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Abstract

A new bounding procedure for the Quadratic Assignment Problem (QAP) is described
which extends the Hungarian method for the Linear Assignment Problem (LAP) to QAPs,
operating on the four dimensional cost array of the QAP objective function. The QAP isiteratively
transformed in a series of equivalent QAPs leading to an increasing sequence of lower bounds for
the original problem. To thisend, two classes of operations which transform the four dimensional
cost array are defined. These have the property that the values of the transformed objective
function Z' are the corresponding values of the “old” objective function Z, shifted by some amount
C. Inthe casethat all entries of the transformed cost array are non-negative, then C isalower
bound for theinitial QAP. If, moreover, there exists afeasible solution U to the QAP, such that its
value in the transformed problem is zero, then C isthe optimal value of Z and U isan optimal
solution for the original QAP. The transformations are iteratively applied until no significant
increase in constant C as above is found, resulting in the so called Dua Procedure (DP).

Severd strategies are listed for appropriately determining C, or equivalently, transforming
the cost array. The goal isthe modification of the elementsin the cost array so as to obtain new
equivaent problems which bring the QAP closer to solution. In some casesthe QAP is actually
solved, though solution is not guaranteed. The close relationship between the DP and the Linear
Programming formulation of Adams and Johnson is presented. The DP attempts to solve Adams
and Johnson’s CL P, a continuous relaxation of alinearization of the QAP. This explains why the
DP produces bounds close to the optimum values for CLP calculated by Johnson in her
dissertation and by Resende, et a in their Interior Point Algorithm for Linear Programming.

The benefit of using DP within a branch-and-bound agorithm is described. Then, two
versions of DP are tested on the Nugent test instances from size 5 to size 30, aswell as severa

other test instances from QAPLIB. These compare favorably with earlier bounding methods.



|. Introduction

The Quadratic Assignment Problem (QAP) is a discrete optimization problem which can be
found in many fields of study, including economics, operations research, and engineering. In its
basic interpretation, the problem seeksto assign N indivisible entities (or facilities) to N mutually
exclusive locations, while minimizing atotal quadratic interaction cost.

The QAP belongsto the class of NP-complete problems and is considered one of the most
difficult. Exact solution strategies for the QAP have been largely unsuccessful for any but small
problems (approximately N £ 20). Asaresult, asignificant amount of efforts has been put forth
by researchersin developing "inexact" or "heuristic* methods, which obtain good suboptimal
solutions in reasonable CPU time (see Bazaraa and Kirca[4], Burkard and Bonniger [6] and Li et
al.[25]).

The traditional agorithm used for solving QAPs exactly is branch-and bound. Until now
the best bound functions for the QAP have been the 30 year old Gilmore-Lawler bound. Clausen
and Perregaard [10] have chosen to use an improved version of those bounds in their ground-
breaking solution of the Nugent 20 problem.

This paper describes a procedure for generating superior bounds for the QAP, whichis
based upon a mathematical dual of the problem and which has roots in the Hungarian algorithm
(see Munkres) [27] for solving the linear assignment problem (LAP). This method wasfirst
discovered by one of us (Hahn) [17] in an attempt to solve the QAP via aresolvent sequence
approach originally formulated by House et a.[19]. Some steps of the dual procedure (DP)
resemble earlier lower bounding techniques, as described in: Assad and Xu [3], Burkard [5],
Carraresi and Malucelli [9], Gilmore [14], Lawler [24], and Roucairol [30].

However, aunique and very important aspect of the DP isthat at each stage, the QAP s
restructured as fully equivalent to the original QAP in amanner that brings it closer to solution. In
some cases the QAP is actually solved exactly. Unfortunately, solution is not guaranteed, as we
explainin Section V. At each stage of the DP, a high quality lower bound is economically
calculated which isideally suited to a branch-and-bound solution of the QAP.



Asaresult of anumber of recently developed improvements, the DP produces lower
bounds that are better than those of any methods of which we are aware, with the exception of
methods based on eigenvalues of the flow and distance matrices or those which take advantage of
symmetries in the flow or distance matrices. However, the DP handles problems more genera
than those of Koopmans-Beckmann [23] QAPs.

The measure of success of any efficient bounding technique is how it performsin a branch-
and-bound agorithm. Such an agorithm is described in detail in a companion paper by Hahn, et
al. [18]. Thisnew algorithm is now the fastest known for solving the QAP exactly, whichis
demonstrated by solving in significantly lesstime the largest QAPLIB test instances that have been
solved by others. With additional improvements, the DP can help to solve even larger problems
and has the potentia for being parallelized efficiently, thus shortening solution time significantly.
1. QAP Formulation

The quadratic assignment problem (QAP) is defined as follows: Given N4 cost
coefficients Cijkn 3 0 (i, j, k,n=1, 2,...,N) determine an N x N solution matrix

U = [Uan] (1)

called an "assignment”, so as to minimize a cost function,

R(U) = & Cijkn xUijxUkn )
ijkn

subject to the following constraintson U :

uj =01 (i,j=12,..,N), (3)
\
atij=1 (j=1,2,%xN), 4)
i=1
and
\
a uij=1 (i=1,2,%%N) (5)
j=1

i.e., U isapermutation matrix.



Lawler [24] introduced the concept of an N2 by N2 solution (or assignment) matrix V

which is aKronecker second power of the N x N assignment matrix U .

That is,
adhU  upU xx upnUg
V= k=l il uz'z\‘ui =[ Vijin) (©
euniU  uppU  xxx uNNU;
where Vijkn = Ujj Ukn = Ukn Uij = Vknij (itkandj!n) (6b)
Vijij = Ui (6¢)
Vibkb =0 itk (6d)
and  Vpjon=0 (Gtn (6-€)

TheV matrix is acomposite matrix whose elements are comprised of the Null matrix (all
elements zero) and matrix U. Furthermore, V exhibits a gross pattern identical to that of matrix U.

Example 1: AV matrix for N = 3 and its corresponding U matrix are shown in Figure 1.
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Figure 1. AV Matrix for N =3 and itsU matrix
Equation 6b is very important to the effectiveness of the DP. It saysthat if an €lement vijkn
(it kandj! n) ispart of asolution (i.e., equal to 1) then it has a“complementary element” vipj that
isasointhat solution. These complementary pairs have an interesting property; they are dwaysin

two different submatrices that never occupy the same submatrix row or submatrix column. Later,



we shall see that the equality between the pair creates a valuable communication between
submatrices that can be exploited in improving bounds of Gilmore, Lawler and others.

The elements defined by Equations (6d) and (6€) are aways zero. These elements are
referred to as "disallowed" elements. Elements defined by Equation (6¢) are termed "leaders’ and
are shown bracketed in the Figure 1. A leader has no complementary element. Observethat if
there are any 1'sin asubmatrix uj;U itsleader is always unity and vice versa. Observe, too, that
one and only one unity element may exist in each row and column of V. These constraints follow
directly from the definition of V as the Kroenecker product of two permutation matrices.

Now, suppose we arrange the N4 cogt coefficients Cijkn (i,j,k,n=1,2,...,N) in an N2xN2
matrix C, similar to matrix V and indexed in precisely the same fashion. Thisis demonstrated in
Figure 2, where the asterisks denote the disallowed elements, i.e., elements whose cost cannot be
included in any feasible solution. The elements of matrix C which contribute to the cost R(U) of

an assignment U are those and only those corresponding to the unity elementsin matrix V. An

assignment is said to "involve" asubmatrix of C, Cijj, if there are I'sin the elements of V that

correspond to that submatrix. A submatrix Cgp of C isan NxN matrix containing those elements

of C whose first subscript is equal to aand whose second subscript is equal to b. Submatrices are

clearly shown in Figure 2, separated from each other by dashed lines.
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Figure 2. Matrix of Cost for N = 3.
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The existence of complementary pairs opens the door to considerable flexibility in the C
matrix. 1f one element is part of afeasible solution, so isthe other. Thus, for each complementary
pair, cost can be shifted at will between the two elements. For instance, the cost of both elements
can be added and placed at the first element while the cost of the second becomes zero or vice
versa. The advantages of shifting cost from one element to another are discussed in Section 111.

It can be shown that certain operations may be performed on C = [Cijjkn] which will
change the cost R(U) of assignmentsU in such away that all assignment costs are shifted by an
identical amount, thus preserving their order with respect to cost. These operations are divided
into two classes:

Class1: Addition (or subtraction) of aconstant to all allowed elements of asubmatrix (Cjj) row
or column and the corresponding subtraction (or addition) of this constant from either
another row or column of the submatrix or from the submatrix leader el ement.

Class2:  Addition or subtraction of aconstant to all allowed elements of any row or columnin
matrix C.

Class 1 operations maintain the cost of all assignments, but permit redistribution of element costs

within agiven submatrix. Thisfollows because any submatrix involved in an assignment must

itself have the form of an assignment matrix. Subsequently, the transfer of cost from one
submatrix row or column to another will maintain the cost of all assignments. Furthermore, since
the leader of an involved submatrix must also be involved in the assignment, the transfer of cost
from a submatrix row or column to the leader, and vice versa, will also leave the cost of all
assignments unchanged.

In contrast, Class 2 operations work on the matrix level, and change the cost of all feasible
assignments by the amount added to or subtracted from the matrix row or column. Thisistrue
because one and only one cost element in arow or column of C can be included in the overall cost

of an assignment.



[11. A Dual-Based Bounding Procedure for the QAP

The discovery that Class 1 and 2 operations on matrix C serve to shift the cost R(U) of all
assignments by an identical amount was provocative. If the operations on C decrease the cost by
an amount R’ and are performed in away that keeps the elements of C non-negative, then no

assignment cost can become negative and the following relationship holds:

R' £ rrcjn R(U) (7)

If furthermore R' can be increased until the equality holds, then the elements of the adjusted
cost matrix involved in an optimum assignment would necessarily be zero. Thusadual for the
QAP can be stated: Maximize the sum of downward cost shifts R permitted by Class 1 and 2
operations, under the constraint that no cost element in C isdriven negative.

In developing the DP, Hahn [17] recognized that this approach had rootsin the Hungarian
algorithm for solving linear assignment problems (LAPS) (see Munkres) [27] . The Hungarian
algorithm can be viewed as a matrix reduction scheme which extracts cost from alinear cost matrix
until the resulting pattern of zeros corresponds to a solution to the LAP. When this occurs, the
reduction constant yields the optimum linear assignment cost. The matrix reduction methods used
in the Hungarian algorithm are essentially the Class 1 and Class 2 operations described above.

Hahn adopted the Hungarian algorithm as the core set of operations for the DP, applying
the algorithm in amanner which extended its utility and made use of the underlying interaction
between elements. The motivation isthe same asitisfor the LAP, i.e., to extract costs from the
cost matrix C until the resulting pattern of zeros corresponds to a solution pattern to the QAP. (A
solution pattern to the QAP isan N?xN? matrix V corresponding to some NxN permutation matrix
U.) Thispattern of zerosisthen the optimum solution. While some consideration was given to
subtractions from rows and columns of C directly, it was found that much more progress toward
the solution is made when subtractions are made from within submatrices and added to leaders and

then from leader rows and columnsto R'. The DP approach is summarized as follows:
1) The Hungarian agorithm isfirst applied to the N2 submatrices { C;;} of C. That is, for
each submatrix Cj; (i,j = 1,2,...,N), the following (N-1 x N-1) LAP is solved:

-7-



MinimizeQ Cijkrxkn (k> iandnt j),
k,n

subject to the constraint that X =[xyn] isapermutation matrix. As each submatrix is about to be
solved by the Hungarian agorithm, the complementary costs are collected in its elements. The
resulting solution cost for each LAP is then added to the corresponding leader cost. The remaining
cost elementsin the matrix are left as they are found at the end of applying the Hungarian
algorithm. Consequently, the costs of al assignments which involve the submatrix are maintained.
(Each revised leader cost represents alower bound on the cost of involving its associated
submatrix in an assignment.) The prior collecting of complementary costs in a single submatrix
resultsin agreater transfer of coststo leaders than would otherwise occur.

2) The Hungarian algorithm is next applied to the revised leader costs, which themselves
can be arranged asan N x N matrix. That is, the following LAP is solved:

MinimizeQ GijijXij
L

subject to the constraint that X =[x;;] is a permutation matrix. The solution cost for this |eader
LAPisaccumulated in areduction constant, R, which acts as a "superleader" and has an initial
value of zero. When this processis completed, al assignment costs have been reduced by the
amount R', and three possibilities exist: 1) the zeros in the reduced cost matrix C' satisfy a QAP
assignment pattern (asisthe casefor the ‘1’ sin Figure 1), in which case R' is the cost of the
optimum assignment and the problem is solved; or 2) the QAP pattern is not satisfied by the zeros,
indicating that a solution is not available. However, on this iteration the constant R' has
experienced an increase. In this case, the procedure continues to step 3; or 3) the QAP patternis
not satisfied by the zeros but R' remains unchanged, in which case the procedure terminates with
no solution. R’ then represents alower bound. Testing whether or not the zeros in the reduced
cost matrix satisfy a QAP assignment issimple. One looks at the solution zeros from the leader
LAP and sees if the corresponding elements in those submatrices are also zero. If they are, the

problem is solved, since the cost of the assignment is minimized.



3) The reduced leader matrix isinvestigated for non-zero (positive) elements. If no such
elements are found, the procedure terminates with alower bound, R', albeit no solution. If one or
more non-zero leaders are found, as there usually are, each is distributed among the elements of its
submatrix (on arow or column basis), and the procedure continues to step 4. The most effective
distribution of aleader element is uniform (i.e., 1/(N-1)th of the leader is distributed to each
submatrix row). The motivation hereisthat by replacing costs into submatrices, there is anew
opportunity to make those leaders which had low or zero values after step 2 larger, permitting even
more cost to be eventually moved to R'. While one might expect that giving leader costs back to
the submatrices would not produce a useful result, thisis not the case. By the shifting of costs
between complementary elements during Step 1, there is sufficient change in the entire cost
distribution throughout C before the Hungarian algorithm is reapplied.

4) The Hungarian agorithm is reapplied to each submatrix, beginning with those whose
leaders were zero prior to step 3. Again, as each submatrix is about to be solved by the Hungarian
algorithm, the complementary costs are collected in its elements. By first processing those
submatrices whose leaders had been zero prior to Step 3, greater opportunity is given for those
leadersto no longer be zero, thereby increasing the amount that is moved to R’. The procedure
then recycles from step 2 until atermination criterion ismet. These steps are further clarified by
the following example, in which the DP terminates with an optimal solution for the input QAP:

Example 2: A matrix C of costsfor N=4 is shown in Figure 3. In this representation,
an asterisk is shown in the elements corresponding to disallowed indices. Asafirst step, all
complementary element pairs are added to each other and their sums entered in the uppermost
indexed position for each pair. The results of this step are shown in Figure 4. The costsin the
lowermost indexed position for each pair necessarily becomes zero

In Figure 5. Transfers are made from the elements of all top row submatricesto their
leaders in accordance with step 1 of the algorithm (i.e., the LAPs for those top row submatrices are
solved and the solution values are added to the respective leaders). Prior to this step, no shifting of

costs between complementary pairs of e ements was required. However, in preparation for



solving the LAPs in the second row of submatrices, costs were moved from row 2 of each top row

submatrix to their complementary positions in the second row of submatrices. The completion of

step 1 of the algorithm is shown in Figure 6.

In Figure 7: Transfers are made from leader elementsto the superleader (written in the

upper left hand corner), in accordance with step 2.

In Figure 8 Step 3isapplied. The value of each leader is divided approximately in thirds

and each portion is added to a different row of the submatrix. Since complementary cost pairs are

collected in their upper locations, each resulting non-leader element reflects the contributions of

two separate leaders.

The Hungarian algorithm is then applied to those submatrices whose |eaders were zero asa

result of step 2; thisisthefirst part of step 4. The Hungarian algorithm is now applied to the

remaining submatrices; step 4 isthus completed. Thisis shown in Figure 9

A second round takes place, repeating steps 2 through 4. The results are shown in Figure

10. On the application of step 2 during the third round of the algorithm, the algorithm terminates.

Theresult is shown in Figure 11.
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Figure 3. Cost Matrix for N = 4
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Figure 5. Top Row Submatrix Elements Reduced, Second Row Prepared
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Figure 11. Termination of Dua Procedure.

The minimum quadratic assignment cost is Rmin = 793. The minimum cost assignment for
thisisfound from the zero elements that exhibit the pattern for an assignment. These elements are

bracketed in Figure 11. The optimum assignment is therefore
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At thispoint isit useful to point out the similarities of the DP with previous approaches.
The Lagrangian dual ascent procedure of Assad and Xu [3] has the essential el ements of the DP. It
includes operations which move costs from within the submatrices of the C matrix to leaders,
leaving the QAP unchanged. Leader costs are transferred to a bound which isincreased iteratively.
The LAPisused effectively in these cost moving operations. Together, this results in bounds that
are an improvement over those of Gilmore and Lawler. Our impression isthat their bound is
weaker because they don't take advantage of complementary costs aswe do. Thisconclusionis
based on their formulation of the QAP (page 179 of [3]) and the Lagrangean problem that
motivates their bound. Their formulation does not have they;,, = y,,; constraints. The constraints
that they place into the objective function, i.e., & y;,, = N-x,,, only allows for the movement of
costs between |eaders and non-leaders. Recognition of a broader class of operations would have
likely resulted in improved bounds.

Carrares and Malucelli [9] base their bounds on the concept of reformulation of the QAP as
an entirely equivalent problem, asisdonein the DP. In equation (5) of [9] they introduce a
transformation which moves costs from submatrix elements of C (referred to as the quadratic
costs) to leaders (the linear costs) and from leaders to the bound. This transformation is more
general than the one assumed by Assad and Xu in equation (17) of [3], which explains why the
bounds achieved in [9] are tighter. The Gilmore Lawler bound is a subclass of the transformations
permitted and in fact isthe first stage of the iterative process of generating monotonically increasing
bounds. One cannot ascertain from [9] all of the operations that were permitted by (5). Thus, itis

difficult to say just how closely this procedure approaches the DP.
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V. Relationshipsto Linear Programming

It turns out that the DP procedure can be viewed in the context of linear programming. In
fact, the approach is a dual-ascent procedure applied to alinear formulation of the QAP. The
approach implicitly uses adecomposition of the constraintsin an effort to exploit the block
diagonal structure. It bears resemblance to work of Johnson [20] and Adams and Johnson [1], but
provides moderately stronger computational results.

In[2], Adams and Sherali devised a general strategy for linearizing 0-1 quadratic

programming problems. When applied to the QAP, the following formulation emerges.

LP: Minimize:

a CijknViikn * & CiiijViji

ik, i

it Kk

fn

Subject to :

a Vijn = Vi = 0.1 "(i.n),jt n (8)
K

ki

a Vijkn = Vijj = 0.1 " (i,K)0 K ©)
nrl]j
Vigij = Vijkn ", )kn)k<i,jtn (10)
a vijj =1 " () (12)
i

a viij =1 "0 (12)
j

Vijkn * 0 (k) k it n (13)

In Johnson [20] and Adams and Johnson [1], this linearization (denoted Problem LP) was
shown to theoretically dominate all other linear formulations of the QAP (in terms of the strength of
the continuous relaxation), and to dominate most of the published bounding schemes. Included in
Adams and Johnson’ s work was a dual-ascent strategy for obtaining a near-optimal dual solution
to the continuous relaxation of LP (denoted Problem CLP) , and problem lower bound. Resende

et a. [29] later solved CLP to optimality using an interior point algorithm.
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Our DP gives abound very close to the CL P optimum, improving upon the computational
results of Johnson [20] and Adams and Johnson [1], and requiring only a small fraction of the time
of Resende et a. [29]. Thislatter point isillustrated in Table 111 below, where the DP bounds after
500, 1000 and 2000 iterations very closely approach the IPLP bounds of Resende et al.

In order to see how the DP attemptsto solve CLP it is necessary to obtain a smaller
reformulation viathe substitution of variables suggested by constraints (10), thereby reducing the
number of variables and constraints each by N*(N-1)?/2, in addition to halving the number of non-
negativity restrictionsin (13). Finally, the binary restrictionsin (8) and (9) are relaxed, resulting in

CLP1: Minimize:

a éijknvijkn +a CijiiVijij

i,ij,>kk,n i

tn

Where& = Cijkn + Cknij

Subject to :
0£4 Viikn +a Vinij = Vijij £1 "(i,j,n),)tn (14)
ki S
0£ A Vijn = Vs £1 " (i,].K), > K (15)
y
0£ A Vinj = Vijij £1 " (i,],k),i< Kk (15a)
y
é. Vijij =1 " () (16)
i
é Viji =1 " (1) (17)
j
Vijkn ® O "(i,j,k,n),i >k,j1n (18)

Now consider the following Lagrangian dual, whereby constrains (14), (15) and (15a) are

placed into the objective function using multipliers a, b and b' respectively.
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LD1: Maximizeq(a,b,b") where
' _ . [o] ~ ' o .
q@b,b’) =min @ (Cjjn - @jjn- anj = Bijk = Puni Vijkn + A (Cijij + &jn + by + By )viij (19)
Nl N
itn

such that O £ v;;;; £ 1 and subject to (16), (17) and (18).

Jij
The operationsimplied in LD1 arejust the Class 1 operations defined earlier. i.e., constant
amounts subtracted from (or added to) submatrix rows (or columns) are added to(or subtracted
from) their corresponding leader. Now, in Steps 1 and 4 of the DP, the solution of submatrix
LAPsare purely Class 1 operations. Thus, LD1 explains that part of the DP. The collecting of
complimentary costs prior to solving each submatrix LAP is explained by the substitution of
variables which eliminated constraints (10) in CLP. Thus, Steps 1 and 4 of the DP are fully

explained by this formulation.
Since Step 3 of the DP consists only of Class 1 operations, Step 3 is also explained.

To explain Step 2, consider afurther relaxation of the above Lagrangean dual, whereby

congtraints (16) and (17) are placed into the objective function using multipliers c and d

respectively.
LD2: Maximizeq(ab,b',c,d) where
o(a,b,b',c,d) =
min & (Cikn - &jn - A~ Bijk = Bini Wijkn + @ (Cijij + i + bic +biji - G - dj)vijy (20)
|J!>kn i
jtn
[¢} [o]
tacita d
[ i
such that O £ vy;; £1 and subject to (18).

The operations implied by LD2 constitute both Class 1 and Class 2 operations defined
earlier. i.e., they include the subtraction (or addition) of constant amounts from leader rows (or
columns) and the addition (or subtraction) of these amounts to (from) the DP bound. Thus, Step 2

isexplained interms of LD1, asare all four steps of the DP.
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The difference between the work of Adams and Johnson and that presented here lies mainly
in the fact that during Step 1 of the DP, complimentary costs are always collected in the submatrix
about to be solved. This assuresthat there is greater transfer of costs to the leader than would
otherwise be possible. Consequently, in the DP, the lower bound is greater at each iteration
resulting in afaster agorithm and a higher final bound.

Adams and Johnson [1] explain that the following bounds can al be characterized in terms
of progressively, more restricted subsets of the dual region encompassed by the CLP: 1. the
reduction schemeof Li et a. [26]; 2. the row and column reduction strategies of Burkard and
Stratmann [8], Roucairol [30] and Edwards[11]; and 3. the celebrated Gilmore-Lawler bound
[14]. Thus, the linear programming solution to the CLP (and consequently the DP bounds which
approach this solution very closely) must be tighter than the bounds in these three categories.

V. Testing and Evaluation of the Dual Procedure
A. Original experiments on the DP

In 1989 Grant [15] carried out experiments on the DP in order to evaluate the quality of the
resulting lower bounds with those available from procedures used in conventional branch-and-
bound agorithms. In Grant's evaluation of the DP, the algorithm was operated for 100 iterations.
Two versions of the DP weretested. Thefirst of these was the original procedure, described in
Section |11 and referred to here as the ODP (for "original DP"). In the ODP, non-leader
complementary cost pairs are combined and located in their upper-indexed submatrices first, before
beginning lower bound cal culations on the individual submatrices. Because of this combination,
LAPs must be solved on the upper submatrices first, after which residual costs are relocated to
their lower-indexed submatrices, and the next set of LAPsis solved. The potential weakness of
this method is that it gives unequa weighting to the upper and lower positions for agiven
complementary cost pair, yielding subsequent imbalances in the leader lower bounds.

The second version of the DP tested, referred to here as the NDP (for "new DP"), utilized a
different distribution scheme for complementary cost pairs. Inthisversion, approximately haf the

value of each combined cost was placed in each of the two locations where the complementary pair
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resided. Thiswas expected to yield amore balanced set of submatrix lower bounds, and, in turn,
possibly improve the overall lower bound calculation. The results obtained for both methods are
summarized in Table I, along with experimental results published by Frieze and Y adegar [13] from
their work in evaluating various lower bounding strategies.

The methods tested by Frieze and Y adegar included those of Gilmore [14], Roucairol [30],
Burkard and Stratmann [8], and Edwards [11], as well as their own 'subgradient’ method, based
on aLagrangian relaxation of a mixed-integer formulation for the QAP. Inthe Table, LBO refersto
the maximum of the 5 lower bounds of Gilmore, Roucairol, Burkard and Stratmann and Edwards.
LB1 isthe largest value using the subgradient method. LB2 isthe largest value obtained in a
simplification of that method.

AsTablel reveas, both versions of the DP yielded equal or better results than those

achieved by the methods of Gilmore, Roucairol, Burkard and Stratmann, or Edwards. This could

TABLE | : COMPUTATIONAL RESULTS FOR THE DUAL PROCEDURE
MAXIMUM LOWER BOUND VALUES
si1zg COST OF DUAL PROCEDURE FRIEZE & FRIEZE &  FRIEZE &
PROBLEM  (ny OPTIMAL (100 ROUNDS) YADEGAR YADEGAR  YADEGAR
SOLUTION oDbP NDP Ibo bl b2
Nugent, et al. 5 50 50 50 50 50 50
Nugent, et al. 6 86 83.55 83.13 82 86 82
Nugent, etal. 7 148 141.57 143.69 137 148 138
Nugent, etal. 8 214 191.27 197.24 186 194 187
Nugent, et al. 12 578 499.91 511.12 493 _ 494
Lawler 7 559 559 559 505 559 511

be expected, since their approaches made no attempt to improve upon their first-cut lower bound
calculation. Furthermore, the NDP results showed improvements over those for the ODP for

problems of size N® 7. This supports the argument for using a balanced distribution of the
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combined cost of complementary pairs. With regard to Frieze and Y adegar's subgradient method,
their best results exceeded all others, including those for the DP, for the Nugent, et al.[28]
problems of size 7 and less. However, for the 8 and 12 facility problems of Nugent, et al., the
NDP results exceeded those of Frieze and Y adegar. This suggests that the DP might yield good
results when incorporated in aformal branch-and-bound agorithm.

B. Use of the Dual Procedure in Branch and Bound.

Within a branch-and-bound a gorithm, the DP can be utilized as the auxiliary process for
computing lower bounds. In this context, the convergence limitations of the DP are not critical.
Furthermore, information communicated between the main algorithm and the bounding process
serve to improve the performance of both processes. When the branch-and-bound agorithm
accumul ates sufficient fathoming information so that permanent (or even temporary) decisions can
be made on the solution matrix, these decisions are communicated to the DP and serve to improve
the lower bound calculations. Such decisionsinvolve deciding that certain elements of the solution
matrix are zeros, which will be recorded in the DP cost matrix by setting the corresponding element
coststo avery large value. This effectively bars the decided O elements from inclusion in aDP
solution and focuses the reduction efforts on those elements still eligible for consideration. If
instead adecide 1 element is determined, that decision isrecorded in the DP cost matrix by
adjusting the costs of al elements subsequently restricted from a solution (i.e., decided 0) asa
consequence of thisdecide 1 to the large value. In either case, the communication of decisionsin
this manner to the DP generally permits additional cost to be extracted from the matrix, resulting in
an improved lower bound and sometimes in an exact solution to the QAP. A branch-and-bound
algorithm employing the DP is described in Hahn et. al. [18].

An advantage of the DP isthat in a branch-and-bound a gorithm it produces exact feasible
solutions without having to progress through all the branches of the tree to their outermost tips.
When the branch-and-bound procedure attempts to fathom branches (i.e., eliminate elements from
the solution) in the submatrix that contains the optimum, it always terminates with a pattern of

zeros that constitute afeasible solution. Asthe upper bound in the experiment is the optimum
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solution, the feasible solution isindeed this optimum. The feasible solution is generated, in fact,
many times during the process of fathoming within the solution submatrix, once for each element
that would be part of one of the optimum solutions. This happens at various levels of branching
but usually between the level at which N/4 assignments have been made and the level at which N/3
assignments have been made. It ishardly ever necessary to calculate bounds at alevel at which
N/2 assignments have been made, in order to achieve afeasible solution thisway.
C. Recent improvementsin the DP

While the bounds achieved by the NDP are considerably better than those found in other
general bounding techniques, several improvements were made in the algorithm. One notable
improvement came from the judicious return of apart of the superleader to the matrix of leaders
prior to step 3, in distributing this return equally among the leader matrix elements. Thiswas done
using simulated annealing, whereby random percentages of the superleader were returned on each
round; the random percentages following an exponentially decreasing annealing schedule. Some
experimentation was done to optimize the selection of the exponential rate for the schedule, which
affected algorithm speed as well as the bound achieved. The performance of the algorithm,
however, was not very sensitive to thisrate. The results of those improvements are shown in

Tablell for three Nugent problems and a hospital facilities problem of Elshafel [12].

Table I Comparison of Bounds for Larger Problems
Problem BKV DP LBLYMCCR EVB3 TDB ADsggwt
Nugent 12 578 523 493 495 n/a 513
Nugent 15 1150 1039 963 989 1083 1010
Nugent 20 2570 2179 2057 2229 2394 2145
Elshafel 19 17,212,548 16,771,926 n/a n/a n/a n/a

n/a=not available
Here, we see that the lower bounds achieved by the DP exceed those of the LB1 and
MCCR bounds of Li, et al.[26] aswell asthe Dual Ascent bounds of Adams and Johnson [1].

These are improvements on the famous Gilmore-Lawler bounds and are entirely genera in their
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construction. The DP bound is however exceeded by the EVB3 bound of Hadley et a. [16] for the
Nugent 20 problem and the Triangle Decomposition Bound (TDB) of Karisch and Rendl [22] for
all Nugent problems. It should be noted, however, that the EV B3 bounds are not appropriate for
intermediate bounding during the branch-and-bound process as they depend upon a Koopmans-
Beckmann formulation and the TDBs depend on the distance matrix being of arectangular grid,
which is usually not the case.

An even more interesting comparison can be made with the linear programming-based
bounds of Resende, et a. [29]. Their lower bounds are much better than those of Li, et al.[26]
and are not limited to Koopmans-Beckmann problems nor to rectangular grid distance matrices.
Furthermore, they published run-times for their results. Table Il compares the DP bounds and

runtimes with thosein [29].

Table Il Runtime Comparison of Roughly Equivaent Bounds

RR&D IPLP DP 100 Iterations =~ DP 500 Iterations  DP 2000 lterations

Problem  bound SECS bound SECS bound SECS bound SECS
Nug08 203.5 9.5 201.8 0.8 203.3 4.0 203.3 14.8
Nugl2 522.9 754.1 516.2 4.7 521.2 22.2 522.4 82.5

Nugl5 1041.0 5203.8  1028.3 178 1037.6 853  1039.7 325.3
Nug20 21814 36114 21585 80.6 21747 3827 21791 14571
Rou20 643346 4427.6 636036 62.7 640459 290.2 641663  1091.8
Kra30a 76002.3 2467/9.0 74933.6 452.6 75678.1 2120.0 758534  7382.8
Kra30b 76751.8 30481.8 75634.6 453.2 763746  2136.7 76562.2  7466.5
Nug30 4804.4 28819.6  4744.7 4119 47794 1897.1 47889  6893.9

Run-times for the DP are listed for 100, 500 and 2000 iterations. The problems are taken
from QAPLIB (see[7]) . Theruntimesfor the IPLP werelogged on a Silicon Graphics Challenge
computer with a150 MHz 1P19 processor. The DP results were logged on a SPARC 10

workstation with a 75 MHz SuperSparc processor. For each problem in the Table, all the bounds
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for agiven problem size are within 1.5 percent of each other. Asexplained earlier, the DP at 2000
iterations produces bounds amost equal to those of the IPLP. However, the difference in actual
runtimesislarge. To demonstrate the advantage of the DP over the IPLP in a branch-and-bound
algorithm, compare the IPLP time of 4427.6 seconds for the Roucairol size 20 problem with the
100 iteration DP time of 62.7 seconds. |If the two machines were equivalent, the ratio of runtimes
would be over 70:1. The machine differences could increase that advantage to over 100:1. Asfor
growth in runtime with problem size, the DP appears to have a dight edge over the IPLP.

In Table 1V we present a comparison of the bounds produced by the DP with bounds of

additional test instances from QAPLIB. Inthelast five instances, the DP produced significantly

Table|V Dual Procedure (DP) Comparison with QAPLIB Bounds
Instance BKV QAPLIB DP
Had16 3,720 3,648.0 3,556.9
Had18 5,358 5,226.0 5,082.6
Had20 6,922 6,713.0 6,571.5
Nug21 2438 na 2018.6
Nug22 3596 n/a 2843.7
Nug24 3488 3251 2866.6
Tal7ra 491,812 412,722 **441,560
Tai20a 703,482 580,674 **617,206
Tai20b 122,455,319 14,857,089  **93,563,896
Tai25a 1,667,256 962,417 **1,006,749
Tai25b 344,355,646 51,401,950 **151,115,405

n/anct avallable  **Improved bound
better bounds than were listed in QAPLIB. The QAPLIB result for the Nugent 24 instanceisa
TDB bound which you may recall is dependent upon the structure of the distance matrix. The

other results represent general bounding techniques and thus provide a better comparison.
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VI. Potential for Speeding up the Dual Procedure

In the development of the DP, a number of variations on the Class 1 and 2 operations were
tried (see Section I1). One variation called 'pivoting' has considerable potential. Pivotingis
usually introduced after the Hungarian algorithm has been applied to a submatrix. At that point, as
much as possible has been drawn into the leader and thereis at least one zero in every row and
column of the submatrix. A given zero element isthe pivot. A column (or row) containing the
pivot is scanned for its minimum value (exclusive of the pivot). That amount is subtracted from
the column (or row) and added to the row (or column) containing the pivot. Since every element in
asubmatrix isamember of another submatrix, significant movement of costs are thus made
throughout the cost matrix C. Given that during a branch-and-bound process, we come across
what we suspect to be the optimum solution to the QAP, we conjecture that it is possible to develop
aheuristic that alows the movement of costsin such a manner that the cost elements for that
solution can be decreased while increasing other costs so that they can contribute to leaders and the
superleader thusincreasing the bound. The goal isto reduce the number of iterations required to
reach a useful bound.
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