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Abstract—We propose a decentralized cooperative controller ~ The strategy implemented in this paper is based on the
for a group of mobile agents. The control design is based on the yse of navigation functions. These functions were initially
navigation function formalism. The aim of the group control law designed [15] in order to steer a single point-mass robot from
is to generate a pattern or formation in a given workspace while Lo . . . o
avoiding obstacles and collisions. The desired goal is specified in almost all initial positions towar.d the qe_s"ed final position
terms of distances among the agents. We show that it is always In @ bounded workspace, while avoiding obstacles. The
possible to design a control law as the gradient of a suitably- navigation function itself is composed of two subfunctions,
defined navigation function whose minimum corresponds to the one that attracts the robot to the goal, the other that repels

desired configuration. Furthermore in certain cases, such as the robot from obstacles. Moreover, it has some parameters
when the topology of the interconnection is an acyclic graph, that can be tuned ' ’

this minimum is unique. Some simulations are shown to test . . L .
the strategy. Early implementations of navigation functions to control

groups of robots were centralized. Each robot maintained its
. INTRODUCTION own copy of the global navigation function. In this frame-

Cooperative control and multi-agent robotics is an activwork each robot required full knowledge of the environment
P Y &nd of the state of the global system.

research area both in control theory and robotics. ProblemsIn the recent literature there have been attempts to ap-
such as ﬂocking,_consensus, coverage and pattern format'i@n the same idea to “navigate” one or more robots in a
are some of the important problems that have been Stgd'}ﬁ%rkspace, by using a decentralized approach. Each work
over the pas_t few years. The goal of these problems is Makes a step toward the final complete decentralization of
develop distributed protocols and control laws that allow thﬁqe problem
reaching of complicated global goals [1]-[10]. X

In thi tudv th bl f vattern f i In [16] the proposed navigation function is decentralized
N this paper, we study the problem ot pattern 1ormalioly, v, sense that it is different for each agent: it contains only
among a group of planar agents. The formation is defin

i tion i bounded K h SHe information about the distances between this agent and
as a contiguration in-a bounded workspace, where ea_‘éﬂ the other agents and obstacles. The goal of each agent

tahgent IS ?t a deS(:;!’e:j |d|stance tb:atvy:aeq_r:ts 3e|ght()jors (I'[ﬁ'the group is to reach a specific point in the workspace,
€ agents immediately nearest to ). The desire 903l I the information about the other agents and obstacles is
specified in terms of relative distances, so the formation Calleq only for avoiding them: there is not a cooperative task

be achieved in any part of the workspace, and it can have alY achieve. In [17] a limited sensing region is considered for

orientation. The connection among the agents is dependeégch agent, but still without defining any common goal.
on their mutual distances, so it evolves over time, affecting | [18]- [’19] a limited sensing region is defined for the

the eventual solution of the problem. In the workspace ther(ﬁ)stacle avoidance, and also a common task is defined for

are also Qbstacles tlh]:elt have to bef avoided .by thi a:gent;.the agents. In fact each agent has to reach a desired formation
Fk?lrmatlﬁn cr(])ntrob ora 9;‘?“5 0 ar?er;ts |sfa challengdiNQith the others, and the formation is specified in terms of
problem that has been studied in the last few years. Thg) ;e positions and orientations. The connection among the

definition of formatiqq is speci-fied in many diffgrent. Ways_’agents is considered fixed and independent of the distances
as for example the rigid formation [11], or a desired figure '%mong them

the plane [12]. Also the problem of collision among agents |, ;g paper the last step toward the decentralization is

ﬁnd Wk;th some pdbs(;a_cles has bee_n St:d'ed; Se:(/elral igIUt;]%?gsented. For each agent we propose a navigation function
ave been provided in & cooperative framework. In [ ]_t based on the distances with all the other agents and obstacles.
.CO”'S'on problem Is solved for a group of agent.s MOVINGy g regions are defined around each agent:dhenection
in the plane, WItEI the use ?f gy;oscoplc forcefs; n [14]ha'?egion and thecollision region closer to the agent. In the
optlmlhze;tmn problem 1S solved for a grohqlp 0 UdAVS t ‘?connection region, the goal function drives the agent in
ﬁearcd or targets in a common area while avoiding othefiyer to reach the desired distances with the other connected
azardous areas. agents. In the collision region, the collision function avoids
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nections among agents influence the equilibria determined by
the navigation function.
Our analysis assumes that the group remains connected
all time. This is not necessarily guaranteed by the naviga-
tion function, but it is important to reach the desired final ‘
configuration in the workspace.
The paper is organized in as follows. In Section Il we
describe the workspace, agents and obstacles. Also, for each
agent we define the connectivity and collision regions. In
Section Il we describe the expression on the decentralized
navigation function. In Section IV we analyze the equilibria Fig- 1. Neighborhood and collision region for thieth agent.
of the navigation function. Finally, in Section V we show
some simulations to test the effectiveness of the proposed

function. 1 to the (i, j) element ofB if edge j is incoming to vertex
Il. PROBLEM FORMULATION 2,21—]1 if edge j is outgoing from vertex, and0 otherwise
The multi-agent system considered is a groupvofobile '
agents inR?, each with a first order dynamics: [1l. DECENTRALIZED NAVIGATION FUNCTION
Gi=upi=1,..,N 1 The goal for the multi-agent system is to reach a desired

formation in the workspace, specified in terms of desired
where ¢; and u; are respectively the state and the controfmutual distances among the connected agents. To solve this
input of the agent. The workspaceF is assumed circular problem, a local navigation function is defined for each
and bounded, with radiug,,, and the agents are assumedagent; [15]:
to be point masses. In the workspace there/drebstacles,

modeled as fixed points,,...pa;. The assumption that both 0iq) = k%(Q) - (4)

agents and obstacles are points is not restrictive, because it (vi(@)* + Bi(a)"/

was shown in [20] that a large class of shapes can be mappgHere:

to single points by suitable coordinate transformations. « 7i(q) : F — R,, the goal function has only one
Each agent has a limited communication capability- that is, minimum, reached when thieth agent is at the desired

it can only communicate with agents within iteighborhood distances with its neighbors;

region The neighborhood region of agemtis a circle « Bi(q): F — [0,1] is theobstacle functionand vanishes

of radius R; (communication radius) around agehtsuch when thei-th agent collides with an obstacle or with

that all the other agents inside this region are considered another agent;
“neighbors”. The set of the-th agent's neighbors is given 1 is a positive tuning parameter.

by The navigation function is used to control each agent in order

Ni & 43 # il = lla: = all < Ri}- @) 1o reach the desired final destination and avoid the obstacles.
Moreover, for each agent we definecallision region i.e. In fact the control action of thé-th agent is:
a circle of radiusd; < R; around the agent, such that any
agent or obstacle inside that radius is considered an obstacle. ui = —aVg,ilq), )
The set of obstacles of agents defined as: wherea is a positive scaling factor. Now we describe the

Cagitis|ryl < 57;}U{k 1, M g — pell < 8- expression of the goal and collision function.
_ G A ~:(q): The Goal Function
In the following we assume that all the agents have
the same communication radiu®; = R, and the same
collision radiusd; = 4, for all <. Fig. 1 shows thé-th agent

The goal functionv; is defined as the sum of pairwise
goal functionsy;;, for all the agentg different fromy:

neighborhood and collision regions. N
This multi-agent system can be represented by an undi- Yiq) = Z Yij(Gis 5 )- (6)
rected graphG = (V,&) where V is the set of nodes j=1,j#i

(agents) andf is the set of edges (connections j)). We . :

L : vi;(¢i, ¢;) is dependent on the norm of the distar|pg;||
call graphg the connectivity graphof the system. Since aﬂd on the desired final distanes:
the connections depend on the distances between agents, the

graph G varies over time. The connection between agents (%j)2 7351l < eijs
can be also represented by an incidence maftjxwhose B azl; ci; < Ilris| < R;
rows and columns are indexed by the vertices and edges 6f — | bz cz7, +dzijte * vi=

.. 2
G respectively. Given an arbitrary orientation for the graph, b(Rfcij)3%?1&22@3%1(37@,-)% ll7s5]l > R,

the incidence matrix3 is constructed by assigning the value (7




wherec;; > §, andz;; = ||r;;]| —c;;. The functiony;;(gi,q;)  (||7al| = 0), and its maximum equals t at ||| = 4, as
reaches its uniqgue minimum whéjm;;|| = c;;; otherwise it shown in Fig. 4. The coefficients of the polynomials depend
is positive and maximum (equal t when the agents are on§, and they are chosen in order to makga C? function

not connected||i;;|| > R) or when they collide|(r;;|| =0), onF.
as shown in Fig. 2. The constanisb, c,d,e are chosen

to ensure the continuity ofy;; and its first and second T
derivatives in the points;; and R. The functiony;; is twice
differentiablec C? function onF, as shown in Fig. 3. By

1

lrl

Fig. 4. Shape of the collision functiop,;(||r||), with & = 5.

° 2 * The functiong;., (¢;) is the obstacle function between the

workspace boundary anidand it is defined in a similar way:
Fig. 2. Shape of the goal function;;(||rs;(|), with ¢;; = 20 and
R = 50.

1 lgill > Ruw — 6;
prllall)  Ruw—0 <|lgll < Ry —35/4;
Biw(ai) = § prr(llail])  Ruw —36/4 < ||gil| < R —6/4;
prir(lgil]) Rw —96/4 <@ < Ruw;
0 gill > R
¥ (10)

Function 3;,, reaches its unique minimum at the collision
with the workspace ||g;|| = R.), and the maximum equal
: - . to 1 at ||¢;|| < Ry, — 6, as shown in Fig. 5. The coefficients

lrl of the polynomials depend ahandR,,,, and they are chosen
in order to make3;,, a C? function on.F.

ij

1
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Fig. 3. First (up) and Second (down) derivative of the goal function s llel =0

7i; respect tof|ri;]. . . .
Fig. 5. Shape of the collision functioff;.,(||g:||), with R, = 50

andd = 5.
B. Si(¢): The Obstacle Function

The obstacle functions;(q) is the product of pairwise
obstacle functions:

The functiony;: F — [0,1], is aC? function onF, and it
is admissible orf, i.e. it is uniformly maximum on obstacles
and workspace boundary. In order to see if it is a navigation

Bi(q) = H B (s 1) Biw (ai)- (8) function [15], we have to prove that:
lec; o it is polar at the desired formation, i.e. it is minimum
where/3;; is the obstacle function between agémind agent only if the agent; is at the desired distance among its
or obstacld, andg;,, is the obstacle function between agent ~ neighbors; S _
i and the boundary. The functigfy, is given by: » and it is a Morse function i, i.e. its critical points
are non-degenerate.
pillrall)  lrall < 8/4; We analyze these two properties in the following session.
Bulai ) = pa(llrall])  6/4 < lrall < 36/4; @ V. CRITICAL POINTS OF THE NAVIGATION FUNCTION
;(1)3(””[”) ﬁi/jﬁ i USMH <0 In this paragraph we analyze the critical points of the nav-

igation function previously defined. The navigation function
wherepy, p2 andps are third order polynomials ifw;||. The is used to control each agent to reach desired distances with
function 3;;(¢;, q;) reaches its uniqgue minimum at collisionits neighbors, but it does not guarantee the maintenance of



the connection among the controlled agent and its neighboior agent;, the equilibrium condition is:
For this reason, we assume that a minimum connection

level will be always present in the global system, without Ve =06 Y Vg =0. (17)
specifying how it is maintained. Under this assumption, we JEN;
want to see how the navigation function drives each agegf,, given the equivalenc®,,vi; = —Vg 7i; = V.. vij
toward its goal. o _ we can rewrite (17) as: '
The critical points of the navigation function (4), are
studied by analyzing the gradient of the functippn N
> Vi =0 bV, v =0, (18)

kBiVg,vi — ViV Bil,  (11) JEN; J=1

whereb,; is the entry(i, j) of the matrixB. By writing the
equilibrium expression for all the agents, we obtain:

1
Vo=
Y k(vf"Jrﬁi)l/’“[

where the gradients of the functions and 3; are:

N -
Vi = Z V4 Vijs (12) Vo712
j=1
5; Vi NN
Vabi= >, Vabig- (13) pvap| Vemoo|_g (19)
lec;Jw v
L. . . VT2N’72N
The critical points ofp; are obtained when:
tigoi =0& kﬁivqi% = yivqiﬁi. (14) _VTNfl,NFYN—l,N_
This condition is true in two different cases that we analyze The undesired equilibrium is a solution of the algebraic
below. system (19) where the unknowns are the gradi@nts;;
Casel): V,v; =0andV,,3 =0 for all the connected pairs of agents j). The number of
From V,,3; = 0 we know that thei-th agent is far from solutions of the system depends on the rank3of
the workspace boundary and the obstaclesv{fy;; = 0 Now we can show the following Proposition.

for all connected pairs ofi,j), the i-th agent is at the  Proposition 2 If the connectivity graply is a tree, then
desired distances among the neighbors. This is the desiretthe equilibrium the distances between the connected pairs
equilibrium, and we can prove that this equilibrium is aof agents are the desired values.

minimum, by evaluating the Hessian @f, as shown in the  Proof. If the connectivity graph is a tree, the number of

following proposition. unknown gradients7,, v;; is N — 1, and B € RNV -1 |t

Proposition 1 The navigation function has a non-was shown in [24] that the null space &f coincides with
degenerate minimum at the desired formation. the vector space spanned by the cycle vectors of the graph.
Proof. The Hessian ofp; is: In the case of a tree, there are no cycles in the graph; hence,

) 1 i . Wecansay th.at the null space Bfis empty.B is full rank,

Vo pi = W{(% + B)[EV 4, 8:(V 4, 7i) and the solution of the system (19) ¥,,,v;; = 0. This

- ) ) means that in the end if agents are connected and form a
ViV, Bi)" +kBiVG v =V, Bil tree, then they are at their desired distances.
1 k—1 T The above proposition suggests that one possible approach
a <k: * 1> (kG:iVqvi = 7%V, Billkyi ™ Vi + Vo, 8] } to avoid the undesired equilibria is to control the system to
always maintain a tree connection. A more general approach
should consider the dependence of the desired formation on
the connection of the system.
Case2) Vv #0, Vg, 0 #0, and kB, Vy,vi = vV, B
The first condition says that theth agent does not reach
1 the desired configuration; the second says that the agent is
Vi% =21 Z 2 Vgiﬁi =0, (16) near to one obs?acle. The equilibrium reached is not the
JEN Y desired one, but it is possible to tune the paranvetarorder
and! is the identity matrix ifR**2. The HessiaiVZ ¢; > 0,  to push this undesired equilibrium close to the obstacle. It is
so the equilibrium point is a minimum. also possible to guarantee that this kind of equilibrium is not
If Vo, = 0 but there exists a paifi,j) such that a local minimum, but only a saddle point. Two Propositions
V.7 # 0, then agent will not be at the desired distance exploit these characteristics of the navigation function.
from its neighbors. This type of equilibrium is dependent on Proposition 3 The critical points analyzed above are in
the connectivity graph of the system: in fact, we can rewrit¢he interior of the workspacé .
the equilibrium condition in terms of the incidence matix Proposition 4 It is always possible to find a lower bound
[22]- [23]. for the parametert, such that:

At the desired equilibrium, the Hessian becomes:

V2 o = kBiV2 i — Ve, Bi
W= TRk Ay

(15)

where



the collision region near the boundary, but then it enters the
same region to reach the desired distances with the others.
Fig. 13 shows the distances among the agents.

20-

VI. CONCLUSIONS

A decentralized navigation function is proposed to drive
each agent of a group toward a desired final configuration
which is expressed in terms of distances between the con-
nected agents. The formation can be reached anywhere in
the space and with any orientation. The navigation function
assures to avoid collision between the controlled agent and
the other agents and obstacles. The connection among the
agents is dependent on their mutual distance. The proposed
function has all the characteristics of a navigation function,
but it introduces some equilibria that cannot be avoided
by tuning parameters. These equilibria are related to the
Fig. 6. Motion of the agents on the plane and convergence to theonnection among the agents. Future work include the study
desired formation. of techniques that allow the system to avoid the undesired
equilibria.
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