MEAM 535
Example
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The rolling (and sliding) disk on a horizontal plane

A circular disk C of radius R is in contact with a horizontal plane (not shown in the figure)
at the point P. The point P is attached to the disk. The plane is the x-y plane. It is rigidly
attached to the earth. The standard reference triad b, is chosen so that b, is along the
direction of progression of the disk (parallel to the tangent to the disk at P), b, is parallel to
the plane of the disk, and b, is normal to the disk. Note that this triad is not fixed to the disk.
Call the earth-fixed reference frame 4 and choose the standard reference triad a,, a, and a_
in an obvious fashion along the x, y, and z axes shown in the figure.

& University of Pennsylvania

MEAM 535

——

Reference Triads

Imagine £ to be a virtual
body that is attached to O

y
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® Rotate triad 4 about z through ¢,
followed by rotation about x by 90 deg to
getE

® Rotate triad E about -x through ¢, to get
B

® Rotate triad B about z through g5 to get C
(not shown)

- point of contact Q on

Imagine B to be a virtual
body that is attached to C

Locus of the

the plane 4
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Transformations
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Two coordinate transformations
® a,interms of e;
® e, in terms of b,
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® Rotate triad 4 about z through ¢,
followed by rotation about x by 90 deg to
get £

® Rotate triad E about -x through ¢, to get
B

® Rotate triad B about z through ¢; to get C
(not shown)

Locus of the
point of contact Q on
the plane 4

Imagine B to be a virtual
body that is attached to C*
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Transformations
Two coordinate transformations z

® a, interms of e;
® ¢, in terms of b,

1 0 0 cosq, sing; 0 cosg, sing, 0
PR,="R, “R,=|0 cosq, sing, x| 0 0 1|=|—singsing, cosgsing, cosq,
0 —sing, cosg, | |sing, —cosq 0] | singcosg, —cosgcosg, sing,
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Angular Velocity: Components
A0“=u, b, +u,b,+u;b;
[w] [ T
® y;are the components of the angular !
velocity of the disk with respect to # Le
the reference triad B uy |= X 493
Uy q4
‘o“=u.a tua tua Lus| L 145
e u are the components of the angular
velocity of the disk with respect to Cooo I
the reference triad 4 i Ll
42 U
45 |= Y Uy
N Uy
Lgs] L JLus |
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Express the time derivative of each coordinate
in terms of the five coordinates and the
velocities u;.

a; =b, cosg, +b;sing,

10 =1of + Fof + 2o =q,a; —q,b, +g;b;

o= b, +u,b, +usb; =—¢,b, + ¢ cos g,b, +(g,sing, + ¢3)b;

==, U,=¢,co8q, u;=¢,sing,+q; u,=q, us=gs

. u . X u,sing
— 2 — — 2 2
9= 9 ="U Gy =Uy—
cosq, cosq,
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Find the velocity of the center (C")
of the disk in frame A4, in terms of
the triad b;.

.. . 3. Substitute
1. Need position vector of C* in 4 uostt
A
* d £ E
. X a,c"_"d A _E  E_B
0C =00+0C “4at +4sa, Vo= (q4a]+q5a2)+( o+ @ )x(sz)
A, B
2. Recognize Q is fixed in B - x sz
. A Ag__ Ay ¢ =(uy cosg, +ussing, - R-u, tang, b,
AyC =7O€ =jOQ+jQ€ +(~uysing,sing, +uscosq, sing, )b,
t t t +(uy 5in g, cos g, — 508Gy cOS G, + R -1 by
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(c) Rolling disk. MZEAM 535

Eliminate u, and uin terms of u,, u, Rolling constraint
and us. 4P
’ vi =0

qs

. N
*
AVP:AVC +A(1)C xC'P

=*vE +(ub, +ub, +usb;)x(~ Rb,) ‘\'
=0
u, cos q, +ussing, — Ru, tang, + Ru; =0
Two constraints which reduce the

disk’s degrees of freedom from 5
to 3... More about this later!

—u,singq,sing, +uscosq,sing, =0
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