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Generating Efficient Dynamical Models for
Microelectromechanical Systems from a
Few Finite-Element Simulation Runs
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Abstract—In this paper, we demonstrate how efficient low- Therefore, a major current goal of modeling and simulation
order dynamical models for micromechanical devices can be research is to develop efficient methods of creating accurate
constructed using data from a few runs of fully meshed but oq,caqd.order dynamical models that capture the same infor-

slow numerical models such as those created by the finite- . . . - , . .
element method (FEM). These reduced-order macromodels are Mation contained in the original PDE’s (or, equivalently, in a

generated by extracting global basis functions from the fully fully meshed dynamic FEM simulation), but in a form that
meshed model runs in order to parameterize solutions with can be used for fast dynamical simulations in the context
]tar fevger degrtee:? ofI f{_eedomf. tEhet_mac(;omodotlalS tmbayh be Usefd of a circuit- or system-level simulation environment. These
or subsequent simulations of the time-dependent behavior o _

nonlinear devices in order to rapidly explore the design space reduceq order models are often_referred tcmiﬂzror_nodel._s
of the device. As an example, the method is used to capture Previous MEMS macromodeling efforts have investigated
the behavior of a pressure sensor based on the pull-in time of lumped-parameter techniques [2], [3]; however, it is often
an electrostatically actuated microbeam, including the effects of difficult to construct accurate lumped-element models for
squeeze-film damping due to ambient air under the beam. Results continuous systems, especially when arbitrary geometries are

show that the reduced-order model decreases simulation time by . ved. It Iso b t tel del effect
at least a factor of 37 with less than 2% error. More complicated Involved. It may also be necessary 1o separately model eriects

simulation problems show significantly higher speedup factors. from dissipative and energy-conserving behavior. Another
The simulations also show good agreement with experimental approach uses a linear analysis to generate normal modes
data. [399] which are used as the basis functions for the model. These
index T Karh Lodve d i del modes have been used, for example, to provide a reduced-order
micﬁogfecﬁgﬁichaiﬁcgpz?muf;%i, gﬁﬂgggf'{;g;’ prgr?g;?rg?] a(ley?, set of generalized coordin.ates for nonlinear. capacitance-based
sis, reduced-order models, squeeze-film damping. simulations of electrostatically actuated microstructures [4],
[5]. However, linear modes may not adequately capture all the
features of nonlinear behavior [6]. Also, static modal functions
are sometimes not readily available.
HE development of increasingly complex microelec- In this paper, we describe a procedure in which a few
tromechanical systems (MEMS) demands sophisticatédite-element or finite-difference simulations are used to create
simulation techniques for design and optimization [1]. MEM@ reduced-order macromodel that permits fast simulation of
devices typically involve multiple coupled energy domains andEMS devices while capturing most of the accuracy and
media that can be modeled using partial differential equatiofiexibility of the full model. Although this approach requires
(PDE’s). Often the functionality of these devices can only ben initial overhead cost to run FEM simulations, once the
captured with time-dependent nonlinear PDE’s. macromodel is generated, it may be used to efficiently carry
Traditional finite-element methods (FEM’s) can be used feiut any further simulations involving the device. This strategy
explicit dynamical simulations of PDE’s, but time-dependergould be used to greatly speed up multiple simulations of a
FEM’s are usually computationally very intensive, makingingle device for exploration of a design space, or could be
them difficult to use when a large number of simulations aigsed as input to system-level simulators for designing systems
needed, especially if multiple devices are involved in a syste@ith many coupled devices.
FEM'’s rely on highly localized interpolation functions (or
"  received N ber 10. 1098, Thi ) e b tbasis functiongto approximate the solution to PDE’'s. These
e s i suphored  foal basis functons are generated by meshing the domain
Subject Editor, W. N. Sharpe, Jr. of interest and parameterizing the desired solution locally on
CE- S. Hgn_g WaSMwith thhe Der)alrtm_ent Off Ele%triclal Engine%fi_fég ar@gch mesh element. This parameterized solution converts a
Compulr Seince, Messachusells Il of pechnaagy, Camtrdae, Edntinuous (PDE) problem to a coupled system of ordinary
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2pmpoly Si  0.5um poly Si Reynold’s equation [17] for air damping with slip flow [(3)]
/ /
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Fig. 1. Fixed-fixed beam pull-in experiment setup [14]. For analysis pujyhere Fuee = —GowVQ/(QZQ) is the electrostatic force,

poses, we assume that theand y axes are oriented parallel to the length w . . .
and width of the beam, respectively, ands directed up, perpendicular to £'air = fo pdy is the mechanical load from the squeezed air

the substrate. film, z(x,t) is the height of the beam above the substrate, and
p(x,y,t) is the air pressure under the beam. Other parameters
include Knudsen's numbeK(z,t) = \/z, the mean-free

corresponding rapid growth in computational cost for explicRath of airA = 0.064 pm, elastic modulusE' = 149 GPa,

dynamic simulation. moment of inertial = wh?3/12, beam widthw = 40 um,
In contrast to the FEM approach, global basis functions cégngth £ = 610 pm, thicknessh = 2.2 um, undeflected
often be used to capture the solution with fewer degrees @p » = 2.3 um, stress[S/(hw)] = —3.7 MPa, density

freedom. For example, Fourier decompositions [7] or modkd/(hw)] = 2330 kg/m?, and air viscosityy = 1.82 x 10~°
functions [4] may be used. However, it is usually difficulkg/(m-s). The beam is modeled with fixed supports and the
to determine,a priori, an optimum set of such functions,fluid system is assumed to be open (ambient pressure) along
particularly when irregular geometries are involved. the sides of the beam and closed (no flow) at the ends of the

This work seeks a middle path, focusing on obtainingeam. All parameters are measured or are from the literature,
macromodels based on global basis functions generation frexeept for stress which is matched to the measured pull-in
an approach that is mathematically equivalent to Karhuneypltage Vpr = 8.76 V as in [18].

Logve analysis of a small but representative ensemble ofExplicit large-amplitude dynamical simulations of these
dynamic FEM runs. Previous work has shown that Karhunegeupled nonlinear equations using FEM’s have been previ-
Loéve decompositions can be used to generate such basigly reported [19], with good agreement between model and
functions for nonlinear dynamical system simulations fgxperiment.

turbulence problems in fluid mechanics [8], [9], fluid-structure

interactions in aerodynamical systems [10], [11], and in chem- Ill. BASIS FUNCTION STRATEGY

ical engineering systems [12].

Here we use singular value decomposition (SVD) to gen-
erate global basis functions from explicit FEM results a m
generate the macromodel by the use of Galerkin methoJ
with the original governing PDE’s. We discuss how basis L{w)=f 3

function macromodeling techniques can contribute to MEMS _ ) ) ) _
simulation technology and use the method to simulate Y{1€reL is a differential operator (possibly nonlinear), amd

problem involving squeeze-film (air) damping of a microbeant® & vector of _state variables. I_:or simplicity, we assume that
This approach was first presented in [13]. the state solutiom(x,¢) and forcing termf(«x, ) are functions
of time ¢ and a spatial variable. Given f and L, we would

like to determineu.
Il. CASE STUDY EXAMPLE We begin by defining a spacé& of square integrable

In order to illustrate the macromodel technique, we firdfnctions with dOtl groduct(v,w) = [v"(z)w(z)de and
introduce a case study problem that will be referred to through®'™ vl = (v,v) _/ - We would like to approximate the
out the discussion. The device (Fig. 1) consists of a deformagsSired PDE solutionu(z, ) in a separable form as a series
elastic beam microstructure that is electrostatically pulled fPansion of time varying coefficients;(¢) and spatially
by an applied voltage waveform. The time it takes for th4aTYing basis functions:;(x)
beam to pull in is highly sensitive to the air pressure under N
the beam. In fact, this structure has been proposed for use as W(x,t) = Zai(t)ai(x) (4)

a pressure sensor [14]. i=1

Simulating t_he time-depend_ent dynamics of the deyice iNhere i(x,t) is the approximation for(z,¢). The choice
volves a nonlinear squeeze-film damping problem with Mgz, thogonal basis functions;(x) will be addressed in
chanical, electrostatic, and fluidic components. Efficient Simg'ection IV below.

lations of squeeze-film damping problems are an active topic

of research [15], [16] and are important for a variety of 1The compressible isothermal_ Reynold_’s equation [(2)_] can be deriv:_ad
from the Navier-Stokes, continuity, and ideal-gas equations by assuming

appllca_tlons In Order_to control moving StrUCture_S a_nd tﬂ isothermal conditions, 2) a pressure that is constant wilacross the
determine how fast microstructures can be moved in air. gap), 3) negligible inertial effects, and 4) negligible fluid velocity in the

The pull-in time pressure sensor device can be modeldigection (perpendicular to the substrate). Because the dimensions of interest
are beyond the limit where atmospheric air can be modeled accurately as a

by COUp“ng a 1-D elastic beam. equ_at'on with eIeCtrOStaj%ntinuous fluid, slip flow boundary conditions are used to model the device,
force [(1)] and the 2-D compressible isothermal squeeze-filsarameterized by Knudsen’s numbir See [17] for a derivation.

Let us now consider the simulation strategy. We would like
simulate a dynamical system described by a PDE of the
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Assuming for the moment that the basis functions afdote that these equations are the same general form as those
known, the Galerkin method can then be used to specify theed for a standard FEM simulation, but because of the model-
equations of motion for the coefficients;(¢). This method order reduction with global basis functions, constitute a much
requires that the PDE residudl(i:) — f be orthogonal to smaller computational problem.
each of the basis functions #H. In other words, the Galerkin  The main idea behind the macromodel is that the number

condition requires that of ODE’s needed to simulate the system has been reduced
from perhaps many thousands in the case of the full FEM
(ai, L(0) — f) = /a;‘r(L(fL) —f)dz=0 (5) simulation, to just a few basis function coordinates. Thus the
macromodel simulation can be very efficient computationally
forall i € {1,...,N}. compared to the FEM model. Note also that many of the

Now let us apply these ideas to the pull-in time pressuterms in the matrix ODE’s above can be precomputed once
sensor. In this case, the state solutiafr, ) consists of the the basis functions are known [e.gd;; in (8)]. The terms
time histories of both pressurg(x,y,t) and displacement that cannot be precomputed correspond to the nonlinear terms
z(z, t). Because of the formulation of the governing PDE’s, wi the original PDE (clearly, for linear PDE’s, the resulting
choose to write separate approximations for presglrey,t) ODE’s would also be linear). An example of this would be

and displacement(z, ) as follows: ¢ in (9). Sincez depends on time;; must be recomputed at
N every time step during the ODE numerical integration. Note
Pz, t) = pa + Z o (Hai(z,y) (6) that the computation of; requires a spatial integration in the
= original coordinate systemz, y).

M As one might expect, much of the time spent in simulating
2z, t) = 2 +Z/37;(t)b7;(a:) (7) the macromodel equations typically involves evaluation of

i=1 the nonlinear terms that cannot be precomputed. However,

wherep, is the ambient pressurey is the undeflected gap,Gabbay and Senturia [5] show that one can sometimes improve

N and M are the number of pressure and displacement baRfrformance by precomputing nonlinear terms in the Galerkin
functions we would like to use, and;(z,y) and b;(x) are formulation. Specifically, in [5] the nonlinear electrostatic

scalar basis functions for pressure and displacement, resgQES€ term . from (8) is sampled in basis function co-
tively. ordinates and a rational function approximation f@s.. is

Using the Galerkin method, the PDE’s in (1) and (2) can gmputed in terms of the basis function coordinates. This
reduced to coupled matrix ODE's in terms of the basis functigi2kes the computation ofc.. very efficient during the
approximations above. A derivation of these equations appegygnerlcal mtegratlc_)n stage; however, |t_reqL_J|res initial effort
in Appendix I. The Euler beam equation (1) results in thi® 9enerate the rational function approximation.

following ODE: _ Note also that instea_d of using in_d(_apendent basis func-
. tions for pressure and displacement, it is possible to analyze
MB+KpB+f=0 (8) basis functions for a combined state vectar(x,y,t) =
where [2(x,t) plx,y,)]F. '_rhis may produce benefits in redl_,lcing
the number of basis functions needed to characterize the
M;; = / pbib; dz dynamics of the system because it captures coupling between
L displacement and pressure. In this case, however, independent
92b; 9%b; Ob; ab; displacement and pressure basis functions make the Galerkin
K;; = El—— — — }dx L . . .
/L < dz? 9x2 ox 83:) derivation simpler and also makes sense given the physics of
the problem.
fi = / bi(Felec + Fair) dz
I
where L indicates integration along the length of the beam. IV. GENERATING THE BASIS FUNCTIONS
The Reynolds equation (2) results in the following ODE: We now describe how the basis functions are chosen. First
Ad+Ba+c=0 (9) the system dynamics are simulated using a slow but accurate
technique such as finite elements or finite differences. An
where ensemble of runs may be used to suitably characterize the

_ . _ 0z operating range of the device.
Aij = /Q L2naia;zdedy ¢ = /Q L2pati de dy The spatial distributions of each state variables,t) are
5.{8a;da;  a; a; then sampled at a series &f, different times during these
Bi; /Q {(1 +6K)z P< oz Or dy 8—y> simulations, and the sampled distributions are stored as a series
95 of vectors,{u,}, where eachy; corresponds to a particular
+ 127’]@i@j§}d{l’ dy “snapshot” in time.

For example, for the microbeam problem, the pull-in dy-
wheref? indicates integration along the beam area. Equationamics of the beam are simulated using a finite-difference
(8) and (9) constitute the macromodel formulation. The equarethod for an ensemble of step voltages. To determine pres-
tions are integrated numerically to simulate dynamic behavi@ure basis functions, we take a series of snapsHetg, of
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the pressure distributions at various times where the entries in 05 : A . . n
eachu; vector correspond to pressures at a different node of 4 | Pasist
the finite-difference mesh.

Now suppose we would like to pickvV orthogonal basis
functions, {a1,---,an}, in order to represent the observed
state distributions as closely as possible. One way to do this
is to attempt to minimize the following quantity:

Mechanical basis function

> fus — proj(u;, span{as,...,ax > (10) o e TN
=1 0 50 100 150 200 250 300
where proj(v, W) is the projection of the vectow onto Distance along length of beam (um)
subspacel. In other words, we minimize a least squares @
measure of the “error” distances between the observed states
and the basis function representation of those states.
It turns out that this can be accomplished quite simply by

0.25

£
[

. . 2 o024
taking the SVD of the matriX/, whose columns are;. The 5 0.15 -
SVD of U is given as follows: 1%; 041 |

2 1

U=vsw? (11) £ °'°c5)

"

3
whereX = diag(oy,---,0) is a diagonal matrix}” and W 8 -0.05 1
are orthonormal matrices;; > oo > -+ > oy > 0, and g -011
N < N,. In Appendix Il we show that the proper orthogonal g '0612 |

Q. =

basis functions{a;}}Y; minimizing (10) can be chosen by
settinga, = v; fori = {1,2,---, N} wherev; are the columns
of V. Distance along length of beam (um)

SVD decompositions have previously been used for gener- (b)
ating basis functions for image compression and analysis [2B}. 2. Basis functions for (a) displacementu,t) and (b) pressure
The method also turns out to be mathematically equivalenit: y.t) (holding y constant along the center of the beam). Note that
to the Karhunen—Léve approach described in [8]-[12] forony half of the beam is being displayed.
generating reduced order dynamical models (see [21] for a
derivation).

Note that the columns of are the eigenvectors @fy?  of four different step voltagesii, =9V, 10V, 12V, 16 V.
and the columns of¥ are the eigenvectors df”U/ [22]. It One hundred samples of pressure and displacement are taken
turns out that the standard formulation of the KarhunerMeo during these four runs at fixed time intervals. These samples
approach is equivalent to explicitly computing the eigenvaluése used to generate the basis functions. The resulting basis
and eigenvectors of/7U along with substitution back into functions for displacement and pressure are shown in Fig. 2.
a matrix multiplication in order to find the basis functionsAS one might expect, the basis functions for displacement
However, there are algorithms for computing the SVDUbf look similar to the linear modes for the system. However, the
(e.g., [22]) which are numerically more robust than computirfessure basis functions show a higher spatial frequency (in
the UTU product directly. Thus, we suggest that computatiotd %) toward the middle of the beam, reflective of the fact

of the SVD of U is a preferred approach, in practice, fothat pressure is much higher toward the center of the beam as
generating the basis functions. the beam pulls down and the gap decreases.

We then generate macromodels using the basis functions
extracted from the ensemble of finite-difference simulations.
Fig. 3 shows a comparison of the maximum beam deflection
versus time for both the macromodel and the full finite-
difference simulation for a 10-V step voltage input. The macro-

We now present simulation results for the pull-in timenodel matches the finite-difference simulations extremely
pressure sensor example. The dynamics of the beam are firsll, especially forAM > 2 and N > 2 (as few as six ODE’s)
simulated using a finite-difference analysis. A quarter of thehere A/ and V are the number of mechanical and pressure
beam is initially meshed using a 20 10 node 2-D grid. The basis functions used, respectively. In general, the deflection
state at each node consists of three quantitie#lz/3¢, and error is less than 1% of the undeflected gap size (Qu®2.

p. Since z and 9z/8t are simulated in 1-D, this results in The accuracy of the macromodel is especially apparent in
20 x 10+ 2 x 20 = 240 coupled nonlinear ODE’s which mustcomparison to the performance of lumped-element methods.
be integrated in time. For example, linear damping is often used (e.g., [14]) to

Basis functions are generated for pressure and displacenm®ntulate the first-order effects of squeeze-film damping in
based on runs of the finite-difference code for an ensemisfécrostructures. Fig. 4 shows results from a linear damping

0 50 100 150 200 250 300

V. RESULTS

A. Macromodel Accuracy
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Fig. 3. (a) Comparison of beam deflection versus time simulation results feig. 4. Beam deflection versus time results for a linear damping simulation
a 10-V step inputA/ and N are the number of mechanical and pressureompared to the finite-difference model. (a) Results for a 10-V step input. (b)
basis functions used in the macromodel, respectively. Macromodel restssults for a 14-V 10-kHz sine wave voltage input. The simulations show
are almost indistinguishable from finite-element simulation f6r> 2 and  that first-order lumped element techniques can result in large errors compared
N > 2. By contrast, the linear damping simulation shows large errors. () the macromodel results (Figs. 3 and 6).

Macromodel deflection error versus time for the simulation depicted in (a).

Error is measured with respect to the finite-difference simulation.

unmodeled effects such as compliant supports and strain-
_ . o .. stiffening of the beam. Note that the order-of-magnitude
§|mu|at|on of the pull-in time pressure Sensor. In this S'mgl?ﬁcrease of pull-in time in air and the change in critical pull-
tion, th? damping forchd.(a:,t) at each point on the_ beam Sin voltage due to inertial effects are well modeled by both
proportional to the velocity of the beam at that point simulations. This demonstrates that these types of simula-
9z tions can achieve reasonable accuracy for modeling transient

Fulz,t) = —c ot squeeze-film damping effects.

where ¢ is a damping constant. In this case, the dampin
constant was tuned to match the pull-in time from the finite=
difference simulation. Fig. 4(a) shows displacement versusOne question is, how flexible is the basis-function tech-
time results for a 10-V step input (compare with Fig. 3nique? If the parameters or inputs to a device change, is it
and Fig. 4(b) shows results for a 14-V 10-kHz sine waweecessary to rerun FEM simulations to generate new basis
input (compare with Fig. 6). We see that the linear dampirfgnctions for the macromodel? This is important because a pri-
simulation shows large errors compared with the macromodeiary motivation for the use of the macromodeling technique
illustrating the type of problems that can result from usinfpr MEMS devices is that a single macromodel may be used to
linear models to simulate large-amplitude nonlinear squeezan many simulations, exploring the design space of a device
film damping effects. or system without having to recompute FEM simulations.

The results of the macromodel also correspond well to To test this, the same macromodel described above, gener-
experimental data from [19] (Fig. 5). A series of step inputed using basis functions from the step voltage input FEM
voltages are applied, and the pull-in time is measured anths, was used to simulate the response to a 14-V 10-kHz sine
plotted for both experiment and simulation. Note that the finitevave voltage input. The results are compared to a full finite-
difference results are indistinguishable from the macromoddifference solution for the 14-V 10-kHz sine wave stimulus
for these series of step input simulations. The relatively sméHig. 6). Again, macromodel results fdd > 2 and N > 2
errors between experiment and simulation may be due nmatch the finite-element run extremely well, while the linear

. Changing Device Parameters and Input
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Fig. 5. Comparison of pull-in time macromodel and finite-difference simulation results with experimental measurement in 1 atm air pressureuamal in vac

25 . — . that the basis functions also work for scaled geometry. The

LA v — figure shows a comparison between finite-difference transient

E 2 macromodel: m:g; ng Ty s[mulat{ons and the macromodel for a beam wnh_scaled
£ dimensions [, = 400 ym, w = 30 pm, and zero residual

D 151 i stress for the new beam, as opposedlto= 610 um,

g w = 40 pm, and stress= —3.7 MPa for the original beam).

E L I The macromodel used for the simulation of the new beam is

;E 05 | I generated using linearly scaled versions of the basis functions
=" from the original 610zm-long beam. The pull-in voltage for

0 the new beam is near 22 V, and the simulation shown in Fig. 7

0 0.05 01 0.15 02 is for a 25-V step input. Macromodel results fdf > 2 and
N > 2 still match the finite-difference run well, despite the

Time (ms) change in parameters. While we have not studied the accuracy
(@ limits on scaling of dimensions over a large workspace, we
1 . . ) have demonstrated that the macromodel for the pull-in time
pressure sensor is quite accurate for moderate device parameter
changes.

C. Macromodel Efficiency

Now we address the computational efficiency of the macro-
| model. Table | shows explicitly the speedups and relative
errors we obtain from using the macromodel technique com-
. . . pared with the full finite-difference model. Note that for
0.05 0.1 0.15 0.2 M = 2 and N = 2, the macromodel achieves a factor of 37
speedup in computation time over the finite-difference model
while suffering pull-in time errors of less than 2%.

(b) The macromodel efficiency results are even more impressive
Fig. 6. (a) Comparison of beam deflection versus time simulation resuf@r larger simulations. The finite-difference simulation was

for a 14-V 10-kHz sine wave voltage input/ and V are the number of jnitially run using a 20x 10 node grid because this is the
mechanical and pressure basis functions used in the macromodel, respectivel

(b) Macromodel deflection error versus time for the simulation depicted in (a{p%ﬁimum grid size at which reasonably accurate results can

Error is measured with respect to the finite-difference simulation. be obtained. In more complicated systems, however, much
larger grid sizes will likely be necessary. Thus, it is important

to know how the performance of the macromodel scales with

damping model performs poorly. This shows that withouyhcreasing grid size. Fig. 8 shows how much the macromodel
changing basis functions, the macromodel is quite flexible §eeds up pull-in simulations for different grid sizes. As the
handling inputs to the device that are substantially differegtid size increases, both the finite-difference and macromodel
from the step inputs the macromodel was trained on. simulations take longer to compute. Nonlinear terms in the
Another test is to change the physical parameters of theacromodel involve spatial integrations/sums that take longer
device and see how well the macromodel works. Fig. 7 showsscompute. However, the speed up factor for the macromodel

Gap height error (um)

Time (ms)
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Fig. 8. The effect of changing the grid size of the finite-difference model.
Time (ms) Speed up factor is the time required to simulate the ensemble of step voltages
Vin =9V, 10V, 12V, 16 V for the finite-difference model divided by the
(@) time required to perform the corresponding macromodel simulation using two

mechanical and two pressure basis functions.

vl V1. DISCUSSION AND CONCLUSIONS

In this paper, we describe a method to speed up the
dynamical simulation of micromechanical devices by using a
reduced-order macromodel generated from finite-element or
finite-difference simulations of the device. This method is

- demonstrated on a pull-in time pressure sensor device where
the macromodel speeds up simulations by a factor of 37 over

Gap height error (um)

10° o 0603 ' ' ' a finite-difference technique with less than 2% error.
’ 0006 0009 0012 0015 The method is based on generating global orthogonal basis
Time (ms) functions from time samples of the state variables from the

FEM runs. Using the Galerkin method, these basis functions

(®) are combined with the governing PDE of the system to create
Fig. 7. (a) Comparison of beam deflection versus time simulation resu{ﬁe macromodel
for a 25-V step input for a beam with = 400 gm, w = 30 gm, and no o . ..
residual stress. Macromodel is generated using scaled basis functions fronf-Or the pull-in time pressure sensor device, it is shown

finite-difference simulations of a beam with = 610 xm, w = 40 pm, that a single set of basis functions can be used to generate

and stress= —3.7 MPa. M and N are the number of mechanical and : - -
pressure basis functions used in the macromodel, respectively. (b) MacromcweqcromOdels which accurately simulate the dynamics of the

deflection error versus time for the simulation depicted in (a). Error @evice over a range of different input waveforms and device

measured with respect to the finite-difference simulation. parameter and geometry changes.
There can be complicating issues when basis function
TABLE | techniques are used to simulate general nonlinear dynamical

PERFORMANCE COMPARISON BETWEEN MACROMODELS AND 20 X 10 Nobe systems. One example is a system exhibiting the intermittent
FINITE-DIFFERENCE SIMULATION ON  CALCULATING PULL-IN TIMES FOR THE

ENSEMBLE OF STEP VOLTAGES Vi, = 9 V, 10V, 12 V, 16 V. Erroranp  CHAOtIC behavior studied in [23]. Problems result when the
SPEED UP FACTORS ARE CALCULATED WITH RESPECT TO THEFULL sampled state-space trajectories from which the basis functions

FiNniTE-DIFFERENCEMODEL. M AND N ARE THE NUMBER OF MECHANICAL are generated do not visit all of the relevant parts of state
AND PRESSUREBASIS FUNCTIONS USED IN THE MACROMODEL, RESPECTIVELY.

SIMULATIONS WERE CARRIED OUT ON A SPARC UTRA 1 MoDEL 170 space often enough. This could occur, for example, if there are
multiple attractors, if there are rare intermittent fluctuations in

method number | average | run time | speed up . . . .
of ODEs | emor | (minisec) | factor the system, or if the_re are nearby bifurcations in parameter

Fnito space which result in trajectories that explore whole new
difference 240 0.0 31:04 1.0 regions of state space.
Hll\ilicrzor:?dfl ) . o1 105 It is important, in general, to be sure that the sample
m;c_rox;c;iel 2 : : states used to generate the basis functions are a representative
M=2 N=2 6 17% 0:51 37 collection of the qualitative behavior encountered by the
macromodel system. With MEMS devices, this does not appear to be a
M=3 N=3 91 1.0% 3:08 10 difficult condition to satisfy as long as one is reasonably
macromodel ful when setti the simulati d to determine th
Med Nea 2l < 719 49 careful when setting up the simulations used to determine the

basis functions. By design, most MEMS systems are relatively

well behaved, and the design spaces for most systems do not
compared with the finite-difference model increases with largiclude problematic types of bifurcations.

grid sizes. Thus, the macromodel technique should becoméwith the caveats described above, the use of basis function
even more helpful for more complicated systems where largeacromodeling techniques for MEMS systems seems to be

mesh sizes are needed. quite promising for rapidly simulating the dynamics and



HUNG AND SENTURIA: EFFICIENT DYNAMICAL MODELS FOR MICROELECTROMECHANICAL SYSTEMS 287

exploring the design space of MEMS devices. PresentBecause of the symmetry of the problem, both contour inte-
the overhead for generating the initial FEM simulation igrals are zero. Substituting (13) into (14) we have that

quite high. However, as coupled-domain simulation tools T Oa P Sa. o
improve, making the initial FEM simulations more accessible, 7, = _/ [ (14 6K)§3ﬁ_p + —(1+ 6K)§3ﬁ_p

these reduced-order macromodeling techniques will become Iz dz ~ Jy Iy
ingregsingly attractive fqr speeding up the Qesign and opti- + 120a; <28ﬁ 0% )}da: dy. (15)
mization process, especially as the complexity of the MEMS ot Pt

components increases.

Substituting the basis function approximation for pressure (6)
into (15), we have

APPENDIX |
N
MA?ROMODEL.FOR PULL-IN TIME PRESSU.RESENSOR z- _/ a‘”(1 +6K);33ﬁ Za (t )aaj
In this appendix, we show how to derive the equations al| Oz — Jz
of motion for the macromodel simulation of the pull-in time ’
pressure sensor. The original model for the system involves the da; (14 6K)5%p N aaj
coupled elastic beam equation with the compressible isother- + 8y +6 ZO‘Z
mal Reynold’s equation for the air damping [(1) and (2)]. We
derive the macromodel form of the Reynolds equation. Note N 9
that this derivation follows an approach commonly used for + 12na; | 2 Z atz (t)a;
FEM models (see, e.g., [24]). i=1
The macromodel uses basis function expansions as approx- N )
imations for pressurep(z,y,t), and displacementz(x,?), + <pa+zaz a;(x w)% dz dy. (16)
given in (6) and (7) wherda;(x, )} are the basis functions P d
for pressure. Substituting (6) into (2), Reynold’s equation can
be rewritten as Note that since Reynolds equation is nonlinear, not all in-
5 a5 5 9 stances of) above are substituted for using the basis function
<(1+6K) 235 )+—<(1+6K)23ﬁ—p> expansion. The substitution choices are made in order to
oz ier 9 9 produce a macromodel that can be computed efficiently.

— 12 317 +p 0% Since we require thaZ; = 0 for all + € {1,2,---, N},
" collecting terms from (16) and rewriting the equation in matrix

“at T o
. - . form results in the following ODE:
Galerkin’s condition (5) requires that

7] 3. 0P 7] 3. 0D

Z; = il | (1+6K)2%) >+—<1+6K 23 —>
/Qa {835 <( 2 Pos d ( )2 Pay)  where
op | 0% 0%
- 1277<7a +pat>}d$dy—0 (12) Aij :/ 12na;a;% dx dy; ci:/Q 12npga;—

Ad+Ba+c¢c=0

dzx dy;
atJC%

da; da; %%)

for all i € {1,2,---, N} whereQ represents the beam area. pg.. :/ (1+6K)5%p
“ Q dx Odx dy Oy

Let
9 p 12naia; 2 ded
F,=(1 +6K)231§a— and F, = (1+6K)3%p by (19) + L2naia; =0 ¢ ax ay.
T Y

N . . This is the macromodel formulation which is integrated nu-
Substituting (13) into (12), and sineg 3L = 2 (q;F,) — merically g
Dai )
o L', We have A similar derivation can be carried through with the Euler
beam equation (1) resulting in the matrix ODE given in (8).

0 da; g da;
Zi= | | (@B - S5 F, + —(aiF,) - i,
/Q |:ax(a/ ) or +ay(a y) ay Y

aA aA APPENDIX Il
— 12na; < 2% TP )} dx dy. THE SVD METHOD FOR CHOOSING BASIS FUNCTIONS

In this appendix, we show that basis functions that are
From the component form of the Divergence Theorem, Whtimal in a least-squares sense can be generated using an
know [, & (a;F,) dx dy = §.(a;iFyn,) - ds, whereC repre-  SyD of a matrix containing data from time snapshots of the

sents the boundary of the beam area. Thus, relevant state variable.
9 Oa Let u(x,t) be the state variable in the PDE of interest.
Z; = ]{ (a; Fyng + a;Fyny) - ds —/ {aajF + 87; F, Suppose that the spatial distributions «fr,t) are sampled
c

at a series ofV, different times{¢,¢»,---,ty, } during these
)} drdy. (14) simulations, and the sampled distributions are stored as a series
of vectors{u,} where each; corresponds to a particular state

0z
ot

ap
+12naq; <7a +p
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“snapshot” in time, and each entry af corresponds to the

state at a local node or mesh element.

For somelN < r, we would like to choose basis functions,
{ai,---,ay}, to minimize Ey, a sum of the squares measure
of the error distances between the state variables and the basis

function representations for those variables

N,
EN(alv (RN aN) = Z |U’Z - pI'Oj(U,Z‘, Span{alv (AR aN})|2'
=1

17

Below, we show that the optima{a;,---,anx} can be
chosen by taking the SVD of the matriX, whose columns
are the sampled state vectars
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Given any orthonormaKa,---,an}, Since

N
proj{u;,span{as,---,an}) = Z aja?ui
=1

we can use the Frobenius norm to rewriig; from (17) in

matrix form

2
N
Ex(ay,...,an) = ||U =Y a;a]U (21)
j=1

F

wherel/ is the matrix whose columns atg.

Substitutingw; for a;, and using (21), (19), and (20), we

First, recall some results from linear algebra (see [22] fof, e

proofs).
Theorem: Given a real matrix/ € R™*"”, there exists an
SVD of U

U=vzw? (18)

into a diagonal matrix: = diag(oy, - - -, 0,.) and orthonormal
matricesV and W wherer = min(m,n) andoy > oy >

>0, 2 0.

Let v1,---, v, be the columns o and w1, --,w, be
the columns of/. It turns out that thes;’s are the square
roots of the eigenvalues &fUT andU7 U, while thev;’s and
w;’s are the corresponding eigenvectorsiol/? and U7,
respectively. Note also that we can write

U= Zvjajw]r. (29)
j=1

Definition: We define the Frobenius norm [23T||r of
matrix U as follows:

Uil = | D2 luis?
i

It is not difficult to show that the Frobenius norm 6f is
directly related to the SVD factorization in (18)

2 2
HUUHF = E T4+ (20)
=1

Claim: Ex is minimized when g; v; for i €
{1,2,---, N} [where thev;'s are the columns o¥ in (18)].

Proof: The proof contains two parts. First we show

that Enx(vi,---,on) = Z?;*NH o?. Then we show that
En(ay, - ,ay) > Ef\;NH o2 for any orthonormal set of
vectors{ay, -, an}.

2

EN(Ul, e ,UN)

N
U=>_ (vvfU)
=1 -

2

r N

T T T
E vjo Wy — E vjv; VEW
=1

J=1 F

2

T N
E et E P
U]O']wj — U]O']wj
j=1 j=1
.
2 2
ag; .

i=N+1

F

This completes the first part of the proof.

Now letY = U — 77, a;aTU for some orthonormal set
of bases{ay,---,anx}. From (21) and (20)£y must be the
sum of the squares of the eigenvaluesYdfY'.

But Y'Y = U'U 4 B for some matrix B, where
rank(B) < N Sir1ceranl«:(23?:]L aja?U) < N.

Clearly, at least — N eigenvalues of"”Y must be the
same as eigenvalues 6f7U. Thus,

"
E]\T(alv"'?a]\‘r) > Z O—i2'
i=N+1

This proves the claim.
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