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Abstract— One of the most interesting problems in wireless While geographic routing has many advantages, its main
adhoc networks is finding scalable routing algorithms for  disadvantage is the assumption that georgraphic location of
message passing from source nodes to destination nodes in.y)| the nodes are known. In certain settings such as sensor
Several routing algorithms exist in the literature. In particular, t ith GPS thi tion i tural. but ft
the ones that use geographic location information as the nets wi ! IS ass"%mp_'on IS na !,Ira, ut more orten
address seem to be more scalable to large networks. Thesethan not, exact information is not available for all nodes.
methods however, require that all nodes in the network know It is however, reasonable to assume thanenodes in the
the geographic location of all the others. While this is the case network know their exact location information while others
in certain sensor net applications, there are plenty of scenarios do not [4]. In a recent paper [17], Rabal. provide a simple
where geographic location information is not obtainable for but com éllin aloorithm for ec; ra hi(.: routing when onl
all nodes. Recently, a new routing algorithm was proposed by p g aig geog p_ g y
Rao et al. which does not require geographic information for the nodes on the boundary of the region have exact location
all of the nodes in the network, but assumes that peripheral information. (In [17], the authors also consider the more
nodes located at the boundary of the region of interest have general setting where peripheral nodes do not have location
location information. The algorithm is based on the use of a jntormation and use a certain triangularization algorithm to
set ofvirtual coordinates which are calculated by averaging the | t h oth First the interi d fth t K
x —y coordinates of each node in the network with its nearest ocate each o _er). Irst, the In e!’IC.)I’. nodes 9 € networ
neighbors, while keeping the coordinates of the peripheral are labelled with some random initial coordinates. These
nodes on the boundary fixed. Simulations indicate that the random initial coordinates are then updated in a distributed
virtual coordinates converge to fixed values whgn the graph is jterative scheme, in which the andy coordinates of each
connected. It has been shown that such a routing scheme has jiarior node is replaced by the average of the coordinates
asu_rprlsmgly_hlgh success rate, close to that of location aware of its nearest neighbors (which could contain peripheral
routing algorithms, and performs even better when there g 8 perip
are obstacles in the network.In this paper, we will explicitty ~nodes). The converged value of these coordinates are then
calculate a closed form solution for the virtual coordinates, used for geographic routing, meaning that messages are
explore the connections to distributed coordination algorithms  passed to the node that is closest in distance (calculated
and provide a possible explanation for the high success rate of ,ginq virtual coordinates) to the destination node. The above

the algorithm. We further explore connections to several other lgorithm h h to b isinalv effective. in t f
areas such as distributed coordination algorithms as well as algorithm has shown to be surprisingly efiective, in terms o

distance geometry, as well as the notion of resistance distance the success rate of routing. More interestingly, simulations
in graphs. indicate that in the presence of random obstacles this type

of routing tends to perform even better than geographic
I. INTRODUCTION routing with location information [17]. Note that in this
process the coordinates of the peripheral nodes are fixed
One of the most important problems in ad hoc networkand they do not change, however their value will influence
is finding best routes for transmitting data between sourcéhe virtual coordinates of their neighbors (and the neighbors
destination pairs in a multi-hop fashion. Several algorithmef neighbors, etc.)
have been proposed for routing. These include on-demandThe purpose of this paper is to find a close form solution
routing [9] with some variations [10], distance vector routfor the value of the virtual coordinates in terms of the fixed
ing [16] and geographic routing (cf. [17] and the referencesoordinates of the peripheral nodes and provide a justifica-
therein). In geographic routing each node’s location is usetibn for the surprising performance of routing with virtual
as its address, and packets are forwarded in a greedgordinates. It will be shown that if the network of nodes
fashion towards the destination, i.e., packets are passed(tacluding the peripheral ones) corresponds to a connected
the neighboring node which is closest in distance to thgraph, the virtual coordinates always converge, and they
destination node. Of course one can envision a situati@onverge to a point in the convex hull of the boundary
in which there are dead-ends, meaning that a node has modes. Moreover, it will be shown that the coefficients of
neighbor which is closer to destination than itself. Soméhe convex combination are determined by the inverse of
variations of geographic routing such as GOAFR+ [12] hava diagonally perturbed Laplacian matrix of the graph of
been able to successfully address this issue. the interior (non-boundary) nodes of the network, or the



inverse of ann — m dimensional principal submatrix of B. Nonnegative matrices

the Laplacian of the graph over nodes, where: is the e review some standard results from the theory of
total number of nodes andh is the number of peripheral nonnegative matrices. Interested reader is referred to [7]
nodes. We note that numerous variations on the theme gfq [2] for further details. A matrixd/ = [m;;] is called
‘_‘inverting” the Laplac_ian matrix of the graph have appearedynnegative (positive) itn;; > 0(> 0) for all i and .

in the graph theory literature. (See for example [14], [15]a nonnegative matrix is called (row) stochastic, if all the
[3], [5]. We use these results to show that the value qlow sums add up to 1. This implies that 1 is an eigenvalue,
the virtual coordinates conveys some information about orresponding to an eigenvector which is the vector of all
certain notion of distance on the graph, known as the “rgsnes denoted byl. An n x n nonnegative matrix\/ is
sistance distance”. As a result, even though exact Euclidegg|ied irreducible if(1 + M)"=1 > 0. It is well known that
distance information is not available, the nodes will havg symmetric nonnegative matrix is irreducible if tgeph
some information about distances. Further connections {9 the matrix is connected. The celebrated Perron Frobe-
a leader following distributed coordination algorithm [8]niys theorem implies that a nonnegative irreducible matrix

which appeared recently in the literature are discussed agﬁ,\,ays has its spectral radiys(M) := max; |\;(M)|
some future research directions are presented. as an eigenvalue, with the corresponding left and right
eigenvectors being positive. It turns out that parts of this
Il. PRELIMINARIES theorem generalize to arbitrary nonnegative matrices: If

M is an arbitrary nonnegative matrix, ther{M) is an

A. Graph Theory Preliminaries eigenvalue ofM and there is a nonnegative vector> 0,

In this section we introduce some standard graph thet%cjé 0 such thatMz = p(M)z. . .
A closely related class of matrices are Metzler matrices

retic notation and terminology. For more information, the : o T .
. . or M-matrices. An M-matrix is a matrix with non-positive
interested reader is referred to [6].

) i off diagonal entries and positive diagonal entries. It can be
An (undirected) grapldj consists of a vertex sel;, and shown that any M-matrix L can be written ds— sI — B
an e_dge _sef, where an edge is an unordered pair of distinq;vheres > 0andB > 0 with s > p(B). Also, any matrix in
vertices inG. If z,y €V, and(z,y) € &, thenz andy are  yiq o is an M-matrix. M-matrices appear frequently in
sa!ql to be adjacent, or nelghbo.rs and we denote th's,l%\yvariety of disciplines such as biology, economics, graph
yvntlng @ ~y. The number of neighbors of each vertex IStheory and theory of Markov chains. An important example
its valence. A path of length from vertexz to vertexy is the Laplacian matrix of a graph, which is a singular

is a sequence of + 1 distinct verti.ces sta_rting with apd M-matrix. In [2] (pp 134-138), more than 50 equivalent
ending withy such that consecutive vertices are adlacenEonditions are stated and proven to be equivalent to a

If there is a path between any two vertices of a gréph matrix being a nonsingular M-matrix. An M-matrix L is

theng is said t‘? be (_:onnecte_d. If_there is such a path on &lled irreducible, if and only if the nonnegative matiix
directed graph ignoring the direction of the edges, then tqﬁ L = sI — B is irreducible. As an example, Laplacian

graph is weakly connected. _ matrices of connected graphs are all irreducible M-matrices.
The adjacency matrixi(G) = [a;;] of an (undirected) A nonsingular M-matrix is always monotone, meaning that
graph G is a symmetric matrix with rows and columns . - implies Lz > 0. Moreover the inverse af, if exists,

indexed by the vertices df, such thata;; = 1 if vertex g 4 nonnegative matrix. The inverse is positive if and only
i and vertex;j are neighbors and;; = 0, otherwise. The i ihe M-matrix is irreducible.

valence matrixD(G) of a graphG is a diagonal matrix

with rows and columns indexed by, in which the (i, 7)- Ill. PROBLEM DESCRIPTION

entry is the valence of vertex The (un)directed graph of  We now describe the problem setting as in [17]. Consider
a (symmetric) matrix is a graph whose adjacency matrix i nodes in a plane forming a multihop radio network. We
constructed by replacing all nonzero entries of the matrigssume that the nodes are fixed. Each node is capable of

with 1. communicating in a bidirectional way, with any other node
The symmetric singular matrix defined as: within a disk of a certain radius. The radius- is assumed
to be fixed and is determined by the amount of power avail-
L(G)=D(G) — A9) able to each node. The neighborhood relationship between

nodes can be represented by a simple undirected graph in
is called the Laplacian of. The Laplacian matrix captures which each node of the network is a node of the graph and
many topological properties of the graph. The Lapladian there is an edge between two nodes if they are within the
is always a positive semidefinite M-matrix (defined belowommunication range of each other. The nodes are assumed
and the algebraic multiplicity of its zero eigenvalue is equato be distributed over a bounded region of the plane. It is
to the number of connected components in the graphnFhe assumed that there are exactlynodes on the boundary of
dimensional eigenvector associated with the zero eigenvaltie region withm < n (and usuallym << n), denoted
is the vector of onesl,,. as peripheral or boundary nodes. The algorithm in [17]



which provides a scalable geographic routing scheme V. STEADY STATE VALUES OF VIRTUAL COORDINATES
the absence of location information for the interior nodes is
based on a distributed iteration scheme in which each nogg
i is assigned an initial guess ag0) andy;(0). The values
of x; andy; at the subsequent time steps are determined
the average of the andy coordinates of all of the nearest
neighbors of nodeé as

It is clear from equation 3 that existence of steady state
lues for the virtual coordinates depend on the stability
of the n — m dimensional matrixF" := (D + B)~'A. An
li’l¥1mediate consequence of the definition 4f B and D

is that I is an (entry-wise) nonnegative matrix, with some
row sums adding to 1, for the row corresponding to nodes
that are not neighboring any boundary node, and strictly

[ yi(k +1) } B [ yi(k) ] T less than 1, for those neighboring boundary nodes.
> jen, (k) Standing Assumptionn The graph of alln nodes is
[ wi(k+1) } = di weakly connected with edges corresponding to the periph-
yilk +1) M eral nodes being unidirectional, while the edges correspond-
i = m+1,...,n, (1) ing to the internal nodes are bidirectional.

h he fi q he bound dh i The above assumption states that the peripheral nodes are
\Q/ ere the firstn nodes arehatt € boundary and have Xeflyed and do not update their coordinates, but they transmit
nown coordinates, and the remainimg— m NOdes are  yqir [ncation information to their one-hop neighbors. From

in the interior of the regi_on whose coordinates change I('?my peripheral node, there is a path to all internal nodes.
accordance of the above iteration. TheSetenotes the set In the following proposition we will prove that all of the

of neighbors of theth node andi; denotes the cardinality eigenvalues of thé” matrix are real and have a magnitude

of that set. LetA = [aj]u—mxn—m b€ the adjacency strictly less than unity. In other words, the spectral radius

matrix of the interior nodes of the graph, excluding they 4 o matrix ', denoted byp(F) is strictly less than 1.
boundary nodes and the edges that are adjacent to them.

Also, let D be the diagonal matrix of valencies of this
graph. Furthermore, we define a setofrectors denoted by
bi,--- , by, of dimensionn —m each, with thejth element
of b; being equal to 1 if and only if thgth internal node
is a neighbor ofith peripheral node and 0 otherwise. We

Proposition IV.1 Let D and A be the valence and adja-
cency matrix of the graph of the internal nodes. Also let
B = Y7, b, with (b;);0 = 1 if ith internal node is
neighbor toith peripheral node and 0 otherwise. Then

define the diagonal of the diagonal matii, ., ., tO p(F) = p((D + B)‘lA) <1
be equal to the sum of;s, i.e., B = diag>_"", b;). In
essence, théh diagonal entry o3 will denote the number Proof: Consider the graph of alh nodes of the

of peripheral nodes connected to ttle internal node. If an network ignoring the direction of the edges connecting
internal node is not a neighbor of any peripheral node, thehe peripheral nodes to the internal ones. Suppose we
the corresponding diagonal element/®fs zero. We denote devise an iteration in whicleachof the n nodes (includ-
them x 1 vector of ther coordinates of the peripheral nodesing peripherals) averages its coordinates with its nearest
asz, := [z1,...2mp|T, and they coordinates accordingly neighbors, similar to the problem formulation in [8]. It
asy,. Using the above definitions, we can write equation 1s clear that under the standing assumption, the resulting
in matrix form as undirected graph is connected, hence its adjacency matrix is

o(k+1) = Ta(k) ) irreducible. Lletx = [@per Tint)T With Tpe, corre_sponding

to the m peripheral nodes and,,; corresponding to the

where n—m internal nodes. The nearest neighbor averaging can be
T I, O (n—m) } written asz(k+1) = Fx(k) with F' partitioned accordingly
T —1 -1 )
(D+B)~ 1. .bm] (D+B)7A as ( P Fi ) A simple comparison between the

z is an n-vector of horizontal coordinates of all nodes. As . Py P . . .
%:atnx F and the matrixT defined earlier reveals that
t

ey both have the sam22 block, meaning that their
n — m dimensional principal submatrices are the same,
i.e., b = (D + B)~'A. In other words, whether the
peripheral nodes update their states or not, will not change

the firstm nodes are fixed, we can rewrite the equation
in terms of then — m internal nodes as states and the
peripheral nodes as inputs. to this end, we partitionithe
vectorz asz = [z, Tint) -

Cit(k+1) = (D4 B)""Aini(k) the update equation for the internal nodes. Since the graph
+ (D+B) by ..bylzy overn vertices is connected; is an irreducible matrix. It is
Yine(k+1) = (D+ B)" A yini(k) also stochastic, since the positions are averaged with nearest

_ neighbors. As a result, its spectral radius is equal to unity.
+ (D4 B) b by ®) Thatp((D+B)~!A) < 1 should be clear: the infinity norm
Our goal in the next section is to find closed form solutionsf the matrix (its maximum absolute row sum) is equal to
for the steady state values of the virtual coordinateend 1, and since the spectral radius is always no greater than
Y. any induced matrix norm, the inequality holds. However,



we need to prove that the inequality is strict. In order tdMoreover, the coefficients of the virtual coordinates can be
do this, the next lemma we will prove that the spectraéxplicitly calculated as

radius of a principal submatrix of any irreducible matrix i 1
has a strictly smaller spectral radius than that of the matrix * = k{ﬂ; Tint(k) = (D — A+ B)"[br ... bl

itself. In other_ words, the above inequality i§ strict. The g = lim yine(k) = (D — A+ B) by ... bw]y,(4)
fact that the eigenvalues are real can be easily determined k—oo

by noting that the matrix is similar to the symmetric matrix Proof: From proposition 1, we know that the spectral
(D + B)*®A(D + B)5. m radius of (D + B)~!A is strictly less than one, therefore,

We now prove the lemma that was used in proving the abovénx—oc Zint(k) €Xists. This can be seen by considering
proposition: the iteration as a stable linear system drivervibyonstant

' inputs. Alternatively, we can view the equation in terms
of the positions of alln nodes, and then view it as an

Lemma IV.2 Let M = My Mo be an irreducible @utonomous system with the system maffixwhich is a

) S| Ma Mo ) . nonnegative, triangular stochastic matrix. The matrix could
nonnegative matrix with\/>, as its n — m dimensional also be viewed as the transition probability matrix of a
principal submatrix. Themp(Maz2) < p(M). Markov chainm ergodic classes. In either case, we can

write
Proof: The fact thatp(Msy3) < p(M) is well known, o L 1k
and can be found in [7] (Corollary 8.1.20, page 491). What ~ © = (i, @ine(k) = lim [(D + B) Al in: (0)
remains to be proven is to show that the inequality is k-1

strict. In order to prove this, we use a simple contradiction ~ + Jim Y (D +B)" A(D + B) (b1 ... bn]ay.
argument. Supposg(Maz,) = p(M) = p. As the matrix =0

M, is also nonnegative, its spectral radius is an eigenSince p((D + B)~tA) < 1, the first limit goes to zero,
value, furthermore, the corresponding eigenvector is alway$d as a result the initial values of thtual coordinates
nonnegative. Thereforélsv = pv > 0. We now augment for the internal nodes will béorgotten Because the matrix
the eigenvectop with n — m zeros and form the vectar (D + B)~!A has subunit spectral radius,

as 0o

o= O] S (D+B) Al = [~ (D+ B) A,
1=0
The product ofM ¢ is therefore equal to which therefore implies that
| Mpv | | Mo T 1 47-1 —1 .
Mq_[MmU]—{ P ]qu, Z=[I—-(D+B) A" (D+B) "[b1...bm]zp.
. . o

where the last inequality is a direct consequence of nofpy factoring the(D +5)~" term inside of the brackets we
negativity of My, v, and their product. We therefore havelave ) B

shown that there exists a nonnegative veetor 0 which T=(D+B—=A)" [br...bm|y.

satisfies Similarly we can write the exact same thing for the final

value of they coordinates:

S_ince M is irreducibl_e, it has a positive left and _right J=(D+B—A) '
eigenvector ( Frobenius Theorem). Because of this and

Theorem 8.3.4 of [7], the only way the inequality can hold Note that the same formula could be obtained by applying
is to haveM g = pq, implying thatq is indeed thePerron the Final Value Theorem of the z-transform to the discrete-
vector of M, i.e., the positive eigenvector correspondingime linear system 3.

to the spectral radiup. But this results in a contradiction, The matrix (D — A + B) is the Laplacian matrix of
sincegq is not element-wise positive and has zero elementbe graph of the internal nodes perturbed by the diagonal

Mgq > pq.

by

by construction. Therefore our assumption thadfo,) = matrix B ( equivalently, we can think of it as the principal
p(M) is false. As a resultp(Maz) < p(M), and the proof submatrix of the Laplacian of the graph ovenodes). It is
is complete. B nonsingular, symmetric and positive definite. A symmetric

Now that we established the stability of the matrixnonsingular M-matrix is called a Stielties matrix. It is
(D+B)~ 1A, we can explicitly calculate the value of virtual known that the inverse of an irreducible Stielties matrix is
coordinates. always positive (element-wise) and positive definite (cf. [2],

page 171). As a resulttD — A + B)~! is a totally
Theorem IV.3 Main result: Consider the iteration scheme positive matrix. We will now show that the product of
given in 3, where the virtual coordinates are averaged wit{D + B — A)~1[b;...b,,] is a positive,n — m x m row
coordinates of the nearest neighbors and the peripheratochastic matrix. This can be seen immediately by looking
nodes are fixed. In steady state, the virtual coordinateat the matrix7" and noting that the powers of this matrix
converge to points in the convex hull of the boundary nodeare stochastic as well, or by the following argument.



Let 1,, be them dimensional vector of all ones. we distance in a 2-dimensional space. Therefore, the routing
will show that(D + B — A)"![by...byu]1lm = 1n_m. TO  algorithm in [17] is indirectly using resistance distance
see this multiply both sides byD + B — A), and note information instead of Euclidean or graphic distance.
that (D — A)1,_m = 0 (since the Laplacian has zero row
sums). Also, note thaBl,_p, = by + - - - + by, The result V. DISCUSSION AND CONCLUDING REMARKS
then follows immediately. We have therefore shown that We proved that the value of the geographic coordinates
the final value of the virtual coordinates of each node iss determined by a convex combination of the peripheral
equal to some convex combination of the coordinates of theodes, which can be calculated explicitly. To find out the
peripheral nodes, with coefficients of convex combinationmtuitive meaning of these values, we note that the term
being positive. B [(b...bplzp, = bizpr + - + bmTpm, is the value of

the coordinates injected to the one-hop neighbor of the
Remark IV.4 The above theorem suggests that the locatioperipheral nodes. The location information is propagated
of the value of the coordinates is determined directly fronamong the internal nodes, first getting into the neighbors
the inverse of the diagonally perturbed Laplacian of thedf the peripheral nodes and then propagating through the
graph. While the Laplacian matrix. := D — A is not graph according to the resistance distance between the
invertible, addition of nonzero diagonal matrix (with at leastneighbors of the peripheral nodes and the rest of the internal
one non-zero entry) will make the matrix weakly diagonallyiodes. Alternatively, One could also consider the following
dominant and invertible. mechanical interpretation for the final value of virtual

coordinates [13]: Since all virtual coordinates converge to
Remark IV.5 Invertibility of (D 4+ B — A) implies that no & convex combination of the peripheral nodes, the final
two rows (or columns) inD + B — A)~! are identical. Vvalues of these coordinates can be thought of as points
However, it is still possible to have two different nodedn an interior of anm-simplex in R™~*, in which each
(with different coordinates) with the exact same virtuaPeripheral node is an extreme point of such a simplex.
coordinate. Now assume that the edges of the graph (including the

peripheral nodes) are made out of ideal rubber bands [13]

The matrix (D — A+ B)~! contains information about and the peripheral nodes are glued to the extremal points
the “resistance distance” between the nodes of the interiof the m simplex, then the final value of virtual coordinates
graph. Formally, the resistance distance, also known as th@uld be the final location of the remaining nodes, when the
electric distance, is the effective resistance between any twabber band stops oscillating. In the end, the weights of the
nodes of the graph, if each edge of the graph is though ebnvex combination determine how "close” each node has
as a unit resistor. It can be shown that resistance distaniseen (in the sense of the resistance distance) to each of the
is indeed a distance function [11], and it collapses to thperipheral nodes. Therefore, even though the nodes are not
usual graphic distance (i.e., minimum path lengths betweetware of distances with one another, the virtual coordinates
nodes) if the graph is a tree. If there are multiple pathBave a certain distance information encoded in them. As a
between two nodes in the graph, the resistance distangssult, routing using these coordinates is likely to be more
between these two nodes is less than the total number sticcessful when there are obstacles in the network. This is
hops in each path. The next theorem, whose proof can bige to the fact that the measure of proximity is not in terms
found in [5], illustrates the connection between the inversesf Euclidean distance, but is given in terms of resistance
of nonsingular M-matrices and resistance distance in graphistance (which would be less than the graphic distance, if

there are multiple paths between two nodes). The important
Theorem IV.6 [5], [1] Let M = sI — A with A > 0 pointis that this distance information represents “the logical
irreducible ands > p(A) be a symmetric nonsingular M- distance”, as opposed to “geographic distance”. Finally,
matrix (i.e., a Stieltjes matrix). TheR,; > 0, the resistance we note that the above algorithm for calculating virtual
distance between nodeand node; of the connected graph coordinates is the same as the leader follower coordination
whose adjacency matrix is given bBycan be written as  algorithm in [8], with two differences: first difference is
1 1 1 o that the positions are averaged with neighbors as opposed

Rij = My~ + M — 2M;; Li=1,...,n. to the headings. Secondly, the fixed peripheral nodes (which

Furthermore, If the matrix\/ is not invertible, the inverse €an be interpreted as formation leaders) are more than 1.
can be replaced by any generalized inverse. More importantly, here the topology of the network is fixed,

but in [8], the topology changes with time. Also, note that
The consequence of the above theorem is that the inverggluding each node’s position in the averaging will speed
of (D — A+ B) is a Gramm matrix (i.e., the positive up the convergence drastically, as it will increase the mixing
definite matrix of inner products of points defined based orate of the corresponding Markov chain with transition
resistance distances) in some m-dimensional space. As a matrix 7' with m ergodic classes as in equation (2).
result, when we calculate the virtual coordinates, we are justIn [8], we also showed that under certain connectivity
finding an embedding of the graph with a given resistancassumptions, all nodes converge to the state of the fixed



node, if there is only one fixed node. This was true even if
the topology of the network changed with time. It can be
proved that nodes converge to a convex hull of peripheral
nodes, even if the topology changes but a certain notion
of “connectivity through time” is maintained. A next step
would be to explore the possibility of routing when the
network topology changes, but some weak notion of con-
nectivity is maintained. Also, it is important to characterize
the exact relationship between the Euclidean distance of the
nodes using virtual coordinates and the resistance distances.
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