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Abstract—We propose a biologically inspired, distributed  addressed flocking and schooling behavior in the context
coordination scheme based on nearest-neighbor interactions of non-equilibrium phenomena in many-degree-of-freedom
for a set of mobile agents equipped with vision sensors. It - qynamical systems and self organization in systems of self-

is assumed that each agent is only capable of measuring . . .
two quantities relative to its nearest neighbors: the time- propelled particles, starting from the work of Vicsek

to-collision and optical flow. We prove that the proposed @l [31]. In robotics and control theory, these problems
distributed control law results in alignment of headings have been studied in the context of cooperative control

and flocking, even when the topology of the interconnection  of autonomous robots, unmanned vehicles, and general
changes with time, if a a weak notion of connectivity in the  ,tiagent systems. A non exhaustive list of references

proximity graph is maintained. Connections between the pro- .
posed scheme and distributed synchronization of nonlinearly include  [S], [8], [10], [12], [14], [16], [23], [24], [29].

coupled oscillators is discussed. A simple but compelling model of flocking and coordina-
Index Terms— Cooperative control, multiagent systems, tion is the model proposed by Vicsek et al. in [31] and
vision-based control, Lyapunov stability. analyzed in [14]. The model describes a set of agents
moving with constant speell, whose heading direction
I. INTRODUCTION is updated by a simple alignment rule. The heading of

Over the past few years a considerable amount of att_aach age.nt is updated in discrete time as the.average of
tention has been focused on the problem of coordinateli'® Néading of itself and those who fall within a disc
motion and cooperative control of multiple autonomous®! @ Pre-specified radius centered around each agent. As

agents. From ecology and evolutionary biology to sociaf® a_ge”t_s move, th? set of nearest ”e'ghb‘?rs _change,
sciences, and from systems and control theory to comf€Sulting in a discontinuous change or switching in the
plexity theory, statistical physics, and computer graphicscoerI law. The neighborhood relationship between any

researchers have been trying to develop an understandiffe gents can be described conveniently with a graph

of how a group of moving objects such as flocks of birds Vhose nodes represent the agents and the edges represent
the neighborhood relation. It was shown in [14] that

schools of fish, crowds of people can perform collective,

tasks such as reaching a consensus or moving in a form-the neighborhood graph staynnected in timethen
tion without centralized coordination. the headings of all agents converge to a common value.

Such problems have been studied in ecology and thed\s a_tlresult all agents'align, and the pairwise distances
retical biology, in the context of animal aggregation andstablhze. Furthermore, it was shown that when one agent

social cohesion in animal groups. There is evidence thafcts as a leader, the headings converge to that of the leader

individuals within such groups often only have access tdmder similar conditions. Over the past 2 years, a plethora

local information about the behavior of near-neighbors.Of similar re;ults have appeare_d in the control literature.
Nevertheless this is sufficient as an organizing principl Iso, extensions to dynamic point-mass models have also

for the entire group to perform collective locomotion, yet appeared [24], [29]. These results assume that each agent is

remain cohesive even when moving around obstacles &apable of measuring the heading of its nearest neighbors
when avoiding predators [25] (in discrete time models), or difference between headings

Furthermore, there has been a large body of researc it;elf and it.s. neighbors (_in c.ontinuous-time mo dels), gf-
focused on mimicking the observed social aggregatio ectively requiring communication on top of sensing. While

phenomena in different animal species using compute e nearest neighbor interactions have been shown to be

simulation. The pioneering work in this area was doneblologlcally plausible and have been observed in schools of

by Reynolds [26]. More recently, several researchers irﬁSh and flocks of birds, the assumptions about knowledge

the area of statistical physics and complexity theory hav frelative _headlngs anq d|stgnces is not biologically plgusr
le. Even if some species might use ultrasound to estimate
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vision and that they have basic visual capabilities like Y,
the estimation ofoptical flow and time to collisionalso
known as time-to-impact. Experimental evidence suggest
that several animal species, including pigeons, are capable
of estimating time to collision [19], [33]. Computationally,
time to collision can be estimated from the ratio of area
change to area or from the divergence of the optical flow
[4], [18]. Regarding optical flow, we refer the reader to the
survey [3].

Many of the existing vision-based distributed control
strategies assume that the robots are capable of commu-
nicating to their neighbors an estimation of their posi-
tion [27], [34], [35] and are based on distributed com-
putation [1]. Other cooperative systems based on local
computation work in the configuration space [11], [22].
From the vision point of view, our paper is mostly related 4,4 symmetric singular matrix defined as:
to the formation control systems in [6], [7], [32]. However,
these approaches assume that a specific vertical pose of L(G) = D(G) — A(G)

an ornmdwectpnal camera allows the computatlop of b°”1s called the Laplacian di. The Laplacian matrix captures
bearing and distance while we use only the optical flow

(bearing derivative) and time-to-collision. Our goal in this many topological properties of the graph. The Laplacian

is 10 devel bl i dinati is a positive semidefinite M-matrix (a matrix whose
paper 1S 1o develop a provably correct coordination an ff-diagonal entries are all nonpositive) and the algebraic
flocking scheme that is also biologically plausible. We

will show that coordination and flocking is possible basedmUItIpIICIty of its zero e|ge_nvalue 's equal t(.) the pumber

. . . . - of connected components in the graph. Thdimensional
on measuring time-to-collision and optical flow, even Ifeigenvector associated with the zero eigenvalue is the
the neighborhood graph topology changes, so long as ctor of onesi.
weak notion of connectivity denoted as "connectivity in
time” is preserved (same as in [14]). We will also show
that the above problem is directly related to the Kuramoto
model of coupled nonlinear oscillators, a famous problem
in mathematical physics [15], [28].

Fig. 1. Configuration of 2 agents.

IIl. DISTRIBUTED COORDINATION AND FLOCKING
WITH KINEMATIC MODELS

A. System Model

) ] ) Consider a group ofV agents on a plane. Each agent

In this section we introduce some standard graph theqg equipped with a vision sensor that is capable of sensing
retic notation and terminology. For more information, theggme information from its neighbors as defined by:
interested reader is referred to [13].

An (undirected) grapl consists of a vertex seg, and Ni = {jli~j} C{1,...,N}\{i}.
an gdge §£,Where an edge is an unordered pair ofdistinct-l-he neighborhood set of agent \V;, is a set of agents
vertices inG. If z,y € V, and(z,y) € & thenz andy a4 can pe “seen” by agerit The exact definition of
are _sa|d to be adjacent, or ”e'gh!oors and we denote th's_ lmﬁensing” will be discussed shortly. The characteristics
writing @ ~ y. The number of neighbors of each Vertex is ot yhe yision sensor limits the size of the neighborhood.

its valence. A path of length from vertexz to vertexy We therefore assume that there is a predetermined radius

is a sequence of 4+ 1 distinct vertiF:es starting with ahd R which determines the neighborhood relationship. The
ending withy such that consecutive vertices are adjacent ) ..on of agent, (i — 1 N) in the world coordinates

If there is a path between any two vertices of a gr&h is given by(z, y;) and it's velocity isv; = (i, 3:)”. The

thenG is said to be connected. If there is such a path o eading or ofi’éntation of agents 6; and is g7ivén by:

a directed graph ignoring the direction of the edges, then )

the graph is weakly connected. 0; — arctan (yv>
The adjacency matrid(G) = [a;;] of an (undirected) i

graph G is a symmetric matrix with rows and columns |t js assumed that all agents move with constance speed

indexed by the vertices o, such thata;; = 1 if vertex  Thys, the kinematic model of each agent can be written as
i and vertex; are neighbors and;; = 0, otherwise. The

Il. GRAPH THEORY PRELIMINARIES

Ly

valence matrixD(G) of a graphG is a diagonal matrix i; = Vcos(6;)
with rows and columns indexed By, in which the(i, i)- ¥, = Vsin(6;)
entry is the valence of vertex The (un)directed graph of 0, = w; i=1,...,N 1)

a (symmetric) matrix is a graph whose adjacency matrix is

constructed by replacing all nonzero entries of the matrix'he goal is to design a control input so that the group
with 1. of mobile agents flock in the sense of following definition:



Definition 3.1: (Flocking) A group of mobile agents is flow and time-to-collision, we need to find a functi(-)
said to (asymptotically) flock, when all agents attain thesuch that:
same velocity vector, distances between the agents are Gij(1ij, Bij) = wi; (0; — 6;).
stabilized, and no collisions between them occurs.

Biological aspects of this model puts constraints on whaf\s we will see in the next section, for any positive value of
each agent can measure. L@t (bearing) be the relative couplingk, the following function will result in alignment
angle between agentsand j. We can now formally define of all headings, and is only based of) and j;;:
the sensing: It is assumed that each agertan measure:

« (3;; or "optical flow”: the rate of change in bearing; w; =0; = —k Z Bij 1+ ( 1, )2, (4)
« 7;; Or "time-to-collision”. i 2 T Bij

for any agentj in the seth;. By substituting (2) and (3) in (4), we have
Bearing and relative distance between agérssd; are y 92 (3 in (4),

given by: . Bij 1
) ) , GijlTijs Big) = khy [T+ (——==)?
Distance : L, = (zj—x)"+ (y5 — yi) TijBij
Bearing : Bij = arctan (H) = kﬂ;\/l + tanz(ei —; 0; _ Bi;)
The derivatives of the above quantities are: _ Bij )

2cos(25% — 3y))

V(COS(ﬁij — 93) — COS(ﬂij — 97)) (2)

The termf;; in (3) can also be written as

2V 0: — 0,

0; + 0,
2

. v
ij = — sin iq GL — sin ij 9]‘ 3 .
N 1 C R EE R O 2 s

It can be shown that the time to collision between agents

i andj denoted byr;; can be measured by measuring theReplacing above expression in (5) we get:
relative rate of growth of the image area, i.e., the relative 0. — 0.
? J

change in the ared,; of projection of agenj on the image w; = — Z Gij (Tij,ﬁij) =—k Z ZK sin( 5 ). (6)
plane ofi. This follows from the fact that JEN; JeN; 1
Al o In the next section, we will see that the above control
A; oy Y law is of the formy" ... wi;(6; — 6;), and will result in

wherer;; is the time-to-collision of agentsand j. [19]. heading alignment and flocking.

B. The Distributed Control Law IV. STABILITY ANALYSIS

In order to have a successful distributed control law We now prove that the above chosen control law results
which results in heading alignment and flocking, we needn flocking of all agents first when the proximity graph
to have a measure of misalignment appear as a term iis fixed and connected, and then when the graph changes
the controller. One way for the control input of any agentwith time but a weaker notion of connectivity is preserved.
i1 to be spatially distributed and result in alignment, is toThe heading equation is now exactly the well-known
have the formd; = — > jen; wij(6i — 0;), where weights ~ Kuramoto model of coupled nonlinear oscillators, which
w;; > 0 wheni is a neighbor ofj, and zero otherwise. Such has been studied extensively in the mathematical physics
a control law is effectively the negative of the Laplacian ofliterature [28], and its stability properties was analyzed
a graph with the diagonal weight matrix, in which each recently in [15], [21], [24]. The particular case of all-to-all
diagonal element is the weight of an edge in the proximityconnected graphs was also analyzed in [17].
graph. Such control laws have been analyzed in [2], [14],

[20], [21], [24]. However, as we said before, the relativeA. Fixed Graphs

heading information is not available, since it requires com- e first consider the case where the neighboring rela-
munication between nearest neighbors. Instead, we woulghns among agents are represented by a fixed-weighted
like to devise a distributed control law that only requiresgrapp,

vision-based sensing. A simple observation of measurable pefinition 4.1: The neighboring graplg = {V,&, W}
quantities such as the optical flow, indicate that when twqg 5 weighted graph consisting of:

agents are aligned, the resulting optical flow is zero. This
suggest that perhaps the sum of optical flows between each
agent and its neighbors is a plausible choice. Unfortunately,
having the sum of optical flows between each node and its
nearest neighbors equal to zero is necessary for alignment,
but is not sufficient. Since we can only measure optical

« aset of verticed’ indexed by the set of mobile agents;

o aset of pairs€ = {e;; = (vi,v;) | vi,v; € V, andi
neighbor ofj };

« a set of weightdV, over the set of edges, where each
edgee;; is labelled by%.



Assume an arbitrary orientation for the edgesGofCon- Theorem 4.2:Consider a set of kinematic mobile agents
sider theN x e incident matrix,B of this oriented graph, described by (1). Assume that each ageig capable of
G with N vertices and: edges. Then, we can write (6) as: measuring the bearing anglé; as well as the time to
. 1 collision 7;;. If the graphG representing the neighborhood
0=w= —kBWSiH(§BT9) (7)  relationship is fixed and connected, then all agents will
asymptotically flock, i.e., all headings will eventually align

where § = ,[01’ -, On]T, and W -is the diagonal maFrix and all pair-wise distances will stabilize.
whose entries are the edge weights far The equation
(7) can be written in a more compact form as: B. Switching Graphs
: k T T In practice, the motion of individual agents will result
f=w= _§BW(B B9, ®) in change in topology. This change in topology could be
where taken into account by using smooth “bump functions” [24],
Vv 0: — 0, or by resorting to Nonsmooth analysis [29]. To avoid
W(B"0) = diag{fSin(X%) | (i,j) € EL. complications that occur because of discontinuous change
* in the set of nearest neighbors, we will assume that there
The quantitiesV and [;; are positive and si§) = s always a minimum time, called dwell timeover which

sin(2) s positive when the heading vect®iis in the cube the graph does not change. This simplifying assumption

(_jr )N ThereforeW (B76) is a valid weight matrix will avoid infinite switches over a finite period of time,
Novx; consider the quadratic Lyapunov functibh— %QTQ_ and can be relaxed by using nonsmooth analysis [9]. What

Then this means in the present context is that each agent is
’ constrained to change its control law only at discrete time
U=6T)= _EQTBW(BTQ)BTQ = _EQTLMQ <0 instances. Each agemtwould use a control law similar
2 2 -

to (4) (which is now hybrid, since the set of neighbds
where L,, = BW(B76)B7 is the Laplacian of the graph changes discontinuously). By assuming a minimum dwell
G. BecauseU is a non-increasing function along the time, the controller would be of the form:
trajectories of the systent/(> 0 andU < 0), the set

Bij (t) 1
_ P Wy t = —k _— 1 + —_— 2
QC—{GZ,Z— 1,...,N ‘ USC} ( ) jej\%(:tik) 2 \/ (Tij(t)ﬁij(t))
is positively invariant. It is also compact (closed and Vo 0i(t) - 0;(t)
bounded) becaus#s are bounded and vary continuously. = —k Y "o sin ( )
Hence, according td.aSalle’s invariance principleany GEN:(tir) T
solution starting inQ2. converges to the largest invariant t € [tik,tix + 1)

setSy, contained in . - .
wherey; is a pre-specified positive number callediaell

E={0;,i=1,...,.N | U=0} time and {to,t1,...} is an infinite time sequence such
that t;,1) — tie = pi, & > 0. In the sequel we will
analyze controls of this form subject to two simplifying
assumptions. First we will assume that allagents use

L0 = (BW(BT9)BT)H = 0. the same dwell time which we henceforth denote;by.
Second we assume the agents are synchronized in the sense
thatt;, =t;, for all i,j € {1,2,...,N} and allk > 0.

ast — oo. This largest invariant sef§y is a set of states
that are solutions of:

Therefore, vecto® is in the null space of the weighted
Laplacian. If the grapl is connected, null space df,,

: N T Definition 4.3: A collection of graphs
's the span of the vectdty = (1., 1) .Thusi {G,,,Gp,,...,G,,, }, each with vertex se¥ is called
So={(b1,...,0n) | 6h=...=05=6} (9) jointly connected, if the grapl: with vertex setV and

which suggests that all agents reach the same heading gggehsgt eﬂuahn”g the union of the edge sets of all of the
b oo graphs in the collection is connected.

Now we can show that eventually the relative distances Itis natural to say that thé/ agents under consideration

o are linked togetheracross a time intervdt, 7] if the col-
between agents stabilizes. In order to hayeequal to a .
. ) : lection of graphs{G, 1), Gy (1+1), - - -, Go(+) } €NCOUNtered
constant, we just need to show thah;_.., [;; = 0. From ) LI .
along the interval, is jointly connected. In [14] it was shown

(2) we have: that the proposed nearest neighbor law results in heading
lim z'ij = lim 2V Sin(ef — Hi)sin(ei +6; Bis) alignment anc_i flocking if there is an infiqite sequence of
t—o0 t—o0 2 2 non-consecutive, bounded, non-overlapping time intervals

From (9) and continuity of the fact thatn is a bounded over which the agents are linked together. This result was

function we getlimy, . _5l;; = 0. further extended in [20], [21] to the case where the agents

Thus the inter-agent distances stabilizes eventually andre linked together over infinite time intervals. This means
the group of mobile agents stabilizes to a formation. Wethat for any timet,, the collection of graphs ovét,, o)
have therefore proven the following theorem: has to be jointly connected. If the uniformity requirement



is removed, only asymptotic convergence of all headings is
achieved, as opposed to exponential convergence. It turns
out that the existence of uniformly bounded time intervals
is necessary for exponential alignmentadf headings In
trying to extend the previous theorem to graphs with the
above mentioned switching regime, we need the following
lemma, which was proven in [14].

Lemma 4.4:1f {G,,,G,,,...,G,,,} is a jointly con-
nected collection of graphs with Laplacians o

Ly, Ly,,...,Ly, , then B s woow o w = »
m Fig. 2. At T = 0 (sec) agents form a connected graph.
ﬂ kernel L,, = span {1}. (20)

i=1

The above lemma states that the intersection of the null wl
space of the Laplacian of a set of jointly connected graphs
is only the vector of ones. In other words, even though £
the graphs might be disconnected, and as a result their
Laplacian have a larger kernel, the intersection is only the
vector of ones. We can now state the following theorem:
Theorem 4.5:Let the initial heading vectof, be fixed
and leto : {0,1,2,...} — P be a switching signal
mapping the integers to a finite set of indices corresponding
to all graphs overN vertices for which there exists an Fig. 3. At T = 100 (sec) group reaches a stable formation
infinite sequence of contiguous, hon-empty, bounded, time-
intervals [t;,¢;+1), ¢ > 0, starting atty, = 0, with the

property that across each such interval, Meagent group V. SIMULATIONS

is linked together. Then In this section we numerically show that the distributed
lim 8(4) — @ 11 control law (4) can force a group of agents to flock
Pl (£) = 0ss1 11) according to definition (3.1). In Figures 2-4 the group

consists of 10 agents with dynamics described by (1). The
initial position and heading of all agents are generated
randomly within a box of siz80[m] x 30[m]. Each figure
shows a snapshot of the group motion during time period
[0 100]. The initial location of agents are shown [fy),
) ) 1 1 and the final location by(x). The neighboring radius is
U=0"= —§9TBa(t)Wa(t)(9)BZ(t)9 = _§9TLw¢,9 <0 chosen a®0[m] so that agents form a connected graph.
Figure (3) shows that agents converge to a formation, and
whereo is the switching signal, and for eaphe P, L.,, is  relative distances stabilizes. Figure (4) depicts the heading
the weighted Laplacian matrix of the corresponding graphef all agents over the time interva 100] and it shows
Again, we note that since the headings are in the cubghat all headings converge as- co. As we see in Figure
(—m, )", the weights are positive, anti,,, is a positive  (5), the agents still align, when there is a change in the
semidefinite matrix. Because(-) is such that there is an graph.
infinite sequence of jointly connected collection of graphs,
and because of the previous lemma, the largest invariant set
over the set/ = 0 is only the span of vectdt. As a result V1. CONCLUSIONS ANDFUTURE WORK
over any such interval, there is an exponential decrease in We provided a coordination scheme which results in
the value of the Lyapunov function for the component offlocking of all agents using nearest neighbor sensing, with-
the heading alond . In other words, We can decompose out the need for explicit communication between agents.
the vectorf as the direct sum of two components alongThe coordination scheme uses the relative bearings between
1 and its orthogonal complement in the subspace each agent and its nearest neighbors, as well as time-to-
Since there is no other direction in the gét= 0, the  collision between neighboring agents. The resulting control
component of) along1+ decays to zero exponentially fast law is reminiscent of the Kuramoto model of coupled
and therefore all agents align. Once the agents’ heading®onlinear oscillators. So far we have analyzed flocking for
are aligned, the velocity vectors become the same, and @& group of mobile agents in 2 dimensions. A next step
before,l'ij goes to zero and all pair-wise distances stabilizevould be to study flocking in 3 dimensions. Another gener-
to a constant value. m  alization would be develop results similar to [29], [30] for

for some valud,, i.e., all agents will asymptotically flock.

Proof: We use the same Lyapunov functién :=
%HTG as before. Using the same notation, we now have
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dynamic models, by using artificial potential functions sim-[24]
ilar to [10] but without explicitly using relative headings.
Extensions of the discussed leaderless coordination strateg;
to leader following formations could also be performed, in

the spirit of the work in [10], [14]. [26]
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