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Designing Open Loop Plans for Planar Micr o
Manipulation

Abstract — This paper describes a test-bed for planar micro
manipulation tasks and a framework for planning based on
quasi-static models of mechanical systems with frictional
contacts. We show how planar peg-in-the-hole assembly
tasks can be performed using randomized motion planning
techniques with Mason' s models for quasi-static manipula-
tion. Finally , we present simulation and experimental results.

I . IN TRODUCTION

A. Motivation

With the emergence of mass-production of miniatur -
ized products, micro-scaleparts cannot be manufactur ed
or assembledusing traditional methods. There is a chal-
lenge in the robotics community to reliably manipulate
theseparts at the micro-scalein order to automate assem-
bly tasks. Obtaining accurate sensor data at this scale is
very dif �cult. The sensor data, such as forces,are either
too small to be detected with traditional means or the
equipment necessaryto do so is too large or bulky to be
placed on small, precision instruments without altering
their functionality .

Therefore, the ability to design open loop plans, that
don't require any sensordata, that are able to accomplish
micro-assembly 1 tasks is examined here. Sincethe initial
and goal locations for our plans have the same support
surface, the plans make use of pushing operations for
the micro-manipulations. The open loop manipulation
task that we are interested in is complicated due to the
fact that it not only involves determination of frictional
forces between the support surface and the object but
also contact forcesarising due to continuous contact of a
probe (pusher) and the polygonal object and intermittent
contacts between stationary obstacles in the workspace.
Due to uncertainty in the knowledge of the bounded
support pressure distribution, the initial con�guration of
the pushed object,analytical solutions, if any, can be hard
to determine. Randomized motion planning algorithms
are thus well suited for �nding feasible solutions to these
micro-manipulation problems.

B. RelatedWork

In almost every mechanical assembly task, pushing
operations are involved. Robotic manipulators use push-
ing operations to help reduce the uncertainty in the loca-
tions of objects,move objects that are dif �cult to grasp -

1Although the characteristic lengths of parts of interest are around
1 mm (meso-scaleand not micro-scale), we still use the term micro-
scale to distinguish us from the macro-scale world in which inertial
and gravitational forces generally dominate.

Fig. 1. Peg-in-the-Hole Problem: Move Peg from Con�guration A to
Con�guration B

which nullify the traditional pick-and-place operations,
and to move multiple objects a time.

The derivation of the fundamental mechanicsof push-
ing operations and sliding objects are well de�ned by
[1], [2] and [3]. This work is extended by [4] where the
possible instantaneous motions of a sliding object during
multiple contact pushing is examined. The result is a the
manipulation primitive of stable rotational pushing.

A stable pushing dir ection is de�ned as a pushing
dir ection that causes the object to remain �xed to the
manipulator . The problem of planning pushing paths
using stable pushes is discussed in [5]. The planner
considers issuesof local and global controllability during
pushing with point or stable line contact and can �nd
stable pushing paths among obstacles.

Open loop motion strategies, without the use of sen-
sors, can be used to eliminate uncertainty and orientate
polygonal parts [6] [7]. In [6], planar parts are considered
polygons if its convex hull is a polygon. Given a list of n
vertices describing the polygonal part with an unknown
initial orientation, the shortest sequence of mechanical
parallel-jaw gripper actions that will guarantee the ori-
entation of the part up to symmetry is determined. In
[7], a randomly oriented planar object is dropped into
a tray and using the mechanics of sliding, an automatic
planner is created.The planner �nds a sequenceof tilting
operations to leave the object's orientation completely
determined.

Sensorless orientation of parts is applied to micro-
scaleparts in [8]. At the micro-scale,sticking effects due
to Van der Walls forces and static electricity make the
manipulator motions and part releasemore complicated
[9], [10]. Micr omanipulators also have limited degreesof
freedom when compared to manipulators at the macro-
scale.These problems are attacked here with a parallel-
jaw gripper and squeezeand roll primitives to orientate
a randomly oriented polygonal part up to 180� symme-
try.

Conversely, research on micromanipulation with real-
time sensor feedback is also being pursued. However ,
obtaining accurate sensor data is a dif �cult problem



at this scale. Sensors cannot easily be af�xed to tiny
precision instruments without compromising their func-
tionality [10]. The use of high resolution optical systems
with controllable parameters for micro-assembly tasks
are examined by [11]. Speci�cally , depth-fr om-defocus
and visual servoing strategies are presented. Even with
this sensor data, calibration and vision-based control at
this scale can present technical dif �culties.

Our goal, in this paper, is to use simulation tools
to design open loop manipulation plans that rely only
on an estimate of initial position and orientation. The
speci�c problem we are addressing, as seen in Figure
1, consists of moving a peg from con�guration A to
con�guration B through a series of pushing operations.
There is extensive work addressingthe analysis and sim-
ulation of mechanical systemswith frictional contacts. In
particular , semi-implicit and instantaneous-time models
for predicting motion and contact forces for quasi-static
multi-rigid-body systems have recently been developed
[12], [13]. The peg-in-the-hole insertion task at the micro
scale involves small parts moving at slow speeds (and
accelerations) so that the inertial forces are negligible.
Indeed surface frictional forces are the dominant forces
at this scale. We use Mason's quasi-static models for
manipulation of planar parts with surface friction [1].
The method for 2-D simulation presented in [13] is
adapted to solve the “2.5-dimensional” problem with
surface friction.

As in [14], where the designer chooses the system
parameters relating to geometric, material, and dynamic
properties to optimize the performance of the design of
an assembly/feeding device, a simulator is used here
to choose the appropriate design parameters for the
successful completion of the manipulation task. First,
experiments designed to identify the frictional properties
for planar micro manipulation are described. Then, a
framework is developed for using simulation to aid in
developing successful plans to push the peg into the
hole. Finally, we presentboth simulation and experimen-
tal results for successful execution of the plan.

I I . QUA SI-STATIC SIM ULATION A N D PLA N N IN G

Since the inertial forces are negligible compared to
frictional forces in our problem, the problem of solving
for the motion of the peg is quasi-static in nature. This
quasi-static problem together with the frictional con-
straints and the rigid body constraints can be posed as
a complementarity problem [15] [16] and subsequently
solved to determine the overall motion of the system at
every instant. A feasible solution set that corresponds
to our goal of peg insertion is obtained by uniform
sampling of uncertainties suitably parameterized and
solving for the motion of the system using this quasi-
static approach.

A. ComplementarityFormulation

The problem of a planar polygonal part sliding with
surface friction and quasi-static constraints can be for-

mulated in 3-dimensions as a mixed linear complemen-
tarity problem (MLCP). The discussion in this section
closely follows the formulation and notation of [13]. For
a multi-body system with nq degrees of freedom, the
quasi-static equation of motion is:

0 = Wn � l +1
n + Wf � l +1

f + Fext (1)

with state transition

ql +1 � ql = hG(q)� l +1 (2)

where ql 2 R n q is the generalized con�guration vector,
� l +1 2 R n � is the generalized velocity vector, G(q) 2
R n q � n � is the transformation matrix , Wn 2 R n � � n c + n s

contains the normal wr enchesfor each of nc + ns push-
ing and support contacts, with normal constraint forces
� n 2 R n c + n s , Wf 2 R n � � 2n c + n d n s contains the frictional
wr enches (with nd frictional force dir ections for each
contact) with frictional forces � f 2 R 2n c + n d n s , and
Fext representsthe external forces.The rigid body non-
penetration constraint and linearized Coulomb friction
law can result in the following complementarity condi-
tions. The complementarity condition that enforces the
rigid body non-penetration constraint is
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n � 0 (3)

where  l +1
n is the gap constraint between the contacting

surfaces. The gap function  l +1
n is linearized about the

current gap  l
n and Equation 3 is now written as:
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The complementarity conditions with a linearized
Coulomb friction cone are shown as
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� 2 R n c + n s approximates the magnitude of planar
slipping velocity at each contact, U 2 R n c + n s � n c + n s

is a diagonal matrix of friction coef�cients, E 2
R 2n c + n d n s � n c + n s is a block diagonal matrix eachcolumn
of which has non-zero entries corresponding to dir ec-
tions of linearized friction cone.

Combining the constraints and the equation of motion
we get the mixed LCP (MLCP):
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B. 2.5D Formulation

The uncertainty in surface pressure distribution be-
tween the support surface and the peg can be param-
eterized by arbitrary three point support distributions
between the support surface and the polygonal object
being pushed in the plane as shown in [1]. Assuming a
�xed center of mass (COM) of the polygonal body, the
normal support forces can be determined uniquely for
any three point support distribution.

By partitioning the mixed LCP formulation in Equa-
tions 7-10,we are able to take advantage of theseknown
normal forcesfor the support points and the assumption
that our bodies are constrained to the plane to reduce
the dimension of the MLCP that must be solved. The
partitioned MLCP is shown below, with the subscript k
indicating known quantities.
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and W k
n 2 R n � � n s corresponds to the normal support

forces � k
n 2 R n s . The friction coef�cient matrix U is

partitioned into Uk 2 R n s � n s for surface contacts and
U 2 R n c � n c denotes the friction coef�cient matrix at the
pushing supports. Notice that the GT matrices have been
dropped here as it is an identity matrix in our problem.

With the part �xed in the plane, the gap constraint
in the normal dir ection for the support points  l

nk and

its time derivative @ l
nk

@t are both guaranteed to be zero
at all times. The gap constraint at the pushing contact
 l

n is zero since the probe is always in contact with the
object. However , its time derivative is the input velocity
of the probe which shall be denoted by ul (q; t) = @ l

n
@t .

The planar gap constraint  l
f and its time derivative

@ l
f

@t
are also zero for all support and pushing contacts at all
times. Since the contact support forces are known, we
can remove the constraints necessaryto solve for these
values (the thir d row of Eq 11). Known support normal
forces� nk and Uk � nk are moved into the b vector, which
contains known input quantities. The reduced system is:
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C. RandomizedPlanning

We have developed a Rapidly Exploring Random
Trees (RRT) [17] technique for simulating planar me-
chanical systems with frictional contacts. This has been
applied to the design and analysis of quasi-static and
dynamic systems and for compliant frictional contacts.
This could have been been used here for obtaining a
successful motion plan.

Instead of searching for continuous input trajectories
u(q; t), we parameterize the input by a nu � 1 vector u
using piecewise constant functions with compact sup-
port. Further, we required one of the two components of
the motion of the probe to be zero. In other wor ds, for
simplicity , we restricted ourselves to motions along the
x or y axes.Figure 2 shows a schematic of an open-loop
manipulation algorithm that can be obtained using this
approach.

I I I . PEG-IN -TH E-H OLE TA SK

A. ProblemFormulation

Consider the peg as shown in Figure 3 with three
support points at positions r 1, r2, r3 from the COM at
point C. The peg is oriented at � degreesfrom horizontal
and the manipulator (probe) is pushing at point p.

The con�guration of the peg q 2 R 3 is [x y � ]T .
Following the formulation in the previous section, nc =



(a) Initial Setup (b) Step 1

(c) Step 2 (d) Step 3

(e) Step 4 (f) Step 5

(g) Step 6 (h) Step 7

Fig. 2. Open-Loop Motion Plan for Assembly

Fig. 3. Diagram of our peg example with 3 support points and one
pusher contact

1, ns = 3. In our implementation nd can be set to any
even number greater than 4 (typically 8). U is a 1-by-1
matrix with value � . Uk is 3� 3 with the surface friction
coef�cient in diagonal entries. � nk is a column vector
with the normal forcescalculated basedon support point
locations.

The E matrix is a block diagonal matrix, each column
of which has non-zero entry( = 1) corresponding to the
dir ections along which friction acts.The �rst column cor-
responds to the dir ections along which friction between
the probe and peg can act. The other three columns

correspond to the support point friction dir ections.

B. Planning Algorithm

A sequence of manipulation steps required to
successfully accomplish the peg-in-the-hole task (Figure
2) were intuitively identi�ed and determine the
dimension of the vector u. The planning algorithm
assumesa nominal initial con�guration of the peg and a
geometric model for the peg and �xtur e. The simulator
is then used to obtain the vector u which completely
characterizes the operation in Figure 2.

IV. M ICROM A N IPULATION TEST-BED

A. ExperimentalSetup

The experimental setup consists of an inverted optical
microscope (Nikon Eclipse TEU2000-U), 4-axis micro-
manipulator (Siskiyou Design Instruments MX7600R),
controller (Siskiyou Design Instruments MC2000),25 � m
tip tungsten probe (needle), CCD camera (Sony XC-
77), and control computer (Figure 4). There is a 4X
objective on the microscope along with a 0.6X optical
coupler producing a �eld of view (FOV) of 3.37 mm x
2.52 mm. The CCD camera records the images in the
FOV and sends them to the control computer at 30 Hz.
The micromanipulator and controller allows incremental
motion as small as 0.1 � m in 4 axes - X,Y,Z, and tool
axes, respectively. Each axis has a range of motion of
20 mm and can be actuated with speeds ranging from
1.6 � m/sec to 1.7 mm/sec. During the experiments, the
speed for each axis is �xed to 140 � m/sec.

Fig. 4. Experimental Setup

A �xtur e made out of mirr ored acrylic was machined
using the ULS 660 Laser Cutter. The �xtur e is 3.175
mm (1/8”) thick and has 2 channels of dif ferent widths
machined in it. The larger channel is 2015 � m wide,
while the smaller channel is 1090 � m wide. The �xtur e
is pictur ed in Figure 5. A thin plastic sheet is fastened to
the bottom of the �xtur e to allow for a transparent sur-
face where the peg sliding can reside. This transparent
quality is needed since the light source for the inverted
microscope is projected up from underneath the �xtur e.
There is also a groove cut in the �xtur e to allow for easier
placement of the peg into the �xtur e.



Fig. 5. Micr o-assembly Test Fixtur e

The pegs are also machined out of mirr ored acrylic
with the laser cutting machine. Various size pegs were
used in testing and they have typical dimensions of 1615
� m x 985 � m. The pegs are half the thickness of the
acrylic �xtur e (1.59 mm or 1/16”). An image capture
of the �xtur e, peg, and manipulation probe under the
microscope is shown in Figure 6. Due to the small size
and mass of the peg, it is apparent that the gravity or
inertial forces do not dominate during pushing opera-
tions [10]. Coupling this with the slow moving probe,
one can see that the inertial forces of the peg - mass
� acceleration - are much less than the contact force
so frictional forces are needed to maintain equilibrium.
Therefore, the frictional forcesdominate and quasi-static
modeling of these experiments is valid.

Fig. 6. Fixtur e and Peg as Seenin Micr oscope FOV

Image processingtechniques are applied to the images
from the microscopeto track the position of the peg and
probe during each experiment. Background subtraction
is used to remove the image of the �xtur e from the
original image. Thresholding is used to clean-up the
image some more, producing an image where the peg
and probe pixels are black while everything elseis white.
The image is segregated further , by using the geometry
of the image to identify the pixels belonging to the probe
and removing them from the �lter ed image. During
this process,the coordinates of the tip of the probe are
identi�ed. An ellipsoid is �tted to the resulting blob
image yielding the centroid and orientation of the peg

Fig. 7. Peg and Probe in Fixtur e

(a)
Original
Image

(b) Back-
ground
Image

(c) Back-
ground
Sub-
tracted
and
Filtered
Image

(d) Blob
Image

Fig. 8. Image Processing Steps

in each image frame. Figure 8 illustrates the application
of these techniques.

V. EXPERIM EN TA L RESULTS

A. SystemIdenti�cation

Our simulation of the peg is dependent on several
critical system parameters including the location of the
support points and friction coef�cients. Though our goal
is to design open-loop plans that will be robust to
these uncertainties, some nominal values still must be
identi�ed. To solve this system identi�cation problem,
we captured data for several experimental trials of the
probe pushing the peg. We then found the support point
distributions and friction coef�cients that produced sim-
ulations to best match the experimental results.

The experimental trials used for system identi�cation
all involved unconstrained pushing of the peg. That
is, we ensured that the only contacts in the system
were the support points and the probe. The position
and orientation of the peg and tip was captured at
approximately 12Hz.

To determine the coef�cient of friction between the
probe and peg we performed a series of simulations
sweeping through the one-dimensional spaceof friction
coef�cients � (from 0 to 2.0). We also applied a ran-
domized approach to determining the locations of the
three support points. For each experimental trial we
performed 100-150simulations with randomly selected
support points that are constrained to lie within the peg
dimensions and span the center of mass. An example
distribution of support points for 150 simulations is
shown in Figure 9. Average mean squared error for
position (X,Y) and orientation (� ) was computed across
the random support distributions for eachtrial as shown
in Table I.
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Fig. 9. Support points randomly selected across peg dimensions
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TABLE I

M SE FOR UN CON STRA IN ED M OTION TEST

Exp. # # of Sim Trials X ,Y MSE � MSE
1 121 2.9113 0.0694
2 150 2.4458 0.0691
3 150 5.4378 0.0607
4 115 2.9310 0.0724
5 123 3.1908 0.0569
6 111 7.7284 0.0788

For a given support point con�guration that produced
the smallest error within a given experimental trial, we
ran simulations against the other experimental trials to
get a measure of the quality of that support point choice.
Table II shows the error for one choice of support points.
We found that even though a set of support points was a
good �t for a given experimental trial it is not necessarily
the best �t to simulate all pushing operations. This serves
to emphasize uncertainty in the system and how robust
a plan must be to have a high successrate.

TABLE II

M SE WITH SELECTED SUPPORT POIN TS

Exp. # X ,Y MSE � MSE
1 0.5153 0.1432
2 2.1549 0.0062
3 5.8070 0.0281
4 0.0168 0.0033
5 0.3959 0.0206
6 6.5703 0.0489

Figure 10 shows both the best and worst case trials
with the chosen support distribution and our choice of
� = 0:8.

B. Planning Algorithm ExperimentalResults

1) Planning-Algorithm Test Procedure: The testing pro-
cedure carried out is as follows:

� Place �xtur e in FOV of microscope
� Usemicromanipulator to position tip of probe inside

�xtur e
� Move probe outside FOV of microscope (translate

in X-dir ection)
� Record image of �xtur e as background image
� Insert peg into �xtur e
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Fig. 10. Comparison of best and worst trials for matching simulation
to experiment with a given choice of support point locations

Fig. 11. GUI for Experimental Testing

� Move probe into FOV of microscope (translate in
X-dir ection)

� Set threshold for �lter ed image
� Record nominal starting con�guration of peg and

probe and input to simulator
� Use simulator to determine input vector u
� Start recording peg and probe posi-

tions/orientations
� Execute planning algorithm for u
� Stop recording peg and probe posi-

tions/orientations

The graphical user interface (GUI) created and used
to carry out this test procedure is seen in Figure 11.

2) Simulator Results: Based on the nominal starting
position of the peg and probe, and by a choice of three
point support the simulator was able to successfully



perform the insertion task.
The nominal starting position of the peg and probe tip

along with u are shown in Table III. Note that the probe
and peg positions are in image coordinates. Images are
640x480pixels, with the origin at the top left corner of
the image. � u speci�es the tip displacement during each
step.

TABLE III

PLA N N IN G A LGORITH M PA RA M ETERS FROM SIM ULAT OR

Peg Start Pos. (X,Y,� ) (442, 229, 89� )
Tip Start Pos. (X,Y) (579, 235)

� u1 (0; � 600)� m
� u2 (� 1500; 0)� m
� u3 (0; 50)� m
� u4 (0; � 50)� m
� u5 (1550; 0)� m
� u6 (0; 775)� m
� u7 (� 2550; 0)� m

3) ExperimentalResults: Several trials of the planning
algorithm with the parameters from the simulator were
executed with the micro manipulation test-bed. Table IV
shows the results for �ve of these such trials. It lists
the initial starting position of the peg and probe for
each trial, along with the nominal positions, in image
coordinates. The outcome of each trial and whether or
not these parameters resulted in successfulplacement of
the peg in the hole during the test is also listed. A plot
of the peg and probe tip trajectories for trials 2, 3, and 5
are shown in Figure 12.

Figure 13 shows a detailed comparison between sim-
ulation and experimental results for Trial #2. Note that
even with the discrepancy in the initial peg position
from simulated nominal starting position, the plan is
successful in experimentation and closely matches the
simulated data.

TABLE IV

PLA N N IN G A LGORITH M EXPERIM EN TA L RESULTS

Trial # Peg Start Pos. (X,Y,� ) Tip Start Pos. (X,Y) Successful?
1 (439,240,89� ) (579,239) Yes
2 (445,231,88� ) (578,236) Yes
3 (445,238,90� ) (579,237) Yes
4 (447,215,86� ) (577,236) Yes
5 (443,232,89� ) (579,237) Yes

Based on the results from the simulator and the ex-
periments it was apparent that the choice for u1, u3,
u4, and u6 (y dir ection movement) are the most critical.
There is a lot more room for error when choosing the
parameters along the x-axis (u2, u5, u7). A bad choice
for u6 can result in the peg either over or under rotating
as it is being pushed into towar ds the small channel. It
is also possible that the correct combination of u1 and u2

parameters can rotate the block into such an orientation
where u3 can be zero.
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Fig. 13. Plot comparison of insertion plan in simulation and in
experimental trial #2.

VI. D ISCUSSION

This paper addressed the modeling, simulation and
planning of a simple micro-assembly task in which a
peg with a characteristic length of 1 mm is reoriented by
pushing with a probe and inserted into a hole. Instead
of using vision for feedback control, we used vision
for estimating the initial con�guration and then used a
simulator in conjunction with experiments to identify the
best friction model and to rapidly determine inputs to
generate open loop motion plans. The plan consists of a
set of simple moves along the Cartesian axes.

While the preliminary results in this paper are promis-
ing and illustrate the potential for the use of quasi-
static mechanics with models of frictional contact, there
are many shortcomings of this study which are also
dir ections of ongoing work.

First, it is necessary to incorporate the uncertainty
in surface friction. The three-point support model ob-
tained via system identi�cation provides only a nominal
starting point. Our experimental data for unconstrained
manipulation allows us to characterize the set of possi-
ble three-point supports that might better describe the
pressure distribution for the peg.

Second,although our experimental set up allows mea-
surements of contact forces between the probe and the
peg, we have not used these measurements for system
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Fig. 12. Data captured from experimental trials (a) 2, (b) 3, (c) 5. The starting and ending con�guration of the peg are shown in solid lines,
while the intermediate steps are pictur ed with dotted lines. The tip locations are represented with triangles.

identi�cation or for ground truth. This is will be ad-
dressedin our futur e work.

Thir d, the motion planning used here was very simple
becausewe decided to stay with very simple inputs. We
are in the process of using the full RRT algorithm as
in [18] to explore a large space of input trajectories for
successful assembly.

Finally, our fabrication technique for meso-scaleparts
was crude as seen from the silhouette in the �gur es.
We are working on micro-machining the parts to get
better corners and edges.On the other hand, our ability
to generate successful manipulation plans for imperfect
parts suggestswe should be able to do even better with
better made components.
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