Dynamics of a Single Particle
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Review

e Newton's Second Law
e Momentum
+ Linear momentum
+ Angular momentum

o Work

e Energy
+ KineticEnergy
+ Potential Energy

H

University of Pennsylvania 2

MEAM 535

Basics
Newton’s Second Law

e In anjnertial frameA (non accelerating)
e Fistheforceacting ontheparticle, P

“d AP
dt A

mass, m

F=m

Linear momentumin A r t
p=m AP
A
= dp
dt
Impulse

Fat =p)- pls)
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Example 1

The bug is moving radialy outward
with a uniform speed (the rate of change
of sis congtant). What are the forces at
its feet?

Choose q=0.

o
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Accelerationof P and Q

AaQ:AaF‘+EaQ+- Awe (Awe r) f2ave” Bve

e o™

Coriolis
acceleration
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Simulation

General setting
e Know inertial properties
e Fisknown force acting on the particle, P
+ F(r, v,t) can beaknown function

mass, m

State space formulation
L _exu_eu = gal_
UL vl o &l
. . Or .

POV -} X u Yoy
. éXxu %, 2 - e u
X51=§1Q=QF§X1.XZ,IIU X=8& (=

U & i &0
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State Space and Time

TIME

t = t

LA, Fhere e vertioal [ane sopeosnis the vse space, and the et aas npeeens
thi tim ol chsorvatamn, The parssiclors oleerved 8@ gives time see plorsed inthe venical
b st {hromgh dhe SppeopTET palne on che tiee sxis
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Vector Fidd

/I x=1(x)

._,_--"""':iz_'_._____,. t L2d. A pecinrfieid i

3 el ol bowindd

i O vremars <ing (Hmed e Gl hained 1]

it wach and cvery poisd of the s spac

| Here only a fow of the vecon are

alraw o suggest the full Dk
e Vector field
o Trajectories
e State space + trgjectoriesin state space = phase portrait
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Integra Curve Holonomic Constraint
] = X3 Configuration space
+ -\ 1 T
N + / '
e S 1“___..._=' = & -
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Angular Momentum Newton's Second Law

Definition must include two pieces of information

e Frame, A (neednot beinertial) mass, m e FrameA isjnertial (non accelerating)
e Origin,O

e OriginOisfixedin A

mass, m

A A
o Bydrd 29 (ae) =20 i)
é e at dt
a = AP MAVP 41T mAeP
Dependent onthe origin !! =r’'F
Adr
A P _ AP . P_
Ho=r& miv®; AF= ra The rate of change of the angular momentum
of P in aninertia frame A, relative to a fixed
eed not be fixed in A point O in A, isequd to the moment of the
Q need not befixed in force about that fixed point.
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Newton's 3rd Law

Fj +F;i=0
Til F” +rj’ Fji=0

Newton's Laws. Continued

Principle of superposition

Two forces F and G acting
simultaneoudly on a particle are
equivaent to a single force equal
to the vector sum F+G
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Conservation Laws
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Linear momentum Angular momentum

Recall Recall 2 "dro
AHE =1~ %m %;
p=mAP a
A
d AP .
—(AHE)=r"F
T} il B
dt

If the vector resultant of forces acting If the vector resultant of the moments of

on the particle is equa to zero, the forces acting on the particle about a

linear momentum in an inertid frameis  point fixed in an inertid frame is equa

a constant to zero, the angular momentum relaive
to that fixed point is a constant in the
inertid frame.
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Example 2

A particle of mass mis being whirled
with a string around a vertical axis
passing through O. The distance from
the center is R, and the speed is V.
There is no friction between the particle
and the table. The string is pulled gently
so the particle moves toward the center
until the distance from the center is r.
What is the speed now?

mrv = mRV
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|

Work done by the force F onthe
particle P over the path from Qto Ris
given by:

R
W = OF xdr
Q

dwW = F>dr =mi>dr =1md (f *)

Thework done by F isequd to the
change in the kinetic energy of the
particle

W, :?F)dr:_l VZ-VZ)
QR 0 2 VR 'Q

NoteAisinertial and Oisapoint fixed in A
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Example 3

A particle of mass m didesaong a
horizontal frictionless track which is
m shaped like a logarithmic spiral

&

r = roep-ad)

H

o ! If the initial speed is v, when g=0, find
the speed of the particle and the
meagnitude of the track force acting on
the particle.
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Example 3
A particle of mass mdidesaong a

horizontal frictionless track which is
shaped like a logarithmic spiral

r = roexp(-ag)

If the initial speed is v, when g=0, find

r=rb the speed of the particle and the
Bt magnitude of the track force acting on
A P . the particle.
v©=rq (- ab1+ bz) =ve, b1+ab2 . a
. €= unit norm.
v=rTr @ e )
» o, =1 +by
Track force=Ne, 2= T >
No forcein thee, direction 1+a
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Example 3

A particle of mass m didesaong a
horizontal frictionless track which is
== shaped like a logarithmic spira

1

&

r= roexp(-a)

|
I
(@)
_b;+ab,
Jl+a2
_-ab+by

e2= V1+a?

fo

If the initia speed is v, when g=0, find
the speed of the particle and the
magnitude of the track force acting on
A the particle. R
d{ A p d
—({m"v")=N P —(mve,)=N
—(mvF)=Ne, B —Z(mve,)=Ne,

v=const. (Why?)
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Conservetive Force Fidd

F is conservative

e Fisafunction only of the position e Thereexistsascalar functionf such
of the particle and the work done by that
theforce F on the particleP to get it dW =F :dr =- df
from Q to Risindependent of the
path

e Fisafunctiononly of the position
of the particle and the work done by
theforce F on the particleP is zero

along any closedpath .
gany P These are three equivalent
definitions.
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Conservation of Energy Where thisis going?

F is conservative Particle -> System of Particles

o Thereexistsascalar functionf such

that System of Particles-> Rigid body

dw=F:dr =-df

e Work donebyF

e, m
R 1 '
Wer =g:>dr=5m(v§- vé)
=f(Q-f(R) ri \
e Total energy isconstant /
(0] €
bz hi (R =Smld)+ 1 e
ey 3
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Rigid Body Dynamics Example of Rigid Body Motion in a Plane
Newton-Euler Equations of Motion Forces. -mgn acting on O, aF =ma
For each rigid body I',n acting on C, 4r F+4M, =la
, . I tactingonC
° Ne/vtoon s second law (trandation)
aF =ma Moment: t 3DOF: xyq
o Euler's equations of motion (rotation) 2 trandations
o - o
ar Fi+an:Ioa| [ t+] n- mgn=m(Xt+yn)
1 rotation
Inertia Matrix with n Isngl,-lcosgl, +t =1.q
respect to O
=P Angular Acceleration & I, i k=1,
T .
. o t 2 imy=l,-mg
Note: | depends on the reference point | %lcq": lsingl - lcosql , +t
n
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