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Abstract

The work of this paper is inspired by the flocking phenomenon observed in [3]. We introduce a

class of local control laws for a group of mobile agents that result in: (i) global alignment of their

velocity vectors, (ii) convergence of their speeds to a common one, (iii) collision avoidance, and (iv)

local minimization of the agents artificial potential energy. These are made possible through local control

action by exploiting the algebraic graph theoretic properties of the underlying interconnection graph.

Algebraic connectivity affects the performance and robustness properties of the overall closed loop

system. We show how the stability of the flocking motion of the group is directly associated with the

connectivity properties of the interconnection network and is robust to arbitrary switching of the network

topology.

Index Terms

Multi-agent systems, cooperative control, nonsmooth systems, algebraic graph theory.

I. INTRODUCTION

Over the last years, the problem of coordinating the motion of multiple autonomous agents

has attracted significant attention. Research is motivated by recent advances in communication

and computation, as well as inspiring links to problems in biology, social behavior, statistical

physics, and computer graphics. Efforts have been directed in trying to understand how a group of

autonomous moving creatures such as flocks of birds, schools of fish, crowds of people [4], [5], or

man-made mobile autonomous agents, can cluster in formations without centralized coordination.
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Such problems have also been studied in ecology and theoretical biology, in the context of

animal aggregation and social cohesion in animal groups (see for example [6], [7]). A computer

model mimicking animal aggregation was proposed by [3]. Following the work of [3] several

other computer models have appeared in the literature and led to creation of a new area in

computer graphics known asartificial life [3], [8]. At the same time, several researchers in the

area of statistical physics and complexity theory have addressed flocking and schooling behavior

in the context of non-equilibrium phenomena in many-degree-of-freedom dynamical systems and

self organization in systems of self-propelled particles [9]–[11]. Similar problems have become

a major thrust in systems and control theory, in the context of cooperative control, distributed

control of multiple vehicles and formation control; see for example [12]–[25]. The main goal of

the above papers is to develop a decentralized control strategy so that a global objective, such

as a tight formation with desired inter-vehicle distances, is achieved.

Reynolds [3] aimed at generating a computer animation model of the motion of bird flocks

and fish schools. The author called the generic simulated flocking creatures “boids”. The basic

flocking model consists of three simple steering behaviors which describe how an individual

agent maneuvers based on the positions and velocities its nearby flockmates:

• Separation: steer to avoid crowding local flockmates.

• Alignment: steer towards the average heading of local flockmates.

• Cohesion:steer to move toward the average position of local flockmates.

In Reynolds’ model, each agent has direct access to the whole scene’s geometric description, but

flocking requires that it reacts only to flockmates within a certain small neighborhood around

itself. The neighborhood is characterized by a distance and an angle, measured from the agent’s

direction of flight. Flockmates outside this local neighborhood are ignored. The neighborhood

could be considered a model of limited perception (as by fish in murky water), or just the the

region in which flockmates influence an agent’s steering. The superposition of these three rules

results in all agents moving as a flock while avoiding collisions.

Vicsek et al. [9] proposed a model which, although developed independently, turns out to

be a special case of [3] where all agents move with the same speed (no dynamics), and

only follow an alignment rule. In [9], each agent heading is updated as the average of the

headings of the agent and its nearest neighbors, plus some additive noise. Numerical simulations

in [9] indicate a coherent collective motion, in which the headings of all agents converge to
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a common value, a surprising result in the physics community that was followed by a series

of papers. The first rigorous proof of convergence for Vicsek’s model (in the noise-free case)

was recently given by [20]. Generalizations of this model include a leader follower strategy, in

which one agent acts as a group leader and the other agents would just follow the aforementioned

cohesion/separation/alignment rules, resulting in leader following.

Motivation for this work comes primarily from the need to theoretically explain the flocking

phenomenon of [3]. Inspired by Reynolds flocking model, we construct local control laws that

allow a group of mobile agents with double integrator dynamics to align their velocities, move

with a common speed and achieve desired inter-agent distances while avoiding collisions with

each other. We believe that these control laws capture the essence of Reynolds model, both in

terms of the nature of local interactions and with respect to the overall objective.

We theoretically establish the stability properties of the interconnected closed loop system

by combining results from classical and nonsmooth control theory, robot navigation, mechanics

and algebraic graph theory. Stability is shown to rely on the connectivity properties of the

graph that represents agent interconnections, in terms of not only asymptotic convergence but

also convergence speed and robustness with respect to arbitrary changes in the interconnection

topology. Exploiting modern results from algebraic graph theory, these properties are directly

related to the topology of the network through the eigenvalues of the Laplacian of the graph.

Collision avoidance and pairwise distance convergence is ensured through the application of

a set of local artificial potential fields [26], [27]. Similar results regarding collective flocking

behavior have been independently produced by [28], although the analysis techniques, both in

terms of collision avoidance and velocity stabilization, are fundamentally different.

We first investigate the case where the topology of the control interactions between the agents

is fixed. Each agent regulates its position and orientation based on a fixed set of “neighbors”.

In this case, the control inputs for the agent are smooth and the stability analysis is based on

the classic version of LaSalle’s invariant principle, facilitated by the algebraic properties of the

interconnection graph that allow the connectivity properties of the network to be reflected on

the convergence estimate. Then we turn our attention to the case where agent interactions are

local, limited within a certain neighborhood around each agent. The time varying nature of the

interconnection topology introduces discontinuities in the control inputs, which in turns give rise

to a set of discontinuous differential equations describing the system dynamics. System stability
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is analyzed using nonsmooth Lyapunov stability,1 which is reviewed briefly in the Appendix.

As in the smooth case, the connectivity properties of the switching graph are instrumental in

establishing global asymptotic stability. This paper extends further our earlier work, by lifting the

assumptions on the regularity of the potential functions and on the uniqueness of the solutions.

Not having to check whether the (nonsmooth) potential function is regular reduces significantly

the complexity of the design problem.

II. PROBLEM FORMULATION

The group we wish to coordinate consists ofN mobile agents. Each mobile agent is a

dynamical system moving on the plane. Generalizations to three dimensions and more complex

dynamics are possible, but for simplicity we let each agent be described by a double integrator:

ṙi = vi (1a)

v̇i = ui i = 1, . . . , N , (1b)

whereri = (xi, yi)
T is the position of agenti, vi = (ẋi, ẏi)

T its velocity andui = (ux, uy)
T its

acceleration inputs. Let the relative position vector between agentsi andj be denotedrij = ri−rj .

Agent i is steered via its acceleration inputui which consists of two components (Figure 1):

ui = αi + ai . (2)

The first component of (2),αi aims at aligning the velocity vectors of all the agents and to

make them move with a common speed and direction. Componentai is thought to be a vector

in the direction of the negated gradient of an artificial potential function,Vi. In this wayai will

contribute to collision avoidance and cohesion in the group.

In our interpretation of Reynold’s notion of flocking, a group of mobile agents is said to

(asymptotically) flock, when all agents attain the same velocity vector, distances between the

1The nonsmooth approach is not the only way to deal with the problem of switching interconnections but is, in our opinion,

technically more direct and intuitive than any alternatives. Discontinuities can arise both from nonsmooth inter-agent potential

functions and from changes in the neighboring relations between agents. In both cases, one can try to “smoothen” the potential

functions at the edge of the neighboring regions, and introduce differentiable “transition functions” for agent velocity interactions.

Designing those differentiable potential functions requires ingenuity, introduces generalized Laplacians and defeats the purpose

of “smoothening for simplification”. It fact, it steers analysis into an area where few results are known.
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Fig. 1. Control inputs applied to agent i.

agents are stabilized, and no collisions between them occur. The problem here is to design the

control input (2) so that in the group of mobile agents, velocities are synchronized and pair-wise

distances stabilized, giving rise to an emergent cooperative behavior that resembles flocking.

A. Algebraic Graph Theory

Stability analysis of the group of agents builds around several results on algebraic graph theory.

This necessitates a brief introduction of related graph theoretic notation and terminology. The

interested reader is referred to [29] for details.

An (undirected)graphG consists of avertex set, V, and anedge setE , where an edge is an

unordered pair of distinct vertices inG. If x, y ∈ V, and(x, y) ∈ E , thenx andy are said to be

adjacent, or neighbors and we denote this by writingx ∼ y. A graph is calledcompleteif any

two vertices are neighbors. The number of neighbors of each vertex is itsvalencyor degree. A

path of lengthr from vertexx to vertexy is a sequence ofr + 1 distinct vertices starting with

x and ending withy such that consecutive vertices are adjacent. If there is a path between any

two vertices of a graphG, thenG is said to beconnected.

The valency matrix∆(G) of a graphG is a diagonal matrix with rows and columns indexed

by V, in which the(i, i)-entry is the valency of vertexi. An orientation of a graphG is the

assignment of a direction to each edge, so that the edge(i, j) is now an arc from vertexi to

vertex j. We denote byGσ the graphG with orientationσ. The incidence matrixB(Gσ) of an

oriented graphGσ is the matrix whose rows and columns are indexed by the vertices and edges

of G respectively, such that thei, j entry of B(Gσ) is equal to1 if edgej is incoming to vertex
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i, −1 if edgej is outcoming from vertexi, and0 otherwise. The symmetric matrix defined as:

L(G) = B(Gσ)B(Gσ)T

is called theLaplacian of G and is independent of the choice of orientationσ. It is known

that the Laplacian captures many interesting properties of the graph. Among those, is the fact

that L is always symmetric and positive semidefinite, and the algebraic multiplicity of its zero

eigenvalue is equal to the number of connected components in the graph. For a connected graph,

the n-dimensional eigenvector associated with the single zero eigenvalue is the vector of ones,

1n. The second smallest eigenvalue,λ2 is positive and is known as the algebraic connectivity of

the graph, because it is directly related to how the nodes are interconnected.

In what follows, we will use graph theoretic terminology to represent the interconnections

between the agents in the group. The connectivity properties of the induced graph will prove

crucial for establishing the stability of the flocking motion of the group.

III. COORDINATION STRATEGY

In this section we introduce local control laws of the form of (2), which cause the group

of mobile agents to flock asymptotically. The control laws are uniform for all agents and can

accommodate a large class of artificial potential functions. The controller of agenti requires

state information from a subset of the agent’s flockmates, called theneighbor set, Ni of agent

i. Neighboring relations may reflect physical proximity between two agents, or the existence of

a communication channel. A neighboring relation induces a control interconnection between the

two neighbors. The network of such interconnections is represented by means of a graph:

Definition 1 (Neighboring graph) The neighboring graph,G = {V, E}, is an undirected graph

consisting of:

• a set of vertices (nodes),V = {n1, . . . , nN}, indexed by the agents in the group, and

• a set of edges,E = {(ni, nj) ∈ V ×V | ni ∼ nj}, containing unordered pairs of nodes that

represent neighboring relations.

In the sequel, we will not distinguish between the edge(ni, nj) and the respective pair of

indices, (i, j). The control law for agenti should not require state information from all its

groupmates, but rather from a subset which we call neighbors:

Ni , {j | i ∼ j} ⊆ {1, . . . , N} \ {i}.
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The neighboring set of agenti, Ni, can represent the set of agents with whichi is allowed to

communicate (giving rise to a fixed, logical interconnection network), or the set of agents which

i can sense, transit or receive information. In the latter case, the neighboring set may express

physical proximity, since sensing and communication capabilities can also be spatially-related,

giving rise to a dynamic, distance-dependent interconnection network. These two cases motivate

the stability analysis of Sections IV and V, respectively.

The control input for agenti is defined as:

ui = −
∑
j∈Ni

(vi − vj)︸ ︷︷ ︸
αi

−
∑
j∈Ni

∇ri
Vij︸ ︷︷ ︸

ai

. (3)

FunctionVij depends on the distance between the neighbors and defined as follows,

Definition 2 (Potential function) Potential Vij is a differentiable, nonnegative, radially un-

bounded function of the distance‖rij‖ between agentsi and j, such that

1) Vij(‖rij‖) → ∞ as ‖rij‖ → 0,

2) Vij attains its unique minimum when agentsi and j are located at a desired distance.

This definition ensures that minimization of the inter-agent potential functions implies cohesion

and separation in the group. Having definedVij we can now express agenti total potential as

(Figure 2),

Vi =
∑
j∈Ni

Vij(‖rij‖), (4)

Vij

‖rij‖

Fig. 2. Example of inter-agent artificial potential function:V (‖rij‖)) = log2(‖rij‖) + 1
‖rij‖
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IV. FIXED INTERCONNECTIONTOPOLOGY

If the interconnection topology of the group is represented by a time invariant but connected

graph, then control laws (3) create an asymptotically stable equilibrium manifold on which the

group satisfies the conditions for flocking as described above. Each agent maintains the same set

of neighbors, implying that the neighboring graph is constant. The main consequence of time

invariance is that the mechanical energy of the group is differentiable, the agent control laws

are smooth and classic Lyapunov theory can be applied.

Consider the following nonnegative function:

W (r, v) =
1

2

N∑
i=1

(Vi + vT
i vi), (5)

where r is the stack vector of all agent positionsri, and v is the stack vector of all agent

velocitiesvi.

Using LaSalle’s invariant principle we can show that the closed loop system of agents (1)-(3)

flocks, provided that the neighboring graph is connected:

Theorem 1 (Flocking in a fixed network) Consider a system ofN mobile agents with dynam-

ics (1), each steered by control law(3) and assume that the neighboring graph is connected. Then

all agent velocity vectors become asymptotically the same, collisions between interconnected

agents are avoided and the system approaches a configuration that locally minimizes all agent

potentials.

Proof: The level sets ofW define compact sets in the space of agent velocities and relative

distances. The set{rij, vi} such thatW ≤ c, for c > 0 is closed by continuity. Boundedness

follows from connectivity: fromW ≤ c we have thatVij ≤ c. Connectivity ensures that a path

connecting nodesi and j has length at mostN − 1. Thus‖rij‖ ≤ V −1
ij

(
c(N − 1)

)
. Similarly,

vT
i vi ≤ c yielding ‖v‖i ≤

√
c. Thus, the set

Ω = {(vi, rij) | W ≤ c} (6)

is compact. The derivative ofW defined in (5) is:

Ẇ =
1

2

N∑
i=1

V̇i −
N∑

i=1

vT
i

(∑
j∼i

(vi − vj) + ∇ri
Vi

)
. (7)
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Note however that due to the symmetric nature ofVij ,

1

2

N∑
i=1

V̇i =
∑
j∼i

ṙT
ij∇rij

Vij =
∑
j∼i

(ṙT
i ∇rij

Vij − ṙT
j ∇rij

Vij) =
∑
j∼i

(ṙT
i ∇ri

Vij + ṙT
j ∇rj

Vij) =

N∑
i=1

ṙT
i ∇ri

Vi.

Thus, (7) simplifies to

Ẇ =
N∑

i=1

vT
i ∇ri

Vi −
N∑

i=1

vT
i

(∑
j∼i

(vi − vj) + ∇ri
Vi

)
= −

N∑
i=1

vT
i

∑
j∼i

(vi − vj) = −vT (L ⊗ I2)v,

wherev is the stack vector of all agent (three dimensional) velocity vectors,L is the Laplacian

of the neighboring graph and⊗ denotes the Kronecker matrix product. Expanding this matrix

product, it is straightforward to see thatẆ can be written

Ẇ = −vT
x Lvx − vT

y Lvy. (8)

wherevx andvy are the stack vectors of the components of the agent velocities alongx̂ and ŷ

directions (Figure 1), respectively.

For a connected neighboring graph,L is positive semidefinite and the eigenvector associated

with the single zero eigenvalue is theN-dimensional vector of ones. This means thatẆ will

only be zero whenever bothvx andvy belong tospan{1}, implying that all agent velocities have

the same components and are therefore equal. It follows immediately that˙̄r = 0, wherer̄ is the

stack vector of all pairwise distancesrij ∀ (i, j) ∈ N × N .

Applying LaSalle’s invariant principle to the system described by the vector field( ˙̄r, v̇), it

follows that if the initial conditions of the system lie inΩ, its trajectories will converge to the

largest invariant set inside the regionS = {v | Ẇ = 0}. Note thatΩ can be made arbitrarily

large, ensuring semi-global asymptotic stability of the invariant set. InS, the agent velocity

dynamics are

v̇ = −
[ ∇r1V1

...
∇rNVN

]
= −(B ⊗ I2)


 ...

∇rij
Vij

...




which, by a slight abuse of notation, can be expanded to

v̇x = −B[∇rij
Vij ]x, v̇y = −B[∇rij

Vij ]y.

Thus, bothv̇x and v̇y belong in the range of the incidence matrixB. For a connected graph,

range(B) = span{1}⊥ and therefore

v̇x, v̇y ∈ span{1}⊥.
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On the other hand, in the invariant set withinS

vx, vy ∈ span{1} ⇒ v̇x, v̇y ∈ span{1},

which leads to contradiction unless

v̇x, v̇y ∈ span{1} ∩ span{1}⊥ ≡ {0}.

This means that the agents velocities do not change in steady state and that the potentialVi of

each agenti is (locally) minimized.

Corollary 1 (Distance setpoint stabilization) If the neighboring graph is a tree, then inter-

agent distances can be stabilized to desired setpoints.

Proof: For a tree, the number of edges isN − 1 and thusB is full rank. In this case,

(B ⊗ I2)


 ...

∇rij
Vij

...


 = 0 ⇒


 ...

∇rij
Vij

...


 = 0,

Let rd be the configuration whereVij attains its unique minimum. Then∂Vij

∂‖rij‖ = 0 implies that

‖rij‖ = rd.

Corollary 2 (Convergence speed)Velocity synchronization is accelerated as as the algebraic

connectivity of the neighboring graph increases.

Proof: Let us decompose the velocitiesvx andvy into two components

vx = vxp ⊕ vxn , wherevxp ∈ span{1}, vxn ∈ span{1}⊥,

vy = vyp ⊕ vyn , wherevyp ∈ span{1}, vyn ∈ span{1}⊥.

Then from (8), sinceL = BBT we have that

Ẇ = −vT
xn

Lvxn − vT
yn

Lvyn + vT fd,

where fd is the stack vector of all disturbances. For a connected graph,BT is full rank in

span{1}⊥ and therefore,

Ẇ ≤ −λ2(‖vxp‖2 + ‖vyp‖2) + ‖v‖ = −λ2‖vp‖2

whereλ2 is the second smallest eigenvalue of the Laplacian, and‖vp‖, expresses the magnitude of

velocity misalignments. It is known that the addition of a new edge in a graph generally increases
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the eigenvalues of the Laplacian [30]. Hence, increasing the connectivity of the neighboring graph

results to faster convergence.

Note that unless two agents are interconnected under the fixed neighboring graph topology,

they cannot be aware of each other presence in their close vicinity and collision avoidance

between them cannot be ensured. In order to ensure collision avoidance between all agents, we

need the neighboring graph to be complete.

Corollary 3 (Collision avoidance in fixed networks) If the fixed interconnection topology cor-

responds to a complete graph, then collision avoidance is ensured.

Proof: A complete graph contains all possible edges and therefore every agent is intercon-

nected to every other agent. SinceΩ is positively invariant, all inter-agent potential functions

have to remain bounded. However,Vij → ∞ whenever‖rij‖ → 0, and by continuity‖rij‖ > 0,

∀ t > 0 and∀ (i, j) ∈ N × N .

Collisions can also be avoided in the case where neighboring interconnections depend dynam-

ically on the distance between the agents. Group motion under such conditions is discussed in

the following section.

V. SWITCHING INTERCONNECTIONTOPOLOGY

One of the most interesting characteristics of the control scheme is that its stability is not

affected by changes in the neighboring graph. This robusteness property with respect to in-

terconnnection topology variations can be particularly useful in cases where the agents are

subject to sensing and communication constraints. In this section we relax the assumption that

interconnection topology is fixed and we let neighboring relations depend on physical proximity

between the agents. Thus, two agents are considered interconnected when their distance is below

a certain threshold,R:

i ∼ j ⇔ ‖rij‖ < R.

The control law for agenti is still expressed by (3), with the only difference being thatNi now

changes dynamically as a function of the distance between the agents. Such changes introduce

discontinuities in (3) which in turn give rise to a set of discontinuous differential equations for

the dynamics of agenti.
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The stability of the discontinuous dynamics will be analyzed using differential inclusions [31]

and nonsmooth analysis [32]. A brief review of nonsmooth analysis and stability is given in

Appendix . In a switching interconnection topology, the agent dynamics can be expressed by

means of a differential inclusion:

ṙi = vi (9a)

v̇i ∈a.e K[ui] i = 1, . . . , N , (9b)

whereK[·] is a differential inclusion (see Appendix) anda.e stands for “almost everywhere”.

Existence and uniqueness of the solutions of (9) is guaranteed by the boundedness ofui.

The stability analysis is based on a nonsmooth version of LaSalle’s invariant principle [33],

using the nonnegative Lyapunov-like function

Q(r, v) =
1

2

N∑
i=1

(Vi + vT
i vi) +

∑
(i,j)/∈E

Vij(R).

Equivalently, one expressQ in terms of a nonsmooth inter-agent potential function, which is

constant for two agents that are not neighbors:

Definition 3 (Nonsmooth potential function) Potential functionUij is a nonsmooth, nonneg-

ative, radially bounded function of the distance‖rij‖ between agentsi and j, such that

1) Uij(‖rij‖) → ∞ as ‖rij‖ → 0,

2) Uij attains its unique minimum when agentsi and j are located at a desired distance.

3) Uij is constant for‖rij‖ ≥ R ∈ R+.

Based on the above Definition, one can define a “saturated version” ofVij:

Uij(‖rij‖) =




Vij(‖rij‖), ‖rij‖ < R,

Vij(R), ‖rij‖ ≥ R
, (10)

as follows:

Q =
1

2

N∑
i=1

(
N∑

j=1

Uij + vT
i vi). (11)

FunctionQ is continuous everywhere but nonsmooth whenever‖rij‖ = R for some(i, j) ∈
N × N (Figure 3).

We can now generalize Theorem 1 to the case where the interconnection topology switches

arbitrarily between connected neighboring graphs:
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Uij

‖rij‖R

Fig. 3. A saturated nonsmooth artificial potential function.

Theorem 2 [Flocking in switching networks] Consider a system ofN mobile agents with dynam-

ics (9), each steered by control law(3) and assume that the neighboring graph is connected.

Then all pairwise velocity differences converge asymptotically to zero, collisions between the

agents are avoided, and the system approaches a configuration that locally minimizes all agent

potentials.

Proof: We differentiate functionQ as it is expressed in (11). For all points where‖rij‖ 6= R,

for any (i, j) ∈ N × N , the time derivative ofQ is calculated as in (7) yielding:

Q̇ = −vT (L ⊗ I2)v, ‖rij‖ 6= R ∀(i, j) ∈ N × N.

If for some (i, j) ∈ N × N we have‖rij‖ = R, then we need to consider the generalized time

derivative ofQ.

Lemma 1 The (partial) generalized gradient ofUij with respect tori at R is empty:

∂ri
Uij(R) = ∅. (12)

Proof: of Lemma 1 The generalized derivative ofUij at R along w, namelyU◦
ij(R), is

determined by the expression:

U◦
ij(R; w) , max{〈ζ, w〉 | ζ ∈ ∂Uij(R)}.

Depending on the sign ofw we distinguish the two cases:

1) if w > 0 then0 ≥ ζw, which means that allζ ∈ ∂Uij(R) have to be nonpositive;

2) if w < 0 then ζw ≤ c < 0 which means that allζ ∈ ∂Uij(R) have to be positive.

Since the direction ofw is arbitrary,∂Uij(R) = ∅.
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FunctionUij is a composition of a continuous functionUij(s) from the positive reals to the

positive reals with‖rij‖. The norm‖rij‖ is a smooth (hence strictly differentiable) function of

both position vectorsri, rj whenri 6= rj . Note thatri = rj corresponds to collision configurations

in the exterior ofΩ, which are naturally excluded. Function,Uij(s) is locally Lipschitz and regular

for all s > 0. Therefore [32]:

∂ri
Uij(‖rij‖) = ∂rij

Uij(‖rij‖) · ∂‖rij‖
∂ri

At R whereUij is not differentiable,∂rij
Uij(R) = ∅, and thus,∂ri

Uij(d) = ∅.

Remark 1 The fact that the generalized gradient ofUij is empty can be geometrically justified

considering this set to be the polar of the contingent cone ofUij (the tangent cone in the case

whereUij is regular).

Using the property of finite sums of generalized gradients [32] we obtain

∂Q ⊂
N∑

i=1

[ N∑
j=1

∂ri
UT

ij + vT
i

]
.

Then the worst case for the rate of change ofQ, captured by the term (c.f. Appendix, Theorem

4)

m(r, v) = max {Q◦(r, v; φ) | φ ∈ (
v

K[u] )} ,

will be:

m = max




N∑
i=1

(⋂
ξi

ξT
i vi

)
− vT K


(Lt ⊗ I2)v +


 ...

∇riVi

...








 ,

whereξi ∈
∑N

j=1 ∂ri
Uij , andLt and∇ri

Vi =
∑

j∈Ni
∇ri

Vij are switching over time depending

on the neighboring setNi of each agenti. Recalling that∂Uij(R) = ∅ (Lemma 1) and using

some differential inclusion algebra for sums, (finite) cartesian products and multiplications with

continuous matrices [34], we obtain

m ∈
N∑

i=1

(∇ri
Vi)

T vi − vT K[(Lt ⊗ I2)v] −
N∑

i=1

vT
i ∇ri

Vi

= − co{vT
x Ltvx + vT

y Ltvy}. (13)

For any graph, the right hand of (13) will be an interval of the form[e, 0], with e < 0.

Therefore it is alwaysq ≤ 0, for all q ∈ ˙̃Q. If the graph is connected, then this interval contains

0 only whenvx, vy ∈ span{1}.
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Applying Theorem 4 (a nonsmooth version of the invariant principle) proposed by [35] to the

system described by the vector field( ˙̄r, v̇), it follows that for initial conditions inΩ, the Filippov

trajectories of the system converge to a subset of{v | vx, vy ∈ span{1}} in which m ≥ 0, and

sinceLt is positive semi-definite, the (weakly) invariant set will consist of configurations where

m = 0 ⇒ ṙij = vi − vj = 0, ∀(i, j) ∈ N × N.

In this set, the system dynamics reduces to

v̇ ∈ −K
[
(Bt ⊗ I2) [ ··· (∇rij Vij)T ··· ]T

]
which implies that botḣvx and v̇y belong in the range of the switching incidence matrixBt. For

a connected graph,range(Bt) = span{1}⊥ and therefore

v̇x, v̇y ∈ span{1} ∩ span{1}⊥ ≡ {0}. (14)

From the above we conclude that

1) v does not change in steady state (and thus switching eventually stops), and

2) the potentialVi of each agent is minimized.

The issue of maintaining connectivity in the group while the network topology is switching

based on the distance between the agents is a major one. In the present analysis, this assumption

is instrumental in showing the stability of the flocking motion of the group. The nonsmooth

invariance theorem of Ryan [35], Theorem 4, does not requireΩ to be compact, but it does

require that trajectories remain inΩ for all time. If connectivity is lost, one cannot guarantee

that rij ∈ Ω and thus stability cannot be established.

Remark 2 (Differentiable Inter-Agent Potentials) An alternative to the nonsmooth inter-agent

potential function(10) would be to define a differentiable function of the distance, which satisfies

the requirements of Definition 3. Satisfing the requirements of Definition 3 with a function that

is differentiable atR is not trivial, especially if the distance with the minimum potential,rmin,

and the neighborhood boundary,R, is fixed. One candidate can be the following function:

Uij =




a1‖rij‖ − log(‖rij‖) − a2

‖rij‖ , if ‖rij‖ < R

a1R − log(R) − a2

R
, if ‖rij‖ ≥ R

,
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with

a1 =
1

rmin + R
a2 =

R rmin

rmin + R

Then, the Lyapunov-like function will be regular and one can use the invariance principle of

[36] to establish stability.

VI. NUMERICAL SIMULATIONS

This section presents the results of a numerical implementation of the proposed control scheme

on a group of ten mobile agents. The number of agents in the group was kept that small for clarity

of presentation. We investigate both the case of fixed topology and the case of dynamic, distance-

dependent interconnections. Convergence is verified in cases, and case related characteristics are

identified.

The case of fixed topology is investigated first. A group of ten mobile agents with dynamics

(1) is initialized with random initial(x, y) positions in the range of(−2.5, 2.5)× (−2.5, 2.5)m.

Velocities were also randomly selected with magnitudes in the(0, 1)m/s range and arbitrary

directions. A randomly generated0−1 adjacency matrix defined a connected neighboring graph.

Then the group motion evolves according to the closed loop system (1)-(3), and successive

snapshots of this evolution are captured in Figure 4, for a time period of100 simulation seconds.

The particular time instant where the snapshot was taken is recorded below each frame. In

Figure 4 the position of the agents is depicted by black dots and interconnections are represented

by line segments connecting the agent locations. The path of each agent is shown by a dotted

line and agent velocities are given as small arrows, which are scaled up at steady state to show

how the vectors have been synchronized.

It is worth noting that a fixed interconnection topology cannot ensure collision avoidance

between two agents, unless these are interconnected; otherwise there is no way an agent is

aware of the presence of a flockmate in its vicinity. This is demonstrated in Figure 4 by the

proximity of the two agents near the center of the frame corresponding to steady state. Although

the agents do not collide, they may come dangerously close.

This scenario is fortunately avoided in the case where the interconnection topology is distance-

dependent. In this case, whenever two agents are found close to each other, an interconnection is

established which guarantees collision free motion via the action of the potential forces. Figure 5
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Fig. 4. Successive simulation time snapshots of flocking with fixed interconnection topology.

describes the evolution of a group of ten agents in which the topology is switching according

to inter-agent distance. The agents are randomly initialized within the same range of positions
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and velocities. The neighborhood radius below which two agents can sense the state of each

other was set to2m. They reach a steady state where all velocities are synchronized after100

simulation seconds. In steady state, connectivity is high because the inter-agent potential fields

pull the agents close enough to establish a control interconnection, however the neighboring

graph is not necessarily complete.

The dynamic nature of the interconnection topology in the case where the neighboring links

are distance dependent can be depicted in Figure 6, where the valencies of all nodes in the

interconnection graph are plotted versus time. It can be seen that the number of neighbors for

each agent generally increases, up to a point where switching ends, and node valencies stabilize

to some steady state values.

Velocity synchronization in both cases is demonstrated in Figures 7-8. While Figures 4-5

have shown that all agents eventually move in the same direction, Figures 7-8 establish the

convergence of agent speeds as well.

VII. CONCLUSIONS

In this paper we introduce a local control law for a group of mobile agents that allows

them to stabilize their pairwise distances, avoid collisions and move as a coherent group having

a common velocity vector. We show that this behavior is robust to arbitrary changes in the

interconnections between the agents. The control law is based on a combination of a velocity

alignment component with a local artificial potential field. The potential field for each agent is a

superposition of individual fields associated with its neighbors and is minimized in a distributed

way. Both the minimization of the agents potentials and the stability of the flocking motion is

established by exploiting the algebraic connectivity of the underlying interconnection graph.
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APPENDIX

The purpose of this section is to briefly introduce the mathematical machinery related to

nonsmooth stability analysis. We begin with a definition of our notion of solutions of differential

equations with discontinuous right hand sides:

Definition 4 ( [34]) Consider the following differential equation in which the right hand side

can be discontinuous:

ẋ = f(x) (15)

where f : R
n → R

n is measurable and essentially locally bounded andn is finite. A vector

function x(·) is called a solution of(15) on [t0, t1], where ifx(·) is absolutely continuous on

[t0, t1] and for almost allt ∈ [t0, t1]

ẋ = K[f ](x)

where

K[f ](x) , co{ lim
xi→x

f(xi) | xi /∈ Mf ∪ M}

whereMf ⊂ R
n, µ(Mf) = 0 and M ⊂ R

n, µ(M) = 0.
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According to this definition, a trajectoryx(t) is considered a solution of the discontinuous

differential equation (15) if its tangent vector, where defined, belongs in the convex closure of

the limit of the vector fields defined by (15) in a decreasingly small neighborhood of the solution

point. Being able to exclude a set of measure zero, is critical since one can thus define solutions

even at points where the vector field in (15) is not defined.

A sligthtly more general definition of (maximal) solutions can be found in [35]:

Definition 5 ( [35]) Consider the autonomous initial-value problem

ẋ(t) ∈ X
(
x(t)

)
, x(t) ∈ G, x(t0) = x0, (16)

whereG 6= ∅ is an open subset ofRN . The set-values map(x) 7→ X(x) ⊂ R
N in (16) is assumed

to be upper semicontinuous onR × G, with nonempty, convex, and compact values.

This definition is sufficient to ensure that the solution is absolutely continuous on compact

subintervalsI ∈ R (x(t) ∈ AC(I; G)). Ryan defines solutions to be maximal if they cannot be

extended any further in time:

Definition 6 ( [35]) A solution of (16) is said to be maximal if it does not have a proper right

extension which is also a solution of(16).

Then, it can be shown that all solutions of (16) can be thought to be maximal:

Proposition 1 ( [35]) Every solution of(16) can be extended to a maximal solution.

A maximal solution is called precompact if it always stays in the closure ofG:

Definition 7 ( [35]) A solutionx ∈ AC([t0, ω); G) of (16) is precompact if it is maximal and

the closurecl
(
x([t0, ω))

)
of its trajectory is a compact subset ofG.

Lyapunov stability has been extended to nonsmooth systems [33], [36]. Establishing stability

results in this framework requires working with generalized derivatives [32], whenever classical

derivatives are not defined.

Definition 8 ( [32]) Let f be Lipschitz near a given pointx and letw be any vector in a Banach

spaceX. The generalized directional derivative off at x in the directionw, denotedf ◦(x; w)
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is defined as follows:

f ◦(x; w) , lim sup
y→x
t↓0

f(y + tw) − f(y)

t

The generalized gradient, on the other hand, is generally a set of vectors, which reduces to the

single classical gradient in the case where the function is differentiable:

Definition 9 ( [32]) The generalized gradient off at x, denoted∂f(x), is the subset ofX∗

given by:

∂f(x) , {ζ ∈ X∗ | f ◦(x; w) ≥ 〈ζ, w〉, ∀w ∈ X}

In the special case whereX is finite dimensional, we have the following convenient characteri-

zation of the generalized gradient:

Theorem 3 ( [37]) Let x ∈ R
n and letf : R

n → R be Lipschitz nearx. Let Ω be any subset of

zero measure inRn, and letΩf be the set of points inRn at whichf fails to be differentiable.

Then

∂f(x) , co{ lim
xi→x

∇f(xi) | xi /∈ Ω, xi /∈ Ωf}

A weakly invariant setis defined to be the set where at least one of the (possibly multiple)

maximal solutions of (16) stays forever in the set:

Definition 10 ( [35]) Relative to(16), S ⊂ R
N is said to be weakly invariant set if, for each

x0 ∈ S ∩ G, there exists at least one maximal solutionx ∈ AC([0, ω); G) of (16) with ω = ∞
and with trajectoryx([0, ω)) in S.

Shevitz and Paden [33] proposed a nonsmooth version of LaSalle’s invariant principle, and

Bacciotti and Ceragioli [36] have given an alternative nonsmooth characterization of the invariant

principle which also applies to the case where uniqueness of solutions cannot be guaranteed.

Here, we choose to apply the invariant principle introduced by [35] since, not only does it not

require uniqueness of solutions, but also lifts the regularity requirement from the Lyapunov-like

function. The price to pay is that one can only guarantee the invariance of at least a single

solution. This is unavoidable, if one is to relax the requirement on uniqueness of solutions [36].

Theorem 4 ( [35]) Let V : G → R be locally Lipschitz. Define

m : G → R, z 7→ m(z) , max{V ◦(z; φ) | φ ∈ X(z)}.
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Suppose thatU ⊂ G is non-empty and thatm(z) ≤ 0 for all z ∈ U . If x is a precompact

solution of (16) with trajectory inU , then for some constantc ∈ V (cl(U) ∩ G), x approaches

the largest weakly invariant set inΣ ∩ V −1(c), where

Σ = {z ∈ cl(U) ∩ G | m(z) ≥ 0}.

In the above theorem, the invariant set is defined more generally, but this does not restrict our

analysis. In essense, it allows the generalized time derivative ofV to be positive on the boundary

of U . From Definitions 9 and 4, one can see thatm(z) is nothing but the maximal element in
˙̃V of [33], if V turns out to be regular.
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