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of spatially distributed systems

Nader Motee! and Ali Jadbabaie®

We thank the author in [1] for careful reading of our paper and pointing out the errors. It is very
unfortunate that both of us and the reviewers missed these errors. In [2], the notion of spatially-decaying
(SD) matrices is introduced. These are classes of infinite matrices defined by the off-diagonal decay of
their entries. Families of coupling characteristic functions (e.g. exponential and algebraic off-diagonal
decay) are defined to quantify off-diagonal decay of matrices. The objective of [2] is to show that the
unique solution of Lyapunov and Riccati equations with SD coefficients are SD. These results are reported
in Theorems 5 and 6 in [2], respectively. The proofs of these theorems are mainly based on convergence
properties of the corresponding differential Lyapunov and Riccati equations and the result of Corollary 1
in [2]. The statement of Corollary 1 in [2] asserts that if a sequence of operators in the Banach algebra
of SD matrices is convergent in the sense of ¢, , then it is also convergent in the Banach algebra of
SD matrices. As pointed in [1] Corollary 1 in [2] is not true in general, resulting in the collapse of the
proofs of Theorems 5 and 6.

Even though some of the proofs as appeared in [2] are wrong, the statements of Theorem 5 in [2] and a
modified version of Theorem 6 still hold under some additional assumptions on the coupling characteristic
functions and the distance function. We assume that the following assumptions hold: the GRS-condition
(2) which essentially requires that the coupling characteristic function decays sub-exponentially, a weak
growth condition (5) on the coupling characteristic function, a growth condition (6) on the volume of
a ball in the index set, and A being self-adjoint. We provide a proof for Theorem 5 in [2] which does
not rely on Corollary 1 in [2]. A modified and more restrictive version of Theorem 6 in [2] remains
valid. Essentially, we prove that the solution of the operator Riccati differential equation is in the Banach

algebra on finite time intervals. Whether the result is true for infinite time, remains to be seen.

! The authors are with the Department of Electrical and Systems Engineering and GRASP Laboratory, University of
Pennsylvania, 200 South 33rd Street, Philadelphia, PA 19104 USA ({motee, jadbabai}@seas.upenn.edu) .
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A. Brief Review of Notations

Let G be a countable index set and dis(., .) a distance function. In the following definition, we restrict
the definition of a coupling characteristic function, as it is presented in [2], by imposing conditions (1)
and (2).

Definition 1: Let p : [0,00) — [0, 00) be a continuous concave function such that p(0) = 0. A coupling

characteristic function x is of the following form

x(x) = e’ (1)

and it satisfies x(0) = 1 and x(z +y) < x(z)x(y). A coupling characteristic function y(z) is said to
satisfy the GRS-condition (Gelfand-Raikov-Shilov condition) if

lim x(nz)= =1 forall zeR*t 2)

n—oo

or equivalently, we have
lim @

r—00 I

=0. 3)

Typical examples of such coupling characteristic functions are polynomial functions x,(z) = (14 |z|)7,

sub-exponential functions of the form y,(z) = e7*l’

, and logarithmic functions of the form x.(x) =
<1og(e + |x|))T forall 7 > 0 and 0 < B < 1 (see [3] for more details). More general coupling
characteristic functions can be obtained by multiplying simple coupling characteristic functions. A family
of coupling characteristic functions can be defined as ¢ = { Xr | T> 0}. We assume that all coupling

characteristic functions in % satisfy the GRS-condition (2).

Let ¢ be a family of coupling characteristic functions. The class S2>°(%") equipped with operator norm

1Al = max {sup 3~ Akl xr(clis(h, ), sup > Al xr(clis(k, )} )

i€G €C yeG
is the set of all matrices A such that ||| A[||.. is bounded. We emphasize that operator norm (4) is equivalent
to the operator norm defined in Section IV-D in [2]. This is because x, is an increasing function of «

and supremum of function Y, over [0,7) is x,. The set S>°(%’) corresponds to the class Al in [3].
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I. COMMENTS ON THE COUNTEREXAMPLE IN [1]

The counterexample considers a system with the Fourier transforms A =0, B =10—e % — ¢ C =

1,D = 0. It is shown that the solution to the Fourier transformed Riccati equation is

. 1  —
)= —+ —— Ok cos kO
Q) WG 2\/626 cos

where 0 = —In(5 — v/24). If the coupling characteristic function does not satisfy the GRS-condition,

then Theorem 6 fails. For example if x,(z) = e™*| for some 7 > 0. As the counterexample shows

—Olk| oIkl — _~ (T=8)Ikl —
Gl =3 lail xr () = o= 3 @ - =Y

kezZ kezZ keZ
for all 7 > 4.

However, under the assumption that ¥ satisfies the GRS-condition, it follows that
QeSX(®) forall 7>0.

This is because an exponential function decays faster than any coupling characteristic function that
satisfies the GRS-condition. For example, if x,(2) = e7l*l” for any 7 > 0 and some 0 < 3 < 1 it follows
that

QI =" laxl x-(|k]) = 4[ T e T < o,

keZ keZ

for all 7 > 0.

II. MODIFIED VERSIONS OF THEOREMS 5 AND 6 IN [2]

In this section, we present modified versions of Theorems 5 and 6 in [2]. Our modifications and new
proofs are based on Theorem 6 in [3]. Theorem 6 in [3] states that if a coupling characteristic function

X- satisfies the GRS-condition and the following weak growth condition
xr(x) > (14 |z|)°  for some 0 <4 <1, ®)

then the spectral radii of a self-adjoint operator with respect to ||.||2 2 (induced operator norm on ¢3) and

[IIlIl. are the same, i.e.,

ps=%)(A) = pe,(A) forall A= A" € SX(F).
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Assumption 1: The Banach algebra S2°(%’) corresponds to a coupling characteristic function y, that
satisfies the GRS-condition and the weak growth condition (5).

Remark 1: In [2] and this paper, we present our results for a countable index set G and an arbitrary
distance function dis(.,.) on G. Our proofs and results are mainly based on Theorem 6 in [3]. The
result of this theorem is expressed for index set Z? and distance function dis(m,n) = ||m — n||. In the
following discussion which is adopted from Remark 2 in [3], we briefly show that the proof of Theorem
6 in [3] carries over to arbitrary countable index sets G endowed with a non-trivial metric dis(.,.). The
key modification in the proof of Theorem 6 is when we apply Barnes’s Lemma (Lemma 5 in [3]) in the
proof of Lemma 9 in [3]. The statement of Barnes’s Lemma in [3] is based on the results of Lemma
4.6 and Theorem 4.7 in [4]. In [4], Lemma 4.6 and Theorem 4.7 are proved for a countable index set G
and an arbitrary distance function dis(.,.) under the following assumption on the distance function (see

condition (4.1) in [4])
3C >0 and 38 >0 suchthat u(B(z,r)) < C 7’ forall z€G (6)
in which B(z,r) is a ball with center = and radius r defined as follows
B(x,r) = {y eG ‘ dis(z,y) < 7‘}

and p is a positive regular o-finite Borel measure on G. Condition (6) means that the volume of balls
B(xz,r) grows polynomially in the radius r and independently of z € G. For more details, we refer to
the Appendix.

Lemma 1: Suppose that assumption 1 holds and 7 is a strongly continuous semigroup on ¢ and that
for all ¢ > 0, 7(t) is self-adjoint. Assume that 7 (¢) € S°(%’) on a closed interval of time. If the

semigroup 7 (t) is exponentially stable, then there exist constants M,~ > 0 such that
7@, < M e

for all ¢ > 0.

Proof: Since 7 (t) is exponentially stable, we have
|17 (#))l22 < Ce ™ forall t>0 @)
for some C, p > 0. Therefore, we can choose ¢y > 0 so that
|7 (to)[l22 < 1.
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From assumption 1, 7 (t) € S2°(%) and self-adjoint for all ¢ > 0 and according to Theorem 6 in [3],

we have the following relationship between the spectral radii

ps=)(T (to)) = pe,(T (to)) = |7 (to)l|2,2 ®)

where ps- (%) and py, are spectral radii in Sp°(%’) and {2, respectively. According to proposition 3.8 [5],

the limit lim,, .o {/[||7 (to)"|||,. exists and

P e)(T(t0)) = Tim (/1T ()"l = Tim /1T (ato)ll,. ©)

The last equality in (9) follows from the semigroup properties. From (8) and (9), one can see that there

exists a number A > 0 such that

Jim (/T (o)l = 1T ()22 = e < 1.

According to the definition, for a small enough number ¢ > 0 for which ¢ + e~ < 1, another number

N¢ > 0 exists such that
ST (nto)|ll, <e+e <1 forall n> N..

This implies that
|7 (nto)|ll, < e ™ forall n> N,

in which v = —% log(e + e~). From our assumption that 7 (t) € S>°(%) on a finite interval of time

and the semigroup properties, one can verify that

My = T <
0 teféf%}fto]”‘ @I, < oo

By choosing M = My eV, we can conclude that
TN, < Me™

for all ¢ > 0. [ |
In the following, we apply the result of Lemma 1 to show that the unique solution of operator Lyapunov
equation is in the Banach algebra.
Theorem 5 in [2]: Suppose that A € S°(%) is self-adjoint and the infinitesimal generator of an

exponentially stable Cp-semigroup e* and that Q € S®(%) is a self-adjoint positive definite operator.
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Then the unique positive definite solution of operator Lyapunov equation (11) satisfies P € S>°(%).

Proof: From Wiener-Levy theorem it follows that = S°(%) for all t > 0 (cf. [3]). From our
assumption that A is the infinitesimal generator of an exponentially stable Cp-semigroup and Lemma 1,
it follows that

e, < M e (10)

for some M,~ > 0. The Lyapunov equation
(Ag, PY) + (P, AY) + (¢, Qi) = 0 for all ¢, ¢ € lo(Z) (11)
has a unique solution given by
00
Po = /0 eNtQeM g dt for all ¢ € lo(Z) (12)
We can also view P as the strong limit of the solution P(¢) of the following operator differential equation
(6, P = (A9, PO} + (P16, AY) + (9, Q) forall 9 eb(Z)  (13)
with initial condition P(0) = 0 [6]. One can verify that
Pt)g = /Ot eNtQeM g ds  for all ¢ € lo(Z) (14)

It is shown [6], [7] that as
tlim P(t)p =P¢ forall ¢ € lo(Z)
—0Q

In the following, we show that P(t) € S2°(%¢’). From (14), we have

P = /0 A5 Qe ds
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Consider the following summation

> Pl s = | [ 41 QeA, ds| 1o (ist )

>/
[ [feroet

Inequality (15) follows by the monotonicity of the integral. From this, it follows that

IN

‘ [e.A*SQe.As]ij

X+ (dis(i, j)) ds

IA

X~ (dis(z, j)) ds (15)

t
sup Yy [|[P@)]is| x-(dis(i, ) < /0 eI Q- Me |l ds
7 3
J
Similarly, we can do the same and obtain the same inequality for sup; > ;- Thus, we have

t
PO, < /0 eIl MLl NI, ds (16)

Therefore, from (10) we have that

llelll, < M e
for some M,y > 0. We apply this inequality to (16) to obtain
2 ' s 2 1 2yt
PO < A2 HIQl, [ e ds = 22 e, 5-(1- ) (a7

This implies that P(t) € S>°(¥) for all ¢ > 0. A similar analysis shows that
_27(t71_tnz)

_ 2 loe
1P (tn) = Plem)ll, < M2 @Il (5

) efQ'ytm

in which ¢,, > t,,,. This implies that the sequence {P(t,)}5°, is a Cauchy sequence in Banach algebra

§2°(%) for all sequences {t,}72, in the interval [0,00). We conclude that P () is also convergent in

S2°(€) and that P € S°(%). [
Remark 2: In reference [8], it is shown that under some additional assumptions on A the result of

Lemma 1 and Theorem 5 can be extended to the case where A is not self-adjoint. According to Theorem

3.3 of [8], if A satisfies the following condition (cf. inequality (3.1) in [8])

A" o, < Pn) max (A" o2, [ (A7) [2) forall n>1
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where P(n) > 1 is a polynomial, wy is the constant function with value 1, and
[ All2,w, == sup [|[Alx, [|2 + sup [|[A] |2
keG i€eG

then
pse=(%)(A) = max{p, (A), pe,(A")}

We refer to Theorem 3.3 in [8] for a complete discussion on this. Therefore, under some additional
assumptions the result of Theorem 6 in [3] can be extended to the case where A is not self-adjoint.
Modified Version of Theorem 6 in [2]: Assume that A, B,Q € §>*(%) and Q = 0. Moreover,

assume that conditions of Theorem 2 in [2] hold. Then solution of the differential Riccati equation

d
%P(t) = A"P(t) +P(t)A+ Q — P(t)BB*P(t)
where P(0) = Py € §(%) is hermitian and non-negative, satisfies P(t) € S°(%) for all ¢t € [0, T]

and all N > 1 where
N
Ty =Y 6
i=0

and
1

A(IA- + Bl

diy1 = i = 2[||P(6:)]ll,;

in which ¢ = 0.

Proof: In the following, we will follow similar lines of proof as in Lemma 2.2 in Chapter IV-1 of

[7]. The differential Riccati equation is equivalent to the following integral equation:

V1(P)(t)¢ = P(t)¢

where

Y(P)(t)é = P(0)o + /O (AP(s) + P(s)A+ Q — P(s)BB"P(s) ) b ds

Consider the ball
By, = {X € Cu([b0, 01 (62(2)) | I1X]1 < ro}
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in which (¢2(Z)) is the Banach space of all bounded hermitian operators on ¢2(Z) and C; ([do, 61]; £ (¢2(Z)))
is the space of all strongly continuous mappings X : [dp, 01] — X (¢2(Z)) endowed with the norm
IXII= " sup (X (s)lll-
86[50751}

In the following, we show that for all p > 0 there exist 5; = d(p) > 0 and ro = r(p) > 0 such that
IPolll- <p = ¥(Brys,) C Brys,

and

I 4(P) =P Il < 5 1P =P

for all P, P’ € B, 5,. Let P € B, 5,, then we have

IN

01
Iy (P |||7’(0)IHT+/§ <2IIIAIIIT P+ QI + 1B |||73(5)|||2)d8

IN

IPCO)ll;- + &1 (H\B\Hf 5+ 2[Mll 7o + H!Q!HT) (18)

in which g = 0. By the following selection

.
ro=2IP@o)ll, and & (IBIE &+ 2All, ro+l1Qll,) < 2 (19)

it follows that
V(P < 7o

for all P € B, s,. It also follows that
61
IV (P) = ~(PIlIl =1l /(S («4*(7’(8) —P'(s) + (P(s) = P'(s)) A
+ (P(s) = P'(s))BB"P'(s) + P(s)BB"(P'(s) — P(S)))dSH\
< o1 (241, +2rIBIZ) 1P — Pl
If we choose 79 and dp such that

(20)

DO

1 (2AIl, +2rolIBIIZ) <

then it follows that
1
I v(P) =v(P) Il < 3 1P — Pl
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for all P, P’ € B, s,.

Therefore, if we choose ro = 2|||P(do)|||, and &1 such that (19) and (20) hold, then ~ is a -contraction
in B, s, and there exists a unique solution P in B, s . Now, we can repeat the procedure with the
new initial condition P(d1) to obtain 1 = 2|||P(41)]||, and Jo. Similarly, it can be shown that y is a

%—contraction in the ball

Bros, = {X € Cu(lor, 0 (@) | I1XI] < i},

and that these exists a unique solution P on the interval [0y, d2]. This procedure can be resumed until the
time instant Ty = Eﬁ\;o d; for all N > 1. Thus, we can conclude that P(t) € S°(%) for all t € [0, Tn].
|

We note that the series Zf\i 00 when N — oo may be divergent and that the time instant 7" can be

infinite. In this case, the result of Theorem 6 is P € S2°(%) for all t > 0.

III. APPENDIX

As it is explained in Remark 2, the proof of Theorem 6 in [3] carries over to arbitrary countable index
sets G endowed with a non-trivial metric dis(.,.). The key modification in the proof of Theorem 6 is
when we apply Barnes’s Lemma in Lemma 9 in [3]. Under the assumption (6), we can use the results
of Lemma 4.6 and Theorem 4.7 in [4] to adjust the proof of Lemma 9 in [3] to an arbitrary countable
index sets G endowed with a non-trivial metric dis(.,.). For completeness of our discussion, we show
necessary steps to adjust the proof of Lemma 9 in [3].

Lemma 9 in [3]: Under the hypotheses of Theorem 6 and with v, as in Lemma 8, the following

identities hold for every A = A* € Al:

lim [[Alla;, = |[A]lar, and 1)
pas(A) = par(4) = [Allop 22)

Proof: (a) Let € > 0. For self-adjoint A € AL we have
1AlLa, = sup D lags| vn(dis(k, ).
keB iec
Since by construction of v, we have v,(z) = e "v(zx) for ||z|| > B, there is some ny = np(e) € N

such that

sup Z |agi| vn, (dis(k, 1)) < e ™Al <e.
eC ieG | dis(k,i) 280}
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By monotonicity v, < v, < v for all n we therefore obtain that for all n > ng
sup Z lak;| v (dis(k, 1)) < e.
*€C 1icG | dis(k,i)>Bn}
If ||z|| < B,,, then v, converges to 1 uniformly, so for n > n; = ni(e) we have that
sup Z laki| vn(dis(k, 7)) < (1+¢€) supz |k
€ e | dis(k,i)<Bg } k€G jcG

Combining these estimates we obtain that for n > max(ng, n1)
[Allay, < e+ (1+e)[AlLar

We conclude that
L <Al VA€ AL

Un

lim_[|Al]4
n—oo

The inverse inequality is obvious, since v, > 1 for all n. (b) Using step (a) and the equivalence of the

weights v and v,, we then have
pas(A)F = par(A¥) = pay (A") <||A¥| 0, VWneN.

Consequently,

par(A)F < lim [|4¥] 4 = [A*|a VEEN.

Un

and so by taking k-th roots we have
. 1/k
par(4) < lim 1A = pas (A).

Since v(z) > C (1+|z|)° = 75(z) and § > 0, we have the inclusion A} C AL | and according to Lemma
4.6 and Theorem 4.7 in [4] it follows that p 41 (A) = || A||op. Consequently, p a1 (A) = || A|op, as desired.
]
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