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MotivationT A study of transient dynamics

Desired Performance
Characteristics

Overshoot
Rise time
Delay time
Settling time
Constraints on input/states
Response sensitivity

SHIEN AN =

Use Linear or Metric
Temporal Logic
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Example : Verifying a transmission line
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System:
#1t) = AX(t) +bU,, (1)
Uu(t) = Cx(t)

Step inpuft > 0):
Uin(t) =1

Steady state at = 0:
x(0) = —A~U;,(0)

Initial conditions:
U, (0) € [-0.2,0.2]
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Uncertain parameters
e.g. @ [a,a)]



Problem Formulation

Closed-loop system E
dx/dt= A(p()) x(t) Xl X
y(t) = C X(t) p()!l P
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LTL / MTL

U:G’l, F[O’@’]Z
Observation map O

4

‘ Verifier l

4

L(B) 1 L(@,O) J f
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Overview of Solution



Solution Overview

Closed-loop system E
dx/dt= A(p(t)) x(t) X, X
y(t) = C X(t) p()l P

L(B®) 1 L(a,0)

4

U-approximately

bisimilar

Closed-loop system Fo

dx'/dt= A & @
y'()=C 6 ()x 0

Xpl X0

g

L(Z6 ) L(0,0p ?

u
O

LTL / MTL
U:G 1,.F[0’@]2
Observation map O
|4
u-robustification
LTL / MTL
=G 1 FoGi2

bservation map ©

g




Metric Temporal Logic

Definitions & System Robustness



Metric Temporal Logic (MTL)

Syntax:

until \ /release

g :=Tly | |=-"[G G]G0, G,]0,Y0,|0,RT,

| can be of any bounded or unbounded interval of R*, but 11 A
ie.1=[0,+a), | =[2.5,9.8]

Derived operators:

Eventually (in the future) F,
Always (globally) G

= I=

Koy ma n sSpegif§iflg real-time properties with metric temporal logic



LTL intuition

G a- always a
F adeventually a
X a0 next state a
aUbdauntlb

aBb da beforeb
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MTL : An example for signals
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MTL System Robustness

Given a system E, we can define the robustness degree as

U:= dist, (L(B), L(~0,0)) = inf {4 (s, 9 |s| L(B),s b L(-i,0)}

} (5,80 =sup{d(s(t).s (©) [t] R}




MTL System Robustness

However, in this case, we are given u &

L(G ,0)

XR




MTL System Robustness

Ou(") =Cy(O ("))
Ouy(=) = G(X\O ("))

Ci@) = { al A|Bya)i @)




MTL System Robustness

Proposition:

Consider an MTL formula, a mapO: 9 P(X) and a numben > 0O,
then L(B)1 L(0,0y) impliesB,(L($)1 L(a,0) for any dynamical
systemi.

Proof (sketch) : We have to prove that for any observable trajectory y of £
any signalyd 1 n tBRh(p satistiellie This is done by induction on the

structure of the formula .



System Approximations

Approximate Bisimulation Relations



Approximate Simulation Relation: Review

y(t) dx'(t)/dt=f (® ©)) y'(t)
yH =g & ©®) ¢

(@)

-—-o

d(y(t), yot{ Xi O /

Exact simulation Approximate simulation

Girard & Pappas, Approximation Metrics for Discrete and Continuous Systems, IEEE TAC, 52(5):782-798, May 2007.




Approximate Bisimulation Relation: Revie

y(t) dx'(t)/dt=f (® ©)) y'(t)
yH=9&©®) g

(@)

A Arelation R1 XTI Xbis a G-approximate simulation if for all (x,, M @R,

1. d(g(xp), Oofei

2. for all T 2 0, for all trajectories x(t) of E such that x(0)=x,,
there exists a trajectory x () of E6such that x (@)=x fsatisfying:

"t [0, T]. (x(t), xot)l R

3. for all T2 O, for all trajectories x (®) of E6such that x @)=x £
there exists a trajectory x(t) of £ such that x(0)=x, satisfying:

"t [0, T]. (x(t), xot))l R
If the initial set of states of E and Ebare in R (i.e. (X,, ¥ b R), then

any observed trajectory of £ has an observed trajectory of E @n its
d-neighborhood and vice versa.

Girard & Pappas, Approximation Metrics for Discrete and Continuous Systems, IEEE TAC, 52(5):782-798, May 2007.




Bisimulation functions & Games: Review

Definition: A function F: X1 X & R*is a bisimulation function between E and
Z  for all GQD, R = { (x, x Jd F(x, xd i} is G-approximate bisimulation relation.

Theorem: LetFbe a bi si mul ati on fumpmct.i

a2 mw&upmf F (X%, X'), suplnf F (X, x)O

CRIPIRIEA xi X

fuhas a finite v alapp®ximate higmilar.Z} a n d

Girard & Pappas, Approximation Metrics for Discrete and Continuous Systems, IEEE TAC, 52(5):782-798, May 2007.




Approximations between LPV Systems

Theorem: Let E and EO6 be Mibavo PV sy
continuously differentiable such that for apxyxd ) X1 X6

V(x,X) 2 |Cx- C'x'||2

; ; o Al p)X
“pi P pi P'.E)V(x,x')g ,(p,) gcto
A (p)x
Then, F(x,x')= 1/V(x X') IS a bisimulation function
bet ween and FEO.




Approximations between LPV Systems

Theorem: Let E and EO6 be two LPV sys

semidefinite matrix M such that
ec'CcC -C'Cwo

MPe crc ol
" pi EP(P).” pi Ep(p-)EAT(p) Y w0 8,
é 0 AT(p) g0 A(p)
TheR(XX)= \[[XT x'T]M [xT X' ]T

and EO.

Proof (sketch) : The 2" matrix inequality is derived similar to Horisberger and
Belanger, Regulators for linear, time invariant plants with uncertain parameters,

IEEE TAC, 21(5):7051 708, 1976.



Approximating an LPV with an LTI Systerr

Corollary: Let E be an pdPMftherg existeam nd
positive semidefinite matrix M such that

eCc’'c -C'Ceo

M 2
& C'Cc Cc'cyg
, eA"(p) 0 o eAlp) 0 g
“pl EP M +M LAY
Pleo” wmd'MEo Ak
Then F(X,,X,) = \/xo X' ]M [xO X' ] IS a bisimulation fungtion

bet ween and Eo.




Approximating an LPV with an LTI Systerr

Proposition: Let FE be ampdRaAdMets y s|t e m,
F(XX) =V (x,X) = \[[XT x'T]M [xT X" ]T

be a bisimulation function betwe@&andF(pdb ) . Theén, tF
solution of the static games

maxaesup inf F(x,x'), sup inf F(X, x)8

Cx EP(X, ) XT Xq xT EP(X,) X Xo =

computes the optimal poiksandxd whi ch pr pvi de
upper boundi = F(x, xd for the approximate bisimulation
relation.




System Approximation & MTL



Putting Everything together

Proposition:
Consider an MTL formuld and a ma© : &7 P(X). If systemsZ andF6
U-approximately bisimilar anB.(L (Z6 )l L (G ,0), thenL(E)1 L(T,0O).

Corollary:

Consider an MTL formuld and a ma®© : &7 P(X). If systemsZ andFo
U-approximately bisimilar and (6 ) L(0,0;), thenL(E) | L(T,0).




Solution Overview

Closed-loop system E ) LTL,/ MTL

dx/dt= AP@) x(t) %I X | L@T L@,0) [U=6G 1 Fo G2

y(t) = C X(t) p(t)l P Observation map O
g g

U-approximately U-robustification

bisimilar
Closed-loop system FE6 ) LTL,/ MTL '
dx/dt= ABx(t) - U=G" FoGi
y(t) = C Xt) X Observation map ©
7 7

L(Z6 ) L(0,0p ?



MTL Robust Testing

A “ll... \

L 2
.
a
L
L 4
*
*
.
n
| ]
v
®
4
.
Co

Repeat with new o0 /

. ey - . &

initial condition until ICLENA ,o.:,o:‘..,... }le
un

X, has been covered LTS ARE ,“,'.::o‘ Yoyl

Fainekos, Girard and Pappas, Temporal logic verification using simulation, FORMATS 2006




Software toolbox : TaLIRO

Output:
Ui R {+ o}

Available at : http://www.seas.upenn.edu/~fainekos/robustness.html



Numerical Examples



Example : Transmission line

BB Sy (0) € Xo = [T, ({0) < [-aa))
T fclo—l-c c(t) € [co— 3, co+ 0]




