∑
i∈N

λiû
t
i =

∑
i∈N

λi

(
1
t

t∑
τ=1

ui(xτ )

)
(a)
≥

∑
i∈N

λi

(
1
t

t∑
τ=1

ui

(
BRi(x̂t

−i), x
τ
−i

)
− Ri(t)

t

)
(b)
≥

∑
i∈N

λi

(
ui(BRi(x̂t

−i), x̂
t
−i)−

Ri(t)
t

)
(c)
≥

∑
i∈N

λi

(
ui(x̂t)− Ri(t)

t

)
(d)
≥

∑
i∈N

λi

(
1
t

t∑
τ=1

ui(xτ )

)
−
∑
i∈N

λi
Ri(t)

t
,
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where (a) follows from (3.1), (b) follows from (3.2) with yi = BRi(x̂t
−i), (c) follows from (3.3) with

y = x̂t, and (d) follows from (3.4).
The above inequalities imply that

|
∑
i∈N

λiui(x̂t)−
∑
i∈N

λiui(BRi(x̂t
−i), x̂

t
−i)| ≤

∑
i∈N

λi
Ri(t)

t
,

since given any set of ai’s such that a1 ≥ a2 ≥ a3 ≥ a4 ≥ a5 we have that |a3 − a2| ≤ a1 − a5.
Hence, ∑

i∈N

λiui(x̂t) ≥
∑
i∈N

λiui(BRi(x̂t
−i), x̂

t
−i)−

∑
i∈N

λi
Ri(t)

t
. (3.5)

By definition, for every i, ui(x̂t) ≤ ui(BRi(x̂t
−i), x̂

t
−i). Therefore,

∑
i6=j λiui(x̂t) ≤

∑
i6=j λiui(BRi(x̂t

−i), x̂
t
−i).

Combining this with (3.5) we have,

λjuj(x̂t) ≥ λjuj(BRj(x̂t
−j), x̂

t
−j)−

∑
i∈N

λiRi(t)
t

.

Thus x̂t is an εt-Nash equilibrium for εt = 1
λmin

∑
i∈N λi

Ri(t)
t .

Step VI: Similar to Step V, from Inequalities (3.1), (3.2) and (3.3),

ût
i =

(
1
t

t∑
τ=1

ui(xτ )

)
(a)
≥

1
t

t∑
τ=1

ui

(
BR(x̂t

−i), x
τ
−i

)
− Ri(t)

t

(b)
≥ ui(BRi(x̂t

−i), x̂
t
−i)−

Ri(t)
t

(c)
≥ ui(x̂t)− Ri(t)

t

where (a) follows from (3.1), (b) follows from (3.2), and (c) follows from (3.3). Therefore, it follows
that the average utility of player i, ût

i, is at least her utility when the average strategy vector is
played, ui(x̂t), minus her own average regret,

ût
i ≥ ui(x̂t)− Ri(t)

t
. (3.6)

From Inequality (3.4) we have that
∑

i∈N λiui(x̂t) ≥
∑

i∈N λiû
t
i. Therefore,

ût
i − ui(x̂t) ≤ 1

λi

∑
j 6=i|j∈N

λj

(
uj(x̂t)− ût

j

)
≤ 1

λi

∑
j 6=i|j∈N

λj
Rj(t)

t
≤ 1

λi

∑
j∈N

λj
Rj(t)

t
, (3.7)

where the second inequality follows from (3.6).
Combining the two inequalities (3.6) and (3.7), we bound the difference between player’s i

average utility and its utility at x̂t, i.e.,

|ût
i − ui(x̂t)| ≤ 1

λi

∑
j∈N

λj
Rj(t)

t
.
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The following are immediate consequences of Theorem 3.1. First, if every player employs a
no-regret algorithm, then the average strategy vector converges to a Nash equilibrium, and the
average payoff of each player converges to her payoff at that Nash equilibrium. Second, if every
player employs the generalized infitisimal gradient ascent algorithm [29], which has regret O(

√
t),

then after t steps the average strategy vector is an O(n/
√

t)-Nash equilibrium and the average
payoff of each player differs from its payoff at that Nash equilibrium by at most O(n/

√
t), assuming

that λmin is bounded away from zero and that the utility’s values are in the range [0, 1].

4 Cournot competition

Cournot competition [8] is a fundamental economic model used to describe competition between
firms. The model considers multiple firms (oligopoly), which produce the same good. The main
interaction between the firms is due to their influence on the good market price. Specifically,
each firm decides on its production level (the quantity it produces from the good), and incurs an
associated cost (which depends on the quantity, and may be different for different firms). The
revenue of a firm is the product of its quantity and the market price, where market price depends
on the aggregate quantity produced by all firms. Let us first define formally a Cournot competition.

Definition 4.1. A Cournot competition is a game ΓC = (N, (Si)i∈N , (ci)i∈N , p, (ui)i∈N ), where N
is the set of firms, Si = R+ is the quantity firm i decides to produces, ci : Si → R+ is the cost of
firm i to produce a quantity qi, p : S → R+ is the price of the good (where p(s) is a function of the
aggregate quantity, i.e.,

∑
i∈N si), and ui : S → R is firm i utility such that ui(s) = sip(s)− ci(si).

A linear Cournot competition is a Cournot competition where p(s) = a− b(
∑

i∈N si), where a and
b are some positive constants and the cost function ci are convex.

A well known result by Cournot (cf. [16, pp. 11]), is that if two firms participate in linear
Cournot competition, and both play simultaneously the best response dynamics, then their joint
play converges to equilibrium Theocharis [27] showed that the best response dynamics fails to
converge in linear Cournot competition, whenever there are four or more firms participating.

We show that in a linear Cournot competition, if each firm bases its production level on a
no-external regret algorithm, then the firms’ average payoffs and quantities produced converges to
the unique NE of the linear Cournot competition.

Lemma 4.2. A linear Cournot competition is a socially concave game.

Proof. First, the sum of utilities is

g(s) =
∑
i∈N

ui(s) =
∑
i∈N

si(a− b(
∑
j∈N

sj))−
∑
i∈N

ci(si),

which is concave in s, hence Assumption A1 in Definition 2.1 holds. Since ui(si, s−i) = a −
b(
∑

j∈N sj) − ci(si) is a linear function in s−i it is also convex in s−i, hence, Assumption A2 in
Definition 2.1 holds as well.

Since a linear Cournot competition is a socially concave game, Theorem 3.1 implies the conver-
gence of the no-external regret dynamics.
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Theorem 4.3. In a linear Cournot competition, if each firm i ∈ N follows a regret minimization
algorithm with Ri(T ) = O(

√
T ), then after T steps the average strategy vector will be O(n/

√
T )-

Nash equilibrium, and the payoff of each firm will be within O(n/
√

T ) of its payoff at the average
strategy vector.

Remark: We can show convergence for a larger class of Cournot competition. Namely, consider the
case that the cost functions ci are convex, xp(x) is concave, and p(x) is convex, where x =

∑
i∈N si.

Since p(x) is convex, it implies that ui(s) is convex in s−i, and this satisfies Assumption A2 in
Definition 2.1. Since the function g(s) =

∑
i∈N sip(x) − ci(si) = xp(x) −

∑
i∈N ci(si) is concave,

Assumption A1 in Definition 2.1 holds. Therefore, this is a socially concave game, and Theorem 3.1
guarantee the convergence.

5 Linear Resource Allocation Games

In a resource allocation game [18, 23] n users share a communication link of capacity C > 0 (we
assume without loss of generality C = 1). Let di denote the rate allocated to user i. We assume
that user i receives a value ϕi(di) if the allocated rate is di; we assume that this value is measured
in monetary units.

Each user i submits a “bid” wi to the network from a bid space Si = [bmin, 1], where bmin > 0
2. The network accepts these submitted bids and determines the share of capacity each user is
allocated, according to an allocation function M : Sn → [0, C]n, mapping the bids to a feasible
allocation (i.e., for any w ∈ S we have

∑
i∈N Mi(s) = 1 and Mi(w) ≥ 0 for every i). This makes

the model a game ΓR between the n users, ΓR = (N, (Si)i∈N , (ui)i∈N ,M, (ϕi)i∈N ), where user i
utility function is ui(w) = ϕi(Mi(w))− wi and ϕi is its value function.

Hajek and Gopalakrishnan [18] studied resource allocation games with the proportional alloca-
tion function Mi(w) = wiP

j∈N wj
. They showed that when the value function, ϕi(·), of each user is

concave, a unique Nash equilibrium of the ΓR exists. The existence of a pure Nash equilibrium for
a more general class of quasi proportional allocation functions where Mi(w) = wc

i /(
∑

j∈N wc
j), for

some c ∈ (0, 1], follows from [26].
We will concentrate on the following sub-class of resource allocation games.

Definition 5.1. A linear resource allocation game is a resource allocation game
ΓR = (N, (Si)i∈N , (ui)i∈N ,M, (ϕi)i∈N ) such that ϕi(di) = αidi and the allocation mechanism is
quasi-proportional, Mi(w) = wc

iP
j∈N wc

j
, where c ∈ (0, 1].

Theorem 5.2. In a linear resource allocation game, if every player employs a procedure with no
external regret, then the average action of the players will converge to a Nash equilibrium, and the
average payoff of each player will converge to its payoff in that Nash equilibrium.

Theorem 5.2 follows immediately from Theorem 3.1, once we establish in the following lemma
that a linear resource allocation game is a socially concave game.

Lemma 5.3. A linear resource allocation game is socially concave game.
2We require that bmin > 0 in order to avoid the technicalities when all the players select a zero bid.
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5.1 Divergence of the best response dynamics in resource allocation

In the best response dynamics, every player optimizes her decision for the next step assuming all
other players will play the same as they did in the previous step. Namely, at time t, player i plays
xt = BRi(xt−1

−i ). Clearly, for this dynamics, if the joint vector of actions converges, then it must
be that it converges to a Nash equilibrium. However, unlike the no regret dynamics, we show that
the best response dynamics is not guaranteed to converge.

Consider an n-player linear resource allocation game with c = 1, where all n players have
identical utility for resource ϕi(di) = di. Namely, the utility of player i, in terms of her bid and the
bids of the other players is,

ui(x) =
xi∑

j∈N xj
− xi.

The best response of player i ∈ N to x−i ∈ S−i is max(bmin,
√∑

j 6= xj −
∑

j 6= xj) ∈ Si.

Theorem 5.4. Consider a linear allocation game with identical utilities ϕi(si) = si. For n ≥ 4,
the best response dynamics does not necessarily converge.

6 Congestion Control Protocols

In this section we present an application of Theorem 3.1 in the design of protocols for congestion
control. We consider multiple connections sharing a network path, with a common bottleneck. Time
is divided into successive rounds, i.e., time is discrete and events happen only at time t = 1, 2, 3, . . ..
It is assumed that all connections have the same round trip time. At the start of a round each
connection transmits a window of packets and at the end of a round each connection receives a
feedback with the number of packets that were actually delivered. Pending data is always available
for sending at every source.

Each connection is associated with a single selfish player. A player benefits from delivering
packets, and suffers a penalty for dropped packets, due to retransmission delays and overhead. We
view the actions of the players as the ‘load’ they introduce (or alternatively, the bandwidth they
consume). Let xt

i denote the load imposed by the i’th player at time t, and denote by bt
i her actual

load i.e., the fraction of packets that were not dropped. Player i utility is bt
i−αi(xt

i−bt
i), namely, αi

is a parameter that reflects i’s cost for losing a packet (or more precisely, one ‘unit’ of bandwidth).
The shared bottleneck is controlled by a router with finite capacity C assumed to be 1 unit of

bandwidth. The router receives packets from each connection and decides to forward or discard
each packet 3. Different scheduling policies would share the capacity in different ways. And gen-
erally, a scheduling policy maps transmission rate vectors x = (xi)i∈N ∈ Rn

+ to feasible bandwidth
allocations {b |

∑
i bi ≤ C = 1}. Clearly, no mechanism can assign more than the link capacity,

but some mechanisms might be more restrictive. We consider several scheduling policies here,

1. Tail drop (TD). Load is accepted while the channel is not full; packets are dropped when the
total transmission exceeds the capacity.

3No queueing is assumed in our model. The technical difficulty with introducing a queue in our model is that a
queue is essentially a state, and this will be a miss-match to both the repeated nature of the game and the regret
minimization.
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2. Random early discard (RED). Packets are randomly dropped with a dropping probability
that increases with the offered load.

The policies, TD and RED, to be formally defined in later sections, when combined with a
vector α = (αi)i∈N , admits a game ΓTD,ΓRED, respectively. Unfortunately, none of these games is
socially concave, and therefore Theorem 3.1 cannot be applied directly. Luckily, in a region near
the NE of every such game, these games becomes a socially concave game. We use this fact, to
show that the generalized infitisimal gradient ascent (GIGA) procedure attains the convergence
properties guaranteed for socially concave games in Theorem 3.1.

Definition 6.1 (GIGA). For player i with utility function ui(·), and strategy space Si, GIGA sets
i’s action at time t, xt

i in the following method:

yt
i = xt−1

i + ηt ∂

∂xi
ui(xt−1) ; xt

i = π(Si, y
t
i)

where π(Si, y
t
i) is the projection of yt

i into the set Si,4 and ηt is a learning rate where we assume
that: (1) ηt is non-increasing in t, i.e., ηt ≥ ηt+1, (2) ηt vanishes, i.e., for every ε > 0 there is a
time tε such that ηtε < ε, and (3) that the sum of ηt diverges, i.e., for any ρ there is at time tρ,
such that

∑tρ

τ ητ > ρ.5

Assuming that a player learns her own payoff as a feedback in each of the games ΓTD and ΓRED,
it is possible for her to compute her own gradient ∂

∂xi
ui(xt), at time t, and calculate her next action

in the GIGA procedure accordingly.

6.1 Tail Drop

When a router employs a tail drop policy, packets are accepted as long as the overall load does
not exceed the link capacity. This is model as follows. While S(x) ≤ 1, every player gets her
transmission rate, xi. But, when S(x) > 1 player i gets only a share of the capacity, proportional
to her transmission rate. This implies the following utility function:

uTD
i (x) =

{
xi S(x) ≤ 1

xi
S(x) − αi(xi − xi

S(x)) S(x) > 1

Let αmin = minj∈N αj ; αmax = maxj∈N αj . We assume that the penalty per packet loss parameters
of the players are bounded as follows, 3

n−1 ≤ αmin ≤ αmax ≤ 1. We also assume that a single player
load never exceeds the channel capacity, i.e., xi ∈ [bmin, 1], where bmin > 0.6

One can verify that the game ΓTD = (N, ([bmin, 1])i∈N , (uTD
i )i∈N ) is not a socially concave game.

However, a slight modification of ΓTD results in a socially concave game, ΓTD′. ΓTD′ has the same
set of players and the same strategy space, and a different utility functions. Player i utility function
is modified to

qi(x) =
xi

S(x)
− αi(xi −

xi

S(x)
).

4In our setting the projection only means that if yt
i < 0 then we set xt

i = 0.
5In case that the derivative ∂

∂xi
ui(x

t−1) is not continuous we define it to be the limit of the derivatives x′ < x,
which will be always well define in our settings.

6In the final version we extend the proof to handle the case that bmin = 0.
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Lemma 6.2. The game ΓTD′ = (N, ([bmin, 1])i∈N , (qi)i∈N ), is a socially concave game for any
bmin > 0.

Theorem 3.1 does not apply to ΓTD, as it is not a socially concave game. Even so, using the
fact that the game ΓTD′ is a socially concave game, we can show that the GIGA dynamics (i.e.,
when all players act according to the GIGA procedure), attains similar convergence properties as
general no-regret dynamics in socially concave games.

Theorem 6.3. Assuming there are at least n ≥ 4 players in the game, if every player in a tail-drop
game ΓTD plays according to the GIGA procedure, then the average strategy vector will converge to
a NE and the payoff of each player will converge to her payoff at that NE.
Furthermore, if every player runs GIGA with ηt = 1/

√
t, then at every time t > t∗, where t∗ =

O(n4),

(i) The average profile of actions will be an ε-NE, where ε = O( 1√
t
)

(ii) The average payoff of each player will differ from its payoff at that NE by at most O( 1√
t
).

The main step in the proof of Theorem 6.3 is to show that after sufficient number of time steps
the players total offered load is always greater than the channel capacity.

Lemma 6.4. Assuming there are at least n ≥ 4 players in the game, if every player in a tail-drop
game ΓTD plays according to the GIGA procedure, then there exists a time t∗ such that S(xt) > 1
for every t > t∗. Furthermore, if the learning rate ηt = 1√

t
, then t∗ = O(n4).

6.2 RED-like models

In random early discard the router drops packets as a function of the queue size. Since we do not
have a queue size in our models, we model this by dropping fraction of the rate at each time step
as a function of the offered load S(x).

Assume that the router drops packets at a rate of βS(x). This implies that user i would have an
effective bandwidth of xi(1− βS(x)), and the total effective bandwidth is S(x)(1− βS(x)). Since
the capacity of the link is C = 1 we need that S(x)(1−βS(x)) ≤ 1, which always holds for β ≥ 1/4
(also, we can not dropping more than S(x) units of rate, so β ≤ 1).

In this case, for β ≥ 1/4 we derive the RED utility function,

uRED
i (x) =

{
xi(1− βS(x))− αiβxiS(x) S(x) ≤ 1/β

−αixi S(x) > 1/β
(6.1)

Notice that uRED
i (1/β, x−i) > uRED

i (xi, x−i), for every xi > 1
β , x−i ∈ Rn−1

+ , since ∂
∂xi

uRED(x) <

0 for every such x. We therefore set a player’s strategy space to [0, 1
β ]. The game associated with

the RED policy will be denoted by ΓRED = (N, ([0, 1
β ])i∈N , (uRED

i )i∈N ])

Theorem 6.5. If every player in a ΓRED game plays according to the GIGA procedure, then the
average strategy vector will converge to a NE and the payoff of each player will converge to her
payoff at that NE.

(i) The average profile of actions will be an ε-NE, where ε = O( 1√
t
)

10



(ii) The average payoff of each player will differ from its payoff at that NE by at most O( 1√
t
).

Furthermore, if every player runs GIGA with ηt = 1/
√

t, then at every time t > t∗, where t∗ =

O

((
n

αmin

)2
)

and αmin = mini∈N αi,
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A Proof from Section 2

Proof of Lemma 2.2. Fix a player i ∈ N . Following property A1, the second derivative

∂

∂2xi

∑
j∈N

λjuj(x) ≤ 0.

However, following property A2, for every j 6= i, uj(·) is convex in xi and therefore the second
derivative ∂

∂2xi

∑
j 6=i λjuj(x) > 0 and hence ∂

∂2xi
ui(x) must be negative. Therefore, the payoff

function ui is thus concave in xi.

B Proofs from Section 5

Proof of 5.3. In a linear resource allocation game, the utility of player i is

ui(w) = ϕi(w)− wi = αiMi(w)− wi = αi
wc

i∑
j∈N wc

j

− wi,

for 0 < c ≤ 1. To show Property A1 in Definition 2.1 holds, set λi =
1

αiP
j∈N

1
αj

observe that

g(w) =
∑
i∈N

λiui(w) =
1∑

j∈N
1
αj

(
1−

∑
i∈N

wi

αi

)
,

is a linear function and thus concave.
To show that property A2 in Definition 2.1 holds, note that f(x−i) = u(xi, x−i) + wi =

xc
i

xc
i+
P

j∈N,j 6=i wc
j

is convex iff u(xi, x−i) is convex in x−i. Let x be a vector in Rn−1, and consider the

function f(x) = g(h(x)), where h(x) =
∑n−1

i=1 xi
c and g(y) = α/(α + y) for some positive α. Note

that h is concave function if c ∈ (0, 1] and that g(y) is a convex non increasing function. Therefore,
we obtain that f is convex, cf. [6, pp. 87], and thus u(xi, x−i) is convex in x−i.

Proof of Theorem 5.4. In equilibrium, each player bids xNE
i = n−1

n2 . Consider the dynamics where
initially all players bid equally x0 6= n−1

n2 . Due to the symmetry, the best response dynamics would
keep the bids of the players equal. Let xt be the bids of the players time t (they are all identical),
then

xt+1 =
√

(n− 1)xt − (n− 1)xt (B.1)

Let εt be the difference between the players bids at time t and the equilibrium, i.e., εt = xt − n−1
n2 .

By substituting xt by n−1
n2 + εt in Equation B.1 we get

n− 1
n2

+ εt+1 =

√
(n− 1)(

n− 1
n2

+ εt)− (n− 1)(
n− 1
n2

+ εt) (B.2)

We will show that the sequence |εt| does not converge to zero. We can describe εt+1 as a function
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of εt,

εt+1 =

√(
n− 1

n

)2

+ εt(n− 1)−
(

n− 1
n

)2

− n− 1
n2

− εt(n− 1)

=

√(
n− 1

n

)2

+ εt(n− 1)−

√(
n− 1

n

)2

− εt(n− 1)

=
εt(n− 1)√(

n−1
n

)2 + εt(n− 1) +
√(

n−1
n

)2 − εt(n− 1)

= εt(n− 1)

 1√(
n−1

n

)2 + εt(n− 1) +
√(

n−1
n

)2 − 1

 .

For εt ∈ [0, 3n−1
n2 ] we have that

εt+1 ≤ εt(n− 1)

(
1

3n−1
n

− 1

)
= εt 3− 2n

3
,

and for n ≥ 4 we have εt+1 ≤ −(5/3)εt < 0.
For εt ∈ [−(7/16)n−1

n2 , 0] we have that

εt+1 ≥ εt(n− 1)

(
1

(7/4)n−1
n

− 1

)
= εt 7− 4n

7
,

and for n ≥ 4 we have εt+1 ≥ −(9/7)εt > 0. This implies that |εt| does not converge to zero.

C Proof from Section 6

C.1 Analysis of the GIGA dynamics for the tail-drop game

Proof of 6.2. The utility function qi(·) is now exactly the utility function of a resource allocation
game, with proportional allocation mechanism, i.e., c = 1. Hence, the same arguments made in the
proof of Lemma 5.3 show that ΓTD′ is a socially concave game.

Proof of Lemma 6.4. Let ∆t
i(x) = ∂

∂xi
uTD

i (xt−1) and let ∆(x) =
∑

i∈N ∆i(x). The proof proceeds
in a number of steps.

Step I: If x is such that 0 ≤ S(x) < 1 + ε, where ε = (1− 2
n+1)αmin − 2

n+1 , then ∆(x) > 1.
First notice that following our assumption that αmin ≥ 3/(n− 1),

ε = (1− 2
n + 1

)αmin −
2

n + 1
> (1− 2

n + 1
)

3
n− 1

− 2
n + 1

=
1

n + 1
> 0.

Now, if S(x) ≤ 1 then ∆(x) = n and the claim follows. Otherwise, 1 < S(x) < 1 + ε, and in
this case,
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∆(x) =
∑
i∈N

(
(1 + αi)

S(x)− xi

(S(x))2
− αi

)
(C.1)

≥
∑
i∈N

(
(1 + αmin)

S(x)− xi

(S(x))2
− 1
)

(C.2)

=
(1 + αmin)(n− 1)

S(x)
− n (C.3)

>
(1 + αmin)(n− 1)

(1 + αmin)n−1
n+1

− n (C.4)

= 1 . (C.5)

Thus, for every x such that 0 ≤ S(x) < 1 + ε, we have ∆(x) > 1.

Step II: For every time t there exists a time t′ > t such that S(xt′) ≥ 1 + ε.
By definition S(xt) ≥ 0 for every xt. In step I we show that ∆(x) > 1 when 0 ≤ S(x) < 1 + ε.

Now, combining with the fact that the learning rate is such that
∑t

τ=t′ η
τ → ∞ as t → ∞, the

claim follows.

Step III: There exists a time t̂ such that ηt∆(xt) > −ε for every t > t̂.
Notice that ∆(xt) is bounded from below:

∆(xt) =
∑

i

(
(1 + αi)

S(xt)− xt
i

(S(xt))2
− αi

)
> −

∑
i

αi ≥ −n,

where the last inequality follows our assumption that αi ≤ 1, for every i ∈ N . By our assumption
on the learning rate there exists at time t̂ such that ηt̂ ≤ ε/n, and the claim follows.

Step IV: If t1 > t̂ and S(xt1) > 1 then S(xt) > 1 for every t > t1.
The proof is by induction on t. For the induction base t = t1, the claim holds trivially. Assume

the induction hypothesis holds for some t > t1. If S(xt) ∈ (1, 1 + ε] then ∆(xt) > 0 and

S(xt+1) = S(xt) + ∆(xt)ηt ≥ S(xt) > 1,

Otherwise, S(xt) > 1 + ε, but then ηt∆(xt) > −ε and

S(xt+1) = S(xt) + ∆(xt)ηt ≥ S(xt)− ε > 1.

and the claim follows.

Step V: There exists a time t∗ such that S(xt) > 1 for every t > t∗.
It follows from step III that after time t̂, ∆(xt) > −ε for every t > t̂. From step II it follows

that there exists a time t∗ > t̂ such that S(xt∗) ≥ 1 + ε. And from step IV, it follows that for every
t > t∗, S(xt) > 1.

Step VI: If ηt = 1/
√

t then there exists t∗ = O(n4), such that S(xt) > 1 for every t > t∗.
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If ηt = 1√
t
, then ηt∆(xt) > −ε for every t > t̂ where t̂ = (n/ε)2, and

n

ε
=

n
n−1
n+1αmin − 2

n+1

(C.6)

≤ n
3

n+1 −
2

n+1

(C.7)

= n(n + 1) (C.8)
< 2n2 (C.9)

Hence, t̂ < 4n4. Note that if αmin = Ω(1) then ε = Ω(1) and t̂ = O(n2).
Now, if S(xt̂) > 1, then S(xt) > 1 for every t > t̂, as it follows from step IV. If not, then

set t∗ = t̂ + 4n2. If S(xt) > 1 for some t̂ < t ≤ t∗ then we are done. Otherwise, we have that
∆(S(xt)) = n for every such t. In this case

S(xt∗) = S(xt̂) +
t∗−1∑
t=t̂

1√
t
∆(xt) ≥ 0 + 4n2 1√

4n4 + 4n2
n > 2,

since n ≥ 4. But, this is in contradiction to the assumption that S(xt) ≤ 1 for t̂ < t ≤ t∗. Thus,
at some time t′ < t∗ = O(n4), S(xt′) > 1 and therefore, following Step IV, for every t > t∗,
S(xt) > 1.

Proof of Theorem 6.3. By Lemma 6.4 there exists time t∗, such that S(xt) > 1, for every t > t∗.
Using Lemma 6.2, we obtain that from t∗ on, the players are a posteriori playing the socially
concave game, ΓTD′.

The regret of a player i at a time t > t∗ is at most

Ri(t) = O(
√

t− t∗) + O(t∗) = O(t∗ +
√

t),

where the first term is the regret accumulated after t∗ and O(t∗) is an upper bound on the difference
between the utility from the best fixed transmission rate (+1) and the worst possible loss (-1).

Thus, following Theorem 3.1, we conclude that at time t > t∗, the average strategy profile is an
O(n/

√
t)-Nash equilibrium, and that the average payoff of each player differs by at most O(n/

√
t)

from her payoff in that ε-NE.

C.2 Analysis of the GIGA dynamics for the RED game

The game ΓRED is not necessarily a socially concave game (for once, the utility of a player is
generally not concave). However, when we alter the utility function so that it captures the first
condition in 6.1, we get a socially concave game. We define here a new game denoted ΓRED′ =
(N, ([0, 1])i∈N , (qRED

i )i∈N ), where

qRED
i (x) = xi(1− βS(x))− αiβxiS(x).

Lemma C.1. The game ΓRED′ is a socially concave game.

Proof of Lemma C.1. Fix xi, and consider the function

f(z) = xi(1− β(xi + z))− αiβxi(xi + z).
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f(·) is linear in z and consequently, qRED
i (x) is linear in x−i, as a composition of two linear functions.

Now, consider the function g(·) which is the sum of utilities,

g(x) =
∑
i∈N

qRED
i (x) =

∑
i∈N

xi −
∑
i∈N

β(1 + αi)xiS(x) = S(x)− S2(x)
∑
i∈N

β(1 + αi).

The function g(·) can be composed as g(x) = h(S(x)), where h(z) = z− z2
∑

i∈N β(1+αi). Hence,
g(·) is a concave function as composition of a concave function with a linear function.

Thus, ΓRED′ is socially concave, as both conditions A1 and A2 of Definition 2.1 hold.

Lemma C.2. If every player in a ΓRED game, plays according to the GIGA procedure, then there
exists a time t∗ such that for every t > t∗, S(xt) < 1/β. Furthermore, if the learning rate ηt = 1√

t
,

then t∗ = O(( n
αmin

)2).

Proof of Lemma C.2. Let ∆t
i(x) = ∂

∂xi
uRED

i (xt−1) and let ∆(x) =
∑

i∈N ∆i(x). The proof proceeds
in a number of steps.

Step I: If x is such that 1
β(αmin+1) ≤ S(x) < 1

β , then ∆(x) ≤ −1.
If S(x) ≤ 1/β then

∂

∂xi
uRED

i (xt) = 1− (β + αiβ)
∑
j 6=i

xj − 2(β + αiβ)xi = 1− (β + αiβ)(S(x) + xi)

and

∆(x) = n−
∑
i∈N

(β + αiβ)(S(x) + xi) (C.10)

≤ n− (n + 1)β(1 + αmin)S(x) (C.11)

≤ n− (n + 1)β(1 + αmin)
1

β(αmin + 1)
(C.12)

= −1. (C.13)

Step II: For every time t there exists a time t′ > t such that S(xt′) ≤ 1/β.
For x such that S(x) > 1/β, we have ∂

∂xi
uRED

i (xt) = −αi, and ∆(x) =
∑

i∈N −αi < 0.
Combining with the fact that the learning rate is such that

∑t
τ=t′ η

τ → ∞ as t → ∞, the claim
follows.

Step III: There exists a time t̂ such that ηt∆(xt) < ε for every t > t̂, where ε = 1
β −

1
β(αmin+1) .

If xt is such that S(xt) > 1
β then ∆(xt) < 0, as we showed in Step II. Otherwise, as observed

clearly in Equation (C.10), ∆(xt) < n. By our assumption on the learning rate there exists at time
t̂ such that ηt̂ ≤ ε/n, and the claim follows.

Step IV: If t1 > t̂ and S(xt1) < 1/β then S(xt) < 1/β for every t > t1.
The proof is by induction on t. For the induction base t = t1, the claim holds trivially. Assume

the induction hypothesis holds for some t > t1. If S(xt) ∈ [ 1
β(1+αmin) ,

1
β ] then ∆(xt) < −1 and

S(xt+1) = S(xt) + ∆(xt)ηt ≤ S(xt) <
1
β

,
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Otherwise, S(xt) < 1
β(1+αmin) , but then ηt∆(xt) < ε and

S(xt+1) = S(xt) + ∆(xt)ηt <
1

β(1 + αmin)
+
(

1
β
− 1

β(1 + αmin)

)
=

1
β

.

and the claim follows.

Step V: There exists a time t∗ such that S(xt) > 1 for every t > t∗.
It follows from step III that ∆(xt) < ε, for every t > t̂. From step II it follows that there exists

a time t∗ > t̂ such that S(xt∗) < 1
β . And, from step IV, it follows that for every t > t∗, S(xt) < 1

β .
This completes the proof of the first part of the claim.

Step VI: If ηt = 1/
√

t then there exists t∗ = O(n2( 1
αmin

)2), such that S(xt) > 1 for every t > t∗.
Since ηt = 1√

t
, then ηt∆(xt) < ε for every t > t̂ where

t̂ = (n/ε)2 (C.14)

=

(
n

1
β −

1
β(1+αmin)

)2

(C.15)

=
(

n

αmin
β(1 + αmin)

)2

(C.16)

Now, if S(xt̂) < 1/β, then S(xt) < 1/β for every t > t̂, as it follows from step IV. If not, then
set t∗ = 64(n/ε)2 + 1. If S(xt) < 1/β for some t̂ < t ≤ t∗ then we are done. Otherwise, we have
that ∆(S(xt)) < −n ·αmin for every such t. Recall that no player ever transmits with a rate greater
than 1

β , hence at time t̂, S(xt̂) ≤ n
β ≤ 4n. Therefore,

S(xt∗) = S(xt̂) +
t∗−1∑
t=t̂

1√
t
∆(xt) (C.17)

≤ 4n + (
t∗−1∑
t=t̂

1√
t
)(−nαmin) (C.18)

≤ 4n + (
t∗−1∑
t=t̂

1√
t∗ − 1

)(−nαmin) (C.19)

= 4n− (t∗ − t̂)(nαmin)
1√
t∗

(C.20)

= 4n− 63(n/ε)2(nαmin)
1

8(n/ε)
(C.21)

= 4n− 63
8

n2(1 + αmin)β (C.22)

= 4n− 63
32

n2(1 + αmin) (C.23)

(a)
≤

1
8

(C.24)

<
1
β

, (C.25)
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where (a) holds for every n ≥ 2, which is our case. But, this is in contradiction to the assumption
that S(xt) ≥ 1

β for every t̂ < t ≤ t∗. Thus, at some time t, t̂ < t ≤ t∗, S(xt) ≤ 1
β and therefore,

following Step IV, for every t > t∗, S(xt) > 1. This completes the proof of the second part of the
claim.

Proof of Theorem 6.5. From Lemma C.2 we learn that after some time t∗, the profile of actions is
such that S(xt) ≤ 1

β , for every t > t∗. It follows Lemma C.1, that from t∗ on, the players are a

posteriori playing the socially concave game, ΓTD′.
The regret of a player i at a time t > t∗ is at most

Ri(t) = O(
√

t− t∗) + O(t∗) = O(t∗ +
√

t),

where the first term is the regret accumulated after t∗ and O(t∗) is an upper bound on the difference
between the utility from the best fixed transmission rate (+1) and the worst possible loss (-1).

Thus, following Theorem 3.1, we conclude that at time t > t∗, the average strategy profile is an
O(n/

√
t)-Nash equilibrium, and that the average payoff of each player differs by at most O(n/

√
t)

from her payoff in that ε-NE.
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