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Abstract—The dynamics of complex isothermal reactors are studied in general terms with special focus on
connections between reaction network structure and the capacity of the corresponding differential equations
to admit unstable behavior. As in some earlier work, the principal results rely on a classification of reaction
networks by means of an easily computed non-negative integer index called the deficiency. This index often
provides nontrivial information about the kind of dynamics that can be expected. Part of the previously
reported Deficiency Zero Theorem is substantially generalized by the Deficiency One Theorem. The
foundation is laid for a companion article containing a theory of multiple steady states gencrated by reaction
networks of deficiency one.
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1. INTRODUCTION

It has been known for a long time that nonisothermal
reactors with very simple chemistry can exhibit un-
stable behavior. Although detailed theoretical study of
these reactors is not entirely straightforward, the
analysis is at least made tractable by the presence of
relatively few dependent variables (temperature and
species concentrations) in the governing system of
differential equations.

Somewhat more recent has been the growing aware-
ness that isothermal reactors can also exhibit unstable
(and sometimes very wild) behavior when the underly-
ing chemistry is suitably intricate. By now there is no
shortage of experiments indicating pathological be-
havior in complex isothermal reactors, nor is there any
shortage of model studies showing how certain “play”
chemical systems (often unrealistic) can give rise to
instabilities in an isothermal setting.

It is entirely understandable that, at the outset,
theoretical studies of unstable isothermal reactors
should have focused on unrealistic chemical models
involving only two or three species. The fact is that not
much is known in general about large systems of
nonlinear differential equations in many dependent
variables, and so there is a limit to how much one can
bring from the mathematical literature directly to the
analysis of a reactor involving, say, seven or eight
species.

Nevertheless, simple model studies have their uses.
At the very least, they indicate that differential equa-
tions of the kind that arise in the description of more
realistic systems do indeed have the capacity to admit
varieties of unstable behavior observed in experiments.
More importantly, simple model studies provide clear,
well-worked examples that must be “fit” by any
comprehensive theory of isothermal reactor behavior.

But it should also be said that the uses of simple
model studies are limited. It is not immediately ap-
parent how even a comprehensive library of “small”
examples could provide much help in the study of a
realistic isothermal reactor with truly complex
chemistry.

If instabilities in real isothermal reactors arise from
complexity in the underlying chemistry, then we must
uitimately confront the fact that the differential equa-
tions describing these reactors will themselves be
complex, involving many species and many chemical
reactions. To make matters worse, the general shape of
the governing equations will change markedly as we
proceed from the study of a reactor with a given
chemistry to the study of another reactor with a very
different chemistry.

Whatever the difficulties might be, it would seem
that we must begin to understand the behavior of
complex isothermal reactors in a systematic way. If
there is an absence of incisive results appropriate for
the study of large systems of nonlinear differential
equations in general, then we have little choice but to
develop special theory tailored precisely to those
systems of differential equations that arise in the study
of complex isothermal reactors.
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This is the aim of chemical reaction network theory.
At least in rough terms, the central premise of chemical
reaction network theory might be described in the
following way: Although the governing differential
equations vary markedly from one chemical system to
another, the equations themselves are determined in a
rather precise way by the underlying network of
chemical reactions. Thus, one can hope to draw firm
connections between aspects of reaction network
structure and the variety of dynamics that might be
admitted by the corresponding system of differential
equations.

In particular, one would like results of such a theory
to satisfy two conditions: First, they should not be
inherently limited in their applicability to “small™ sys-
tems involving very few reactions among very few species
and, second, they should be useful to practicing chemists
and engineers who, while not necessarily conversant with
modern mathematics, have a need to understand complex
reactors in a systematic way.

There should be no misconception about the
questions chemical reaction network theory tries to
address.

In an initial approach to the understanding of an
isothermal laboratory reactor, say one which has
exhibited instability, a chemist or engineer usually has
very little certainty about the chemical reactions that
are actually occurring, much less about precise values
of rate constants that are associated with those reac-
tions. (The common assumption is that rate functions
are of mass action type.} Thus, in an initial attempt to
model the reactor, a presumption about the reactions
occurring might lead to the formulation of differential
equations, but parameters (rate constants) appearing in
these equations usually cannot be filled in with any
great confidence. In the absence of detailed knowledge
of the rate constants, it is reasonable to ask whether the
resulting differential equations have the capacity to
admit certain kinds of qualitative behavior (e.g. mul-
tiple steady states, unstable steady states, sustained
composition oscillations)—that is, whether there can
even exist rate constant values such that the differential
equations resulting from a presumed chemistry admit
behavior of a specified kind. In this way one can
determine whether a postulated chemistry (taken with
mass action kinetics) could, for example, even begin to
account for sustained composition oscillations or
multiple steady states that might have been observed.

Thus, a central concern of chemical reaction net-
work theory becomes the classification of reaction
networks according to the variety of dynamics (i.e. the
variety of phase portraits) the corresponding differen-
tial equations might possibly admit. When the kinetics
is presumed to be mass action, our initial concern will
not be with the detailed behavior associated with a
particular set of rate constants. Rather, we shall be
interested in knowing for a given network whether the
corresponding differential equations can, for at least
some rate constant values, admit qualitative behavior
of a specified kind. In other words, the basic object of
study, at least initially, is the reaction network itself,
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not the reaction network taken with a particular
assignment of rate constants.

This is the first in a series of articles in which we shall
try, in an informal way, to make some results in
chemical reaction network theory available to poten-
tial users of the theory. To some extent, this article will
serve as an introduction to the series. It will provide a
backdrop against which future articles can be better
understood. By far the most important results con-
tained in this article are the Deficiency Zero Theorem
and the Deficiency One Theorem. These will be found
in Section 6. Everything else here amounts either to
preparation for the theorem statements or to further
elaboration on the theorems themselves.

In Section 2 we discuss aspects of reaction network
structure; in particular, we provide some vocabulary
that will be of importance not only in this article but in
future articles as well. In Section 3 we tentatively
restrict our attention to closed homogeneous reactors.
In that context we indicate how, once a reaction
network is assigned a kinetics, the differential equa-
tions that govern the species concentrations can be
written in vectorial terms. This will provide some
“geometric” insight into the way solutions of the
equations behave. In Section 4 we broaden our dis-
cussion to include open reactors. The central idea there
is that, to a great extent, open reactors can be
accommodated within the framework established in
Section 3 for closed reactors, provided we model
contributions of feed and effluent streams by means of
certain “pseudoreactions”. By enlarging our concep-
tion of reaction networks to include such pseudoreac-
tions we can discuss both open and closed reactorsina
common mathematical setting. In Section 5 we begin
our discussion of the connections between reaction
network structure and the nature of solutions to the
corresponding differential equations. The connections
drawn in Section 5 are not very penetrating, but they
are essential precursors to the far deeper results given
in Section 6. In Section 6 we state the principal results
of this article. Section 7 gives an indication of the
problems that future articles will address.

Remark 1. A. Readers who wish to do so can proceed
directly from Section 5.2 to Section 6. In Section 6 all
passages labeled “Remark” can also be passed over. This
course of action is especially recommended for readers
who are approaching results in chemical reaction
network theory for the first time. The omitted material,
while worth knowing, is of secondary importance.

We should say at the outset that no theorem given
here is limited in its applicability to “small” reaction
networks; indeed, the theorems have the capacity to
deliver information about networks containing hun-
dreds of species and hundreds of reactions. On the
other hand, we shall frequently (but not always)
employ small networks in examples designed for
illustrative purposes, and it will sometimes happen that
in these examples the chemistry is unrealistic, perhaps
involving trimolecular reactions. It should be clearly
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understood that the examples were chosen, not out of
disdain for “real” chemistry, but rather out of a desire
to give simple, easily assimilated illustrations involving
very few species. (The need to study networks that are
inconsistent with conservation of mass is explained in
Section 4.)

Finally, we wish to call attention to a comprehensive
survey by Bruce Clarke of some results in chemical
reaction network theory (Clarke, 1980). Moreover, a
written version of a lecture by E. Beretta provides an
introduction to some interesting ideas about the
relationship between reaction network structure and
the nature of eigenvalues associated with the lineariz-
ation of the corresponding differential equations near a
steady state (Beretta, 1981).

2. SOME ASPECTS OF REACTION NETWORK STRUCTURE

Chemists sometimes assert that, strictly speaking, all
reactions should be considered reversible. This is to say
that whenever a reaction is deemed to occur, its reverse
should be deemed to occur as well, even if the
occurrence rate of the reverse reaction is very small.

For the purpose of modelling, however, one often
neglects the occurrence of reactions that are regarded
to proceed at very small rates. Our interest here is in
properties of reaction network models, be they accurate
or merely approximate descriptions of whatever
chemical systems one might wish to consider. For this
reason we shall want to study not only networks in
which each reaction is reversible but also networks
containing reactions that are regarded to be irrevers-
ible. This will complicate our discussion of reaction
network structure somewhat, but the resulting theory
will have a substantially broader range.

Our aim in this section is to provide a vocabulary
with which reaction network structure can be dis-
cussed. Some of the terms introduced here will not find
use until Section 5, but there are two reasons for
locating most of our vocabulary in one place. First,
there is a close relationship between some of the terms,
and it is advantageous to have them appear in close
proximity. Second, this section will also provide the
essential vocabulary for a companion article (Feinberg,
1988). Many of the aspects of reaction network struc-
ture discussed here were also discussed in (Feinberg,
1980), but we shall need some additional ideas as well.

Our introduction of terminology will be casual,
relying more on examples than on formal definitions.
[Formal definitions can be found in (Feinberg, 1979,
1986).7 At least at the outset our discussion will focus
on network (2.1). In that network, as in all our
examples, distinct chemical species are designated
A;,4,, ..., the way in which species are numbered
playing no substantive role.

A +A, A, A, +As=2 A,
24, > A, + A,
NN
Ag

(2.1}
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We shall use the symbol N to denote the number of
species in a network under consideration. Thus, for
network (2.1) N = 8. By R¥ we shall mean the usual
vector space of N-tuples of real numbers. The standard
basis for RY will be denoted {e;,e,, . . ., e}, where

e, =[1,0,0,...,0]
e, = [0,1,0, ...,0] (2.2)
ey=[0,0,0,...,1].

2.1. The complexes of a network

The complexes of a network are the objects that
appear before and after the reaction arrows (Horn and
Jackson, 1972). Thus the set of complexes for network
1)is {A, + Ay, Ay, Ay + As, Ag, 2A,, Ay + A, Ag).
We shall reserve the symbol n to denote the number of
distinct complexes in a network. For network (2.1)
n=7.

Given a network with N species, we shall associate
with each complex a vector in RN: Consider network
(2.1), for which N = 8. With complex A4, +A4, we
associate the vector e, +e, (=[1,1,0,...,0]) in
R®; with complex A, we associate the vector e,
(=1{0,0,1,0,...,0]); with complex A, + A; we as-
sociate the vector e, +e, ( = [0,0,0,1,1,0,0,0]); with
complex 2A4; we associate the vector 2e,
(=1[2,0,...,0]) and so on. In this way we obtain
the set of complex vectors for network (2.1).

In general, for a network with N species and n
distinct complexes we obtain a set of n complex vectors
in RY. These we shall usually designate by the symbols
¥1,¥2s - - - »¥n, the manner in which complexes are
numbered playing no essential role. We shall some-
times find it convenient to blur the distinction between
a complex and its vectorial representation so that we
can refer to “the complex y,”.

The idea of the stoichiometric coefficient of a species
within a complex should be familiar: For example, in
network (2.1) the stoichiometric coefficients of species
A, and A, in complex A; + A4, are each one, while the
stoichiometric coefficients of species A5, A,, ... ,Ag
are each zero; the stoichiometric coefficient of species
A, in complex 24, is two, while the stoichiometric
coefficients of 4,, . . . ,Ag within that complex are all
zero; and so on. We denote by y,; the stoichiometric
coefficient of species A, in the ith complex. This is just
the Lth component of the complex vector y;. It will be
understood that the stoichiometric coefficients of the
species within the various complexes are all non-
negative numbers.

Hereafter we shall write y; — y; (or the abbreviation
i — j) to indicate the reaction whereby complex y, reacts
to complex y;. Later on we shall denote the set of
reactions in a network by the symbol .

2.2. The reaction vectors for a network

Consider a reaction network with N species. With
each reaction of the network we associate a reaction
vector in RN obtained by subtracting the “reactant”
complex vector from the “product™ complex vector.
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That is, for the reaction y, —y; the corresponding
reaction vector is y; — y;.

Consider network (2.1), for which N = 8. For reac-
tion A; + A, — A, the corresponding reaction vector
in R is e;—(e; +e;)=[—1,—1,1,0,...,0]. The
vector corresponding to reaction 24, — A, + A, is e,
+e;, —2¢, =[—2,1,0,0,0,0,1,0]. The complete set of
reaction vectors for network (2.1) is displayed in (2.3).

{es—(e;+e;), e, +e,—e;5, e, +es—e;,
e; — (e, +es), es+e; —eg, e, +e,—2e,,

ez —(e; +e7), e;+e;—eg, 2¢; —eg). 2.3)
2.3. The rank of a reaction network

Recall that a set of vectors {X;,X,, . . . ,X,} in R¥ is
said to be linearly dependent if there exist numbers
®y,05, . . . ,0, Dot all zero, such that

oy Xy + 0 X+ .. 2.4

Otherwise the set {x;, ... ,X,} is said to be linearly
independent.

We shall say that a reaction network has rank s
(where s is a positive integer) if there exists a linearly
independent set of s reaction vectors for the network
and there exists no linearly independent set of s+ 1
reaction vectors. That is, the rank of a network is the
number of elements in the largest linearly independent
set of reaction vectors for the network. We shall reserve
the symbol s to denote the rank of a reaction network.

Consider, for example, network (2.1). The set of five
reaction vectors

< +ox, = 0.

{es— (e, +e,), e, +e5—e;, e — (e, +es),

(2.5)
is linearly independent, but any set of six reaction
vectors for network (2.1) is linearly dependent. Thus,

the rank of network (2.1) is five, and for it we write
s=25.

e, +e, —2e,, 2e, —eg}

Remark 2.3.A. For readers who would like a formal
procedure to determine the rank of a reaction network
we can give the following prescription: Consider a
network with N species and r reactions. The reaction
vectors for the network are N-tuples, and these can be
listed, one under another, to form an r x N matrix. The
rank of the network is then precisely the rank of this
matrix, which can be computed by standard methods in
matrix theory—for example, by using elementary row
operations to reduce the matrix to echelon form. [See
(Lang, 1986), pp. 115-122.] The formal procedure
described here for calculating the rank of a reaction
network is hardly the most efficient. Once we have a
little more language available we will be in a position to
indicate how the rank of a reaction network can be
calculated in a simpler fashion (Remark 2.4.A).

2.4. The linkage classes of a reaction network

The display shown in (2.1) is an example of what we
call a standard reaction diagram: Each complex is
written just once, and then arrows are drawn to
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indicate a “reacts to” relation in the set of complexes. A
display of this kind brings out clearly the manner in
which the various complexes are “linked” by reaction
arrows.

For example, it is evident that the diagram (2.1) is
composed of two separate “pieces”—one coritaining
the complexes {A4, + A4,, A5, A, + A5, Ag}, the other
containing the complexes {2A4,, A,+ A4, Ag}.
Disregarding the directions in which reaction arrows
point, we note that complexes in the set {4, + 4,, 4;,
A+ As, Ag} are linked to each other, however in-
directly, but not to any other complex. Similarly,
complexes in the set {2A4,, A, + A, Ag} are linked to
each other but not to any other complex. We say that
thesets {4, + A;, A5, A, + A5, A} and {2A4,, A, + A,
Ag} are the linkage classes of network (2.1). The symbol
¢ will be used to indicate the number of linkage classes in
a network; thus, for network (2.1) 7 = 2.

The number of linkage classes for a network and the
linkage classes themselves are readily determined by a
glance at the network’s standard reaction diagram. The
number of linkage classes is simply the number of
separate “pieces” of which the diagram is composed. A
linkage class is then identified with the set of complexes
appearing in one such piece.

A few more examples might be helpful. For network
(2.6) £ = 3.

A, =224, =2 A,
24; 2 A,
A+ A, = A

(2.6)

The linkage classes are {A4,, 24,, A,}, {24;, A,} and
{A, +A,, As}. For network (2.7) # = 1. The only
linkage class is {A;, A, + A3, A4}.

A, = A+ A,

N7
Ay

2.7

For network (2.8) /7 = 2. The linkage classes are {A4,,
2A4,, A3, A,, As+ Ag} and {24,, A,}.

Ay 224, > Ay = Ag+ A

Tl (2.8)
A3

24, — A,

In preparation for the next remark we emphasize
that here we regard a linkage class to be merely a set of
complexes. Although the reaction arrows in a specified
network determine its linkage classes, the linkage
classes themselves are merely sets of complexes devoid
of any arrow structure.

Remark 2.4.A. Now that we have available the idea of a
linkage class we can state a simple but useful fact, proof
of which amounts to a fairly straightforward exercise in
elementary linear algebra: Any two reaction networks
with the same complexes and the same linkage classes
also have the same rank.
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For example, networks (2.1), (2.9)and (2.10) have the
same rank since

A+ A, > Ase— A, +Ag— Ag

(2.9)
24, 2 A, + A, > Ag
Ay +Ay— Ay = Ay + A
]
A, (2.10)

24, — Ag > A, + A,

all three networks have the same complexes and all
three have the same linkage classes, {4, + 4,, 4;,
As+ A5, Ag} and {24,, A, + A,, Ag}. Thus, to de-
termine the rank of network (2.1) it suffices to determine
the rank of either of the simpler networks (2.9) or (2.10).

Note that network (2.1) contains nine reactions
while networks (2.9) and (2.10) each contain only five.
Determination of the rank of network (2.1) by the
formal procedure described in Remark 2.3.A requires
that one calculate the rank of a 9 x 8 matrix; on the
other hand, determination of the rank of network (2.9)
or of network (2.10) requires that one study a smaller
S x 8 matrix.

From the definition of the rank of a network it
follows immediately that a network’s rank cannot
exceed the number of reactions in the network. Thus,
even before we calculate the rank of network (2.1), we
can determine that its rank cannot exceed five: The
rank of network (2.1} is the same as the rank of network
(2.9), which contains only five reactions.

It should be clear from the discussion so far that the
precise nature of the reaction arrows in a network affects
the rank of the network only insofar as the reaction
arrows determine the linkage classes of the network.
Given only the complexes of a network and a specifi-
cation of how they are partitioned into linkage classes,
we can calculate the rank of the network without
knowing precisely how the complexes are joined by
reaction arrows. To do this, we need only determine the
rank of any reaction network formed from the specified
complexes, these being joined by reaction arrows in
such a way that the specified linkage classes are
obtained. If there are n complexes and ¢ linkage classes,
it is not difficult to see that a network constructed
according to these specifications need contain only n—¢
reactions, in which case its rank cannot exceed n— /.
But then the rank of the original network could not
exceed n — 7 either, no matter how many reactions that
network contained.

In this way we can see that, for any reaction network,

n—¢—s>0, (2.11)

where n is the number of complexes in the network, 7 is
the number of linkage classes in the network and s is
the rank of the network.

2.5. The deficiency of a reaction network
For each reaction network we can calculate a non-
negative integer index, J, defined by the formula

d=n—¢—s, (2.12)












































































































