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Synchronization in Oscillator Networks: Switching Topolegiand
Non-homogeneous Delays

Antonis Papachristodoulou and Ali Jadbabaie

Abstract—In this paper we investigate the problem Recently, synchronization has also become a sub-
of synchronization in oscillator networks when the ject of study in dynamical systems and control, in
delay inherent in such systems is taken into account. e framework of achieving leaderless coordination.

We first investigate a general Kuramoto-type model A Kev i in thi is how t hi
with heterogeneous time delays, both with a nearest €y 1ssue In this area IS how 10 achieve consensus

neighbor as well as a more general network interaction, ~ for arbitrary topologies, even when these change, a
for which we propose conditions for synchronization subject of many papers [6], [7], [8], [9]. The related
around a rotating frequency. Then, we turn our at- issue of self-ordered particle motion was investigated
tention to the problem of synchronization when the in [10], [11]

topologies are allowed to change. We show that syn- ' :

chronization is possible in the presence of delay, using The original Kuramoto formulation was related to

a common Lyapunov functional argument. a network that is ‘all-to-all’, i.e. whose interconnec-
tion topology is one of a complete graph; the case
l. INTRODUCTION of networks with arbitrary topologies was introduced

and investigated in [6]. It was observed there too,
The phenomenon ddynchronization [1] is proba-  that the system achieves synchronization for arbitrary
bly one of the most intriguing in the physical world. topologies when the oscillators are identical.
It is observed in biological oscillator networks such  Kuramoto oscillator networks is the subject of
as cardiac pacemaker cells, as well as in ecologicalthis paper, but we include a feature that has been
networks such as flashing fireflies and chorusing neglected in some of the earlier work on the subject.
crickets. Beyond these are examples from various This is the presence of time delays in the oscillator
areas of engineering: in [2] the phenomenon was jnteractions. Time delays in this framework can be
observed in semiconductor laser arrays and in [3] used to model the effect of propagation of infor-
phase locking of relativistic magnetrons was used in mation in spatially large networks. The presence of
order to increase the achievable power levels. delays makes the problem of achieving synchrony
Understanding the mechanism behind synchro- more difficult; for example in the phenomenon of
nization does not only enhance our knowledge aboutflashing fireflies, one observes that synchronization
the desire for nature to develop and maintain order js not perfect, just as in the case of a large crowd that
of some sort, but also provides us with an invaluable, s trying to sing the same song in synchrony. Previous
unique perspective for designing large-scale systemswork in this area has revealed that synchronization is
to achieve it. Perhaps the most celebrated model forpossible for specific types of topologies, for homo-
synchronization is the Kuramoto model, a system of geneous delays (i.e. identical for all interactions) and
structured ordinary differential equations, which has identical oscillators, under some specific assump-
been used to explain how synchronization is achievedtions. In this paper we will show that synchrony
in many engineering, physical and biological sys- is possible for arbitrarily connected topologies, even
tems. Details on the model and its properties can bein the presence of heterogeneous delays with non-
found in [4], [5]. identical oscillators under some assumptions.
Another aspect of the problem, which is also a
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of synchronization when switching occurs between assume thaf satisfies these conditions. Just as in the
connected topologies even if delays are included in case of Ordinary Differential Equations, we assume
the model description. without loss of generality that there is a solution to
The paper is organized as follows. In Section Il we (1) that satisfiesc* (¢t) = 0. Stability definitions for
present tools from Functional Differential Equation this steady-state can be found in [13].
(FDE) theory that will be used in the rest of this  Lyapunov theory for FDEs can be used to de-
paper, as well as some preliminaries in Algebraic termine the stability properties of the equilibrium
Graph theory. In Section Ill we present our work solutions. Lyapunov functions are functions of state;
on synchronization for a network with Kuramoto since the state itself in the case of FDEs is a function,
dynamics. In Section IV we investigate the effect that the appropriate Lyapunov certificate is a functional,
arbitrary switching between connected topologies known as alyapunov-Krasovskii functional. In par-
has on synchronization, even when delays are takerticular the following theorem is well known. Here,
into account. In Section V we present simulation by V (¢, ¢) we mean the upper right hand derivative
results for specific networks employing the various of V (¢, ¢) along the solution of (1).
control laws of section Ill. We conclude the paperin ~ Theorem 1:  [13] (Lyapunov-Krasovksii) Sup-
Section VI. posef : R x C — R™ in (1) mapsRx (bounded
sets inC') into bounded sets iR", and thatu, v, w :
R+ — RT are continuous non-decreasing functions,

The effects of time-delay in system stability and () and v(s) are positive fors > 0, andu(0) =
performance has been a subject of intense research, ) — (. If there is a continuous functiof :

in the past few years [13], [14], and examples R « ¢ — R such that:
have traditionally been coming from population dy-
namics [15], and recently from network congestion u(|¢(0)]) < V(t,9) < v(|@])
control for the Internet [16]. In the latter problem, V(t7¢) < —w(|$(0)))
conditions ensuring stability of congestion control
schemes for arbitrary topologies with delays at the then the trivial solution of (1) is uniformly stable. If
linearized level have been proposed [17]; recently w(s) > 0 for s > 0, then it is uniformly asymptoti-
these have been extended to cover the nonlinearcally stable. If, in addition]im,_, . u(s) = oo, then
case [18], [19]. it is globally uniformly asymptotically stable.
In this section we provide the theoretical basis that
will be used in the sequel, and introduce some basicB. Autonomous FDEs

Il. PRELIMINARIES

notations from algebraic graph theory. For autonomous functional differential equations,
A. General FDE Theory which take the form
Time delay systems are described by Functional i = f(xy), @)

Differential Equations. LeC([a,b],R™) denote the

Banach space of continuous functions mapping thewith f : C' — R"™ completely continuous, we
interval [a,b] to R™, with the topology of uniform  consider a continuous functiori : C' — R. In this
convergence. For a functiop € C([a,b],R"), we case, a LaSalle-type argument can be made when
define the norme| = sup, <<, |#(0)|. For anys > V is not negative definite to ensure attractivity to a
0, and any continuous functian € C([ty—a, to—b+ positively invariant set, just as in the case of Ordinary
o)) andty <t < ty+o, lety, € C be a segment af Differential Equations. For this, defing : C' — R
defined byg.(0) = ¢(t+0), 0 € [a,b]. A Functional to be a Lyapunov function on a sétin C, if V' be
Differential Equation (FDE) of retarded type takes continuous onG: (the closure ofGG) and V' < 0 on

the form G. Let

i(t) = f(t,20), (1) = (4T Vig) =0} -
where z(t) € R and f : R x ¢ — R". An largest set in S that is invariant
appropriate initial condition for such a differential = with respect to (2) (4)
equation is a functiorr,, = ¢ € C. For ac > 0, a
function z is asolution on the interval [ty — a,ty — Then we have the following theorem:
b + o] if within this interval = is continuous and Theorem 2; [13] If V is a Lyapunov function on

satisfies (1). Such a solution is known to exist and to G and z; is a bounded solution of (2) that remains
be unique locally under specific assumptions, which in G, thenz, tends toM ast — oo.
can be found in, e.g [13]. Throughout the paper we We will be using the above theorem in the sequel.
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C. Sability under arbitrary switching for systems of L are zero). The algebraic multiplicity of its zero

FDEs eigenvalue is equal to the number of connected com-
Consider now a time-delay system comprised of a Ponents in the graph. Th€-dimensional eigenvector
set of m systems of the form associated to the zero eigenvalue is the vector of

ones.
&= fi(xy), i=1,...,m (5)

) I1l. THE DELAYED KURAMOTO MODEL
We assume thdtis a common steady state for all the

above systems. The existence @bamon Lyapunov . ] . .
function ensures the stability of the above system In this section we provide the model we will be

under arbitrary switching. working with, previous results and our contribution.
Theorem 3: Supposef; : C — R™ in (5) are Consider a set ofN coupled oscillators with
completely continuous foi = 1,....m and that Phases; € [0,2x] and natural frequencies;. The
v(0) = 0 andu(s) — oo ass — oo. If there is a i € V of an underlying undirected gragh with no
continuous functio/ : C' — R such that: loops and adjacency matri.
The original Kuramoto model, proposed by Ku-
V(¢) > u(|¢(0)]) ramoto [5] in 1975 was for a complete graph (the
V(9) < —v(|9(0))) ‘all-to-all’ case), and took the form:
for all i = 1,...,m then the trivial solution of (5) . KL
is stable and every solution is bounded. Oi =wi+ Zsm (6 — 0:)
This theorem, in conjunction with the LaSalle type =1

argument of the previous subsection will be used whereK is the coupling strength between the oscil-

to prove synchronization under arbitrary switching lators, assumed to be the same. An excellent review
for a system comprised of subsystems described bypaper on the Kuramoto model and how synchroniza-
functional differential equations. tion emerges as a property of the system is [4]. The

D. Algebraic Graph Theory stability of this system when an underlying graph

structure is imposed, i.e. when it is transformed to
Throughout the paper we will be using the follow-
ing notation to capture the topology of the network
interactions. A graplz = (V, &) consists of a set
of verticesV and a set of edgeS. We denote each
vertex byv; € V fori = 1,..., N, and each edge was the subject of an earlier paper [20], where a
by e = (v;,v;) € €. All graphs in this paper are network of identical oscillators was proven stable for
undirected. lfv;, v; € V and(v;, v;) € &, thenv; and arbitrary topologies. The coupling strengkh plays
v; are neighbors. The valence of each verigxi.e. an important role when the oscillators are not the
the number of its neighbors, is denoted by The same, i.e. thev; differ — below a certain coupling
valency matrixA(G) is an N x N diagonal matrix  strength, there is no synchronization. For the case
in which the (7,7) element is the valence of vertex of non-identical oscillators, lower and upper bounds
1. If a graph is regular, then; = n andA(G) = nl on the strength of the coupling strengthto ensure
where I € RVM*N denotes the identity matrix. A synchrony were established in [20].
path of lengthr from vertexwv; to v; is a sequence In this paper we consider a time-delayed version
of r+ 1 distinct vertices starting from; and ending  of the above system. We introduce a time delgy
at v; so that consecutive vertices are neighbors. A in the coupling between two verticag and v; if
graph G is said to be connected if there is a path these are neighbors. This models the finite time in
between any two vertices in it. The adjacency matrix the propagation of phase information from oscillator
A(G) = [a;;] of an (undirected) graph is aN' x N to oscillator. We assume that these delays are in-
symmetric matrix such that;; = 1 if v; andv; are homogeneous (i.e. unequal and non-commensurate),
neighbors, and,;; = 0 otherwise. which is one of the main contributions of this pa-
The matrix per. In particular we consider the following delayed
Kuramoto dynamics at theth oscillator:
L(G) = A(G) — A(G)

. K
0; = w; + N ; Aij sin (9] — Gz) (6)

N
is called the Laplacian of7, and it has the properties ¢, — o, + K 2 :Ai sin (0;(t — 75;) — 0;() (7)
o . . N . J J J
that it is symmetric and singular (the row sums of =1

Preprint submitted to 44th IEEE Conference on Decision and Control
and European Control Conference ECC 2005. Received .



Limited circulation. For review only.

Most available results on the above system can beconnected, a property of the Laplacian dynamics of

found in the physics literature: In [21] and [22] the

above system was studied in the case of regular

graphs with7;; = 7, and synchronization criteria

the undelayed system.
We have the following result for the linearization:
Theorem 4: Consider a network ofV oscillators

were established. In [23] the general connected graphwith dynamics given by (10) and with an underlying

case was considered, in which the model was mod-
ified to

0; —wl—i——ZA”sm 0;(t —T1i5) —
Jj=1

wheren; is the number of neighbors to nodeagain
for the case in which;; = 7. Other phenomena were

0:(t)) (8)

topology of a connected graph. If
cos(Q7;;) > 0
for all 7, 7 for which 4;; = 1 and{2 solves (9), then
Jim ¢;(t) = a,

for some constant, i.e. the oscillators will synchro-

i=1,...,N

)

also observed, which are attributed to the presence ofize.

multi-stabilities. For example, a phenomenon known
as ‘time-delay-induced oscillator death’ was asserted
analytically [24] and was later observed experimen-
tally [25]. This phenomenon is due to the fact that
other equilibria may ‘appear’ as parameters change.
Further results behind weakly connected oscillators
in the presence of interaction delay have been given
in [26].

We center our attention to the case in which all
the oscillators synchronize, i.8;(t) = 6(t) for all i.
We are interested in the case of uniform rotations, i.e.
0(t) = Qt + «. For this to be achievable for system
(7) self-consistency relations of the following form
need to be imposed:

Q= Wi — % Z ALJ Sin(QT,;j) (9)
J

for all i. We assume that the oscillatots; and
the coupling strength’ are chosen judiciously so
that there exists a compatible solution to the above
equations. Now let us consider the dynamics of
oscillator 0; in this rotating frame. To do this, we
write 0; = Qt + ¢;(t) to get:

. KX
o) = + D sin(=Q7i; + ¢;(t — 7i5) — 6i(t))
j=1
K N
N Z QTU
Linearizing about the steady statg(t) = a we
have:
K N
= 2 Gt —m) —0ilt) (1)
j=1

where G;; = A;j cos(d;;). Note that this system
does not have a unique equilibrium, but rather a
subspace of equilibria, given by¢;(t) = «, i
., N. This subspace is one-dimensional in the
case in which the underlying graph topology is

Proof: Consider a Lyapunov-Krasovskii func-
tional comprised of two terms:

V(e) = Vi(6)+Va(o)
N

mw::§2ﬁ®

Valg) = ZZQJ B2t +€)d
=1 j=1

Note thatV > 0. Consider the first term in the
Lyapunov functional. Differentiating,

KNN
¥ 2> Gij (4t

Vl _ - Tq;j) - (b?(f)) ¢L(t)
i= 1j 1
=—*ZZ%&
i=1 j=1
K N N
+% Z Z Gij¢i(t)o;(t — 7i5)
i=1 j=1

The second term in the Lyapunov functional differ-
entiates to

. 1KY Tk N
V= 7722Gij¢?(t)_7izz zj(z) (t Tz])
2N &= ¢ 2 N <
=1 j=1 i=1 j=1
Therefore we have:
_**ZZGM (¢i(t) — p;(t —7i5))* <0,

=1 j=1

so V < 0. The setS defined by (3) is the set of
all functions¢ € C([— max; ; 7;;, 0], RY) such that

V = 0. This is only true when; = ¢; = a. To see
this, note thal/ = 0 implies thatg; (t) = ¢;(t —7i;)

for any i that is adjacent tg. Since the graph is
connected and the delays are finite, the result follows
immediately. The only invariant set for the system’s
equations, the se¥/ (see Equation (4)) corresponds
to ¢; = «, a constant. Using a version of LaSalle
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theorem for time-delayed systems (Theorem 2), we Lyapunov functional. Differentiating,
conclude thatp; — « ast — oo. Therefore the

. . ) N N
oscillators synchronize. [ Vi = K Z Z Gij (65t — 75;) — (1)) di(t)
Note that in the proof we did not require that the

i=1j=1
graph be regular, nor that the delays be homogeneous NJ N
which were key assumptions in [22]. — *KZZ G2 (t)

It may be counter-intuitive that the sine terms i=1j=1
in the vector field (10) were scaled down by the N N
total number of nodes in the netwotk. A more +KZZGij¢i(t)¢j(t — Tij)
interesting case would be the one in which they are i=1j=1

scaled down only by the number of neighbors 10 The gecond term in the Lyapunov functional differ-
nodeq. This is the system given by Equation (8). gniiates to

The linearization about the uniform rotation state

0; = Qt + «, where() satisfies 1 & A
i = «, ’
K i=1 j=1 i=1 j=1
Q=w — " Z Aij sin(Qri) (11) Therefore we have
J 1 N N
. V_—iKz;z;Gm(cbz(t) ¢;(t —7i;))” < 0.
1=1 5=
] J We can use a similar argument as in the proof of
¢ilt) = — > Gij(¢i(t — ;) — $i(t)  (12)  the previous theorem to get attractivity to a set, i.e.
b =1 to show that the oscillators synchronize about the
steady-state);, = a. [ |
andG; = A;j cos(S27;;) as before. For this system,  We would like to make a few remarks about
we have the following result: the above systems. First, the stability proof uses

Theorem 5. Consider a network ofV oscillators Lyapunov-Krasovskii functionals that prove stability
with dynamics given by (12) and with an underlying independent of delay even though the criteria for

topology of a connected graph. If stability are delay-dependent. This is because even
though a system of the form
cos(Q5) > 0 &= —ax(t) — bz(t — 1)

for all 4, j for which A;; = 1 and( solves (11), then is asymptotically stable for all delays if > 0 and
|b| < a, in our case, the coefficientsandb are static

functions of the delay themselves, and this gives rise
to the delay-dependent criterion. The ‘scaling’ of the
gains by the delay size was judiciously used in the
for some constant, i.e. the oscillators will synchro-  case of network congestion control for the Internet

lim ¢;(t) =, i=1,...,N
t—oo

nize. to render a delay-dependent stability condition delay-
The proof of this theorem is similar to the proof of independent [17].
Theorem 4. For comparison purposes, both systems (7) and
Proof: Consider a Lyapunov-Krasovskii func- (8) with homogeneous delays;; = 7 and identical
tional comprised of two terms: oscillatorsw; = w were shown to be stable under
the assumption thatos Q7 > 0 in [22] for regular
o graphs and in [27] for general graphs. In both cases
Vie) = (f;) +V2(0) the parametef) solves the ‘self-consistency’ relation
1
Vi(e) = 5D midi(t) 0 =w— Ksin(Qr). (13)
i=1
] NN 0 In our case, we allow for heterogeneous delays, and
Va(g) = §KZ > G o3 (t + £)dg networks that need not be regular. The problem that
i=1 j=1 —Tij may arise with the introduction of heterogeneous

delays in the network, is that Equations (9) or (11)
Note thatV > 0. Consider the first term in the may not have solutions, unless the coupling strength
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K and the oscillator frequencies are tuned appro- Each network has the following dynamics:
priately. N

We would like to stress that synchronization is ¢, — K ZGgf)(¢j(t_7)_¢i(t>)7 k=1,...,m.
independent of the network topology. A question that et

arises, is whether the same properties hold for the (14)
system when the topology changes, which is a morewhereGUC Agf) cos (7). We have the following
complicated issue. In the next section we present aresult:

result that shows how the system given by (12) with ~ Theorem 6: Consider a switching ruleo
homogeneous delays can switch in an arbitrary way {0,1,...} — Z whereZ is a finite set of indices

between topologies with regular graph structures, in corresponding to all graph§G.,...,G,,} with N
a way that synchronization is ensured. vertices that are connected and regular. To each ver-
tex v; assign the dynamics given by Equation (14).
Then
IV. SWITCHING TOPOLOGIES fhm pit)=a, i=1,...,N
[ — OO

The issue of coordination under changing topolo- for some constant, i.e. the oscillators will synchro-
gies has been investigated in [6] [9] [7] [28], for the nize.
case in which the system does not have any delays  Proof: We will show that the following is a
that make the state-space infinite-dimensional. Butcommon Lyapunov functional:
even if the time-delays are ignored, the problem of i Q N .0
ensuring stability is difficult. Switching arbitrarily 17 — Z¢ K cos () Z G2 (t + €)d¢
among a set of possible topologies of si¥ecan be =
regarded as a problem of establishing stability for a (15)
switching system with an unknown switching rule.  Note thatV” > 0 and is independent of the topology
In the area of switching systems, the (conserva- of the network. The derivative of this, when the
tive) condition of quadratic stability has been used toPology is given by graplis,, is:
to ensure that a system comprisedrmefsubsystems

of the form & = Az, i = 1,...,m is stable V ZZG(k) (pj(t —T) — ¢s(t))bi(t)
under arbitrary switching; the conditions in this i=1 j=1
case require the existence ofcammon Lyapunov K cos (Q7)

(@7 (t) = $7(t — 7))

Mz

function V = 27 Pz, P > 0 so thatA? P + PA; <

0 for all ¢ = 1,...,m. This argument is many 2 i=1
times inconclusive, as this criterion is conservative. K cos(Qr) N
This conservativeness was observed in [6], where = T o Z (@2( )+ ¢ (t — T))
a different approach had to be taken to conclude i=1
coordination. K cos(07) o= o ®)
This said, one can imagine the difficulties faced * n ;;A 6;(t = 7)ei(?)
when trying to prove stability for arbitrary switching Z;] J];
when delays are taken into account. This is the aim K cos(27) k) [, 2
of this section, in which we consider a model that 2n ZZAU (658 =7) = &i(t))

I
—

.
I

. . 1
allows synchronization to be ensured for Kuramoto !

networks with delays, and arbitrary switching be- Note thatV < 0 for all graphsG;, so as switching
tween connected, regular graphs. In other words,occursV is non-increasing. For each graph, the

we assume that switching occurs amongstegular set S defined by (3) is the set of all functions
graphsG,, of degreen with N vertices so that;, ¢ € C([-7,0],RY) such thatV = 0. This is

i1 =1,...,m are connected. Associated to graph only true wheng; = ¢; = «. Since we assumed
is an adjacency matrid(®). A technicality which are  that switching happens between connected graphs,
faced with is that in the presence of heterogeneousthe only invariant set for the system’s equations,
delays and changing graph structures thethat the set M (see Equation (4)) is one-dimensional
solves the various consistency conditions may beand corresponds t@¢; = «, a constant. Using a
different. For this reason, in this section we assume version of LaSalle theorem for time-delayed systems
that we are dealing with identical oscillators with (Theorem 2), we conclude that — « ast — oc.
homogeneous time delays over regular graphs. In thisTherefore the oscillators synchronize, even if the
case, the self-consistency equation is given by (13).topology changes. ]
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Fig. 1. An oscillator network topology.

Remark 7: The connectivity assumption in the

For review only.

Kuramoto networks with switching topologies even
in the presence of delay.

The synchronization of the delayed Kuramoto
models may not be global in the nonlinear case, as in
general the solution of the consistency Equations (9)
or (11) may not be unique. The uniqueness of the
solution to the consistency equations will depend on
the value of K - and so will the stability properties
of these uniform rotation states.

A nonlinear result similar to the one obtained in
the case of network congestion control would be
desirable, at least in the case in which there is a
unigue attracting set. This will be the focus of future

above theorem can probably be relaxed to the casgegegrch.

in which the se{Gy,...,G,,} is jointly connected,
i.e. if the graphG with vertex set) and edge set
& equaling the union of the edge sets of all of
the graphs in the collection is connected [29]. This
ensures that there is a time interval, b] within
which all oscillators are ‘linked together’ by the
sequence of graphs encountered in it. This will be
the focus of future research.

V. EXAMPLES

In this section we consider two examples, one for
each case we have investigated in section Ill. The
topology that we will be using is shown in Figure 1.
We choose a coupling strength & = 1 for all
links, and definer; = 75 =1 and» = 10.

In the first case, the dynamics are given by (7) and
the equilibrium is computed using (9). This requires
the following parameters:

2 =0.6905, w; =ws =ws =ws = 0.90286,

W3ZW4=1.

A simulation of this case is shown in Figure 2A.

When the dynamics are given by (8), the con-
sistency equation is given by (11). This yields the
following parameters:

Q= 06242, W] = Wy = Wy = Wg = 1.2086

w3 =wy4 = 1.
A simulation of this case is shown in Figure 2B.

VI. CONCLUSIONS

In this paper we have considered the problem
of synchronization of coupled oscillator networks
in the Kuramoto framework with heterogeneous

communication delays and not necessarily regular[15]

graphs and have derived conditions that ensures it
We have manifested that synchronization can be
achieved even if the oscillators are non-identical,
if we allow heterogeneous delays in the networks.
Moreover, we have established synchronization for

' Engineering (191).
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