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Motivation ïA study of transient dynamics

Desired Performance 

Characteristics

1. Overshoot

2. Rise time

3. Delay time 

4. Settling time

5. Constraints on input/states

6. Response sensitivity

Use Linear or Metric

Temporal Logic
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Example : Verifying a transmission line
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System:

Step input (t > 0):

Steady state at t = 0:

Property:

ū= G 1́᾿ F [0,0.85]G ́ 2

O( 1́) = [-1.5,1.5]
O( 2́) = [0.8,1.2]

ɇ

Initial conditions:

Uncertain parameters

e.g. CÍ[a1,a2]

3



UPenn

Problem Formulation

LTL / MTL

ū= G ́ 1 F̓[0,ɇ] G ́ 2

Observation map O

Closed-loop system Ɇ

X0 ÌX

p(t)ÍP

L (Ɇ) ÌL (ū,O)

Verifier

4

dx/dt = A(p(t)) x(t)

y(t) = C x(t) 



Overview of Solution5
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L (Ɇ) ÌL (ū,O)

L (Ɇô) ÌL (ū,Oŭ) ?

Solution Overview
6

Closed-loop system Ɇ

ŭ-approximately

bisimilar

X0 ÌX

p(t)ÍP

dx/dt = A(p(t)) x(t)

y(t) = C x(t) 

Closed-loop system Ɇô

Xô0 ÌXô
dx'/dt = Aôxô(t)

y'(t) = Cô xô(t) 

ŭ-robustification

LTL / MTL

ū= G ́ 1 F̓[0,ɇ] G ́ 2

Observation map Oŭ

LTL / MTL

ū= G ́ 1 F̓[0,ɇ] G ́ 2

Observation map O



Definitions & System Robustness

Metric Temporal Logic7
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Metric Temporal Logic (MTL)

Syntax:

Derived operators:

I can be of any bounded or unbounded interval of R+, but IÍÅ

i.e. I = [0,+¤),  I = [2.5,9.8]

ū ::= T | ų | |́ ¬ |́ ū1 ᷉ ū2 | ū1 ̓ ū2 | ū1 UIū2 | ū1 RIū2

Eventually (in the future) FI ū := T UIū
Always (globally) GI ū :=ṶRIū

until release

Koymans ô90, Specifying real-time properties with metric temporal logic

8
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LTL intuition

G a - always a

F aðeventually a

X aðnext state a

a U bða until b

a Bbða before b

a a a a aa

* * a * **

a * * * **

a a b * *a

* a * b **

9
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MTL : An example for signals
10

FI a

time

a

Boolean
abstraction

a

time

I
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MTL System Robustness
11

Ů:= distɟ(L (Ɇ), L (¬ū,O)) = inf {ɟ(s, sô) | sÍL (Ɇ), sôÍL (¬ū,O)}

Given a system Ɇ, we can define the robustness degree as

L (¬ū,O)

XR

ɟ(s,sô) = sup{ d(s(t),sô(t)) | t ÍR}

L (Ɇ)

Ů

L (ū,O)
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MTL System Robustness
12

L (¬ū,O)

XR

L (Ɇ)

ŭ

L (ū,O)

However, in this case, we are given ŭé
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MTL System Robustness
13

L (¬ū,Oŭ)

XR

L (Ɇ)

L (ū,Oŭ)

Oŭ( )́ = Cŭ(O ( )́)

Oŭ(¬ )́ = Cŭ(X\O ( )́)

Cŭ(ũ) = { aÍA | Bŭ(a)Ìũ}

ŭ

L (¬ū,O)

ũ
Cŭ(ũ) 
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MTL System Robustness
14

Proposition:

Consider an MTL formula ű, a map O : Ʉŕ P(X) and a number ŭ> 0, 
then  L (Ɇ) ÌL (ū,Oŭ) implies Bŭ (L (Ɇ)) ÌL (ū,O) for any dynamical 

system Ɇ.

Proof (sketch) : We have to prove that for any observable trajectory y of Ɇ

any signal yô in the tube Bŭ (y) satisfies ū. This is done by induction on the 

structure of the formula ū.



Approximate Bisimulation Relations

System Approximations15
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Approximate Simulation Relation: Review
16

t t

Exact simulation Approximate simulation

dx(t)/dt = f(x(t))

y(t) = g(x(t))

dx'(t)/dt = fô(xô(t))

y'(t) = gô(xô(t))

y(t) = yô(t)

d(y(t), yô(t))Òŭ

y(t) y'(t) 

Girard & Pappas, Approximation Metrics for Discrete and Continuous Systems, IEEE TAC, 52(5):782-798, May 2007.

Ɇ Ɇô
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Approximate Bisimulation Relation: Review
1717

dx(t)/dt = f(x(t))

y(t) = g(x(t))

dx'(t)/dt = fô(xô(t))

y'(t) = gô(xô(t))

y(t) y'(t) 

ÅA relation RÌXĬXôis a ŭ-approximate simulation if for all (x0, xô0)ÍR,

1. d(g(x0), gô(xô0)) ¢ŭ

2. for all T ²0, for all trajectories x(t) of Ɇsuch that x(0)=x0,

there exists a trajectory xô(t) of Ɇô such that xô(0)=xô0 satisfying:

"tÍ[0, T] . (x(t), xô(t))ÍR

3. for all T ²0, for all trajectories xô(t) of Ɇôsuch that xô(0)=xô0,

there exists a trajectory x(t) of Ɇsuch that x(0)=x0 satisfying:

"tÍ[0, T] . (x(t), xô(t))ÍR

If the initial set of states ofɆandɆô are in R (i.e. (x0,xô0) ÍR), then 

Ɇ Ɇô

any observed trajectory of Ɇhas an observed trajectory of Ɇôin its 

d-neighborhood and vice versa.

Girard & Pappas, Approximation Metrics for Discrete and Continuous Systems, IEEE TAC, 52(5):782-798, May 2007.
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Bisimulation functions & Games: Review
18

Definition: A function F : X ĬXô ­ R+ is a bisimulation function between Ɇand 

Ɇôif for all ŭÓ0, R = { (x, xô) | F(x, xô)Ò ŭ} is ŭ-approximate bisimulation relation. 

Theorem: Let F be a bisimulation function between Ɇ and Ɇô and

If ŭhas a finite value, then Ɇ and Ɇô are ŭ-approximate bisimilar.
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Girard & Pappas, Approximation Metrics for Discrete and Continuous Systems, IEEE TAC, 52(5):782-798, May 2007.
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Approximations between LPV Systems
19

Theorem: Let Ɇ and Ɇô be two LPV systems and V be 

continuously differentiable such that for any (x, xô)ÍXĬXô

Then,                                       is a bisimulation function 

between Ɇ and Ɇô. 
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Approximations between LPV Systems
20

Theorem: Let Ɇ and Ɇô be two LPV systems. If there exists a positive 

semidefinite matrix M such that 

Then                                                          is a bisimulation function between Ɇ 

and Ɇô. 
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Proof (sketch) : The 2nd matrix inequality is derived similar to Horisberger and 

Belanger, Regulators for linear, time invariant plants with uncertain parameters, 

IEEE TAC, 21(5):705ï708, 1976.
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Approximating an LPV with an LTI System
21

Corollary: Let Ɇ be an LPV system and pôÍP. If there exists a 

positive semidefinite matrix M such that 

Then                                                              is a bisimulation function 

between Ɇ and Ɇô. 
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Approximating an LPV with an LTI System
22

Proposition: Let Ɇ be an LPV system, pôÍP and let

be a bisimulation function between Ɇand Ɇ(pô). Then, the 

solution of the static games

computes the optimal points x and xô which provide an

upper bound ŭ= F(x, xô) for the approximate bisimulation 

relation.
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System Approximation & MTL23
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Putting Everything together
24

Proposition:

Consider an MTL formula űand a map O : Ʉŕ P(X). If systems Ɇand Ɇô are 
ŭ-approximately bisimilar and Bŭ(L (Ɇô)) ÌL (ū,O), then  L (Ɇ) ÌL (ū,O).

Corollary:

Consider an MTL formula űand a map O : Ʉŕ P(X). If systems Ɇand Ɇô are 
ŭ-approximately bisimilar and L (Ɇô) ÌL (ū,Oŭ), then  L (Ɇ) ÌL (ū,O).
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L (Ɇ) ÌL (ū,O)

L (Ɇô) ÌL (ū,Oŭ) ?

Solution Overview
25

Closed-loop system Ɇ

ŭ-approximately

bisimilar

X0 ÌX

p(t)ÍP

dx/dt = A(p(t)) x(t)

y(t) = C x(t) 

Closed-loop system Ɇô

X0 ÌX
dx/dt = Aô x(t)

y(t) = C x(t) 

ŭ-robustification

LTL / MTL

ū= G ́ 1 F̓[0,ɇ] G ́ 2

Observation map Oŭ

LTL / MTL

ū= G ́ 1 F̓[0,ɇ] G ́ 2

Observation map O
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MTL Robust Testing
26

Ů

Ů

Ů>0

0<ŭ<Ů

2ŭ

Repeat with new

initial condition until

X0 has been covered

LTL / MTL

ū= G ́ 1 F̓[0,ɇ] G ́ 2

Observation map O

Fainekos, Girard and Pappas, Temporal logic verification using simulation, FORMATS 2006
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Software toolbox : TaLiRo
27

Input:

LTL / MTL formula & 

Observation map

Monitor/Tester

Output:

ŮÍR {᷾ ± ¤}

Input:

Discrete time signal

Available at : http://www.seas.upenn.edu/~fainekos/robustness.html



Numerical Examples28
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Example : Transmission line
29


