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Abstract:  Applying a fundamental result from linear programming theory, we identify a novel dual relationship between extreme semipositive conservation relations (ESCR) and production capabilities of a 
metabolic network under a given nutrient media. We exploit this relationship in an algorithm that systematically enumerates all minimal nutrient sets that render an objective species weakly producible (i.e. 
producible in the absence of irreversibility constraints) through a simple traversal of ESCR.  We apply our results to a recent genome scale model of E. coli metabolism, in which we  traverse the 51 anhydrous 
ESCR of the metabolic network to determine all 928 minimal aqueous nutrient media that render biomass weakly producible.  We find 287 of these 928 species sets to be feasible as nutrients for 
biomass in the presence of irreversibility constraints.  We also find that an additional 365 of these nutrient media render biomass producible in the presence of oxygen.
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Dynamic equation of metabolic network 
in nutrient media U:

Quasi-steady state:

(1)

(2)

Producibility of species i  under nutrient 
media U [2]:

Weak producibility of species i under 
nutrient media U

Producibility in absence of irreversibility 
constraints (i.e.  setting               in Eq. 
2)

Vector of m
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Theorem 1: A species i is weakly producible in a nutrient media U
if and only if every i-containing ESCR contains a species 
from U.

Cone of semipositive conservation relations of S

Extreme semipositive conservation relations 
(ESCR) of S [1]

Corollary 1: A species i is weakly producible in a W-containing nutrient 
media U if and only if every i-containing, non-W-containing 
ESCR contains a species from U  (where W       U ).

Theoretical results

Algorithm
Objective:  Determine all minimal weak (W-containing) nutrient sets U for a set 
of “objective” species J.   A species set U is a weak nutrient set for J if every
species in J is weakly producible under U.  Such a set is minimal if none of its 
(W-containing) subsets render every species in J weakly producible.  

Schematic:   Let E be the collection of J-containing (non-W containing) ESCR of 
S.  According to the theorem to the left, each minimal weak (W-containing) 
nutrient set U is a minimal set of species that contributes to every ESCR in E.
Viewing each ESCR as a subset of species, U is called a minimal hitting set for 
E.  We can thus systematically construct the collection of minimal weak (W-
containing) nutrient sets as the collection M of minimal hitting sets of E, 
computed using the following algorithm:

M = minimal_hitting_sets(E)
{  

M = {  } \\ initialize M with empty set
for each E in E

P = positive components of E
for each M in M disjoint with P
remove M from M

for each p in P
if M  does not contain subset of M {p} add M {p} to M
endfor

endfor
endfor

}
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Fig 2: Extracellular species equivalence classes
Species in each of these equivalence classes belong to the same set of biomass-containing anhydrous ESCR of E. 
coli iJR904.  According to Corollary 1, this means that they are interchangeable in any weak aqueous nutrient set for 
biomass.  Classes 1, 2 and 3 appear respectively to be species that do not share anhydrous chemical moieties with 
biomass, carbon sources, and carbon-nitrogen sources.  Note: these classes arise purely from network analysis.  

Table 1: Species abbreviations
Note: The ‘[e]’ suffix represents the extracellular compartment.

Results
• We find only 51 non-water-containing (i.e. 
anhydrous) ESCR associated with E. coli iJR904! 
• Application of Corollary 1 to these anhydrous 
ESCR accurately predicts weak producibility under 
any aqueous nutrient media.   
• Biomass-containing anhydrous ESCR induce 11 
classes of extracellular species that are equivalent 
as weak nutrients for biomass in any aqueous 
media.
• Application of the minimal hitting set algorithm to 
the set of biomass-containing anhydrous ESCR 
yields 928 minimal weak aqueous nutrient sets for 
biomass.
• 287 of these 928 sets render biomass producible 
in the context of irreversibility constraints.
• An additional 365 of these nutrient sets render 
biomass producible in the presence of oxygen.

Fig. 1: Biomass-containing anhydrous ESCR for E. coli iJR904
Sparsity patterns of 17 biomass-containing anhydrous ESCR associated with the E. coli iJR904 genome 
scale metabolic model, projected to 143 extracellular species.  Rows correspond to 11 extracellular
species equivalence classes, induced by membership in identical anhydrous biomass-containing ESCR.   
Each column represents the positive extracellular species components of an ESCR as the union of 
species equivalence classes indicated by the black squares.
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Vectors that lie on an extreme ray (i.e. an edge) of G. These are the “simplest” semipositive
conservation relations obeyed by S.  They correspond to pools of the largest chemical 
subunits conserved by all reactions in S. [1]

Model: E. coli iJR904 [4]
• 762 species (143 extracellular) involved in 932 
reactions.
• Biomass reaction consumes ~50 intracellular 
species and produces pseudo-species biomass
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Nitrateno3[e]D-Mannose 6-phosphateman6p[e]
Thiosulfatetsul[e]Nitriteno2[e]Glycerol 3-phosphateglyc3p[e]

Thiaminthm[e]NMNnmn[e]Glycerol 3-phosphateglyc3p[e]
Taurinetaur[e]ammoniumnh4[e]D-Glucose 6-phosphateg6p[e]
Sulfateso4[e]NADnad[e]L-Cysteinecys-L[e]
Phosphatepi[e]L-Methioninemet-L[e]Cob(I)alamincbl1[e]

Conclusions / Observations
• Theorem 1 generalizes the notion of “weak connectivity” in a graph to a metabolic network, which is a directed hypergraph.  
(ESCR ~ weak component, weak producibility of i under U ~ weak connectivity of i and j)
• Minimal weak nutrient sets are related to ESCR exactly as minimal cut sets are related to elementary modes [3].
• The small number of anhydrous ESCR associated with this network and large equivalence classes of species that emerge 
from these ESCR suggest that the primary functional / compositional difference between species lies in their hydration state.  
• Predictions generated by our approach are direct results of network annotation and the particular growth model. They 
suggest in vivo experiments that can further iterative model building and refinement. 
• Our approach is extensible to alternative models of growth and essentiality, including models that go “beyond biomass”. 

Biomass containing anhydrous ESCR 
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Minimal weak aqueous nutrient sets  

Fig. 3:  Minimal weak aqueous nutrient sets for biomass in E. coli iJR904 [4]
928 minimal weak  aqueous nutrient sets for biomass, expressed as conjunctions of 11 species equivalence classes.  Each 
column j represents a collection of minimal weak nutrient sets, each formed by choosing one species from each species 
equivalence class denoted by a black square in the column.  

Biochemical translation: a species i is weakly producible if and only if the 
nutrient media U supplies every moiety pool to which species i belongs


