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Abstract. Let X1, X5,..., X, be a set of random variables. Suppose
that in addition to the prior distributions of these random variables
we are also given linear constraints relating them. We ask for necessary
and sufficient conditions under which we can efficiently sample the con-
strained distributions, find constrained marginal distributions for each
of the random variables, etc. We give a tight characterization of the
conditions under which this is possible. The problem is motivated by a
number of scenarios where we have separate probabilistic inferences in
some domain, but domain knowledge allows us to relate these inferences.
When the joint prior distribution is a product distribution, the linear
constraints have to be carefully chosen and are crucial in creating the
lower bound instances. No such constraints are necessary if arbitrary
priors are allowed.
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1 Introduction

Suppose we are solving a crossword puzzle, sudoku or other grid puzzle. Looking
at the column in which a grid cell lies, we could come up with a random variable
X (with known prior distribution) that is the value in the cell. Similarly, looking
at the row in which the cell lies, we could come up with another random variable
Y for the value in the cell. Of course, these are two random variables for the
value in one cell, and hence we have the constraint X = Y. If we could come
up with a set of such random variables and constraints on them and compute
the constrained distributions on these random variables, we would go a long way
towards solving these puzzles.

More usefully, consider the following scenarios where we make related infer-
ences:

In bioinformatics we have programs that attempt to locate the starting posi-
tion of a gene along a genome. These programs typically produce a distribution
on positions. We also have programs that infer the location of other genomic
elements, such as transcription factor binding sites, and again produce distribu-
tions on the possible positions of these elements. Biological domain knowledge
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tells us something about how far apart the gene and the binding site can be, and
this can be modeled as a constraint between these random variables.

In image segmentation and processing, say of human images, the positions of
limbs, torsos, heads, etc., are identified probabilistically. Anatomical constraints
are then the linear constraints between these random variables, and determining
their constrained distributions helps localize the image more precisely.

We model these problems as follows: X7, Xo,..., X, are a given set of ran-
dom variables. We assume we know their prior joint probability distribution F'
(Later in this paper we consider the special case where the random variables
are originally independent and this joint distribution is a product distribution.)
Without loss of generality, we assume that each random variable has a support
that is a subset of [0, 1]. The linear constraints on the random variables define a
feasible region, which is a convex body K.

Thus we will study the problem of sampling vectors in the unit hypercube
[0,1]™ according to some multivariate distribution F' subject to the condition
that we want to sample only inside a convex body K. Here, F' is a multivariate
distribution of an n-dimensional random vector X = (X1,...,X,) € [0,1]™ (We
will always assume that F' is defined on the entire unit hypercube.) We seek to
answer the following question: What is the necessary and sufficient condition for
F such that the sampling can be done in polynomial time?

Model and definition. We will follow the notation in [1] in general. For every
vector & = (x1,...,2,) € [0,1]", we let F(x) denote the probability density of
x in distribution F. For every i € [n], we let F;(-) denote the marginal density
function of the " coordinate. We will let f(-) and f;(-) denote the functions
log F(-) and log F;(-).

We let K () denote the membership indicator function of the convex body
K, that is, K(x) =1 if x € K; and K (x) = 0 otherwise.

While the algorithms for sampling (e.g. [1]) only require oracle access to F'
and K, our lower bound results in this paper hold even if F(x) and K(x) are
explicitly given in closed form and can be computed in polynomial time.

Lipschitz condition. We will assume that f(x) satisfies the Lipschitz condition for
a polynomially large Lipschitz constant o, that is, | f(x) — f(z')| < a||lx — 2| -
This parameter specifies how smooth function f(-) is.

Log-concavity. Previous research showed that the log-concavity of the distri-
bution plays an important role in efficient sampling algorithms. The distri-
bution F is f-close to log-concave if for any @,y € [0,1]", and A € [0,1],
fAz+ (1 =Ny) 2 Af(x)+(1-A) f(y) - B

Problem statement. Concretely, we consider the following problem SAMPLE (¢, «v, 8):
Sample X € R™ from the constrained distribution F|x with error at most e,
where K is a convexr body and F satisfies the Lipschitz condition for Lipschitz
constant o and is B-close to log-concave. That is, sample X from some distri-

bution F, such thatVe : |[F(X =z)—F (X =z| X € K)| <.



Related work. Inspired by the work by Dyer, Frieze, and Kannan [4] that gave a
polynomial time algorithm for estimating the volume of a convex body, Apple-
gate and Kannan [1] proposed an efficient sampling algorithm based on fast con-
vergence rate of a carefully chosen random walk. More concretely, they showed
that there is an algorithm for SAMPLE (e, o, 3) that runs in O(n®a?e*?log(1))
time if K = [0,1]™. This is a polynomial-time algorithm on the unit cube if the
distribution F is O(logn)-close to log-concave and the sampling error € is at
most inverse exponentially small. Their result implicitly implies that there is a
polynomial time algorithm for general convex bodies K via a simple reduction
as follows [6]: Let dx () denote the distance between @ and the closest point in
the convex body K. Consider the smoothed membership function K, for some
large enough v (i.e. 7> a): K, (x) = ¢~74<(®) The function K, is log-concave.
So the product of functions F' and K, has the same distance from log-concavity
as F' does. Moreover, sampling with density proportional to F(x) K, (x) ap-
proximates the constrained distribution F'|x very well. Hence, we can use the
sampling algorithm by Applegate and Kannan to handle the case of general
convex bodies K via the above reduction.

There have been a series of improvements in the running time [5,8-10]. Very
recently, Chandrasekaran, Deshpande, and Vempala [3] showed that there exists
a polynomial time algorithm for sampling according to harmonic concave density
functions, a slightly broader family of functions than log-concave functions.

On the other hand, Koutis [7] proved that there is no polynomial time sam-
pling algorithm if the density function is allowed to be 2(log® n)-far from log-
concave, unless there is a 2°(") algorithm for the HAMILTONIAN PATH problem.

Our results. We close the gap between the upper and lower bounds above by
showing that there is no polynomial time algorithm for sampling from density
functions that are w(log n)-far from log-concave, unless there exists a 2°(™ algo-
rithm for 3SAT. (Section 3.1)

Next, we turn to the more restricted case where the distribution F' is a prod-
uct distribution. The study of this special case is triggered by the fact that in
many applications each random variable is the result of an independent experi-
ment or algorithm. Domain knowledge relating these random variables is applied
later. Note that if K = [0, 1]™, then we can tolerate the product distribution F' to
be O(log n)-far from log-concave on each coordinate since we can sample each co-
ordinate independently. The independence of random variables seems to provide
more power to sampling algorithms. Surprisingly, we show that in fact indepen-
dence does not help too much in the sense that for general convex bodies K,
there is no polynomial time algorithm for sampling from product distributions
that are w(lognloglogn)-far from log-concave, unless there is a 2°") algorithm
for 3SAT. (Section 3.2)

2 Warm-up: Discrete Case

It is fairly easy to show hardness if the random variables are discrete. The in-
tuitive idea is to consider a uniform distribution on the vertices of a hypercube.



These vertices represent assignments to a 3SAT instance and we will use con-
straints that enforce that each clause is satisfied (i.e. consider the linear con-
straints in the standard LP-relaxation). We also add a special variable Z that
serves as a “switch” on the constraints. More precisely, for each of the linear
constraints X; + X; + X > 1, we will convert it into X; + X; + X + 27 > 1.
Hence, when Z = 1 the constraints are “off” and any vertex of the hypercube
is feasible; but when Z = 0, the only feasible vertices correspond to satisfying
assignments. Then, computing the marginal distribution of Z is equivalent to
solving 3SAT. The details of the construction and the proof of its correctness are
deferred to the full version.

3 Continuous Case

Now we turn to the continuous case. Instead of attacking the original sampling
problem itself, we will consider the following easier problem of

INTEGRATION (6, o, 3): Compute the integral [, _p F(x)dz up to mul-
tiplicative error &, where F satisfies the Lipschitz condition for Lips-
chitz constant « and is 3-close to log-concave. That is, compute an ap-
proxzimate integral I, such that (1 +0)™" [ F(x)de < I < (1+

0) [ex Fx)da.

Proposition 1. If there is a poly-time algorithm for SAMPLE ((24€an)”,a,ﬁ),

then there is a polynomial time algorithm for INTEGRATION (€, a, 3).

Proposition 1 indicates that it suffices to show our lower bound for the prob-
lem of computing the approximate integral with an 1+ ¢ error for some constant
€. The readers are referred to [1] or the full version of this paper for the proof of
this proposition.

3.1 Correlated Distributions

In this section, we will consider the general case where the distribution F' could
be correlated. We develop the following Theorem 1 that closes the gap in the
previous results.

Theorem 1. For any 8 = w(logn), there is no polynomial time algorithm for
the problem INTEGRATION (%, 24n, B) even when K = [0,1]™, unless there exists
a 2°0") algorithm for 3SAT.

The following problem is not directly related to our problems. But we will
use it as an intermediate problem in our proofs.

GAP-#3SAT (g(n)): Decide whether a given 3SAT instance with n vari-
ables has no feasible assignment or has at least 2™ /n9™) feasible assign-
ments.



High-level sketch of our approach. Let us first consider the following overly sim-
plified approach. Divide the hypercube [0,1]™ into 2™ smaller hypercubes via
n hyperplanes x; = %, i = 1,2,...,n. Each small hypercube contains exactly
one integral point. We will hardwire a 3SAT instance with the function F as
follows: For every « € [0,1]™, let [x] denote the integral point that is in the same
small hypercube with @ (if « is on the boundary of two or more small hyper-
cubes, define [x] to be an arbitrary one of the corresponding integral points); let
F(x) = 1if [z] is a satisfying assignment for the 3SAT instance and let F'(x) =0
otherwise. It is easy to see that the integral value equals the number of satis-
fying assignments times 2% However, the function F' in this approach is highly
discontinuous and infinitely far from log-concave. Therefore, we will proceed by
considering a smoothed version of this function.

Proof (Proof of Theorem 1). In the following discussion, we assume that g(n) =
w(1) is a monotone and slowly-growing function of n. We will prove Theorem 1
via the following two lemmas.

Lemma 1. Ifthere is a poly-time algorithm for INTEGRATION (%, 206n, 6) where
B = g(n)logn, then there is a poly-time algorithm for GAP-#3SAT (g(n)).
Proof. Suppose there is a polynomial time algorithm for INTEGRATION (3—10, 26n, ﬂ)
where 8 = g(n)logn. Let T be a GAP-#3SAT (g(n)) instance with n vari-
ables Xi,...,X,. We will demonstrate how to encode I with an instance of
INTEGRATION (35, 20n, 8).

We consider an n-dimensional distribution of variables X7, ..., X,,. For any
x = (21,...,2,) € [0,1]", we let [x] = ([z]1,...,[x]n) € {0,1}" denote the
rounded version of &, such that for each 1 <1i <n, we let [z]; =1 if x; > %; let

We will let f() denote the following function:

1 1
0 it o~ folll > 5 — 5
f(x) = . 1 1
F@) =19 g(n)logn Jif o= el < 5= >
(n—1=2n|lz —[x]||)g9(n)logn , otherwise.

f (x) is a piecewise-linear function that satisfies the Lipschitz condition with
Lipschitz constant 2n g(n)log n. Further, we have that max, f(2)—min, f(x) =
g(n) log n. Therefore, for every @,y and A, we have f()\a: +(1=-Ny) > /\f(:z:) +
(1=Xf(y) —g(n)logn.

So if we let F(x) = 2/®) then F(x) is g(n)logn-close to log-concave.
Furthermore, the value of F (x) is large if @ is “close” to being integral, that
is, |z = [#]llo < 3 — %; and it is small if @ is far from being integral.

Next, we will hardwire the GAP-#3SAT (g(n)) instance I by constructing
the following distribution F' based on F. Essentially, we will “iron” the function



value to 1 for the areas that do not correspond to a satisfying assignment of I.

Fla) = {F(a:) , if [x] is a satisfying assignment for [ ;

1 , otherwise.

It is easy to verify that F(x) is also g(n)logn-close to log-concave and
log F'(x) satisfies Lipschitz condition with Lipschitz constant 2ng(n)logn =
26n. On the one hand, if I is not satisfiable, then clearly fxe[o 1 F(z)dx = 1.

On the other hand, if I has at least 2"n~9(") satisfying assignments, then
Jeetoap F@) de =14 [ gy (F(w) - 1) dr > 1+ 1) 205 (5 - 3)" =
I+ (1—-n9M) (1-2)" > 1+ 5.

The last inequality holds for sufficiently large n because 1 —n~9(™ — 1 and
(1- %)" — e~ 2 as n approaches co. By our assumption, there is an polynomial
time algorithm for the problem INTEGRATION (3—10, 2/n, ﬂ) for 8 = g(n)logn. We
can use this algorithm to distinguish these two cases because (1+ %)2 <1+ ﬁ
So we can solve GAP-#3SAT (g(n)) in polynomial time.

Lemma 2. If there is a polynomial time algorithm for GAP-#3SAT (g(n)), then
there exists a 20(/9() glgorithm for 3SAT.

Proof. The proof of this lemma relies on padding redundant variables to a 3SAT
instance. Suppose there is a polynomial time algorithm A for GAP-#3SAT (g(n)).
Let I be a 3SAT instance with n variables X1, ..., X,, and m clauses C1,...,Cy,.
We shall let I* denote the 3SAT instance with the same set of clauses and
N — n redundant variables X,,;1,..., Xy, where N = 2n/9(") We have that
#3SAT(I*) = 2N . 43Sar(I).

Hence, if T is not satisfiable, then #3SAT(I*) = 0, otherwise, the number
of feasible assignments for I* is at least #3SAT(I*) > 2N—" = 2N /No(n) >
2V /N9 ()| By our assumption, we can use algorithm A to distinguish these two
cases. The running time is POLY(N) = 20(?/9(n),

Theorem 1 follows easily from these two lemmas.

3.2 Product Distributions

The previous reduction does not apply to product distributions, unless we al-
low each of the component distributions to deviate from log-concave by w(logn).
There are two places where the previous approach heavily relies on the corre-
lation of the distributions: First, hardwiring a 3SAT instance with the function
F requires the function F' to be correlated. Second, the construction of F, the
function that simulates a discrete hypercube by taking on a large value at points
that are “close” to integral in all coordinates and a small value otherwise, is also
highly correlated. If we construct a product distribution whose total deviation
from log-concave is at most O(logn), then on average each dimension is only
O(loi ) apart from being log-concave. So the areas with only a few fractional




entries will have density that is close to that of the almost integral points, and
hence contribute too large a fraction in the integration.

On the other hand, the algorithm for efficient sampling only works if the total
deviation from log-concave is O(logn). In this section we close the gap, showing
a lower bound that matches the upper bound. More precisely, we will show the
following theorem.

Theorem 2. For any = w(log Nloglog N), there is no polynomial time al-
gorithm that solves the problem INTEGRATION (1, Bn?, ﬂ) for N-variate product
distributions subject to a convex body K, unless there exists a 2°") randomized
algorithm for 3SAT.

Main idea. To get around the first obstacle mentioned above, we will simply
encode the 3SAT instance with linear inequalities as we did in the discrete case.
The challenge is to overcome the second obstacle. The main idea is to embed an
n-dimensional hypercube into an N-dimensional hypergrid where N > n such
that any fractional point in the n-dimensional hypercube has a lot of fractional
entries in the N-dimensional hypergrid. The purpose of such an embedding is to
create a larger gap between the density of the near-integral parts and the parts
where at least one of the coordinates is far from integral for a product distri-
bution. The embedding will be in the flavor of a linear error-correcting code: In
error-correcting codes the goal is to ensure that changing one bit in the original
string will change many bits in the encoded string; in our embedding scheme,
the goal is to ensure that one fractional coordinate in the n-dimensional hyper-
cube will lead to many fractional coordinates of the embedded N dimensional
hypergrid. Indeed, the embedding scheme used in our construction is inspired
by random linear error-correcting codes. For instance, Figure 1 shows how to
embed a 2-dimensional cube into a 3-dimensional grid.

(0,L1) (1,1 (21,1 (1,0)

(0fo,1) ! 2o, 1)

! +

0,1, __ (L,d) (2

-7 -7 U (1,1)

0,0.00  (L0.0)  (2.0,0) ©0.1)

(1,J0,1)

(0,0)

(0,1)

Fig. 1. Embedding 2-dimensional cube into a 3-dimensional grid

In the following discussion, we will again assume that g(-) = w(1) is a slowly
growing monotone function. Suppose there is a polynomial time algorithm that



tolerates O(g(N)log Nloglog N) deviation from log-concavity. Then, we will
prove Theorem 2 by showing that there is a 27/9(") algorithm for 3SAT. The key
technical step in our construction will be embedding an n-dimensional hypercube
into a 2"/9(")_dimensional hypergrid. For the sake of exposition, we will omit the
Lipschitz condition in the hard instance in this paper. The Lipschitz condition
can be easily fixed by considering a smoothed version of our instance (e.g. a
piecewise linear density function).

Some notation. We let N = 2"/9(")_ Hence, we have that log N = n/g(n) and

logn = O(loglog N). We let 7 = 2R So 7N = nb". For any real number
z € R, we let [z] denote the nearest integer value to z, that is, [z] = |z] if

z—|z] < 3;and [2] = [2] otherwise. We let {z} s |z — [2]| denote the distance
between z and [z].

The basic instance. We define the basic instance II as follows. Let Z; € [0,n],
i € {0,1}", be 2™ ii.d. random variables. Here we relax the support of the
distributions from [0, 1] to [0,n] in order to simplify notation. It is clear that
such a relaxation is without loss of generality for constructing hard instances.
For each i € {0,1}", Z; follows the distribution with density: Fz(Z; = z;) = 1
if 0 < {2} < 15 and Fz(Z; = z) = c otherwise. Here ¢ = ﬁ is the
normalization factor. Hence, points that are close to integer have larger density.
By the above definition, the distribution of each Z; is logT = M%—close
to log-concave. So the joint distribution of any N of these Z;’s is 6n log n-close
to log-concave. By definition of N, we get 6nlogn = O(g(N)log N loglog N).

Fact 1 The joint distribution of any N of the Z;’s is O(g(N)log N loglog N)-
close to log-concave.

We will consider another n i.i.d. random variables X3, ..., X, € [0,1]. Each
X, follows a uniform distribution on interval [0,1], i.e. Fx(X; = x;) = 1 for any
x; € [0,1]. Let us consider the joint distribution of (Z, X) subject to:

Vi = (i1,...,1,) € {0,1}": Zizzinjl ) (1)
j=1

Note that under these constraints, the value of z is uniquely determined
by the value of . The joint density function subject to these constraints is

proportional to F(z, z) = Fx(x)Fz(z) =[licq0,1y» Fz(2i).

Properties of the basic instance. We will prove two properties of the basic in-
stance. Lemma 3 and Corollary 1 state that in the n-dimensional hypercube
defined by variables X, the density of any almost integral point is relatively

1 For the sake of exposition, we use equality constraints in our construction of the hard
instance. Strictly speaking, this integral is always 0 in N-dimensional space since it is
over a body of lower dimension. But we can easily fix this by replacing each equality
constraint such as Z; = »>"_, 4;X; by two inequality constraints Z; —>°7_, 1, X; > &
and Z; — 377 i;X; < 4 for some sufficiently small .



large. Here, almost integral points are points «’s that satisfy {x;} < n% for all
1 < 7 < n. In contrast, Lemma 4 and Corollary 2 states that the density of the
any fractional point is small. Fractional points are points x’s such that there
exists 1 < j < n such that {z;} > 1.

Lemma 3. Suppose x € [0,1]" satisfies that for any 1 < j < n, {z;} < 5.
Then, for each i € {0,1}", the corresponding {z} < .
Proof. Since {z;} < 2 for all j € [n], for any i = (i1,...,i,) € {0,1}", we have
that {z1} = {1 ij2 } < Djifije) S Tpo b = L < 4.

By Lemma 3 and the definition of Fz, we have the the following corollary.
Corollary 1. Suppose x € [0,1]|" satisfies that for any 1 < j < n, {z;} < #
Then ¥i € {0,1}" : Fz(Z; = z;) = c7. So F(x,z) = (c1)?".

Now we move to the second property.

Lemma 4. Suppose x € [0,1]" satisfies that there exists 1 < j <n, {z;} >

Then, for at least half of i € {0,1}™, the corresponding z; satisfies {z;} > %.

1
I

Proof. For any i_; € {0,1}"7 1, let i = (i_j,i; = 0) and i’ = (i_j,i; = 1). By
constraint (1), we have z;; — z; = x;. So we get that {z;} + {z;} > {z;} > %.
Hence, either {z;} > % or {2y} > . Therefore, we can pair up the variables
2;’s such that in each pair at least one variable lies in the interval [, Z]. This

8’8
finishes our proof.
By Lemma 4 and definition of the Fz, we get the following.

Corollary 2. Suppose x € [0,1]" satisfies that there exists 1 < j <mn, {x;} > i.
Then, for at least half of i € {0,1}", we have Fz(Z; = z;) = ¢ and hence
F(z,z) <" '(er)? .

The random basic sub-instance. We want to embed the n-dimensional hypercube
into an N = 2/9(")_dimensional hypergrid. So we cannot afford to use all of the
Z;’s in our hard instance construction. Instead, we will use N randomly and
independently chosen Z;’s and show that properties similar to Corollary 1 and
Corollary 2 hold with high probability.

A random basic sub-instance is constructed as follows. We will consider N

i.i.d. random variables Zl, ceey Zn each of which follows the density function F'z.
Moreover, for each 1 < k < N, we randomly choose ¢ € {0,1}" and impose a
constraint between Zk and X that is the same as the constraint between Z; and
X (See (1)), ie. 3754, X; = Zy.. The joint density function is proportional to
F(e,2) Y Fx(x)Fz(2) = DY Fz ().
Properties of the random basic sub-instance. We now show that with high proba-
bility a random basic sub-instance has some good properties: The almost integral
points have large density; the fractional points have small density. The former
can be formalized as the Lemma 5, which follows directly from Lemma 3.



Lemma 5. Suppose x € [0,1]" satisfies that for any 1 < j < n, {z;} < 5.
Then, for any 1 <1i < N, the corresponding ; satisfies that {Z;} < 1/10. Hence,
for every 1 <i < N, Fz(Z; = 2;) = cr, and F(x,2) = (er)V.

The other property is less trivial. We first state it formally as follows.

Lemma 6. With high probability, the following holds: If x € [0,1]™ satisfies
that there exists 1 < j < n such that {z;} > 4, then at least a thzrd of the Zy,

1 <k <N, satisfy {2} > 75 Hence, Fz(Zy=21) =c, F(x,2) < ¢35 (cr)% .

Proof. We divide the n-dimensional unit hypercube defined by « into M =
(4n*)™ small hypercubes with edge length ;15. Let @, ..., @™ denote the centers
of these small hypercubes. Further, we let 2',..., 2™ be the corresponding Z
variables. We say a cube is fractional if its center is fractional.

We will first show the following claim.

Claim. With high probability, for every 1 < ¢ < M such that =’ is fractional,
at least a 1 fraction of the Z{’s satisfies that {Z} > £.

Proof (Proof of Claim 3.2). Let Y} be the indicator of whether {ék} > %. Then,
by Lemma 4, each 2,‘;, 1 < k < N, satisfies that {éﬁ} > % with probability at least

half. So we have E [Y//] > § and hence E [Z,ﬁ;l Y,f} = % Furthermore, since

Y,’s are binary variables, we get that o [V}{] <1 and o {Zgzl Y,f] < VN. By
Chernoff—Héeffding bound, for all f Such that «¢ is fractional, the probability of
ng\;l Yfg < E |:Zk 1 Ye:| - 6 [Zk 1 Ye:| ls at mOStS 2 (\/7/6) /2 <<

ﬁ. So by union bound, we get that with high probability, Zk:l Yh > § for
1</< M.

Now we are ready to prove Lemma 6. We will show that if the property in
Claim 3.2 holds, then the property in Lemma 6 holds.

Suppose we break ties on the boundary of small hypercubes in a manner that
the boundary points are allocated to the most fractional hypercube adjacent to
it. Then, we can easily verify the following fact holds.

Fact 2 If a point is fractional, then it lies in a fractional small hypercube.

For any fractional point @, let 2 be the corresponding Z variables. Sup-

pose it lies in a small cube centered at ‘. Then, by Fact 2 we know x‘ is
fractional. By our assumption that the property in Claim 3.2 holds, we get
1

that at least a & fraction of the corresponding z1’s satisfies {£;} > 3. Note

that {2 — 2} < Zj 1{x x]} < ZJ L4 =1 < k. So, we get that
B} ={5 - {% -4l 25 -%=w

Therefore, with high probablhty, for every fractional point x, at least a third
of the corresponding Z;’s satisfies {2x} > 1—10. Hence, FZ(ZA;C = %) = ¢, and
F(x, 2) < c5(er)% .



Construction of the hard instance. We will consider a random basic sub-instance
such that Lemma 5 and Lemma 6 holds. By the relation between sampling and
integration, we only need to show that estimating the integral of f subject to
arbitrary convex constraint K is computationally hard, subject to our complexity
assumption. We will prove this by encoding an arbitrary 3SAT instance by adding
carefully chosen linear inequality constraints in the random basic sub-instance.

Consider any 3SAT instance with n variables. We will abuse notation by
letting X1, ..., X,, denote not only the random variables in the random basic sub-
instance but the n variables in the 3SAT instance as well. We will see that they
are indeed closely related to each other in our construction. For each constraint
Ly V Ly V L3, where Lj’s are literals of the form X; or =X, we add a linear
inequality constraint Ly + Lo + L3y > %. Here, for any literal Ly, of the form Xj,
we will replace Lj by X in this inequality constraint; and for any literal L of
the form —X;, we replace Ly by (1 — X;).

Proof outline. For this instance, we can prove that if we can estimate the integral,
then we solve the 3SAT instance. It suffices to show that the values of the integral
in these two cases are well separated. We will proceed in three steps: First, we
show that the contribution of the fractional part in the integral is relatively
small; next, we will show that any of the 2™ integral parts has contribution
comparable to that of the fractional part; finally, we will prove that an integer
part is not excluded by the above constraints if and only if it corresponds to a
feasible assignment. Therefore, the 3SAT instance is satisfiable if and only if the
integral is much larger than the contribution solely by the fractional part. This
will finish the proof of Theorem 2.

Proof (Proof of Theorem 2). Now we are ready to proof Theorem 2. Let us
proceed to the first step. We will let F and Z;, 1 < ¢ < 2", denote the set
of fractional and integer parts, that is, F = {ac €[0,1]™: 35, {z;} > %}, and
Z, ={x €[0,1]":Vj, {z;} < &, [x;] = i;} for every i(i1,...,in) € {0,1}".

2N

Lemma 7. fwe}‘ F(x)dx < ¢ (eT)5 .

we have that [ - F(x)dx < fwe}.c%(m—)%dm < fme[

s (CT)%.

0,1]77,

Now we turn to the contribution of any integer part Z;.
. N 2N

Lemma 8. For any i € {0,1}"™, we have fmeL F(x)dx > ¢35 (cT)s
Proof. We will let 7} C Z; denote the almost integral part in Z;, that is,
Iy = {x €[0,1]":Vj, {z;} < %, [z;] =i;}. By Lemma 5, we have that for
any ¢ € I}, F(x) > (cr)V = T (er)3 = 2" (er)’ . Thus, we have
fmeL- F(w)dm > meIi* F(:B)dib > fmel’;‘ n2”c% (CT)%d,’L‘ = c% (CT)%.

Finally we will prove Lemma 9 which states that any integer point subject to
the above constraints corresponds to a feasible assignment for the 3SAT instance.



Lemma 9. For any ® € K such that {x;} < 1/4 for all 1 < j < n, we have
that [z1], ..., [zn] is a feasible assignment for the 3SAT instance.

Proof. For any constraint Ly V Ly V L3, we have that Ly + Ly + Lg > 3/4. So
at least one of the Ly satisfies L, > 1/4. But {z,;} < 1/4, so the value of [z;]
will satisfies this constraint. Since this is true for any constraint, we get that
[21],...,[zy] is a feasible assignment.

As we discuss earlier, Lemma 7, Lemma 8, and Lemma 9 prove Theorem 2.

4 Conclusions and Open Problems

While we have shown that discrete distributions are hard in general, for the
discrete distributions that arise in the motivating applications in computational
biology and image processing, it looks possible to fit a log-concave continuous
distribution and use this to find the constrained distributions efficiently. On the
other hand, the discrete distributions that arise in the puzzle-solving applications
seem difficult to fit to nice continuous distributions.

We leave open the question of a deterministic construction showing the hard-
ness of sampling from product distributions whose total deviation from log-
concave is w(logn).
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