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ABSTRACT

In this paper, we present a methodology for extracting
macromodel parameters of compressible isothermal squeezed-
film damping (CISQFD) for flexible structures of MEMS under
small amplitude oscillation. The theoretical derivation, which is
based on structural modal analysis and CISQFD numerical
simulation, is presented. The spring and damping components of
CISQFD of any oscillation mode can be extracted by this
methodology, and thus the generic parameters of CISQFD can
be obtained for any flexible structure with given oscillation
modes. We successfully formulated an accurate and concise
second order dynamics equation for a flexible MEMS devices
by using the CISQFD parameters and the modal spring constant
and mass. Simulation results of resonance shift and quality
factor are consistent with experimental results.
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INTRODUCTION

It is well-known that squeeze-film damping can affect the
dynamics of microstructures. As shown in previous work on
CISQFD with rigid structures [1-7], there is both a viscous
component and a spring component of pressure forces. By
using the CISQFD macromodels, which were either derived
analytically [1,2] or calculated numerically [3], the dynamical
models of MEMS structures can be accurately formulated and
calculated. However, these studies are only applicable to rigid
microstructures.

In this paper, we present an efficient and accurate method for
modeling CISQFD for flexible MEMS structures, such as fixed-
fixed beams, cantilevers and membranes, undergoing small
amplitude oscillation. The approach is to combine structural
modal analysis with numerical solution of the equation
governing CISQFD, the linearized Reynold's equation [1]. In
this work, we apply the same methodology as in [3], but with
sinusoidally moving boundaries using shapes governed by the
dynamical resonant mode shapes of a flexible mechanical
structure (see Fig. 1 (a)). The method incorporates the effective
modal spring constants and masses obtained from the modal
analysis using Abaqus, as in [8]. From the distributed fluidic
reaction forces on the applied moving boundaries in sinusoidal
steady state, it is possible to extract an effective spring constant
and damping coefficient due to CISQFD for any oscillation
mode. We can then construct a concise second-order dynamical
-equation for a deformation mode of a flexible MEMS device
incorporating both the CISQFD force parameters and the modal
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spring constant and mass. The dynamics simulation results have
been compared with experimental results for microbridge
structures with different length-width ratios.
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(a) Schematic view of a flexible mechanical
microstructure (a fixed-fixed beam). (b) and (c) are the first
two dynamical resonant mode shapes of (a) obtained by modal
analysis [8].

Figure 1

THEORY DERIVATION
In previous work for a rigid plate moving normal to the
substrate, the analytical form of the CISQFD spring constants
and damping coefficients (k, and ¢, in Fig. 2) for circular and
rectangular plates have been obtained by solving the linearized
Reynold's equation [1,2], whose nondimensional form is

o0 de ‘
VO-o—=0— : 1
Jr or M
2ul?
T=at ; e=£coswt; ®=é£ ; 0=1——’L¥
hO Pa PahO

where o is the oscillation frequency, T is non-dimensional time,
§ is the amplitude of oscillation, Ap is the incremental pressure
variation, @ is the normalized incremental pressure variation, L
is the characteristic plate length, 4, is the gap thickness, u is
viscosity, P, is the ambient pressure and ¢ is the squeeze
number.

Note that the forcing function, e, for this rigid-plate
formulation is a function only of time, and the incremental
pressure © is zero on the perimeter of the plate. The s-plane
transfer function 7(s) for this rigid plate motion with the
CISQFD effect can be formulated by adding the CISQFD spring
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constant and damping coefficient into the structural parameters
(m and k in Fig. 1), as shown below :

Z(s) _ 1

Fp(s)  s*m+sc, +(k+k,)
where Z is the displacement of the moving plate normal to the
substrate, and F; is the external excitation force.

T(s)= @

This transfer function gives an efficient and accurate way to
examine the frequency response with CISQFD for rigid plate
structures as presented in the previous studies [3-7]. Fig. 3
shows the typical responses of Eqn 2. Curve 1 is the response
without CISQFD. Curve 2, which drops very fast, is the
response with the air damping in ambient. Curve 3 is the
response with CISQFD in low pressure or when the moving
plate is perforated. Note the appearance of the resonance,
shifted to higher frequency by the stiffness of the added air
spring.

Figure 2  Spring-mass-damper model with squeezed-film
damping for rigid plates. For flexible structures represented
with a modal coordinate, the k, k,, ¢, and Z are replaced with
ke, kaG, cag and O, respectively. (see Eqn. 2 and 9)
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Figure 3 Simulated dynamical responses of the rigid plate of
Fig. 2 with and without air film damping effects [3].

For flexible MEMS structures, however, the moving-
boundary forcing function imposed on the Reynold's equation is
not only a function of time, but also has spatial dependence.
Furthermore, the shape of a oscillating flexible structure is
usually dominated by one mode, depending on the configuration
of external excitation forces [8]. Therefore, it is feasible to
solve the linearized Reynold's equation numerically with a
moving boundary determined by the dominant oscillating mode
shape. The modal parameters, such as oscillating mode shapes
(eigenvectors), generalized spring constants, and generalized
masses for each oscillation mode, can be obtained by
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commercial structural dynamics finite-element codes (in this
study, we use Abaqus). The equation of motion can be
constructed by using the modal parameters :

Mi@y+ Kolah=-V'{Fp(V{gh.V{gh} + V' {Fp} €)

where 7 is the N x N modal matrix (N is the number of nodes
after discretizing the moving flexible plate) which contain the
eigenvectors (mode shapes) for each oscillation mode, M; and
K are the generalized mass and spring matrices (N x N) and are
diagonal, Fp is the pressure force distribution (N x 1) along the
flexible moving plate and is a function of both the displacement
and velocity on each node of the plate, Fj is a vector (N x 1)
representing the external excitation force, and {q} is a vector
containing modal amplitude of each mode.

Since the dominant oscillation mode is of interest, Eqn. 3,
which is a system of N 2™ order differential equations, can be
truncated into one 2™ order differential equation of the
dominant oscillation mode, which, in the s-plane, becomes:

52 mg () + kg Q(s) = =} {F, ((}0(s), {v}sQ(s))}

+ Fg(s)
where Q(s) is the modal variable of the dominant mode, {v} is
the corresponding eigenvector, kg and mg, are the corresponding
generalized spring constant and generalized mass respectively,
and Fy; is the generalized external force which excites the
structure in the dominant mode.

C)

Due to the assumption of small amplitude oscillation, the
spring component (Fp.) and damping component (Fp;) of the
CISQFD pressure reactant force on each node of the moving
plate can be decoupled [2,3]. The equation of motion becomes :

2 maQ(s) + kg Q(s) = =} {Fp ((v3Q(9))}

5
~ VY {Fpa ({v}sQ(s))} + Fi () ®
In order to obtain the effective CISQFD spring constant and
the damping coefficient numerically, we use the dominant
oscillation mode shape as the sinusoidally moving boundary for
the linearized Reynold's equation with a specific squeeze
number (Eqn. 1), then integrate it in time until reaching steady
state. The spring and damping forces on each node can be
determined from the total node reaction force using the phase
shift between the steady state local pressure force and the
velocity on that node, as shown in Fig. 4. The effective
CISQFD spring constant and damping coefficient on each node
can be obtained from the decoupled node forces by dimensional
analysis, as described in [3,4]. With the effective CISQFD
parameters and eigenvector elements written explicitly, Eqn. 5
can be rewritten as:
s’ mg Q)+ ko Qs) =
kavi CaVy
—{v..vn}

o)~ {vy...vy}
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where v,’s are the elements of the eigenvector, and k,,’s and
can’'s are the effective spring constants and damping coefficients
on each node.

These effective spring and damping parameters are then
projected back onto the mode shape to determine an effective
spring and damping force for the dominant mode. Thus the
generalized CISQFD spring constant and damping coefficient
for this oscillation mode are :

N N
k= kyvi ;o e = ConVi ©)
aG an¥n aG an’n

n n

and Eqn. 6 can be simplified as

2 mg Q(s)+ kg O(s) =~k O(5) = 5cug O(S)+ Fg(s)  (8)

From Eqn. 8 we obtain the transfer function of this oscillation
mode with the effective generalized CISQFD parameters, as
shown in Eqn. 9.

o) _ 1 ©

T(S)= - 2
FEG(S) S Mg +SCIIG +(kG 'f'kaG)

Note that Eqn. 9 has the same form as Eqn. 2, and the mass-
spring-damper model shown in Fig. 2 is equivalent to this new
transfer function of the dominant oscillation mode. The main
difference between Eqn. 2 and Eqn. 9 is that the latter represents
the dynamics in the modal coordinate Q(s) which is the variable
describing the motion with dominant mode shape. Similar to
the rigid-plate case, the frequency response with CISQFD for
this dominant oscillation mode can be calculated by Eqn. 9.

I V=Asinwt

Damping

Spring
Component Component
Pi,damping = B -cos g, Pi,spring = P, -sin ¢,

Figure 4 Schematic view of a flexible MEMS structure (a fixed-
fixed beam) with squeezed-film damping. The reaction pressure
force due to CISQFD on each node can be decoupled into
spring and damping components. P, is the total local reaction
pressure on the i" node and @, is the phase difference between

the sinusoidal input velocity and P; on the i" node.

We calculated the generalized CISQFD parameters repeatedly
for a wide range of different squeeze numbers, then obtained the
squeeze number dependence of the pressure force components.
Fig. 5 shows the spring and damping components vs. squeeze
number on different nodes of a microbridge with aspect ratio 10
(length/width) operating in its fundamental oscillation mode. In
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this calculation, the mesh for solving the linearized Reynold’s
equation is based on the two-dimensional structural mesh of the
fixed-fixed beam from Abaqus. We used a symmetric finite
difference formulation (zero-flux boundary) for the incremental
pressure on the nodes located on the fixed ends of the beam, and
the incremental pressure on the other two edges of the beam is
zero. Fig. 6 shows the squeeze number dependence of the
resulting generalized spring and damping forces for fixed-fixed
beam structures with aspect ratio 10. Since Fig. 6 is non-
dimensional, this generic plot is valid for any thin fixed-fixed
beam with aspect ratio 10. Thus it is possible to create a
macromodel database of CISQFD by doing a series of generic
calculations for different aspect ratios. This generic calculation
is also applicable to other typical MEMS flexible structures,
such as cantilevers and membranes.
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Figure 5 Nondimensional spring and damping forces on
selected nodes of a fixed-fixed beam (aspect ratio 10) in the
Jundamental oscillation mode. Note that the pressure force
components on node A are smaller than those on node B
because the relative displacement of node A is smaller than
node B.
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Figure 6 Nondimensional generalized spring and damping

Jorces of the fundamental oscillation mode for a fixed-fixed

beam with aspect ratio 10.

SIMULATION AND
EXPERIMENT RESULTS

Simulation results of resonance shift and quality factor are
consistent with experimental results, as described below. The
data of Figs 7 and 8 are from the fundamental mode of two
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polysilicon/nitride composite microrelay beams, described
separately in [9], to which a static 7-volt bias has been applied
in addition to a small ac excitation so as to drive the resonance.
Because of the static bias, it was necessary to include the well-
known spring-softening effect, and this was done in our
simulation. A slip-flow correction to the viscosity was also
employed [7]. The quality factor Q (in both figures) is
relatively independent of the beam's constitutive properties, but
is a strong function of ambient pressure due to the damping
force component on the fundamental mode. Agreement with
experiment is excellent down to 1 mbar, at which point the
intrinsic losses in the beam resonance limit the Q, while the
CISQFD calculation predicts a continuing increase in Q. The
resonant frequency (in both figures) depends directly on the
beam's constitutive properties. Here, the agreement between the
calculated and measured resonant frequency was to within about
5%. In order to demonstrate the perturbation of the resonance
by the air damping spring force, the modal stiffness in the
simulation was arbitrarily reduced slightly so that the low-
pressure resonant frequency agreed with the experiment value.
The shift to higher frequencies produced by the CISQFD spring
force was calculated from pressures up to 20 mbar.
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Figure 7 Quality factor and resonance shift vs. pressure for a
300 um long microrelay beam in its fundamental oscillation
mode.
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Figure 8 Quality factor and resonance shift vs. pressure for a
350 wm long microrelay beam in its fundamental oscillation
mode.
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SUMMARY

A new technique to calculate the small amplitude CISQFD
spring constant and damping coefficient for flexible MEMS
structures has been demonstrated. The theory, which is based
on a structural modal analysis and CISQFD transient simulation,
have been explained and derived. For a specific oscillation
mode, the effective CISQFD parameters (macromodel) of
flexible MEMS structures are obtained by this technique and
thus the dynamics response with CISQFD can be analyzed
efficiently and accurately. Simulation and experimental results
of a fixed-fixed-beam microrelay structure shows excellent
agreement for both quality factor and resonant frequency. Non-
dimensional numerical results for the CISQFD parameter also
provide generic CISQFD macromodels for different typical
flexible MEMS structures.
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