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Statement of Scope and Purpose

This paper should be of interest to the combinatorial optimization community and
especially to those interested in the Quadratic Assignment Problem (QAP).  The QAP has
application in the assignment of facilities to locations (to minimize the cost of intra-
facility transportation), the placement of electronic components (to minimize the length
of interconnecting wire), the placement of blades in a turbine (to minimize rotor
imbalance), and many other analogous problems.  The advances described herein are
mainly computational.  The authors demonstrate the efficacy of their new exact solution
algorithm by timing it on series of especially difficult test cases and comparing the results
with those of the two competing algorithms for this purpose.  For the largest case tested,
the new algorithm is an order of magnitude faster than the only other algorithm to have
solved this problem.  More importantly, the increase in computation time appears to be
much slower with problem size than in the case of the two competing algorithms.
Sufficient theory is presented to give an understanding of the underlying principles of the
algorithm.
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ABSTRACT

This paper presents a new lower bound for the Quadratic Assignment Problem (QAP)
based on a level-2 reformulation-linearization technique (RLT).  This technique provides
tight bounds that can be calculated efficiently and are suitable for use in a branch-and-
bound algorithm for solving the QAP exactly.  Our calculation of the bound depends on a
formulation of the QAP similar to the one developed by Ramachandran and Pekny, which
is based on the lifting of the problem into a higher dimensional space.  However, the
technique has its primary roots in the level-2 RLT of Adams and Sherali.  Our
implementation of the bound calculation is a generalization of the dual ascent procedure
we developed for the level-1 RLT.  In this paper, we compare the tightness and speed of
computation of this new bound with that of competing bounds.  We also demonstrate the
usefulness of this bound in a branch-and-bound algorithm specifically designed to exploit
the RLT properties of the calculation.
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I. Introduction

The Quadratic Assignment Problem (QAP) is among the most difficult combinatorial

optimization problems today.  Solving general problems of size greater than 30 (i.e., with

more than 900 (0-1) variables) is still computationally impractical.  Among exact

algorithms, branch-and-bound are the most successful, but the lack of sharp lower bounds

in these algorithms has been one of the major difficulties.

The quadratic assignment problem is NP-hard.  But, this theoretical complexity is not

sufficient to explain why it is so difficult, as we can now solve exactly very large

instances of a great number of NP-hard problems.  The homogeneity of the values of the

solutions for most of the applications, due to the structure of the problem, is a more

convincing explanation.  Indeed, we have a lot of solutions whose value is close to the

optimum.  So, even when the best solution is obtained, it is very hard to prove its

optimality.  Fixing one assignment has a low influence on the average value of the

solutions.  Even when going down in the branch-and-bound tree, the problem remains

very hard.  Moreover, it is difficult to prune important branches.  In addition, the

computation of the lower bound is another major difficulty.  The bound is either too loose

(the number of nodes of the search tree becomes huge), or the time needed to compute

the bound of a node is prohibitive.  We refer you to our paper on branching strategy [12]

for a discussion of the progress in QAP lower bounds from 1962 to the present.

Two recent developments have resulted in a large improvement in the ability to solve

QAPs exactly.  The first is the dual procedure (DP) bound of Hahn and Grant [10], which

derives from a level-1 reformulation linearization technique (RLT) formulation of the

QAP.  Not only does the DP yield strong bounds efficiently, but it affords the removal of

costs from branch sub-problems bringing them closer to dual solution and making the

calculation of bounds within the tree even more efficient.  The second is the quadratic

programming (QP) bound of Anstreicher and Brixius [3].  It is the speed of calculation of

this QP bound and its parallel implementation that makes it effective in solving the most

difficult problems to date.  These two methods have made it possible to solve exactly

heretofore-unsolved problems of size 30 [5 and 13].
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In this paper, we present a new lower bound for the Quadratic Assignment Problem

(QAP) based on a level-2 reformulation-linearization technique (RLT). This new bound

was originally conceived by William Hightower and was implemented and refined by the

authors of this paper.  Section II of this paper is devoted to a review of the QAP.  For the

necessary background, Section III presents the level-1 RLT formulation of the Quadratic

Assignment Problem of Adams and Johnson [1].  Section IV presents the formulation of

the QAP by Ramachandran and Pekny [19].  Their formulation is based on the lifting of

the problem into a higher dimensional space.  Our new level-2 lower bound is based on

this formulation.  The lifting procedure of Ramachandran and Pekny is in fact the level-2

RLT of Sherali and Adams [22-23].  Section V describes our implementation of the level-

2 RLT lower bound calculation.  It is a generalization of the dual ascent procedure

developed by Hahn [9] for the level-1 RLT.  In Section VI, we compare the tightness and

speed of computation of this new bounding technique with that of competing bounds.  In

Section VII, we demonstrate the effectiveness of this new bound in a branch-and-bound

algorithm specifically designed to exploit the reformulation properties of the calculation.

We compare these results to those of Anstreicher and Brixius [4 and 5].

II. The Quadratic Assignment Problem

The formulation of the quadratic assignment problem (QAP) may be stated as follows.

Given N4 cost coefficients Cijkn (i,j,k,n=1,2,...,N) determine an N x N solution (i.e.,

permutation) matrix

U = [uab]      (1)

called an "assignment", so as to minimize a cost function,

R(U) = Cijkn ⋅uij ⋅ ukn
ijkn
∑       (2)

The permutation constraints implied in (1) are then

uij
i

∑ = 1                                                    (3)

uij
j

∑ = 1                                                    (4)

where uij = 0,1
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This formulation of the QAP is more general than that of the Koopmans-Beckmann [15]

formulation of the problem, in that the cost coefficients Cijkn need not be derived from a

product of flows and distances.  Also, non-zero linear costs Cijij are permitted, which

would be impossible in the Koopmans-Beckmann formulation.

Now, suppose we arrange the N4 cost coefficients Cijkn in an N2xN2 matrix C as shown in

Figure 1.  The asterisks denote disallowed elements, i.e., elements that cannot be included

in any feasible solution.

It is easily seen that those elements of matrix C, which contribute to the cost R(U) of an

assignment U are confined to one submatrix in each row and one submatrix in each

column.  Furthermore, within those submatrices, only one element from each submatrix

row and one element from each submatrix column contribute to the cost R(U).

In each submatrix, the element occupying a position corresponding to the submatrix

position in C is unique, because, if the submatrix contributes to an assignment, that

element must be included.  It is termed the 'leader' and lies at the intersection of the

starred submatrix row and column.

It is further shown in [9] that certain operations may be performed on C = [Cijkn] that will

change the cost R(U) of assignments U in such a way that all assignment costs are shifted

by an identical amount, thus preserving their order with respect to cost.  These operations

are divided into two classes (see Grant [8] for proofs):

Class 1: Addition (or subtraction) of a constant to all feasible elements of some row or

column of submatrix [Cij] and the corresponding subtraction (or addition) of this constant

from either another row or column of the submatrix or from the submatrix leader

element.

Class 2: Addition or subtraction of a constant to all feasible elements of any row or

column in matrix C.

Class 1 operations maintain the cost of all assignments, but permit redistribution of

element costs within a given submatrix.  In contrast, Class 2 operations work on the

matrix level, and change the cost of all feasible assignments by the amount added to or
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subtracted from the matrix row or column.  A better understanding of these properties is

provided in Hahn [9].

The discovery that Class 1 and 2 operations on matrix C serve to shift the cost R(U) of all

assignments by an identical amount was provocative.  If the operations on C decrease the

cost by an amount R' and are performed in a way that keeps the elements of modified

matrix C' non-negative, then no assignment cost can become negative and the following

relationship holds:

R' ≤ R(U)min (5)

Thus, R' constitutes a valid lower bound on the QAP.  Finally, if R' can be increased until

the equality holds, then the elements of the adjusted cost matrix involved in an optimum

assignment would necessarily be zero.

III. A level-1 RLT formulation

In [2], Adams and Sherali devised a general strategy for linearizing 0-1 quadratic

programming problems.  When applied to the QAP, the following formulation emerges:

LP :  Minimize:

Cijknvijkn
n

n ≠ j

∑
k

k ≠i

∑
j

∑
i

∑ + Cijijvijij
j

∑
i

∑

Subject to:

v ijkn
k

k ≠i

∑ = vijij ∈ 0,1{ }                     ∀(i , j ,n) ,  n ≠ j (6)

v ijkn
n

n≠ j

∑ = vijij =∈ 0,1{ }                     ∀(i, j ,k), k ≠ i (7)

v knij = vijkn                                  ∀(i, j ,k,n), k > i , n ≠ j (8)

v ijij
i

∑ = 1                                 ∀(j) (9)

v ijij
j

∑ = 1                                 ∀(i) (10)

vijkn ≥ 0                                       ∀(i, j, k,n), k ≠ i , n ≠ j (11)
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In Johnson [14] and Adams and Johnson [1], this linearization (denoted Problem LP) was

shown to theoretically dominate all other linear formulations of the QAP (in terms of the

strength of the continuous relaxation), and to dominate most of the published bounding

schemes.  The continuous relaxation of this formulation of the QAP (denoted CLP in [1])

provides the framework of a variety of lower bounding schemes including the Dual

Procedure of Hahn and Grant [10].  Sherali and Adams [23] refer this formulation of the

QAP as a Reformulation-Linearization Technique (RLT) of level-1.  Warren Adams

points out that the formulation LP can be easily derived by multiplying each QAP

constraint (3) and (4) by each assignment variable uij  and substituting vijkn   for   uijukn .

In order to proceed with the arguments of the next Section, it is necessary to obtain a

smaller reformulation via the substitution of variables suggested by constraints (8).  This

reduces the number of variables and constraints each by N2(N − 1)2 / 2 and halves the

number of non-negativity restrictions in (11).  Finally, the binary restrictions in (6) and

(7) are relaxed, resulting in the following formulation:

CLP1:  Minimize:

cijknvijkn
n
n ≠ j

∑
k
k >i

∑
j

∑
i

∑ + Cijij vijij
j

∑
i

∑

where cijkn = Cijkn + Cknij

Subject to:

0 ≤ vijkn
k

k >i

∑ + vknij
k

k < i

∑ = vijij ≤ 1                     ∀(i, j,n), n ≠ j (12)

0 ≤ vijkn
n

n ≠ j

∑ = vijij ≤ 1                                    ∀(i, j,k), k > i (13)

0 ≤ vknij
n

n ≠ j

∑ = vijij ≤ 1                                    ∀(i , j,k) ,  i > k (14)

v ijij
i

∑ = 1                                                     ∀(j) (15)

v ijij
j

∑ = 1                                                     ∀(i) (16)

vijkn ≥ 0                                                           ∀(i, j, k,n), k > i,  n ≠ j (17)
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IV. Lifting the QAP into a higher dimensional space for a Level -2 Bound

Ramachandran and Pekny [19] point out that the linear programming relaxation of an

integer programming problem can be strengthened by lifting the problem into a higher

dimensional space.  They proceed to derive a tighter formulation of the QAP by using

such a lifting procedure applied to CLP1.  This is obtained by multiplying the constraints

in (12), (13) and (14) by each assignment variable uij  and substituting

zijknpq   for   uijuknupq , and results in the following formulation:

C L P 2 : Minimize:

dijknpqzijknpq
q

q≠ n, j

∑
p

p> k

∑
n

n ≠ j

∑
k

k >i

∑
j

∑
i

∑ + cijknvijkn
j
j ≠ n

∑
i
k >i

∑
n

∑
k

∑ + Cijijvijij
j

∑
i

∑

Subject to:

0 ≤ zijknpq
p

p > k >i

∑ + zijpqkn
p

k > p> i

∑ + zpqijkn
p

k >i > p

∑ = vijkn ≤1    ∀(i, j,k ,n,q), q ≠ n ≠ j, k > i (18)

0 ≤ z ijknpq
q

q≠ n

∑ = vijkn ≤1                                         ∀(i, j ,k ,n, p) ,  p > k > i,  n ≠ j (19)

0 ≤ z ijpqkn
q

q≠ n

∑ = vijkn ≤ 1                                         ∀(i, j ,k ,n, p) ,  k > p > i,  n ≠ j (20)

0 ≤ zpqijkn
q

q≠n

∑ = vijkn ≤1                                         ∀(i, j ,k ,n,q), k > i > p, n ≠ j (21)

v ijij
i

∑ = 1                                                     ∀(j) (22)

v ijij
j

∑ = 1                                                     ∀(i) (23)

vijkn ≥ 0                                                           ∀(i, j, k,n),i > k, j ≠ n (24)

zijknpq ≥ 0                                                        ∀(i, j,k ,n, p,q), p > k > i , q ≠ n ≠ j (25)

They proceed further to define third order interaction cost coefficients

dijknpq = cijkn + cijpq + cknpq , which would result in the generation of a QAP whose objective

function would be (N-1) times that of the original QAP.  This is entirely unnecessary.  If
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these third order (or cubic) costs are zero, the formulation is still correct and the objective

function remains equal to that of the original QAP.

Since Ramachandran and Pekny's explanation of this lifting process is identical to that for

Adams and Sherali's level-2 reformulation linearization technique, the two concepts are

one and the same.

V. Computational Techniques

Consider now a Cubic Assignment Problem that gives rise to the continuous relaxation

given by CLP2:

Given N6 cost coefficients Dijknpq (i,j,k,n,p,q=1,2,...,N) determine an N x N solution (i.e.,

permutation) matrix

U = [uab] (26)

called an "assignment", so as to minimize a cost function,

R(U) = Dijknpq ⋅ uij ⋅ ukn
ijknpq
∑ ⋅upq (27)

There is no loss of generality if we later were to  let the costs:

Dijijkn   +  Dijknij  +   Dknijij  +  Dijknkn  +  Dknijkn  +  D knknij  ⇒  Cijkn (28)

since they are actually quadratic costs.  In (28) the arrow implies the collection of l.h.s.

costs into the r.h.s. term.

We can now we arrange the N6 cost coefficients Dijknpq in an N2xN2xN2 matrix D as

shown in Figure 2.  Bold variables denote matrices.  Matrix D consists of submatrices Dij

which further consist of sub-submatrices Dijkn.  We term Dij the parent matrix of Dijkn and

D the parent matrix of Dij.  The asterisks in Figure 2 denote disallowed matrices or

elements, i.e., matrices or elements that cannot be included in any feasible solution.

Further, there are no sub-submatrices in the Cijkn positions since, as we argued above, all

the elements that would exist in these sub-submatrices correspond to quadratic costs and

are collected according to (28).

It can be shown that those elements of matrix D, which contribute to the cost R(U) of an

assignment U are confined to one submatrix in each row and one submatrix in each
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column.  Furthermore, within those submatrices, only one sub-submatrix from each

submatrix row and one sub-submatrix from each submatrix column contribute to the cost

R(U).  Finally, within those sub-submatrices, only one element from each sub-submatrix

row and one element from each sub-submatrix column contribute to the cost R(U).

In each submatrix and in each sub-submatrix, the element occupying a position

corresponding to the matrix position in the parent matrix is unique, because, if the

submatrix contributes to an assignment, that element must be included.  It is termed the

'leader' and lies at the intersection of the starred submatrix row and column.

Similar to the argument given in Section II, certain operations may be performed on D

that will change the cost R(U) of assignments U in such a way that all assignment costs

are shifted by an identical amount, thus preserving their order with respect to cost.  These

are indeed the Class 1 and Class 2 operations referred to in that Section.

Thus, for the Cubic assignment problem, if the operations on D decrease the cost of

assignments by an amount R' and are performed in a way that keeps the elements in

modified matrix D' non-negative, R' constitutes a valid lower bound on the Cubic

Assignment Problem.  Here, as in the case of the QAP, if the costs are decreased such

that the cost elements comprise a solution pattern, then an optimum solution is proven.  A

solution pattern is given by:

A. One submatrix in each submatrix row and one in each submatrix column.

B. Within those submatrices, one sub-submatrix within each sub-submatrix row and one

in each sub-submatrix column.

C. And, within those sub-submatrices, one element in each row and one in each column.

Optimum solutions are indeed found in the D matrix.  This happens in the case of small

QAPs (N<12) and during branch-and-bound enumeration of larger problems.

The Hightower-Hahn Bound

We adopt the Hungarian algorithm (see Munkres [17]) as the core set of operations for

the Hightower-Hahn bound.  We specifically make use of the underlying interaction

between elements.  Namely, that in the formulation CLP2,
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vijkn = vknij (8)

and   zijknpq = zijpqkn = zpqijkn = zknpqij = zpqknij = zknijpq (29)

The motivation is the same as for the level-1 RLT bound of Hahn and Grant [10], i.e., to

extract as much as possible from the cost matrix D thereby increasing the bound R(U).

In setting up the problem, the linear costs Cijij and quadratic costs cijkn are entered in the

formulation of CLP2.  The cubic costs dijknpq are all set to zero.

Step 1a:

The linear costs that are non-zero are each distributed among the quadratic cost elements

of its submatrix.  This is done by taking 1/(N-1)-th of the linear cost and adding it to the

first N-2 rows of quadratic costs of the submatrix and adding the remaining linear cost

(after (N-2)/(N-1) has been removed) to the last row of quadratic costs.  The result is that

quadratic costs have been increased in a fashion that keeps all QAP solution costs the

same.  This is so because a solution that passes through any submatrix had to pass

through its linear cost.  Since the solution must also pass through all the rows of quadratic

costs of the submatrix, the linear cost is still incurred.

Step 1b:

Now, the quadratic costs that are non-zero are each distributed among the cubic cost

elements of its sub-submatrix.  This is done by taking 1/(N-2)-th of the linear cost and

adding it to the first N-3 rows of cubic costs of the sub-submatrix and adding the

remaining linear cost (after (N-3)/(N-2) has been removed) to the last row of cubic costs.

The result is that cubic costs have been increased in a fashion that keeps all solution costs

the same.  This is so because a solution that passes through any sub-submatrix had to pass

through its quadratic cost.  Since the solution must also pass through all the rows of cubic

costs of the sub-submatrix, the quadratic cost is still incurred.

Step 2a:

The Hungarian algorithm is applied to each sub-submatrix, beginning with those whose

quadratic costs were zero prior to Step 1b.  As each sub-submatrix is about to be solved

by the Hungarian algorithm, the complimentary costs (i.e., those corresponding to the
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equated variables in (29)) are collected in its elements.  The cost removed from each sub-

submatrix (i.e., the solution of the Hungarian algorithm) is now added to the quadratic

cost of that sub-submatrix.  Again the cost of all solutions to the QAP remain the same.

Step 2b:

The Hungarian algorithm is applied to each submatrix of revised quadratic costs,

beginning with those whose quadratic costs were zero prior to Step 1a.  As each

submatrix of quadratic costs is about to be solved by the Hungarian algorithm, the

complimentary costs (i.e., those corresponding to the equated variables in (8)) are

collected in its elements.  The cost removed from each submatrix (i.e., the solution of the

Hungarian algorithm) is now added to the linear cost of that submatrix.  Again the cost of

all solutions to the QAP remain the same.

Step 3:

The Hungarian algorithm is next applied to the revised linear costs, which themselves can

be arranged as an N x N matrix.  The solution of this Hungarian algorithm is accumulated

in a reduction constant R', which constitutes the lower bound to the QAP and has an

initial value of zero.  Now, the costs of all solutions to the QAP have been reduced by the

amount R'.  At this point, 3 possibilities exist: 1) The zeros in the reduced cost matrix D'

satisfy a QAP solution pattern (as described in this Section), in which case R' is the cost

of the optimum solution and the problem is solved.  2) The number of iterations has

exceeded a predetermined value and the value of R' is the desired lower bound.  Or 3)

more iterations are desired to improve the lower bound, and the algorithm goes to Step 1.

The Hightower-Hahn Branch-and-Bound Algorithm (HHB&B)

The HHB&B algorithm is developed in a manner consistent with the Hightower-Hahn

bound.  It follows the conventional technique of selecting a single facility-location

assignment as the first (highest) level as well as subsequent levels of partial assignment.

In order to implement this selection, a linear cost is chosen to be involved in the

assignment.  For instance, we might choose the upper-leftmost linear cost.  Referring to

Figure 2, this would be element C1111, implying facility 1 is assigned to location 1.
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Based on the selection of linear cost Cijij, submatrix Dij is involved in the assignment.

The submatrices remaining in the row and the column that contain submatrix Dij

disappear (as they cannot be involved in the assignment) and the problem is thus reduced

to a QAP of size N-1.  One consequence of this reduction is that any symmetry in the

original problem disappears as well.  It turns out that one row and one column likewise

disappear from each submatrix and from each sub-submatrix of the original problem,

with the exception of the original quadratic costs in submatrix Dij , which remain N-1 in

size.  To complete the formulation of the newly formed N-1 problem, these costs are

added (by simple matrix addition) to the now size N-1 matrix of linear costs.

It is the application of the Hightower-Hahn bound on the newly formed N-1 size problem

that attempts to fathom a partial assignment postulated by the selection of linear cost Cijij.

By fathoming, one calculates a lower bound and tests it against the best-known upper

bound.  If the best-known upper bound is exceeded, the partial assignment is eliminated

from the problem.

You may recall from above, the Hightower-Hahn bound moves costs out of the D matrix

into a lower bound value, leaving a modified matrix D'.  For subsequent branch-and-

bound operations along a given partial assignment path, our strategy is to take advantage

of this fact and to use this reduced cost matrix D' for setting up subsequent sub-problems

deeper into the tree.  Thus, lower bounds are calculated not from the original problem,

but from the sub-problems that were already processed by the Hightower-Hahn bound at

earlier (higher) levels of partial assignment.  Using the modified matrix D' of each of

these sub-problems has the additional benefit that the sub-problem is brought closer to

dual solution, making it more likely that a sub-problem will be solved by the Hightower-

Hahn bound and assuring that the tree will be pruned earlier in the branch-and-bound

process.  This innovative ‘reformulation technique’ is responsible for the impressive

performance of the algorithm.

The memory requirements for storing the D matrix are rather large.  Even larger are the

memory demands of all the tables and pointers required to deal with constraints (18) to

(23) and the interactions (8 and 29) of elements.  For the algorithm to work efficiently,

these arrays, tables and pointers must be stored in RAM for ready access to the CPU.
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Figure 3 is a graph of random access memory required for the HHB&B algorithm.  If we

are to solve QAPs as large as size 30, available computer memory should be around 6

GBytes.

VI. Comparison of Lower Bound Calculations

The results of 2000 iterations of the Hightower-Hahn bound on three Nugent [18]

instances of the QAP are summarized in Table 1.

For comparison, we include in Table 1, the bounds of the Gilmore-Lawler [7 and 16], the

level-1 RLT interior point calculations of Resende, Ramakrishnan and Drezner [21], the

level-1 RLT bounds of Hahn and Grant [10] and the level-2 RLT interior point

calculations of Ramakrishnan, Resende, Ramachandran and Pekny [20].  In [20],

Ramakrishnan, et. al. use the commercial linear programming package CPLEX to solve

the level-2 RLT formulation of the QAP.  They were able to solve QAP instances of size

12 and less.  Larger instances of the QAP could not be solved due to limitations of

CPLEX.

It should be noted that the level-1 RLT interior point calculations of Resende, et. al. are

essentially optimum for the level-1 RLT formulation of the QAP.  Similarly, the level-2

RLT interior point calculations of Ramakrishnan, et. al., are essentially optimum for that

formulation.  The Hahn-Grant bound comes very close to the former.  And, the

Hightower-Hahn bound comes very close to the latter.

Ramakrishnan, et. al. report a runtime of 6504.2 seconds runtime on a 250 MHz SGI

Challenge for calculating the bound on the Nugent 12 instance.  If cycle time is

considered the relative CPU speed determinant, this would correspond to 4517 seconds

on a 360 MHz Sun Ultra 10.  As a contrast, the Hightower-Hahn bound of 577.53 for the

Nugent 12 was calculated on the Sun Ultra 10 in just 93.4 seconds.

Table 2 lists the Hightower-Hahn bound values and runtimes (on the Sun Ultra 10) for

the Nugent 20 as a function of the number of iterations of the algorithm.
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VII. Comparison of Branch-and-bound Enumeration

Table 3 compares the performance of the leading branch-and-bound QAP algorithms.

These are the Anstreicher-Brixius algorithm [4 and 5], based on a Quadratic Bound, the

Hahn, et. al. algorithm [12], based on a level-1 RLT bound and the Hightower-Hahn

algorithm, based on the level-2 RLT algorithm.

The problem instances in Table 3 are from the Nugent set, which is considered very

difficult.  Of these, only the size 20 and 30 are from Nugent, et. al.'s original paper [18].

The rest were derived from that paper by later researchers.  Data sets for these problems

may be found on the QAPLIB web site [6].

The runtimes are given in equivalent single-processor CPU-seconds.  These are

normalized to minutes in the last row of the Table, based on an estimate of the ratio of

speeds of the actual machines to a single CPU HPC3000 workstation.

Figure 4 depicts the trend in runtime as a function of Nugent problem size.  Three

branch-and-bound elaboration algorithms are plotted: the Hahn, et. al. level-1 bound

algorithm, the Anstreicher-Brixius quadratic programming bound algorithm and the

Hightower-Hahn level-2 bound algorithm.  The plot is the logarithm (base 10) of

normalized runtime (in minutes) of a single HPC3000 CPU versus Nugent problem size.

For Nugent instances 22 and above, the Hahn, et. al. and Anstreicher-Brixius logarithmic

increase in runtime are linearly related to problem size.  Both slopes are almost identical,

i.e., approximately 0.45 per unit increase in problem size.  This corresponds to

approximately a 2.82-fold increase in runtime per unit size increase. The trend for the

Hightower-Hahn algorithm is not linear and its slope decreases at the higher Nugent

sizes.  While this trend needs to be confirmed with further experimentation, it is very

encouraging.  The slope between the Nugent 25 and 27 instances is approximately 0.21

per unit increase in problem size.  This corresponds to approximately a 1.62-fold increase

in runtime per unit Nugent size increase.  If this slope were to hold for larger instances,

the most difficult of the Nugent problem instances, the Nugent 30 could be solved in

about four months on a single HPC3000 CPU.  This compares favorably to the only

known solution of the Nugent 30 [5], which took the equivalent of 6.9 years on a single

HPC3000 CPU.
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VIII. Conclusions

We have shown that it is possible to implement a dual ascent procedure for calculating

near optimum solutions to the level-2 RLT formulation of the Quadratic Assignment

Problem.  These calculations not only produce tight bounds, but also are efficient enough

for implementation in an effective branch-and-bound scheme for exact solution of the

QAP.  Our experiments show promise for solving larger problem instances.

Since the level-2 RLT calculations are computationally quite expensive, it is only for the

large size problems that the strength (tightness) of the new bound reveals its advantage

and potential power.  Only on the Nugent 27 is there a significant improvement over

older, less effective methods.  We very much need to experiment with the size 28 and

size 30 problem to assure ourselves and the research community that the new bound

meets its promise.  We hope to be able to accomplish that, before this paper is actually

published.

The Hightower-Hahn algorithm for branch-and-bound enumeration of the QAP was

implemented merely by enhancing the lower bound code we developed earlier for the

Hahn-Grant level-1 RLT bound.  We purposely did not change the portion of that code

which  controls the branching strategy.  Thus, the branching strategies are identical to

those described in Hahn, et., al. [12].  In fact, the Hahn-Grant bound is still used for

branching decisions near the root of the search tree.  In [12] we pointed out the need for

better branching information in terms of more accurate bounds near the root.  Thus, it

becomes a natural step for us to test whether the level-2 RLT bounds should be used for

that purpose as well.  When sufficient computing resources become available, this will be

one of the first tasks on our agenda.

Another, but just as important area of investigation, will be the development of new

strategies that take advantage of the many possible interactions between the linear,

quadratic and cubic cost matrices.  This should serve to reduce runtime and to give

greater insight into the effectiveness of these dual-ascent procedures.  We believe that

such insights can be carried over to other optimization problems involving zero-one

variables.



17

As mentioned in Section V, the new bound calculation currently requires large amounts

of random access memory (RAM).  It will therefore be necessary to find innovative ways

to reduce the memory requirements of the level-2 RLT bound calculation without

incurring significant loss in algorithm efficiency.

An interesting thought arises from this work.  Perhaps the methods used in this

investigation may find some application in solving integrated machine allocation and

layout problems such as those discussed by T. Urban, et. al. [24].

Finally, we hope to use the newly developed algorithms that arise from this investigation

to solve larger and larger QAP instances.  Such progress should certainly encourage

others to consider the QAP as a fertile ground for useful and challenging research.

If one succeeds in using level-2 RLT formulations for solving QAPs larger than size 30,

it is likely that a level-3 RLT formulation will work even better.  Understandably, it will

require even larger amounts of RAM.  We plan to experiment with level-3 RLT bounds

and will try to find a practical implementation.
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Figure 1.  Quadratic Assignment Problem matrix of costs for N = 4.
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Figure 2.  Cubic Assignment Problem matrix of costs for N = 4.
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Figure 3. Memory Required for H-H Branch and Bound Algorithm
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TABLES

Table 1 - Comparison of Lower Bound Calculations
Nugent
instance

Gilmore-
Lawler

Resende
et. al.

Hahn-
Grant

Ramakrish-
nan, et. al.

Hightower
-Hahn

Optimum
solution

12 493 523 523 578 578 578
15 963 1041 1039 N/A 1150 1150
20 2057 2182 2179 N/A 2487 2570

Table 2 - Bound Values and Runtimes vs. Iterations for Nugent 20

No. Iterations 200 300 1000 1300

Bound value 2473.2 2480.8 2486.2 2486.7

Runtime (secs) 2,897.5 4,327.8 14,310.2 18,633.4

Table 3. Comparison of Competing Branch-and-Bound Algorithms

Size Bound CPU CPU-
seconds

Speed
Ratio

No. of nodes
evaluated

Who Minutes
Normal'd

20 QP HP C3000 8,748 1.0 1,040,308 Anstr-Brixius 146
20 H-G-1 Ultra 10 5,087 0.7 181,073 Hahn, et. al. 59
20 H-H-2 HP J5000 9,929 1.4 2,257 Hightower-Hahn 232
22 QP HP C3000 8,058 1.0 1,225,892 Anstr-Brixius 134
22 H-G-1 Ultra 10 48,917 0.7 1,354,837 Hahn, et. al. 571
22 H-H-2 HP J5000 15,246 1.4 2,381 Hightower-Hahn 356
24 QP HP C3000 349,794 1.0 31,865,440 Anstr-Brixius 5,830
24 H-G-1 Alpha 1,487,724 0.48 16,710,701 Hahn, et. al. 11,902
24 H-H-2 SG10 2000 414,756 0.55 13,995 Hightower-Hahn 3,802
25 QP HP C3000 715,000 1.0 71,770,751 Anstr-Brixius 11,917
25 H-G-1 HP J5000 1,393,117 1.4 27,409,486 Hahn, et. al. 35,506
25 H-H-2 SG10 2000 1,534,564 0.55 30,718 Hightower-Hahn 14,067
27 QP HP C3000 5,676,480 1.0 ~402,000,000 Anstr-Brixius 94,608
27* H-G-1 Ultra 10 39,336,263 0.7 297,648,966 Hahn, et. al. 458,923
27 H-H-2 IBM 1,579,248 1.43 46,315 Hightower-Hahn 37,639
28 QP HP C3000 27,751,680 1.0 ~2,230,000,000 Anstr-Brixius 462,528
30 QP HP C3000 218,859,840 1.0 11,892,208,412 Anstr-Brixius 3,647,664

*Results extrapolated from 95% elaboration of branch-and-bound tree.
N.B.  Five of the results in Table 3 were reported in [12].  Recently, the CPU, speed ratios and
minutes normalized for corresponding entries in Table 7 of [12] were found to be in error.  They
are correct here.  A corrigendum is being sent to the Yugoslav Journal of Operations Research.


