Multi-story; space assignment; evacuation

typeset May 29, 2008

Hahn, Smith, & Zhu

The Multi-Story Space Assignment Problem

Peter Hahn*
hahn@seas.upenn.edu

J. MacGregor Smith'
jmsmith@ecs.umass.edu yrzhu@seas.

Yi-Rong Zhut
upenn.edu

May 29, 2008

Abstract — The Multi-Story Space Assignment Problem
(MSAP) is an innovative formulation of the multi-story fa-
cility assignment problem that allows one to model the lo-
cation of departments of unequal size within multi-story fa-
cilities as a Generalized Quadratic 3-dimensional Assign-
ment Problem (GQ3AP). Not only can the MSAP generate
the design of the location of the departments in the facil-
ity, the MSAP also includes the evacuation planning for the
facility. The formulation, background mathematical devel-
opment, and computational experience with a branch and
bound algorithm for the MSAP are also presented.
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1 MOTIVATION

Many facilities have certain functions or site conditions
that require them to accommodate their occupants on
multiple stories. Examples of these facilities are hospi-
tals, office buildings, hotels, factories, warehouses, oil
platforms, naval vessels, and so on. Multi-story facili-
ties should be designed to achieve the following objec-
tives: i) provide a safe and secure environment; ii) be
structurally sound, environmentally efficient, and cost-
effective; and iii) accommodate the functions and user
needs of the people and equipment that occupy it.

The circulation network is crucial to the infrastruc-
ture and layout of the facility because it interconnects
the department components of the facility and typically
serves as the pathway of the building services (heating
and ventilation, air conditioning, telecommunication,
plumbing, electrical, and sanitary) as well as providing
for emergency egress. In building evacuation problems,
the design of the stairwell widths, configuration of the
landings, number of stairwells, their location, exits and
egress paths are all critically linked. It is a travesty that
people are often trampled in a push to get out of the
narrow exits of sports stadia or of burning buildings.
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1.1  Purpose and Objectives

We seek to utilize the tools of combinatorial optimiza-
tion to develop a methodology in which multi-story fa-
cilities are designed so that the previously mentioned
objectives can be realized.

1.2 Outline of Paper

In §2, we discuss the background of the problem and the
basic literature relevant to the problem, starting from
the original Quadratic Assignment Problem papers. §3
presents the assumptions, definitions, and notation un-
derlying the GQ3AP mathematical model of the prob-
lem. §4 discusses the GQ3AP dual ascent procedure for
calculating a lower bound on the problem. §5 presents
experimental results while §6 elaborates on open ques-
tions, future plans, and a summary and conclusions for
the research.

2 PROBLEM

In this section of the paper, we provide background on
the MSAP problem, its complexity and the general liter-
ature related to the problem.

2.1 Background

To arrive at the MSAP formulation, we need to discuss
the Quadratic Assignment Problem (QAP), as it repre-
sents the first combinatorial optimization formulation
that gives rise to our model. Subsequent to that, we
introduce the GQAP family of models and eventually
the three-dimensional assignment models before pre-
senting the MSAP.

2.2 Literature Review

The QAP covers a broad class of problems that involve
the minimization of a total pair-wise interaction cost
among N departments. The Koopmans-Beckman[34]
version of the problem can be stated with reference to
a practical situation where it is desired to locate N de-
partments among N fixed locations, where for each pair
of departments (7, k) a certain flow of commodities (or
people) f(i, k) is known and for each pair of locations

.2.2.0



Multi-story; space assignment; evacuation

— Burkhard, 1983 [9]

L Li et. al., 1994 [41]

——+— Meller and Gau, 1996 [47]
— Tompkins et. al., 1996 [61]
— Hahn and Grant, 1998 [23]
— Burke et. al., 2001 [10, 11]

_ Quadratic Assignment
Problems QAP

— Hahn et. al., 2001 [24]
L— Benjaafar, 2002 [5]

— Lee and Ma, 2004 [37]

— Meller and Bozer, 1997 [48]
— Elloumi et. al., 2003 [17]
— Cordeau et. al., 2004 [14]
L— Hahn et. al., 2008b [26]

| Generalized QAPs
GQAP

Pierskalla, 1967 [51]
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Figure 1: Morphology of QAP Models

(4,n) a corresponding distance d(j,n) is known. The
two-way transportation costs between departments
and k, given that 7 is assigned to location j and & is as-
signed to location n, are f(i,k)-d(jn) + f(k,i)-d(n;j). The
objective is to find an assignment minimizing the sum
of all such transportation costs.

Figure 1 arrays many of the associated references in
this area. For example, Dickey and Hopkins [15] ap-
plied the QAP for the assignment of buildings in a Uni-
versity campus. Kouvelis and Kiran [35] modified the
QAP formulation by explicitly considering the through-
put requirements of automated manufacturing systems.
Meller and Gau [47] presented a comprehensive review
of early research on the single-floor layout problem,
which received extensive interest in the literature be-
fore 1996. Burke et al. [10] suggest how local search,
metaheuristics and evolutionary algorithms provide a
promising way to make advances in the problem of
allocating space within a university, a problem often
modeled as a QAP. Burke, E.K., Cowling, PI., Keuthen,
R. [11] present effective new local and variable neigh-
borhood search heuristics for the asymmetric Traveling
Salesman Problem, which is a special case of the QAP.
Yang and Benjaafar [63] used both implicit enumeration
and a modified 2-opt heuristic in order to find good sub-
optimum solutions to the Quadratic Assignment Prob-
lem. Finally, Benjaafar [5] contrasts QAP solutions with
those obtained by queueing network models and focus-
ing on the objective of minimizing work-in-process. In
the general case of the QAP, the cost of transportation
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— Koopmans-Beckman, 1957 [34]between departments is known but is not decomposable
| Dickey and Hopkins, 1972 [15] int0 @ product of a flow and a distance matrix.

The QAP has long been of interest to researchers in
various fields, both because of its wide applicability and
also its resistance to reliable computer solution. The
QAP belongs to the class of N'P-complete problems and
is considered one of the most difficult since it has no
polynomial time approximation scheme[54].

Exact solution strategies for the QAP have been
largely unsuccessful for any but the smallest of problem
instances (approximately N < 30). As a result, a signifi-

— — Yang and Benjaafar, 2001 [63] cant amount of effort has been put forth by researchers

in developing inexact or heuristic methods, which ob-
tain good suboptimal assignments using a reasonable
amount of CPU time. For example, see Burkard [9], Li
and Smith [38, 39, 40], Li et. al. [41].

To illustrate the success of heuristics on the QAP, an
analysis was made of 27 of the 41 unsolved instances
on QAPLIB, ranging from size 30 to size 256. Instances
whose lower bound calculations were Gilmore Lawler
(GL) were not included because the GL bound is poor.
Average problem size is 73.1. The average gap between
lower bound and best-known feasible solution is only
9%. Historically, it is the lower bound that is way off
from the optimum solution. One can safely say that
heuristic best-known solutions will generally be only
a few percentage points from optimum. Furthermore,
keep in mind that linear costs for QAPLIB instances are
zero. With non-zero linear costs the gaps would be even
smaller.

Stochastic local search (SLS) methods are among the
most successful techniques for the approximate solu-
tion of quadratic assignment problems (see Hoos and
Stiitzle [29]). These methods are also the best way to
provide feasible solutions in large industrial problems
with tight constraints. The most promising SLS meth-
ods are: the Simulated Annealing algorithm by Con-
nolly [13], the Robust Tabu Search (RoTS) algorithm and
Fast Ant System (FANT) by Taillard ([58] and [59]), and
an iterated local search (ILS) algorithm by Stiitzle [57].
Computational experience has shown that these algo-
rithms can find optimal solutions to a wide variety of
QAP instances much faster than the best performing ex-
act algorithms. For example, the ILS algorithm finds the
best-known solution to the classically difficult Nugent
30 instance in about 1.3 CPU seconds, on average (mea-
sured on a 1.2 GHz MP Athlon CPU). These results on
the QAP suggest that if one wants to solve the Multi-
story Space Assignment Problem for buildings having
100 or more stories, these methods are probably the only
means to get good quality solutions. Keep in mind,
heuristic methods cannot prove optimality of the solu-
tions, but they can be used to provide good initial upper
bounds for exact methods.

2.3 The Generalized QAP (GQAP)

The Generalized (GQAP) covers a broad class of prob-
lems that involve the minimization of a total pair-
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wise interaction cost among A departments, equip-
ment, tasks or other entities, and where placement of
these entities into /N possible destinations is dependent
upon existing resource capacities at each destination.
These problems include finding the assignment of de-
partments to fixed locations given limited area capaci-
ties at each possible location. The Lee and Ma[37] ver-
sion of the problem can be stated with reference to a
practical situation where it is desired to locate M de-
partments among N fixed locations, where for each pair
of departments (7, k) a certain traffic flow of commodi-
ties f(i, k) is known and for each pair of locations (j, n)
a corresponding distance d(j,n) is known. The two-
way transportation costs between departments i and &,
given that 7 is assigned to location j and & is assigned
to location n,are f(i,k)-d(jn) + f(k,i)-d(n,j). The objective
is to find an assignment minimizing the sum of all such
transportation costs given that the capacity or resource
constraints are met. In the general case of the GQAP, the
cost of transportation between departments is known
but is not decomposable into a product of a flow and a
distance matrix.

Since the GQAP is relatively new, little work has been
done to apply it to building design or facility location,
in general. Notable is the work by Meller and Bozer[48]
on the Multi-Floor Facility Layout Problem. They define
the facility layout problem as finding a feasible, non-
overlapping arrangement of departments (with given
area requirements) within a facility (building) to mini-
mize the interaction cost between departments. Inter-
action cost between two departments is typically ex-
pressed as the flow times the distance between depart-
ments. In general, departments have unequal area re-
quirements, and some of them may be constrained a pri-
ori to certain locations in the building. Meller and Bozer
appear to be the first to formulate the multi-floor facil-
ity layout problem (MFFLP) as a GQAP. They proceed
to solve the MFFLP in two stages. Stage 1 assigns de-
partments to floors in an attempt to minimize the inter-
floor handling cost. Stage 2 determines the layout of
each floor based on the assignments of stage 1. They
argue that this approach not only comes up with near
optimum solutions, but that it also has management ap-
peal, since there are many management considerations
that are not easy to quantify as costs.

Lee and Ma [37] coined the name Generalized
Quadratic Assignment Problem. In their paper, they
propose three Integer Linear Programming (ILP) for-
mulations of the problem and a branch-and-bound al-
gorithm to optimally solve the GQAP. They proceed
to conduct computational experiments to demonstrate
the performance of the proposed approaches. Their
branch-and-bound algorithm works in two phases. In
the first, they construct a feasible solution by means of
two different greedy algorithms. They use the best fea-
sible solution found as the initial upper bound for the
branch-and-bound enumeration. In the second phase,
at each node of the search tree, they calculated a lower
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bound using an approach akin to a method suggested
by Adams and Johnson [2] for calculating lower bounds
for the QAP. This method involves a reformulation-
linearization of the GQAP and subsequent application
of a Lagrangean dual approach. The resulting La-
grangean dual is solved by solving a series of N x M +
1 Generalized Assignment Problems (GAPs), where N
is the number of available locations and M is the total
number of departments to be located.

Hahn et al. [26] provide the most recent and most
promising solution methods for the GQAP. They devel-
oped a branch-and-bound exact solution method and
a solution heuristic. Their exact solution method is
based on a first-level Reformulation Linearization Tech-
nique (RLT) dual ascent procedure that performs bet-
ter than previously existing competing strategies. RLT
is known for generating tight linear programming re-
laxations, not only for constructing exact solution algo-
rithms, but also to design powerful heuristic procedures
for large classes of discrete combinatorial and continu-
ous non-convex programming problems [55]. Herein,
we refer to first-level RLT as RLT1. Hahn et al.’s heuris-
tic solution method is competitive with others.

In Table 1 of [26], several standard instances
have been selected from a web site dedicated
to the Task Assignment Problem (TAP) and the
Constrained Task Assignment Problem (CTAP)
[http:/ /cedric.cnam.fr/oc/TAP/TAP.html]. Com-
parisons were also made with instances of the GQAP
devised by Cordeau, et al. [14] and Lee and Ma [37].

The RLT1 branch and bound is generally faster than
the other methods and is almost eleven times faster than
the only other known result for the difficult Lee and Ma
16x7 instance. We are continuing to study the structure
of the GQAP and are experimenting with various La-
grangian relaxations in an attempt to improve the tight-
ness and speed of GQAP lower bound calculations.

2.4 The Quadratic 3-dimensional Assignment problem
(Q3AP)

William P. Pierskalla [51] introduced the Quadratic 3-
dimensional Assignment Problem (Q3AP) in a technical
memorandum. The work was never published in the
open literature. Since then, little on the subject has ap-
peared. Hahn et al. [25] re-discovered the Q3AP while
working on a problem arising in data transmission sys-
tem design. The Q3AP is an extension of two NP-hard
problems, the QAP and the 3AP (see [20]). Thus, it is
easy to see that the Q3AP is also NP-hard. Our inter-
est in the Q3AP stems from the fact that it is applied to
problems where the objective is to minimize linear and
quadratic costs associated with a pair of independent
simultaneous one-to-one assignments. Such a problem
arises in the design of wireless communication systems,
wherein a digital message is repeated two times. Dur-
ing each of the repeats, the assignment of data word
to transmitted symbols is modified. The Q3AP mod-
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els the problem of optimizing the two assignments in
such a way that the transmission errors are minimized.
In the design of multi-story buildings, it is necessary
to also simultaneously assign departments to locations
and the same departments to escape exits in the face of
quadratic costs. Whereas, the assignments in the Q3AP
are one-to-one, the assignments in multi-story building
design tend to be many-to-one. We will discuss this dif-
ference later on in this paper.

Hahn et al. [25] are the only ones to have solved
Q3AP instances. They developed a branch-and- bound
algorithm based upon the best techniques available for
solving the QAP, as well as four different heuristic so-
lution methods whose genesis also came from previ-
ous work applied to solving the QAP. Implementation
of the four heuristic algorithms was done in a reason-
ably straightforward way. However, implementing the
exact algorithm required the development of new lower
bounds for the 3AP. Although the computational results
are encouraging, they also illustrate the level of diffi-
culty associated with the Q3AP. Presently, the exact so-
lution method, based upon a reformulation lineariza-
tion technique lower bound, is computationally feasible
only for Q3AP instances of size 13 or smaller. Stochastic
local search (SLS) techniques, which provide optimum
or near optimum solutions for large and difficult QAP
instances, are essential for reaching high quality solu-
tions to reasonable size Q3AP instances. Among the
four Q3AP heuristic algorithms, the overall best per-
formance was given by an iterated local search algo-
rithm. However, thus far, even this best performing SLS
algorithm incurs, for small Q3AP instances, computa-
tion times for reaching optimal or best-known solutions
that are orders of magnitudes larger than for similar size
QAP instances. Clearly, much more work is needed on
this challenging and yet important new combinatorial
optimization problem. At this moment, work is being
completed on a parallel implementation of the Q3AP
branch-and-bound method. This parallel code is not
only an instrument for solving exactly large instances,
but it will also enable experimentation for improving
the runtime of the exact solution algorithm.

3 MATHEMATICAL MODEL

We provide here the necessary assumptions, definitions
and notation underlying the mathematical model, as
well as the formulation of the MSAP and its associated
family of QAP models.

3.1 Assumptions

a) Distribution of the occupants on each floor is uniform and
their travel time to and through the corridor and stair-
well segments is a Poisson process \; from each depart-
ment i to a stairwell. While a non-homogenous Poisson
Process is probably more realistic, assuming a Poisson
Process for the peak hour of the evacuation process is a
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reasonable assumption.

b) The footprint of the facility is a rectilinear polygon P,
see Figure 2, or can be closely approximated by a simple
polygon. The polygon need not be convex but it is closed
and bounded. The reason for the rectilinear polygon is
that we also relate the optimization problem in this pa-
per to the problem of stairwell location which has been
treated in a separate paper [62].

c) We will assume the travel distance metric is rectilinear
(Manhattan) and the area per floor is given. The struic-
tural system either is pre-defined or else is to be designed
after this analysis.

Rectilinear
Polygon

n-2 i

Stairwells

N ©

Section through High-Rise Typical Floor Layout

Figure 2: Multi-Story Facility Problem

3.2 Definitions

1. Occupants are people who reside within the facility in the
departments on the various floors and who must be evac-
uated in an emergency. There are a total of P occupants
P ="M P, where i is the department index and M is
the total number of departments. The P and P; helps us
determine the magnitude of the peak hour \; per floor.

2. The circulation topology Cy is the collection of corridors
and stairwells on each floor N. This is either known or
has to be generated. This is important in the experimen-
tal results.

3.3 GQAP/Q3AP Problem Formulation

Given M departments, where for each department i the
number of people P; per department and the amount
of space required for the department a; is known, how
shall one allocate the M departments to N floors, such
that the evacuation time is minimized?

The objective here is to find an assignment that min-
imizes the sum of all one-way evacuation costs. Cer-
tain constraints must be met: No department may be
split between different floors. And, the available space
on each floor may not be exceeded. This apparent lim-
itation (namely that departments may not be split be-
tween floors) is not really a limitation of the model dis-
cussed in this paper. By subdividing departments into
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smaller entities (such as sub-departments) one is able to
use the model to assign these smaller indivisible entities
to floors. In fact we have implemented this feature of
the model in two of the experimental results discussed
in §5. In those experiments, we arbitrarily divided de-
partments in half. In practical situations, there will be
decisions to be made as to how to split departments and
how to prevent them being split into small pieces that
are spread out too much. Making these decisions in-
telligently would require additional analysis and opti-
mization efforts that are beyond the scope of this paper.

A secondary, but nevertheless important, issue: Con-
sider the same M departments and N floors. For each
pair of departments (i, k) a certain flow of units (i.e., oc-
cupants or materials) f(4, k) is known and for each pair
of floors (j,n) a corresponding cost to move one unit
of flow between floors d(j,n) is known. The secondary
objective is to encourage assignments that minimize the
sum of all transportation costs, given that the above con-
straints are met. Both primary and secondary issues
are dealt with in the Multi-Story Assignment Problem
(MSAP), defined for the first time here:

The following notation is suggested:

M := number of departments need to be placed

N := number of available floors

S := number of stairwells

a; := floor area needed by department i

A; := maximum usable floor area on floor j

fir := flow units from department i to department k

d;n = cost per flow unit travel between floor j and
floor n.

ejs := distance between floor j and stairwell exit s from
building

A; = Poisson arrival rate of persons in the evacuation
from department i

s := service rate capacity of stairwell s

x;; = 1 if department i is assigned to floor j, and is 0
otherwise.

yis := 1if department i is assigned to stairwell s, and is
0 otherwise.

The Multi-story Space Assignment Problem is now
stated as

M N S
Mm{zzzAiejsxijyis
1=1 j=1 s=1
MoN } M

+ Z Z Z Z firdjnTijTen

i=1 j=1 k=1 n=1
ki
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subject to the following constraints on X and Y:

M
Zaixingj(jzl,Z-u,N) (2)
=1
N
day=13=12--,M) (3)
j=1
M
Z)\iyisgﬂs(szla27"'as) (4)
=1
S
s=1

2i; =0,1(i=1,2,..,M;j=1,2,...N),  (6)

yis =0,1(i=1,2,...M;s=1,2,....,5), (7

X and Y are said to be a ‘solution’. In the last sum-
mation of (1), & # i because permitting the equality
would imply that a given department could be assigned
to more than one floor.

The objective function (OF) adds the costs associated
with inter-departmental traffic to the costs associated
with the evacuation of people from the building. One
wishes, of course, to minimize both of these important
quantities. Adding two so differently perceived quanti-
ties is both ambitious and arguable. However, if care-
ful thought is applied when balancing the effects of
these two contributors to objective function value, the
correct balance may be made. Fortunately, there is a
simple mechanism to explore the tradeoffs. One sim-
ply manipulates the average values of the first and sec-
ond terms in (1). The ratio of these two average values
(OF-ratio) then becomes a measure of the importance of
one quantity (escape cost) versus the importance of the
other quantity (inter-department cost). Choice of OF-
ratio when actually designing a structure, is a problem
best left to the architect, investors, government agen-
cies, insurers, future occupants and other interested par-
ties that have a vested interest in the cost and safety of
the resulting structure. The job of the architect in uti-
lizing this optimization tool, is to present alternatives
to the interested parties, so that an intelligent decision
can be made as to what value of OF-ratio to use in the
optimization algorithm.

One might criticize the model of (1) through (7), by
suggesting that the model does not take into account the
cost of traffic flow within a department, which might
be more expensive than the cost of flow between de-
partments. This could be especially true for large de-
partments that are spread out on a single floor. We
argue, however, that the model we have developed is
not confined to considering only traffic between floors.
It is a simple matter to divide the building into ”com-
partments” rather than floors, wherein several compart-
ments can be located on a floor. Then, [d;,,] would rep-
resent cost of moving between compartments whether
they are on the same floor or on different floors.
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Constraints (2) make sure that the capacity of each
space is not exceeded, constraints (3) make sure that
each department gets assigned only one space, con-
straints (4) make sure that the capacity of each escape
route is not exceeded, and constraints (5) make sure that
each department is assigned only one primary escape
route.

We recognized that the MSAP, as given by Egs. 1 -
5, is a generalization of both the GQAP and the Q3AP,
thus making it an NP-hard problem. The codes we have
developed for solving the GQAP and the Q3AP are an
excellent basis for developing heuristics as well as exact
methods for generating sub-optimal and optimal solu-
tions.

We have therefore come up with the following strat-
egy for solving the MSAP:

The current implementation is a branch-and-bound
algorithm for solving the MSAP. This development is
being done in the context of a Generalized Quadratic
3-dimensional Assignment Problem (GQ3AP), which is
only slightly more general than the MSAP. The basis
for this algorithm is the branch-and-bound code for the
Q3AP. However, the objective function involves gener-
alized (i.e., many-to-one) assignments rather than the
one-to-one assignments of the Q3AP.

The Q3AP lower bound calculation is based on
the calculation of lower bounds for a series of 3-
dimensional Assignment Problems (3APs) [32], and the
calculation of lower bounds on the GQAP is based on
calculation of a series of lower bounds on the Gen-
eralized Assignment Problem (GAP) [26]. Calculat-
ing the MSAP lower bound involves a reformulation-
linearization of the GQ3AP and subsequent applica-
tion of a Lagrangean dual approach. The resulting La-
grangean dual is solved by solving N x M x S plus
one continuous Generalized 3-dimensional Assignment
Problems (G3AP), where N is the number of available
locations, M is the total number of departments to be lo-
cated and S is the number of stairwells. Since the G3AP
is an extension of the 3AP, it is easily seen that this new
problem is also NP-hard. Rather than solve the indi-
vidual continuous G3APs, we instead calculate efficient
and tight lower bounds for these two problems.

In order to explain the basis for this approach we in-
troduce here the formulation of the GQ3AP and show
the relationships of our exact solution method to lin-
ear programming. What follows in the next section has
a history in one of the several linearization techniques
for the QAP listed in [50]. Specifically, we base our ap-
proach on the linearizations suggested by Adams and
Sherali in [3] and [4]. For more details, we refer you to
[23] and [1].
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4 DUAL ASCENT PROCEDURE FOR CALCULATING
LOWER BOUNDS

4.1 GQB3AP formulation
The GQ3AP is given by:

M N S

Mm{ z; z; z; CijsTijVis
1=1 j3=1 s=
M N S N S
+ Z Z Z Z Z Cijskntffijyiswknykt}

TiM=

i=1 =1 s=1k=1n=11=1
)
subject to constraints (2) through (7),
where, for purposes of solving the MSAP, we set
Cijs = Ni€js )
and
Cijsknt = [ikdjn (10)

where all the notations are defined just as before in
the MSAP.
Then, the GQ3AP objective function becomes

M N M N

M N 8
Z Z Z Ni€jsTijlYis + Z Z Z Z firdinTijTen
i=1 j=1 s=1 i=1 j=1 k=1 n=1

k#i
(11)
which is the same objective function as for the MASP.
An equivalent formulation of the GQ3AP can be
stated as

S

M N
Mm{ SSS G

i=1 j=1 s=1

M N S N S

E E § E § Cijskntxijsxknt}
n:l t=1

i=1 j=1 s:l

(12)

+

M=

where z;;5 := 1 if department ¢ is assigned to floor j
and to stairwell s, and is 0 otherwise. Eq.(12) is subject
to the following constraints:

N S
D> wije=1(=12,--,M)

(13)
j=1s=1
M S
> aimis <A (j=1,2,--+,N) (14)
i=1 s=1
M N
ZZ xz;s<,us 5—1327"'78) (15)
Zijs = 0,1(i=1,2,.. ., M;j=1,2,...,N;
s=1,2,...,5), (16)
4.2.0
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4.2 The RLT1 formulation for the GQ3AP

We proceed to transform the original model of the
GQ3AP into an equivalent linearized mixed integer pro-
gramming model G3RLT, similar to those models used
successfully on the Q3AP and the GQAP. We follow
the rules given in [2]. First, multiply each of equality
constraints (13) and each of the inequality constraints
(14) through (15), written as ij:lzts:l Tknt = 1,
211:4:1 Zle Tt < A, and 211:4:1 21]:[:1 AeZint < Ht,
by each of N? binary variables z;;;. Append all these
new restrictions. Express the resulting product in the or-
der x;jsTine. Next, explicitly include the trivial restric-
tons XijsTent = TknitTijsV(i, 7,8, k,n,t),k > i. Then,
linearize every occurrence of each product with a single
continuous variable z;jsknt = TijsTrnt, Where 2ijspne ==
1 if department i is assigned to floor j and to stair-
well s and department k is assigned to floor n and to
stairwell ¢, and is 0 otherwise. Finally, consider the
solution structure of the GQ3AP, which indicates that
Zijsint = OV(1, 7, s,n,t) with the exception that z;;si;s =
x4jsV(i,7,5). The RLT1 formulation G3RLT then results
in

M N S
Mm{z Z Z Cijsijs

i=1 j=1s=1
M N S M N S (17)
DD HNH P
i=1 j=1s=1k=1n=1t=1
k#i
such that:
N S
Zzzijsknt = Tijs
n=1t=1
(iak:1727 7M;j:1727"'7N)7
(821,2,,S7k7él), (18)
M S
Zzakzijsknt < Anxijs
k=1t=1
(7;:1727 7M;j:1727"'7N7‘9:1727"'75)7 (19)
M N
ZZ)\kzijsknt < [ Tijs
k=1n=1
(7;:1727"'7M;j:1727"'7N7‘9:1727"'75)7 (20)
Zijsknt = Zkntijs
(iakzlvza"' 7M;j7n:1727"' 7N)a
(S,t:1,2,-~'78;k2i), (21)
N S
szlgs—ll—la27"'7M)a (22)
j=1s=1
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a;Tijs < A;j(j=1,2,--- ,N), (23)
=1 s=1
M N
ZZ/\ZC”S<,U,SS—1 2,---,9), (24)
i=1 j—=1
ZijslthO(i,k:LQ, ,M;j,n=1,2,---,N),
(s;t=1,2,---,Sik #1i), (25)
$175€{0,1} (7’: 7Mvj:17277N)7
(s=1,2,---,5), (26)

Problem GQ3AP and G3RLT are equivalent in the fol-
lowing sense. Given any feasible solution to the GQ3AP,
there exists a y such that (z,y) is feasible to the G3RLT
with the same objective value. Conversely, for any fea-
sible solution (z,y) to the G3RLT, the corresponding y
is feasible to the GQ3AP with the same objective value.
This proof is given in [64]

The mathematical structure of G3RLT (expressions
(17) through (26)) can be readily exploited via La-
grangian duality. An important step of establishing the
Lagrangian dual of a combinatorial optimization prob-
lem is to partition the constraints into two sets: the
constraints to be dualized into objective function using
suitable Lagrangian multipliers and the remaining con-
straints which restrict the relatively easy subproblems.

4.3  An RLT1 lower bound for the GQ3AP

In order to apply the Lagrangian dual procedure to
solve the G3RLT, we first obtain a smaller model via
the substitution of variables based on constraints (21),
thereby reducing the number of variables and con-
straints, in addition to halving the number of nonneg-
ativity restrictions in (25). Then we use the fact that
xfjs = ;s and replace x;;s by zijsijs, 50 the zj;si;sS be-
come 0-1 variables in the new model. Finally we replace
the binary restrictions (26) ON Zjjsijs by 0 < Zijsijs < 1,
so that contrary to G3RLT being a mixed-integer pro-
gramming problem, the new G3RLT1 is a continuous

optimization problem. We obtain the following model

M N S
Mm{ Z Z Cijszijsijs
i=1 j=1 s=1
M N S M N 8 (27)
DD BN AN
i=1 j=1 s=1k=1n=1t=1
k>i
where Cijsknt = Cijsknt + Ckntijs
.4.3.0
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such that:
N S
Zzzijsknt = Zijsijs
n=1t=1
(iak:1727 7M;j_1727 '7N)7
(s=1,2,---,S;k>1), (28)
N S
Zzzkntijs = Zijsijs
n=1t=1
(iak:1727 7M;j:1727"'7N)7
(s=1,2,---,S;k<1), (29)
M S M S
Z Z Ak Zijsknt + Z Z kZkntijs < AnZijsijs
k=1t=1 k=11t=1
k>1i k<i
(i=1,2,---,M;jn=1,2,--- N,s=1,2,---,5),
(30)
M N M N
Z Z AkZijsknt + Z Z AeZkntijs < Wt Zijsijs
k=1n=1 k=1n=1
k>i k<i
(7’: 1725"' 5M7]: 1725"' ,N,S,t: 1527"' 78)5
(31)
N S
Zzzijsijs =1 (7' =1,2 aM)v (32)
7j=1s=1
M S
Zzaizijsus Aj (.] - 1527 ' aN)v (33)
i=1 s=1
M N
ZZ)\izl]Sl]S < s (S =12 : 75)7 (34)
i=1 j=1
ngijsknt S 1 (Z;k: 1;27"' 7M;j7n: 1527"' aN)v
(5,6 =1,2,---,S;k>1i), (35
ngijsijs S 1 (Z: 1;27"' 7Ma.]: 1527"' aN)v
(s=1,2,---,5), (36)

The reduction in the number of variables is not
done just for the purpose of reducing computational
effort. It is essential to achieving much tighter lower
bounds than would be achieved without this important
step. Our prior experience with developing tight lower
bounds for the QAP [23], GQAP [26] and Q3AP [25]
convinced us of the efficacy of this procedure.

Now consider the following Lagrangian relaxation
problem LR(p,p’,v) on the G3RLT1, whereby con-
straints (28) , (29) and (32) are placed into the objec-
tive function using multipliers p, p’ and v respectively.
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The development of this Lagrangian problem is given
in [64].

i=1 j=1 s=1
M N S M N S M
123) 59 0 3) DUISSINIES P SES
i=1 j=1 s=1k=1n=1t=1 i=1
k>1i
where
M
O’Ljs — O’Ljs + szgsk + Zpusk Yi
k=1 k=1
k>1 k<i
(1215277M7.]:15275N752172555) (38)
and
Oijsknt = éijsknt — Pijsk — pﬁmti
(Zak: 1527"' 7M;j7n: 1527"' 5N7
st=1,2,---,8k>1q) (39)

Finally, the Lagrangian dual problem LD2 is as fol-
lows:
maximize 0(p, p’,v) where

M N S
H(Pa 77 MW{ Z Z _ijszijsijs
i=1 j=1s=1
M N M N S M
+ Z Z Z Z Z Z _ijskntzijsknt} + Z Yi (40)
i=1 j=1 s=1 IZil; n=1t=1 i=1

such that constraints (30), (31) and (33) through (36)
hold.
LD2 may be written as a series of subproblems

maximize 0(p, p’,v) where

M N S
ep,p ’7 ZZZR;sPPvV
7j=1

i=1 s=1

M
> v (@41
=1

where each subproblem P;;,(p, p’,v) is solved by

M M
Pijs(p, p',7) = ]\{in{(cijs-i-ZPijsk +Zp;jsk_'7i)zijsijs
k=1 k=1
k>i k<i
M N S
+ Z Z Z ijsknt — Pijsk — p;cnti)zijsknt} (42)
—1n=1t=1
k>z "

under the constraints

M S M S

E E Ak Zijsknt + E E Ak Zkntijs < AnZijsijs
k=1 t=1 k=1 t=1

k>i k<i

(n=1,2,---,N), (43)
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M N M N
ZZ AkZijsknt + ZZ)\kantijs < WtZijsijs
k=1n=1 k=1n=1
k>i k<i
(t:1727"'78)3 (44)
M S
Zzaizi]’sijs <A;(j=12,---,N), (45)
i=1 s=1
M N
ZZ)\izijsijs <ps(s=1,2,---,9), (46)
i=1 j=1
ngijsknt < 1 (Zak: 1127"' 7M;j7n: 1127"' aN)a
(Sat:172a"'75;k>i)’ (47)
OSZ’LJS’LJS < 1 (’L: 1727"' 7M7.]: 1727"' 7N)7
(521727"'78)5 (48)
(iak:172a"' 7M;j7n: 1127"' 7N)a
(5,6 =1,2,---, Sk >14). (49)

Note in Eq.(42) that within each of the M x N x S man-
ifestations of P;;s(p, p’,) there exists a 3-dimensional
matrix of size (M — 1) x N x S whose elements are
C = (Cijsknt — pijsk — Phny;)- These elements can be
shown to be the cost coefficients of a modified objective
function. Each of these elements is multiplied by a cor-
responding variable z;;skn: of the RLT1 formulation in
expressions (27) through (35). This 3-dimensional mod-
ified cost matrix of size (M — 1) x N x S is consid-
ered a submatrix of a much larger 6-dimensional ma-
trix. When we use the term submatriz below, it is un-
derstood to be one of these 3-dimensional modified cost
matrices.

Observe that in Eq.42, if the multipliers p and p’ are
positive quantities, then these amounts are subtracted
from k-planes within the 3-dimensional modified cost
submatrices and added to the corresponding linear cost
element C;j;. In [23] and in [26] similar operations of
this nature are referred to as Class 1 operations. Ob-
serve next in Eq.41 and Eq.42 that, if the multipliers
are also positive quantities, then those amounts are sub-
tracted from i-planes within the 3-dimensional matrix
of modified linear costs {C;;s} and added to the value
of §(p, p’,7). In the above references, these latter oper-
ations are referred to as Class 2 operations. It can be
shown that Class 1 operations (i.e., the choice of values
of multipliers p and p’) have the property that the cost of
all assignment {z;;, y;s } for the modified objective func-
tion are the same as they would be for the original ob-
jective function. It can be shown that Class 2 operations
(i.e., the choice of values of multipliers v) will change
the cost of all assignments {x;;, ;s } in such a way that
all assignment costs are shifted by an identical amount,
thus preserving their order with respect to cost. This is
explained in Chapter 5 of [64].
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4.4 Dual Ascent Lower Bound Calculation

Our RLT1 Dual Ascent Procedure algorithm is based on
the concept that constant amounts are subtracted from
the k-planes of each and every 3-dimensional modified
cost coefficient submatrix {Cjjskn:} and added to the
corresponding linear cost element C; ;5 of the submatrix
(Class 1 operations). Then, constant amounts are sub-
tracted from the i-planes of the modified linear cost ma-
trix {Cy;s} and added to 0(p, p’, ), which comprises a
lower bound value (Class 2 operations). These are the
steps:

Step 1: For each of the M x N x S 3-dimensional modi-
fied cost submatrices, first collect into the subma-
trix those costs corresponding to complementary
variables z;jsknt and zpntijs. Then, within the sub-
matrix, subtract the minimum modified cost from
each k-plane and add it to the corresponding lin-
ear cost element. Adding complementary costs first
assures the largest possible transfer of quadratic to
linear costs.

Step 2: After Step 1 has been done for all the submatri-
ces, subtract the minimum cost from each i-plane of
the linear cost matrix and add it to a reduction con-
stant which constitutes a lower bound to the prob-
lem. If the resulting pattern of zeros satisfies the
problem constraints, the procedure terminates with
an optimum solution to the problem. If not, con-
tinue to Step 3. Stop if the bound increase is poor.

Step 3: Scan the matrix of modified linear costs for pos-
itive elements. Record locations of the non-positive
(i.e., zero) linear costs as this information will be
needed in Step 4. Divide each positive linear cost
element into M — 1 approximately equal parts and
add each part to a different (non linear-cost) k-
plane of its submatrix. Positive linear costs are di-
vided into M — 1 approximately equal parts as fol-
lows: First of all, one must understand that it is es-
sential that round-off errors must never be allowed
in manipulating the C matrix. Thus, the C matrix
in our algorithm is always integer. So, to divide the
linear cost into M — 1 almost equal parts, we divide
by M — 1 and round that down to the nearest inte-
ger. That provides M — 2 equal parts. We then add
those parts up and subtract from to get the remain-
ing part. The motivation here is that by replacing
costs into submatrices, there is a new opportunity
to make those linear costs which had low or zero
values after Step 2 larger, permitting even more
cost to be eventually moved to the lower bound.
Step 3 leaves the cost matrix C dramatically rear-
ranged. Because of this rearrangement, the process
can be repeated, i.e., additional costs can be sub-
tracted from within submatrices and moved to the
linear cost element. The result is an iterative proce-
dure that produces growth in the lower bound with
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each round. This growth, while significant, dimin-
ishes with each round, so at some point it does not
pay to continue the process.

Step 4: Repeat Step 1, except this time be sure to do the
collection of complementary costs and subtractions
first for those submatrices whose linear costs were
zero prior to Step 3. Go to Step 2.

The collecting of complementary costs prior to
solving each submatrix is explained by the substitution
of variables that eliminated constraints (21) in G3RLT.
Step 1 and Step 4 are fully explained by formulation
LD1. Since Step 3 is comprised only of Class 1 opera-
tions, therefore, it is also consistent. Step 2 is clarified
by formulation LD2 which constitutes both Class 1 and
Class 2 operations, as are all four steps of the level-1
dual ascent procedure.

Equality constraints (28), (29) and (32) were dual-
ized and dealt with appropriately in the construction
of the dual ascent procedure. The resource constraints
(30), (31), (33) and (34) must be enforced in other ways.
For the most part, this is done by calculating dual as-
cent procedure lower bounds on only those assignments
that satisfy those four sets of constraints. However, a
method similar to that described in Section 3.3 of [26]
was implemented that improves the dual ascent proce-
dure bound value, by taking into account the resource
constraints. In this method, constraints (30) and (31) are
enforced during the RLT1 lower bound calculation by
raising to a very high cost value those submatrix ele-
ments whose selection would violate these two sets of
constraints. Thus, it is possible to improve the lower
bound beyond that available if only the equality con-
straints (28), (29) and (32) were enforced. We refer you
to Section 5.4.3 of [64] for a more detailed explanation.

4.5 Advantages of the RLT1 dual ascent procedure

The RLT1 dual ascent procedure has a number of valu-
able properties that makes it ideal for use in a branch-
and-bound algorithm for solving the GQ3AP.

1. The RLT1 dual ascent procedure is still one of the
best among competing lower bounding techniques
for the QAP, as demonstrated from experimental
results, see Table 2 of [42] and Drezner et al. [16].
Moreover, it is the only method that is able to solve
the GQAP of any size, see [26].

. Similar to a number of other lower bounding tech-
niques, the RLT1 dual ascent procedure generates
a series of non-decreasing lower bounds for the
GQ3AP. More importantly, with each such lower
bound, it modifies the GQ3AP objective function
so that a new GQ3AP is generated whose feasible
solution set is identical to that of the original and
whose objective function values are merely less-
ened by the amount of the lower bound.
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3. The dual ascent procedure for a given partial as-
sighment can be stopped as soon as the lower
bound on the assumed partial assignment exceeds
an upper bound on the original problem. It can also
be stopped, in favor of making an additional partial
assignment, when it becomes obvious that from its
slow progress it is unlikely to ever reach the upper
bound.

. In a branch-and-bound algorithm, fathoming deci-
sions can easily be recorded by arbitrarily increas-
ing the costs of those elements in the cost matrix
that correspond to partial assignments which have
been eliminated as possibly being optimum. This
modifies the GQ3AP, but is assured to fully enu-
merate all feasible solutions of the original prob-
lem.

4.6 The RLT1 dual ascent procedure in branch-and-bound

The RLT1 dual ascent procedure is utilized within a
branch-and-bound algorithm as the auxiliary procedure
for computing lower bounds. This method is similar to
the branch-and-bound algorithm for the GQAP in [26],
since the GQ3AP tree search must be limited to only
those assignments that meet the resource constraints.

Branching follows the conventional technique of se-
lecting a single 3-dimensional i — j — s assignment at
the first (highest) level, as well as at subsequent lev-
els of partial assignment. In order to implement this
selection, a linear cost is chosen to be involved in the
3-dimensional assignment. Based on the selection of
linear cost Cjj,, the 3-dimensional submatrix Cijs is in-
volved in the assignment. The remaining submatrices
of cost matrix C whose i-plane containing submatrix
C;js disappear (as they cannot be involved in the assign-
ment) and the problem is thus reduced to a GQ3AP of
size (M — 1) x N x S. It turns out that one k-plane like-
wise disappears from each submatrix of the remainders
in the cost matrix C, which make the submatrices to be
(M —1) x N x Sinsize.

It is the application of the RLT1 dual ascent procedure
lower bounding calculation on the (M —1) x N x S size
problem that attempts to fathom a partial assignment
postulated by the selection of linear cost C;j,. By fath-
oming, we calculate a lower bound and test it against
the best-known upper bound. If the best-known upper
bound is exceeded, the partial assignment is eliminated
from the problem.

Recall in the previous sections, the dual ascent pro-
cedure moves costs out of the C matrix into a lower
bound value, leaving a modified matrix C’. For subse-
quent branch-and-bound operations along a given par-
tial assignment path, the strategy is to take advantage of
this fact and to use this reduced cost matrix C’ for set-
ting up subsequent subproblems deeper into the tree.
Thus, lower bounds are calculated not from the original
problem, but from the subproblems that the RLT1 dual
ascent procedure already processed at earlier (higher)
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levels of partial assignment. Using the modified ma-
trix C’ rather than the original matrix C has the addi-
tional benefit that the problem is brought closer to dual
solution, making it more likely that better feasible so-
lutions will be found or that lower bounds will exceed
upper bounds, thus cutting off a branch. The choice of
the number of dual iterations at a given partial assign-
ment is a dynamic decision, based on the progress of the
lower bound achieved after a fixed number of iterations.
If after a small number of iterations at the current partial
assignment, sufficient progress is not reached, the lower
bounding attempt stops and the algorithm proceeds to
make an additional assignment.

Tree search is depth-first and based on single i — j — s
assignment. The order in which i assignments are
made is very important and has profound influence on
branch-and-bound runtime. Levels in the search tree
are defined by how many partial assignments are made.
The root is where no partial assignments have been
made and is considered level 0. A single partial assign-
ment is considered level 1, etc. Since the tree search in-
volves one-to-one-to-one 3-dimensional assignments, at
each level of the tree it is necessary only to examine a
given i and its assignments to all possible (i.c., feasible)
j’sand s's.

In the GQ3AP, more than one i can reside at a given j-
s pair. Therefore, we have to exhaust all possible j’s and
s’s at a given level, before we can determine if a better
solution exists or if a branch of the tree at that level can
be cut off. The exception to this rule is that no further
consideration need be given to evaluating assignments
if the resource constraints tell us that the locations can
accept no further assignments.

The search strategy for selecting the next node is a
simple depth-first strategy. If fathoming a given node
is unsuccessful, we make an additional partial assign-
ment, thus increasing the depth into the tree. If a node
has been fathomed successfully, the next available node
is selected. Partial assignments at a given level are se-
lected according to a set of look-ahead bounding calcu-
lations that essentially determine the difficulty of elim-
inating the branch containing that assignment. Assign-
ments selected in the order of decreasing difficulty are
made when it is desired to find attractive feasible solu-
tions to replace the upper bound, early in the search.

When the algorithm accumulates sufficient fathom-
ing information, permanent decisions can be made on
the assignment matrix that certain elements of the as-
signment matrix ¥ = [yijsknt] are zero. These are
recorded in the modified cost matrix C’ by setting the
corresponding element costs to be a very large value
GREAT. This effectively bars the decided-zero elements
from inclusion in a level-1 RLT dual ascent procedure
solution, and focuses the reduction efforts on those el-
ements still eligible for consideration. The communi-
cation of permanent decisions generally permits addi-
tional cost to be extracted from the matrix, resulting in
an improved lower bound.
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Our branch-and-bound code for the GQ3AP was de-
veloped in FORTRAN 77, using the techniques devel-
oped previously for the branch-and-bound algorithms
for the Q3AP and the GQAP. Results of our experi-
ments, using the RLT-1 branch-and-bound code, are
presented in the next section.

5 EXPERIMENTAL RESULTS

In this part of the paper, we present the algorithmic re-
sults for a set of problem instances with varying number
of departments (M), floors (IV), stairwells (5), and evac-
uation population flow characteristics.

5.1 Preliminaries

Figure 3 illustrates the general arrangement of the stair-
wells which represents the circulation topology of the
evacuation process. We varied the number of stories in
these experiments from seven to eight and the number
of departments from ten to thirteen and the number of
stairwells from two to three. Figure 4 shows a typical fa-
cility section configuration for the stairwells and stories
and evacuation target at the ground level. For the first
example, it is assumed that the occupants of the seven-
story building comprise ten different departments and
that there are two stairwells strategically located that
can be accessed on every floor. In the eight story build-
ing, there are either two or three strategically located
stairwells that can be accessed on every floor.

In the first version of this paper, several reviewers rec-
ognized the fact that we had examined only the situa-
tion where the entire departments were wholly assigned
to single stairwells. Our choice of examples was unfor-
tunate, since our model is not restricted to this situa-
tion. With precisely the same model, one can subdivide
departments, so that their subdivisions can be assigned
independently to stairwells. If desired, flow values can
be chosen so that sub-departments will always be as-
signed to a single floor. Though, the model is general
enough to allow sub-departments to be located one over
another on different floors. We have therefore added
experiments to show the simplicity and effectiveness of
such an approach. In a real situation, the choice of how
to subdivide departments and how to avoid spreading
them too much would be a subject for future research.

A typical set of flows for the ten departments are
given in the flow matrix F'.

- 10 0 3 0 5 4 5 5 2
- 5 4 5 0 0 0 4 4
-1 0 3 4 7 4 7
4 6 10 3 0 2
- 5 3 8 7 2
F= 7T 8 3 9
-9 1 0
- 3 3
9
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150 feet

Typical Floor Plan

Figure 3: Multi-Story Plan

Typical Section

Figure 4: Multi-Story Facility

Flow Matrix

We assume the following area requirements [a;] for
the ten departments.

[a] =7.5(2,1,1,2,2,1,1,2,1,1)

Area Reqts. (sq units)

For the purpose of our test examples, we assume the
following distances between floors.

djn, = lj — nl

Distance (flow cost) Between Floors

This choice is just a convenience for testing our exact
solution algorithm. In practice, the distance or flow cost
can be whatever makes sense for the structure being op-
timized. In a realistic situation, flow costs between dis-
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tant points a given floor may be larger than those be-
tween locations that are ‘one on top of the other” on ad-
jacent floors. As mentioned in §3.3, one can divide each
floor into smaller pieces (called compartments) and let
the matrix [d;,] represent travel distances between com-
partments, whether they are on the same floor or not. In

wothis way, the topology/geometry of the location prob-

lem of a single floor is taken into account.
We assume the following evacuation flows [);] for the
ten departments.

100
50
40

120

100
65
70

150
50
70

Evac. Flows (people/min)

We assume the following floor-to-exit distances [e;,]
for the two departments.

ejs] =

DT W= O
S Ot OtWwWw N~ O

Floor-to-exit dist. (stories)

In practical cases, it would be unusual for the floor-
to-exit distances to be the same for different stairwells.
We chose to make them identical for debugging pur-
poses. When this is done, [ej,] is replaced by [e;] and
the model decomposes into two independent problems
involving [z] decisions and [y] decisions. This made it
possible for us to check all but one of our GQ3AP results
using the tried and proven GQAP code. Making floor-
to-exit distances equal, did not change the problem dif-
ficulty, nor did it in any way invalidate the test results
or lessen their significance. In one experiment we made
sure that the floor-to-exit distances from each floor were
different for the two stairwells in that building. The re-
sults confirm that problem difficulty is essentially the
same for the similar experiment in which the floor-to-
exit distances are equal.

To complete the constraints for the ten departments,
seven story, two stairwell example, we set the floor
space on each floor to be 15 units of area, correspond-
ing to 15,000 sq.ft.. We consider two values of stairwell
capacity, the first is “oversize” at 1400 occupants/minute
and the second results in ‘balanced’ stairwell utilization,
at 500 occupants per minute.
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From our numerical experiments, the values of \;
play an important role in the final outcomes. ); is de-
fined as the Poisson arrival rate of persons in the evacu-
ation from department i. Besides being the restricted
parameter for the stairwell capacity constraints, \; in
the objective function is the measurement of how im-
portant escape costs are compared to everyday inter-
department travel costs. With larger \; values, the
MSAP design puts more weight on the evacuation cost,
which makes the runtime longer. In the results reported
in the following section, we have chosen three different
orders of magnitude of the [\;] vector. The first choice is
that the \; are all between 40 — 150, resulting in a hard
problem instance. The second choice is that the ); are all
between 4 — 15, resulting in a medium-hard problem in-
stance and the third choice is that the \; are all between
0.4 and 1.5, resulting in an easy problem instance.

5.2 Department Subdivision

As mentioned earlier, our ten and thirteen department
problem instances were hampered by the restriction
that each department was wholly assigned to a single
stairwell. While this situation might prove useful in
some circumstances, it is not the only way in which our
model might be used. We can artificially or justifiably
subdivide departments into pieces that can each be as-
signed separately to individual stairwells. In order to
assure that all the pieces end up on the same floor, it
is simply a matter of adjusting the flow matrix to have
an artificially large value of flow between pieces of the
same department. Of course, if data were available re-
garding flows between sub-departments, these could
then serve a more useful purpose. Two more problem
instances were therefore generated from the 10 depart-
ment, 7 floor, 2 stairwell example. In the first of these,
the larger departments were divided into two pieces
each. This resulted in 14 entities that have to be as-
signed to seven floors and to two stairwells. In the sec-
ond of these, the larger departments were divided into
four pieces each and the smaller departments into two
pieces each. This resulted in 28 entities that have to be
assigned to seven floors and to two stairwells. For the
newly generated 14 entity, 7 floor, 2 stairwell problem
instance, the flow matrix is given by:
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Sub-department Flow Matrix

We assume the following area requirements [a;] for
the fourteen entities (departments or sub-departments).

[a;] =7.5(1,1,1,1,1,1,1,1,1,1,1,1,1,1)
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Sub-Department Area Reqts. (sq units)

We assume the following evacuation flows [);] for the
fourteen entities.
50
50
50
40
60
60
50
50
65
70
75
75
50
70

Sub-department Evac. Flows (people/min)

5.3 Results

Table 1 presents the branch-and-bound algorithm re-
sults for a small series of experiments. The first three
experiments in this table refer to the seven story build-
ing, ten department, two stairwell examples described
above. In the second experiment, the capacities of the
stairwells are constrained to balance stairwell utiliza-
tion. In the third experiment, in addition to balanc-
ing stairwell utilization, the large departments are cut
in half and the fourteen entities (sub-departments and
small departments) are handled as fourteen separate en-
tities. The experiments in Table 1 were performed on
a a single 740 MHz cpu of a Sun V880 server, a single
1.6 GHz cpu of a Sun Ultra 45 workstation or a single
770 MHz processor of a Dell 7150 server. Column one
of the Table gives the number of entities to be assigned
M € {10,13,14}, the number of floors N € {7,8} and
the number of stairwells S € {2,3}. Column two gives
the stairwell capacities ("oversize” or constrained for
"balanced” utilization). In the case of the fourth row ex-
periment, the entry in column 2 explains that the third
row experiment has been repeated, this time with an e-
matrix whose entries entries reflect a situation where es-
cape distances from the each floor are different depend-
ing upon which stairwell is used. The important differ-
ence in the branch-and-bound search results is that there
are far fewer optimum solutions. However, all the per-
formance measures for this experiment (runtime, num-
ber of nodes and time to find the first optimum) are sim-
ilar to those of the experiment of the third row. Column
three gives the OF-ratio. This is the average magnitude
of the \;ejs term in the objective function to the aver-
age magnitude of the f;,d;, term. The meaning of this
ratio is discussed in §3.3 of this paper. Column four con-
tains the root bound for the different problem instances.
Column five gives the optimum objective function value
of each example. The number of optima found in the
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M,N,S | Stair Cap. | OF-ratio | Rootbound | Optimum | # optima #Nodes | NormTime | Time to opt.
10,7,2 | oversize 52.3 512.59 2,582 530 1,116,546 2,316 522
10,7,2 | balanced 52.3 512.59 2,582 435 809,719 2,497 560
14,7,2 | balanced 23.8 0.00 2,582 9,168 | 192,519,143 417,651 3,294
14,7,2 | ejs # ejj 25.8 0.00 2,793.5 294 | 215,342,567 509,271 3,893
13,8,2 | oversize 0.7 88.65 380.2 288 10,463,230 22,014 1,445
13,8,2 | oversize 7.59 130.65 689.5 512 | 20,284,374 68,543 37,037
13,8,2 | balanced 7.59 130.67 689.5 1,086 19,140,059 47,640 25,192
13,8,3 | oversize 0.75 107.45 351.05 19,683 1,062,543 14,066 5,037
13,8,3 | oversize 7.51 159.00 630.5 48,493 14,107,944 111,699 4,876
13,8,3 | balanced 7.51 158.42 630.5 14,772 7,568,612 88,218 38,988
13,8,3 | balanced 75.14 538.79 3,086 11,640 | 141,585,318 745,079 9,165

Table 1: B&B Exact Algorithm Results

branch- and-bound search is given in column six. Col-
umn seven gives the number of nodes (partial assign-
ments) evaluated in the search. Column eight gives the
total runtime in seconds, normalized to the speed of the
1.6 GHz Ultra 45 processor, and column nine gives the
run time in seconds to find the first optimum solution.

Table 2 presents typical stairwell assignments found
for the four different experiments that refer to the seven
story building, ten department, two stairwell examples,
three of which are listed in Table 1 and thus produced
optimal assignments. In the first experiment, wherein
no departments were subdivided and stairwells were
oversized, all departments were assigned to stairwell
No. 1. In this model, the evacuation flows added up to
815, but the stairwell capacities were so large (1400 for
each stairwell) that each stairwell could accept the en-
tire evacuation flow. The capacity constraints ( 4) should
have evened the flow, but with such a large capacity, it
was as if the constraints did not exist. The second ex-
periment, wherein stairwell capacities were lowered to
500 each, partially balanced the stairwell flows (475 on
stairwell No. 1 and 340 on stairwell No. 2). The third ex-
periment, wherein the large departments were divided
in twos, did a poorer job of balancing (325 on stairwell
No. 1 and 490 on stairwell No. 2). The fourth exper-
iment, wherein large departments were subdivided in
twos and small departments divided in fours, was not
completed due to lack of time, but produced assign-
ments within 4.2 percent of optimum. Considering the
small subdivisions of the 28, 7, 2 model, this fourth ex-
periment is expected to give the most accurate estimates
of how stairwell stairwells should be assigned. The bal-
ance achieved was 458 on stairwell No. 1 and 357 on
stairwell No. 2.

Figure 5 illustrates the performance of the algorithm
as a function of time for selected problem instances. The
graph depicts the value of feasible solutions as they are
encountered over time during the branch-and-bound
search process. The vertical axis is the objective function
value of each feasible solution encountered, normal-
ized to the optimum objective function value of the four
problem instances, where 1.0 represents the optimum
value. The horizontal axis is the branch-and-bound run-
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time, normalized so that the first optimum solution of
each instance is reached at time 1.0. The graph demon-
strates that the algorithm encounters very good quality
feasible solutions early in the branch-and-bound search
process. Furthermore, the optimal solution is usually
reached early in the branch-and-bound search, thus in-
dicating the potential heuristic value of the B&B algo-
rithm for generating good solutions quickly. While a
performance guarantee of such a heuristic is not avail-
able, it still represents a viable approach, since search
time for a good solution would be small in comparison
to the total running time for the algorithm.

6 OPEN QUESTIONS, FUTURE WORK, SUMMARY AND
CONCLUSIONS

There are a number of open questions and future di-
rections generated by this research. The first questions
concerns the development of an heuristic approach over
and above the one offered by the use of a cutoff-time
period with the optimal seeking algorithm. The other
questions concern improvements to the algorithm.

6.1 Heuristic algorithms for the MSAP

Heuristics and metaheuristics have been designed to
address hard optimization problems. The quality of
the solutions is generally very good and often optimal.
These methods are also the best way to provide feasi-
ble solutions in large industrial problems with tight con-
straints. Moreover, such solutions become starting up-
per bounds for exact methods.

Metaheuristics are characterized by the definition of a
priori strategies adapted to the problem structure. Sev-
eral of these techniques are based on some form of simu-
lation of a natural process, studied within another field
of knowledge. The success of GQAP and Q3AP meta-
heuristics motivates the adaptation of those methods
for the MSAP. Our first approach will be to combine
the Simulated Annealing (SA) algorithms that were suc-
cessful on the Q3AP and GQAP.

A common component of metaheuristics for the as-
signment problems is the “move” from a known so-
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10,7,2 10,7,2 14,72 | 28,72
Dept. | oversize | balance | balance | balance
1 1 1 121 11,12
2 1 1 1 2,2
3 1 1 1 2,1
4 1 2 22| 11,11
5 1 2 22| 2222
6 1 1 1 1,2
7 1 1 1 1,2
8 1 1 22| 1111
9 1 2 1 2,1
10 1 2 2 2,2

Table 2: Stairwell Assignments for four models of 10 Dept., 7 Story, 2 Staircase Problem

MSAP Algorithm Normalized Runtimes
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Figure 5: Algorithm solution graph

lution to another nearby solution. As part of the de-
sign process, in order to improve the speed of a Q3AP
heuristic search, Kim [32] developed a new evaluation
procedure for the cost implication of a move. In many
ways, the GQ3AP heuristic algorithm Simulated An-
nealing would not require significant change from its
GQAP counterpart. It merely requires that we combine
that algorithm with the Q3AP procedure for evaluating
the cost of a move.

6.2 Algorithm Improvements

It is evident from Table 1 that the growth in runtime
with the number of floors in the building is a severe lim-
itation to the usefulness of our exact solution method.
Witness that for the most difficult problem instance, the
runtime on a Sun Workstation computer is almost four
weeks. The GQ3AP is a very difficult problem. Clearly,
the quality of lower bounds is a critical factor in deter-
mining the runtime. We plan to investigate a number
of methods for improving the tightness of the subprob-
lem lower bounds and for improving the quality of the
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branching strategy. The current branching strategy is
based on previously successful strategies developed for
the QAP (see [24]). The search space for the GQ3AP
is quite different from that of the QAP and thus new
branching strategies need to be developed for this more
difficult environment. We have learned quite a bit from
the experiments directed to balance the flows of evac-
uees from the building on the various escape routes (i.e.,
stairwells). This experience teaches us that more work
needs to be done to better deal with this important is-
sue. Finally, the existence of large numbers of multiple
optima lends a great deal of ambiguity to the results.
There is a need to develop a post-optimization process
that would sift through the various optimum solutions
and bring forward for consideration only those solu-
tions that merit further consideration.

6.3 Summary and Conclusions

This paper has presented an innovative formulation of
the Multi-Story Assignment Problem (MSAP), that not
only assigns unequal area departments to the differ-
ent floors of the facility, but also accounts for the evac-
uation of the occupants. Besides the detailed math-
ematical development of the formulation and its an-
cestral evolution from quadratic assignment problems
(QAP), a detailed branch-and-bound procedure based
upon an RLT1 dual ascent procedure has been pre-
sented. The effective implementation of the algorithm
was also demonstrated on a number of test problems.
While the run times of the algorithm are exponential in
the problem size, the effectiveness of the algorithm for
achieving good solutions quickly was also shown. Allin
all, the paper describes a new type of quadratic assign-
ment problem and provides an exact solution method
and experimental results for this new problem type.
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