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ABSTRACT

The method of linear normal mode summation is utilized here to
construct reduced order macromodels to perform the nonlinear
dynamic analysis of microelectromechanical devices and systems
(MEMS). The validity of the approach is illustrated with the example
of a doubly clamped beam under electrostatic actuation. Using the
reduced order macromodel, it is possible to observe nonlinear effects
such as the frequency shift due to a DC bias voltage, and the
amplitude-dependence of resonance frequency. The undamped
dvnamic pull-in voltage is found to be about 9% less than the
quasi-static pull-in voltage. The dynamic simulation results of the
macromode! are compared with those of the complete model, and it is
noted here that linear normal modes provide an adequate basis to
carry out the dynamic analysis with enormous computational
advantage while not losing accuracy. The simulation results are also
validated with the experimentally measured data for the dynamic and
static pull-in voltages, and the time to pull in at voltages beyond
the pull-in voltage.

INTRODUCTION

With the increased development of and usage of microsystems that
operate in the dynamic regime (e.g., micro opto-mechanical devices
(Apte et al., 1994), and accelerometers (Spangler and Kemp, 1995)),
there is a perceivable need for efficient algorithms and software tools
to simulate the dynamics of MEMS devices. For example,
clectrostatically actuated MEMS devices exhibit nonlinear dynamic
bchavior as the electrostatic force couples nonlinearly with the
clastomechanical behavior. There are also other nonlinear coupling
cffects such as the fluid damping and fluid back-pressure.
Furthermore, the devices can also exhibit geometric nonlinearity
associated with large deformations. The accurate simulation of the
complete system requires an enormous amount of computation as is
cvident from the previously reported studies on the dynamic
simulation of specific devices (Ulrich et al., 1995). Shi et al. (1996)
used the modified Newmark method and a hybrid BEM/FEM
approach to perform the dynamic simulation of electromechanical
microtweezers. Tilmans (1993) obtained approximate analytical
expression for DC bias dependent resonance frequency of
clectromechanical structures using Rayleigh's Quotient and
assumed mode shapes. The focus of this paper is an exploration of a
method for decreasing the computation without compromising on
the accuracy.
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The meshed models used in the quasi-static simulation of
electrostatically actuated MEMS devices usually require a large
number of nodes to give sufficiently accurate results. Simulation of
the dyramic behavior using the same models would imply solving a
large number of nonlinearly coupled, second order differential
equations in addition to the repeated computations associated with
the est.mation of electrostatic and fluid forces. Using the normal
mode summation method (Thomson, 1988), we present here an
approach for the creation of reduced order macromodels (Senturia,
1995) for the dynamic analysis which results in enormous decrease
in computation time (from several hours to a few minutes) without
losing accuracy. We demonstrate the efficacy of the method by
comparing the computation time and accuracy for the explicit
compuation of the complete model with those for the macromodel,
using the simple example of a doubly clamped beam under
electrostatic actuation. We also demonstrate the validity of the
simularions by comparing them with the experimentally measured
data for dynamic and static pull-in voltages, and the time to pull in
at voltages beyond the pull-in voltage.

NORMAL MODE SUMMATION METHOD

In the normal mode summation method (Thomson, 1988), the
deformed shape of the structure is expressed as a linear summation of
the lincar normal mode shapes. This results in the transformation
from the nodal coordinates to the time-dependent coefficients of the
mode shapes, called modal coordinates. It also eliminates the
coupling in the inertia and stiffness terms. Under the reasonable
assumption that higher modes have negligible effect on the system’s
response, a good reduced order macromodel can be constructed by
using only the first few modes. Instead of the original system of N
coupled equations (where N equals the total nodal degrees of
freedorn), we now solve P equations (where P equals the number of
modes considered) and these equations are uncoupled in the inertia
and stiffness terms. The number of modes considered determines both
the accuracy and the computation time.

The normal mode method is applicable to both the 3-D finite element
meshed models and lumped models where the mechanical structure is
modeled appropriately using lumped masses and springs. In either

case, the dynamic behavior of a system with N degrees of freedom is
given by (neglecting damping):

Ml {(Fhxt + [KInen {Y I = {fe(y,0) ba (1)




where [Mlnn is the global inertia matrix, [K]nw is the global
stiffness matrix, {y}na is the column vector of displacements, and
{fey.t) a1 is the nonlinear force, in this case, electrostatic force. The
essence of normal mode summation method lies in transforming (1) to
coordinates in modal space {q}, from the coordinates in the {y} space
using the following transformation:

{y}nat = [Shov {Q} i @)

or equivalently,

{y¥ner =g {Si}ner + G2 {S2hnxt + ... + qu {Sn}ax (2a)

where {S] is an NxN matrix whose columns are the mode shape
vectors, 8 (i = ..N) of the system. Aﬂcr the above transformation
and pre-mulnphcauon of (1) by [S]", it results in a system of
equations that is completely uncoupled on the left hand side.
Mol (@ + [Kalman {Q b = (S man (g0, ©)
where {Mg]nav and {Kglnw are diagonal matrices. Under the
reasonable assumption that higher modes have negligible cffect on
the system, a truncated expansion of (2a) can be used to reduce the
order of the system as shown below.

{Yhnxt =@ {Si}ne + Q2 {S2}hnw + .o + G {Sphna (4)
Malrer (@ hpu + [Kaleer {q }rat = [S] puv {£:(Q,0) s (%)

The method derives its strength from the fact that a value of P that is
much less than N is adequate in most cases. The value of P needs to
be just as large as the number of dominant normal modes in the
dynamic response of the system. The smaller the value of P, the better
is the computational advantage. The “macromodel” of the system is
now compnsed of P modal coordinates {q} and their associated
generalized inertia and stiffness values.

VALIDITY OF THE APPROACH

For a reasonable value of P, Equation (5) is perfectly valid for linear
systems, but its applicability to nonlinear systems is not readily
apparent because of the nonlinear coupling terms on the right hand
side of (5) and the geometric nonlinearity associated with large
deformations. In order to study the validity of this approach, a
simple example is considered and is described below.

Figure | and Table | contain the features and the dimensions of
the electrostatically actuated doubly clamped beam analyzed to
illustrate the effectiveness of the method. The dynamic equation of
the beam including Osterberg's fringing-field correction [9] is given
by the following:

&9+Ely""={w£oV2/(2g)z}' (1+0.65g/w) 6)
where
p_= mass density per unit length of the beam
y = displacement of the beam in the transverse direction;
y™ denotes the fourth derivative with respect to x
¥ denotes the second derivative with respect to time
x = position along the longitudinal direction of the beam
E = Young's modulus of thc matenal
1 = Moment of inertia = (wt*/12) for rectangular cross-section
w = width of the beam
t = thickness of the beam
€0 = permittivity of free space = 8.854x10°'? Farads/m
V = applied voltage

402

g = gap between the beam and the ground electrode = (go - y)

Using the finite element formulation, the beam was modele
with beam elements (Przemienickie, 1968) and the electrostatic forc,
was computed using the parallel-plate approximation with a fnngm
field correction. The rcsultmg system of dynamical cquanons were
modeled and integrated using the Runge-Kutta scheme in MATLAR
(1993). For a large signal DC voltage (12 V) and a small signal Ac
voltage actuation (2 V at 111.4 KHz2), Figures 2a and 2b compare the
undzmped displacement of the mid-point of the beam in the complec
model d(t), and that of a four-mode macromodel dm(t). The percent
relative error, computed as 100*(d.(t)-dm(t)) / max(de(t)) and shown
in Figure 2¢, has an average value of 3.58E-2 with a standarg
deviation of 3.42E-2 over the entire time-interval. The huge
improvement in computation time can be seen in Table 2 whicy
shows the CPU time required for the complete model solution using
20 beam elements and 30 elements, and macromedel solutions using
4 and 8 modes for the same.
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Figure 1 Doubly clamped beam under electrostatic actuation

Length = 80 um

Width =w = 10 um

Thickness =t=0.5um

Initial gap = g = 0.7 um

Young's modulus = E = 169 GPa
Mass density = p = 2231 Kg/m"3

Table 1 Physical and material properties of the beam
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To test sensitivity to higher order modes, electrodes were
placed under only a few clements as shown in Figure 3, and the
active electrodes were intermittently switched. Various patterns of
actuation were simulated, and the same general agreecment between
the complete model and the macromode! was observed. For example,
consider an actuation pattern in which the same combination of the
DC and the AC voltage was applied, but only one electrode was
activated at any given time. The active electrode was moved fom left
to right (Figure 3) after every | psec. The simulation of the complete
model took about 5 hours of CPU time to run for approximately 7.25
psec of beam's dynamic response. The simulations that used 4-mode
and 8-mode macrcmodels - took less than 4CPU minutes. The
displacement of the mid point of the beam is shown in Figure 4a and
4b for the complete and 4-mode macromodel respectively. The
percent relative error, as defined above and shown in Figure 4c, has a
maximum value of 2% which is much higher than that of the previous
case. This is due to the higher modes that were intentionally excited
using the complex clectrode and actuation pattern. Illustrated in
Figures 5a and 5b are the time-dependent magnitudes of the modal
coordinates corresponding to the first cight modes in the complete
model simulation. It is apparent from the figure that more than four
modes are required in this example. The responses due to the
complete and 8-mode macromodels and the percent relative error
between the two models are shown in Figures 6a, 6b and 6¢c
respectively. The maximum error is now less than 0.25%.

Number of CPU time
beam elements Model (seconds)
Complete model 12600
20 4mode-macromodel | 91
8mode-macromodel 179
Complete model 43000
30 4mode-macromodel 112
8mode-macromodel | 213

Table 2 Comparison of computation time for simulation
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Figure 3 Beam with discrete electrodes to simulate complex
actuation patterns and to excite higher modes
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Figure 4 Displacement of the mid-point of the beam (in microns)
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Figure Sa Time-variation of the modal coordinates in the
simulation of the complete model

RESULTS AND DISCUSSION

For taec beam example considered above, the electrostatic force acts
like a nonlinear elastic foundation. Since the force acts in the
direc:ion of the motion, it indeed acts like a negative spring. The
'stiffress' of the ‘foundation' is dependent not only on the
deformation of the beam, but is also dependent on time as the voltage
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is time-dependent. Many nonlinear effects can be observed in the
dynamic response of the beam for different actuation voltages. Some
of those effects are discussed in this section.
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Figure 5b Time-variation . of the modal coordinates in the

simulation of the complete model (modes 5-8)
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Figure 6 Displacement of the mid-point of the beam (in microns)
(a) Complete model (b) 8-mode macromodel (c) % Relative error
between the two models

Dynamic pull-jn voltage

Electrostatically actuated structures reach an unstable point and
pull-in onto the ground electrode when the DC bias voltage attains
a value cqual to the pull-in voliage of the structure. If the voltage is
reduced after pull-in, the structure gets released at its release
voltage. The pull-in and release voltages differ by some finite
amount. Some MEMS devices use this phenomenon (e.g., diffraction-
grating light valves (Apte ct al.,, 1994)) to switch beam-structures
between the two states. Accurate computation of the pull-in and
release voltages is important in the design of such devices. This was
done for the case of quasi-static application of the voltage using
MIT's MEMCAD system (Gilbert et al., 1996). It was observed in
the beam example considered here that the inertia of the beam
influences the pull-in voltage. In order to study this effect, the DC
bias voltage was applied as a ramp in a small interval until the
requirec voltage is attained and then that value is maintained. The
time for the ramp is varied and the limiting voltage is computed in
cach case. This limiting voltage is termed as the dynamic puli-in
voltage here. The variation of the dynamic pull-in voltage with
ramp-ra‘¢ is shown in Figure 7. It can be seen that the beam has the
lowest pull-in voltage of 13.7V when the DC voltage is applied
with infinite ramp-rate, i, as a step. Using the pull-in formula
reported in (Osterberg et al., 1994), the quasi-static pull-in voltage
for this beam is computed as 15.17V which is shown as a black dot
in the figure. Thus, there is a difference of about 9% in the quasi-
static ard the lowest undamped dynamic pull-in voltage.
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Dynamic pull-in voltage

Figure 7 Dynamic pull-in voltage at different ramp rates

Comparison with experimental data, A noticeable
difference between the quasi-static and dynamic pull-in voltages
was experimentally observed by Gupta et al. (1996a). For a doubly
clamped plolysilicon beam that was fabricated using MCNC.'S
(1995) surface micromachining process, the quasi-static and dynamic
voltages were measured to be 8.76V and 8.04V respectively. In this
measurement the dynamic pull-in voltage is 8.2% less than the
quasi-static pull-in voltage. A simulation performed using the
macromodel indicated a difference of 7.8% between the quasi-static
and dynamic pull-in voltages which arc 7.26V and 6.65%
respectively. The discrepancy between the experiment and the
simulation is attributed to the change in geometry due to pre-
buckled (i.e., below the buckling stress) deformation of the beam
under the effect of compressive residual stress, and stress-stiffening
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effect both of which were not taken into account in the simulation.
Additional simulation results and the details of the construction of
the macromodel for this beam are discussed in a later section.
Although the damping effects might help decrease the difference in
static and dynamic pull-in voltages, for accurate estimates it is still
important to compute the pull-in and release voltages by accounting
for incrtia effects. The macromodels such as the one presented here
offer a computationally efficient method to accomplish this.

As noted above, the electrostatic force acts like a negative nonlinear
spring. Consequently, the effective stiffness of the structure changes
with deformation. This in turn causes the resonance frequency of the
structure to shift. Since electrostatic force increases with increasing
DC bias voltage, and thus increasing the deformation, the structure
experiences spring-softening and the resonance frequency goes
down as we increase the DC bias voltage. To determine the
resonance frequency at a given DC bias voltage, the following
simulation was performed. The simulation consisted of a step DC
voltage with some artificially introduced damping for 10 psec, and it
was left undamped afterwards. The damping was introduced to force
the beam to reach the steady-state deformation for the applied step
DC voltage. As shown in Figure 8, after the beam reaches the steady-
state, a small perturbation was given to the first mode of the beam
and the simulation was continued by removing the damping. The
frequency was measured from the resulting signal. By varying the
DC voltage, several such simulations were carried out and the first
resonance frequency was measured from the dynamic response of the
beam. The plot of the first resonance frequency vs. DC bias voltage is
shown in Figure 9. Starting with the original value of 700 KHz, the
frequency tends to zero as the DC bias voltage approaches the pull-

in veoltage. Thus, the pronounced effect of the nonlinear
‘electrostatic spring’ effect is seen here.
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Figure 8 A simulation performed to determine the resonance
frequency at 10 V DC bias

Amplitude-softening at a given DC blas

The downward shift in the resonance frequency occurs not only due
to the DC bias voltage, but also due to the amplitude relative to the
deformed state. This shift is significant when a small signal AC
voltage is applied to the DC biased state and in controlling the
bzam around the DC operating point. It is possible to compute the
amplitude dependence of the frequency for a given DC bias voltage
by performing the simulation using the macromodel. Here, for the
same DC voltage, responses with different amplitudes were obtained
by applying the DC bias voltage in two steps. In the first step, a
voltage V., that is less than the desired DC bias, was applied and
the simulation was done with damping until the beam reached the
stzady-state. In the second step, the damping was removed and an
additional DC bias was applied to reach the desired DC voltage. The
frequency of the signal resulting in the second step was measured,
Different amplitudes were obtained by varying V,ua. The variation of
the frequency with the amplitude is shown in Figure 10. It can be
seen here that the frequency decreases rapidly as the amplitude
increases. This amplitude-softening at a given DC bias is also a
consequence of the negative, nonlinear "electrostatic spring”.
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Figure 9 Frequency pull-in effect with DC bias
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Figure 10 Amplitude dependence of the beam's resonance
frequency at 14 V DC bias
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Another consequence of the frequency-shift comes about when
the driving frequency of the AC signal is varied. As opposed to the
lincar systems, here the amplitude does not go unbounded when the
drive frequency is equal to the resonance frequency of the original
state and there is no damping. Instead, we see beat phenomenon.
These effects were all present in the simulation of the macromodels.
Thus, there is no loss of detail due to the macromodeling procedure.

Simulation and measurement of time to pull in
Gupta et al. (1996a) reported the experimental data on the time

required for the structure to contact the ground clectrode when a
voltage beyond the pull-in voltage is applied. This time is referred

to as ‘pull-in time’, tp. The measurements were taken for the
polysilicon beam whose physical and material property data is
shown in Table 3. For different values of DC bias voltage applied as

a step, tp; was measured when the beam is set up in a vacuum of 6

pbar. The beam used in the experiment was fabricated using the
MCNC's (1995) surface micromachining process (MUMPs), and has
a compressive residual stress of 5SMPa (Gupta et al., 1996a). The
finite-clement software ABAQUS was used to generate the mode
shapes, the generalized mass matrix, and generalized stiffness matrix
for the beam which included the effect of compressive residual stress.
These were then used in the explicit dynamic simulation
implemented in MATLAB.

The experimental and simulated data for ty; at different non-
dimensionalized voltages is shown in Figure 11. The voltage was
non-dimensionalized by dividing the actual applied step voltage by
the respective dynamic pull-in voltages. The non-dimensionalized
voltage is used in this graph to emphasize the qualitative agreement
between the experiment and the simulation. The dynamic pull-in
voltages for the experiment and the simulation were 8.04V and
6.685V respectively. As explained earlier, the reasons for this
discrepancy are thought to be the stress-stiffening effect and pre-
buckled deformation of the beam under the effect of compressive
residual stress. The conformal deposits used in the surface
micromachining process give rise to ‘compliant supports’ (Gupta et
al,, 1996b) which cause the beam to bow up below the buckling
stress. This change in geometry increases the gap between the
structure and the ground electrode. The increase in the initial gap
explains the higher pull-in voltages observed in the experiment. The
stress-stiffening effect that was not included in the macro-model
based simulation is another reason for larger values of pull-in

voltages and ty; in the experiment. The inclusion of these effects in
the generation and simulation of the mode-based macromodel is in
progress.

CONCLUSION

The linear normal mode summation method can be effectively used to
generate macromodels to describe the electrostatic-clastomechanical
dynamic behavior of the system. The added computational cost of
wansforming to the modal coordinates is small, but the
computational advantage in simulation is enormous. The validity of
the approach is illustrated with a simple example. The simulations
are also shown to be in reasonable agreement with the
experimentally measured values of pull-in voltages and the time for

pull-in to occur. Based on these results, the normal mode based
macromodels scem to provide an efficient method to simulate the
nonlinear dynamics of Electrostatically actuated MEMS devices.

Length =610 um

Width = w =40 um

Thickness =t=2.12 um

Initial gap = g = 2.07 um

Young's modulus = E = 155 GPa

Poisson's ratio = 0.3

Mass density = p = 2300 Kg/m"3

Residual stress = -5.0 MPa
(bi-axial)

Table 3 Physical and material properties of the MUMPs beam
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Figure 11 Comparison of experimental and simulated values of

tpi (time to pull in) at different voltages (the voltages shown in the
graph are non-dimensionalized by dividing the actual applied step
voltage by the respective dynamic pull-in voltage)
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