MEAM 211

Rotating Reference Frames
and Relative Motion

Sections 6.3-6.4
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Any Vector fixed to S

If a vector is fixed in S
r=r,b,+r,b,

r,, r,are constant. Why?

dr db, N db,

= —=+T
dt L dt 2 dt

Rate of change of a unit vector

%:a)xbi

dt

dr
||~ 4 - OxT
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Differentiation of a VVector not fixed to S

db
dt

:
+r2%
S S

dr| o dr, o db,

_ 2b
dt|, dt 1t dt

dr; dr.
=—tb, +—2b, +r
dt ' dt ° 1%%

dar
dt|

dr _
dt|,

ar
dt |

+ XTI

I can be any vector
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Example

The point P travels in an elliptical
slot attached to body S with major
and minor axes 2a and 2b
respectively so that ¢ =yt where y is
a constant. The angular velocity of
B is given by ok.

r =acosytb, +asinytb,

Find the velocity of P as seen by an
observer attached to an inertial frame
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Example

r =acosytb, +bsinytb,

ar _ —aysin ytb, +bycosytb,

dt |

% — [— ay sin ytb, + by cos thz]
i N

+ ok x (acosytb, +bsinytb, )

r

. dt
&..

= —(aysin yt + obsin yt )b, + (by cos yt + wacosyt)o,

N
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write the vectors

Absolute velocity
e velocity measured in some designated inertial frame

Relative velocity
e Vvelocity measured in some other (moving) frame

Components of absolute velocity
e along unit vectors fixed to the designated inertial frame

e along unit vectors fixed to some other (moving) frame

Components of relative velocity
e along unit vectors fixed to the designated inertial frame

e along unit vectors fixed to some other (moving) frame

= Aum)

Vectors are independent of choice of unit vectors used to

ar
dt

N

ar
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Notation
V er/P derivative of ry,, measured by an observer in S
rel Q
dt |
Vorp Arore derivative of r,, measured by an
dt . observer fixed to an inertial frame N
dVQ/ P derivative of v, measured by an observer
areI dt . inS
a dVQ/ P derivative of v, measured by an
QP  dt . Observer fixed to an inertial frame m
N
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Fop = olb, +BDb,

The carousel rotates about
an axis perpendicular to
the plane of this paper
passing through O at a
constant rate of ®
rads/sec. Your friend is
moving in radial direction
outward relative to the
carousel at point Q at the

Carousel

V.o = rate of s m/sec, while
rel accelerating at a m/sec?
_ (also in a radial
VQ/ P~ direction). You are
standing at P fixed to the
Aol = carousel.
(mayn]
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Recall...

Differentiation of a VVector not fixed to S

Take r to be any

vector

dr dr

—| =— + oxr
dt | dt |,
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Velocity and Acceleration equations

Let r be the position vector PO
er/p . er/P
dt

= dt + O X FQ/P

N S

P and Q, and therefore rqp
are fixed to S

dr,
Vo, =—" =oXrI
Q/p dt N Q/p
What if we replace r by the velocity vp?
dv dv
aQ _ Qe | _ Q/p + X VQ
/P dt N dt . /P

= Aum)
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Velocity and Acceleration equations (continued)

(rope is the position vector  PQ

er
Vo = Pl =@xr
Sofar..< ¥ dt | e
dv dv
aQ/P = e B e +(DXVQ/P
\_ dt |, dt |,
0
dv do dr
Q/P — XrQ +(DX 1P
dt | |dt]y| dt |,

Define o, the angular acceleration of S
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o=—
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Summary: Velocity and Acceleration equations for
P and Q fixed to a moving body S

VQ _VP = (DXrQ/P

8y —8p =0 XTy +ox(wx rQ/P)

_do

o = ——
dt

_do
T

S

o IS the angular acceleration of S

%f University of Pennsylvania

12




MEAM 211
Example

The wheel rolls to the right with
clockwise angular velocity o and a
clockwise angular acceleration o.. Find
the velocity and acceleration of points
C, G, and P.
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