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Transistor: Building Block of Computers

* Microprocessors contain millions of transistors
» Intel Pentium 4 (2000): 48 million
» IBM PowerPC 750FX (2002): 38 million
> IBM/Apple PowerPC G5 (2003): 58 million

» Logically, each transistor acts as a switch

» Combined to implement logic functions
» AND, OR, NOT

e Combined to build higher-level structures
» Adder, multiplexer, decoder, register, ...

e Combined to build processor
» LC-3, Intel Pentium 4, Sun SPARC

How do we represent data in a computer?

» At the lowest level, a computer has electronic “plumbing”
» Operates by controlling the flow of electrons

» Easy to recognize two conditions:
» Presence of a voltage — we'll call this state “1” (logic 1)
» Absence of a voltage — we’'ll call this state “0” (logic 0)

» An actual physical device allows some tolerance in the
voltage levels used

Digital Values » " legal g i
L L

; | f {
Analog Values » 0 0.5\ / 24 2.9 Volts

‘ occur only in a fault condition ‘
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Basic Logic Functions

« From Now On... we will use basic logic functions
»Covered transistors mostly so that you know they exist

» We use these as are building blocks to make
bigger functions/circuits

»Adder, multiplexers, memory etc...

« The bigger functions/circuits are designed and
analyzed using Boolean Algebra
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Boolean Algebra

Boolean algebra is a mathematical system for the
manipulation of variables that can taken on only two
values
» In formal logic, these values are “true” and “false”
» In digital systems, these values are “on” and “off,” “1” and
“0”, or “high” and “low”

Named after the inventor George Boole
» 1815 — 1864, English mathematician and teacher
» branch of mathematics known as symbolic logic

In the late 1930s Claude Shanon showed that
Boolean algebra provides an effective means of
describing circuits built with switches
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Boolean Expression & Function

» Boolean expressions are created by performing

“operations on Boolean variables”

» Common Boolean operators include AND, OR, and NOT
» E.g. xANDNOT zORYy (Note: x,y,z are variables)

A Boolean function has:

» At least one Boolean variable

» At least one Boolean operator, and

» At least one input from the set {0,1}

» It produces an output that is also a member of the set {0,1}
» E.g. F(x,y,z) =x AND NOT z OR y

Truth Tables

» Useful depicting information involving logic functions
« Enumerate all possible values for a function
» Function of n variables has

> atleast n + 1 columns (n input cols and 1 output col)
» 2" rows
» 2" possible function values

* We will always list the rows of the truth table in numerical
order (base 2) of the variables, so the values in the
function column completely specify the function
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Boolean Operator % AND ¥

A Boolean operator can be completely SRR
described using a truth table 0 0 0

0o 1 o

10 o

The truth table for the Boolean operators 1 1 1

AND and OR are shown at the right

X ORY

The AND operator is also known as a
“Boolean product”. It is also represented
with dot symbol. E.g X.y

The OR operator is the “Boolean sum”. It is
also represented with ‘+' symbol. E.g. X +y

NOT X
The NOT operation is most often —
designated by an overbar. It is sometimes X X
indicated by a prime mark (’) or an “elbow”
(7) or tilda (~) 0 1
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Evaluating a Boolean Function Boolean Operator Precedence
« The truth table for the * As v;/ith common aritrr;metic,
o - %3 Boolean operations have = %3
Boolean function: F(x,y,2z) = x2+y rules of precedence F(x,y,2z) = XZ+y
F(X,y,z) = Xf‘i’y x v z Z  XEZ XZ+y x v z Z  XEZ XEZ+y
r r
0 0 o0 1 o0 0 * The NOT operator has 0 0 o0 1 0 0
0 0 1 0o 0 0 highest priority, followed by 0 0 1 0o o0 0
o010 1 o0 1 AND and then OR o010 1 o0 1
« To make evaluation of the 0 1 1 0o o 1 01 1 0o o 1
Boolean function easier, the 1 0 0 101 1 1 0 0 11 1
. ! * Hence to evaluate the
truth table contains extra 101 0 O o expressionYz tjs negated 101 0 O o
columns to hold evaluations 11 0 (o : first, then x is ANDed with 1 1 0 (i :
of subparts of the function 111 RO . the previous result and 111 o0 o 1
finally ORed with y
Truth Table
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Boolean Function Reduction Boolean Identity Group |

« Digital computers contain circuits that implement

Boolean functions » Most Boolean identities have an AND (product)

form as well as an OR (sum) form. We give our

» The simpler we can make a Boolean function, the . .. . . .
impler w unctl identities using both forms. Our first group is rather

smaller the circuit that will result

> Simpler circuits are cheaper to build, consume less Intuitive:
power, and run faster than complex circuits
. . . Identit AND OR
« With this in mind, we always want to reduce our e rorm | Fosm
Boolean functions to their simplest form -
Identity Law 1x =x 0+x=x
Null Law 0x =20 l+x=1
» One way to do Boolean function reduction is by TR WO || BT | S e
using Boolean identities SO0 B0 =00 || BoHol
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Boolean Identity Group Il

¢ Our second group of Boolean identities should be
familiar to you from your study of algebra:

Identity AND OR
Name Form Form
Commutative Law XYy = ¥X X+y = y+x
Associative Law (xy)z =x(yz) (x+y)+z =x + (y+z)
Distributive Law xX+yz = (x+y) (x+2) | x(y+z) = xy+xz
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Boolean Identity Group Il

» Our last group of Boolean identities are perhaps the
most useful.

« If you have studied set theory or formal logic, these
laws are also familiar to you.

Identity AND OR
Name Form Form
Absorption Law x(x+y)=x X+ Xy=x
DeMorgan's Law (xy) =X +¥% (x+y) = x¥
Double —_
Complement Law (x) =x
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Example using Boolean Identity

* We can use Boolean identities to simplify the function:
(x+y) (X +y)
=xx"+Xxy +yx' +yy Distributive Law

= 0+xy+yx +y Inverse & Idempotent Law
= Xy+yx +y Identity Law
= y(x+X)+y Distributive Law
=y(l)+y Inverse Law
= y+y Identity Law
=y Idempotent Law
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De Morgan’s Law

* Sometimes it is more economical to build a
circuit using the complement of a function (and
complementing its result) than it is to implement
the function directly

» DeMorgan’s law provides an easy way of finding
the complement of a Boolean function

(xy) =x+y and (x+y)=Xxy
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De Morgan’s Law (contd..)

» DeMorgan’s law

(Xy) =X + ¥ and (x+vy) = XYy

» Can be extended to any number of variables

» Replace each variable by its complement and
change all ANDs to ORs and all ORs to ANDs

» Thus, we find the the complement of:

F(X,Y,2)= (XY)+(XZ)+(YZ)

F(X,Y,2)= (XY)+(X2Z)+(YZ)

(XY)(XZ) {E}
(X+Y)(X+2)(X+2)
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Boolean Function Standardization

» Through our exercises in simplifying Boolean
expressions, we see that there are numerous
ways of stating the same Boolean expression

» These “synonymous” forms are logically equivalent

» Logically equivalent expressions have identical truth
tables

* In order to eliminate as much confusion as
possible, circuit designers express Boolean
functions in standardized or canonical form

» Another advantage of having a standardized form is to
make a boolean function expression from the output
column of the truth table (i.e. function is unknown)

CIT 595 3-
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Standard or Canonical Form

¢ There are two canonical forms for Boolean expressions:
sum-of-products and product-of-sums
» Recall the Boolean product is the AND operation
and the Boolean sum is the OR operation.

 In the sum-of-products form, ANDed variables are
ORed together.

> Forexample: F(x,y,z) = xy + xz + yz
 In the product-of-sums form, ORed variables are

ANDed together:
> Forexample: F(x,y,z) = (x+y) (x+z) (y+z)
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Conversion to Sum-of-Products Form

« ltis easy to convert a function to sum-
of-products form using its truth table

F(x,y,z) = xz2+y

« We are interested in the values of the
variables that make the function “true”

(i.e. output 1) x Y 2 xz+y
0O 0 0 0
« Using the truth table, we list the values 0 0 1 0
of the variables that result in a true 0 1 0 1
value o 1 1 1
» The variables corresponding to row 1 0 o 1
with output 1 are “ANDed”
> If the variable’s input value is 1 1 01 0
then it is written as it is else the 11 0 1
complement of that variable is 1 1 1 1
written
« Each group of variables is then “Ored”
together
CIT 595 3-
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Conversion to Sum-of-Products form (contd..)

¢ The sum-of-products form

o - m—=
for function is: (x,y,2z) = xzZ+y

»
(L1
an
L

F(x,y,2) = XYZ+XyzZ+xXyz
+XYZ+XYyZ

One ANDed Group is
known as Minterm

Note: This function is not in simplest
terms. It was just show how the
function can be rewritten in canonical
sum-of-products form.

HHERErHEOOOO K
HHOOR KOO K
HORrROROKHO N
HHEHOKRRFPKHOO
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Conversion to Product-of-Sums

« We are interested in the values of
the variables that make the function -
“false” (i.e. output 0) F(x,y,2) = x2+y

L
»
(L1
an

L

¢ Using the truth table, we list the
values of the variables that result in
a false value

» The variables corresponding to row
with output 0 are “ORed”

» If the variable’s input value is 0
then it is written as it is else the
complement of that variable is
written

HHE R HPrOOOO M
HHOOKKHOO
HORrROKROKRO N
HHEHOKRKKHEOO

« Each group of variables is then
“ANDed” together
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Conversion to Product-of-Sums (contd..)

» The sum-of-products form for -
F(x,y,z) = xz+y

function is:
X Yy =z XZ+Y
(X+y+2z)(x+y+Z)(X+y+Z) 0 0 0 0
0o 0 1 0
0 1 0 1
One ORed Group is o 1 1 1
known as Maxterm 1 0 0 1
1 0 1 0
1 1 0 1
11 1 1
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Logic Gate

* We have looked at Boolean functions in abstract
terms

 In this section, we see that Boolean functions are
implemented in digital computer circuits are called
gates

» A gate is an electronic device that produces a result
based on one or more input values

> In reality, gates consist of one to six transistors, but
digital designers think of them as a single unit

> Integrated circuits contain collections of gates suited
to a particular purpose

CIT 595 3-28




Basic Gates

« The three simplest gates are the AND, OR, and NOT

gates
b4 ¥

X AND Y XORY NOT X
X Y XY X Y  X+¥ % | x
o0 o 00 o
01 o 001 1 O 1
1 0 o 1 0 1 110
11 1 11 1

* They correspond directly to their respective Boolean
operations, as you can see by their truth tables
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XOR Gate

» Another very useful gate is the exclusive OR
(XOR) gate

» The output of the XOR operation is true only
when the values of the inputs differ

X XOR Y

NAND and NOR gates

« NAND and NOR X NAND ¥ B
are two very Xxany | * :Do_’”
important gates. : Y
truth tables are ¥

Their symbols and
shown at the right X NOR ¥

H R oo M
HOoORO K

(==Y
L ]
fl
ix |
+‘ M
v i
%l

HHOoOo M
HORO W
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X
X ¥ ey
0o 0 0 X X ey | —
21 O g e
10 1 1 _ =7
11 o0 - =D
——|=—— e

Note the special symbol &

for the XOR operation. Sum of Product Form: Xy + Xy
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Universal Gates

* NAND and NOR

are known as NOT x

universal gates x @

because they are

inexpensive to X AND Y -

manufacture and ® XY .

any Boolean !

function can be X OR ¥

constructed using x

only NAND or only XY = x+¥

NOR gates ¥
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Gates with more than two inputs

¢ Gates can have multiple inputs and more than
one output

» A second output can be provided for the
complement of the operation
» We’'ll see more of this later

X X+¥+2 X — X3z X —
Y ¥ —
z S Y —

el e
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Gate representation of Boolean Function

» The main thing to remember is that combinations
of gates implement Boolean functions
» The circuit below implements the Boolean

function: _
F(X,Y,2) =X+Y2

X X+YZ

Y—DO— ¥z

Z

CIT 595 3-34

Alternative Approach to Boolean Function
Simplification

« Simplification of Boolean functions leads to
simpler (and usually faster) digital circuits

» Simplifying Boolean functions using identities is
time-consuming and/or error-prone

» This special section presents an easy,
systematic method for reducing Boolean
expressions
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Karnaugh Map

* In 1953, Maurice Karnaugh was a
telecommunications engineer at Bell Labs

» While exploring the new field of digital logic and its
application to the design of telephone circuits, he
invented a graphical way of visualizing and then
simplifying Boolean expressions

» This graphical representation, now known as a
Karnaugh map, or Kmap, is nhamed in his honor

CIT 595 3-36




Description of Kmap & Terminology

* A Kmap is a matrix consisting of rows and
columns that represent the output values of
a Boolean function

» Kmap can be of two forms
» Sum-of-Product (SOP) Form
» Product-of-Sum (POS) Form
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Kmap for Sum-Of-Product Form

» The output values placed in each cell of the
matrix are derived from the “minterms” of a
Boolean function

» A minterm is a product term that contains all
of the function’s variables exactly once, either
complemented or not complemented
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Minterm Example with Two variables

» For example, the minterms for a function having
the inputs x and y are: v, xv,x¥,and Xy

Minterm X ¥
XY
XY
X¥
XY

H B O O
H O KB O

Note: If variable input is 1, then it is written as it is

else the complement of that variable is written
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Minterm Example with Three variables

¢ Similarly, a function

having three inputs, Minterm X Y Z
has the mlnterms — o o o
thgt a_re shown in %32 o o 1
this diagram 23 o 1 o
XYz 0o 1 1
XYZ 1 0 0
x¥z 1 0 1
XYZ 1 1 o0
XYZ 1 1 1
CIT 595 3.40
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Kmap Cell using SOP form: Example 1

* A Kmap has a cell for each

minterm F(X,¥Y) = XY
X Y XY
» This means that it has a cell o o0 0
for each line for the truth table 3 ¢ 0
of a function 101 1

» The truth table for the function x\. 0 1
F(x,y) = xy is shown at the ol olo
right along with its
corresponding Kmap 1 01

CIT 595 3.
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Kmap Cell using SOP Form: Example 2

« As another example, we

give the truth table and F(X,Y) = X+¥
Kmap for the function,
F(X,y) =X+ y X Y X+Y
0o 0 0
] al
« This function is equivalent 10 .

to the OR of all of the
minterms that have a
value of 1 (Sum of Product x\. 0 1
Form). Thus:

F(x,y)=X+Y = XY+XY¥+XY 1 1|1
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Kmap Simplification for Two Variables
using SOP Form
« Of course, the minterm function that we derived
from our Kmap was not in simplest terms
» That's what we started with in this example

« We can, however, reduce our complicated
expression to its simplest terms by finding adjacent
1s in the Kmap that can be collected into groups
that are “powers of two”

Y
« In our example, we have two X S
such groups 0o 0|1
— Can you find them? 1 1|1

CIT 595 Example 2 3-
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Reduced Expression for Example 2

* Inthe “green” group (vertical), it does not matter what
value x has, hence the group is only dependent on
variable y

 Similarly in the “pink” group (horizontal), it does not
matter what value y has, the group is only dependent on
variable x

« Hence the Boolean function reduces to x +y

g\, 0 1
o |[1)
EHIE)
CIT 595 3-44
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Kmap Simplification for Two Variables
using SOP Form

» The best way of selecting two groups of 1s
form our simple Kmap is shown below

« We see that both groups are powers of two
and that the groups overlap.

« The next slide gives guidance for selecting
Kmap groups

£ X0 1
o |[1]
EHIE)
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Rules for Kmap Simplification using Sum of
Products Form (SOP)

The rules of Kmap simplification are:
» Groupings can contain only 1s; no 0s

e Groups can be formed only at right angles;
diagonal groups are not allowed

» The number of 1s in a group must be a power
of 2 — even if it contains a single 1

» The groups must be made as large as possible

» Groups can overlap and wrap around the sides
of the Kmap

CIT 595 3-

46

Kmap with Three Variables (SOP form)

« A Kmap for three variables is constructed as shown in the
diagram below

¢ We have placed each minterm in the cell that will hold its
value

» Notice that the values for the yz combination at the top of the
matrix form a pattern that is not a normal binary sequence

» A Kmap must be ordered so that each minterm differs
only in one variable from each neighboring cell hence
11 appears before 10 — Rule!! (will help simplification)

X 00 01 11 10

x?E‘sz‘xyz‘xxﬁ
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Kmap with Three Variables (SOP Form)

Note:

» Thus, the first row of the Kmap contains all
minterms where x has a value of zero

» The first column contains all minterms where y
and z both have a value of zero

Yz
X 00 01 11 10

x?E‘sz‘xyz‘xxﬁ

CIT 595 3-
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Kmap - Three Variable (SOP Form): Example 1

» Consider the function:
F(X,Y,Z) = XYZ + XYZ + XYZ + XYZ

* Its Kmap is given below:
» What is the largest group of 1s that is a power

of 2?
<2 00 01 11 10
0 o‘ 1 ‘ 1 ‘o
1 o‘ 1 ‘ 1 ‘0
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Kmap - Three Variable (SOP form): Examplel

* This grouping tells us that changes in the
variables x and y have no influence upon the
value of the function: They are irrelevant

¢ This means that the function,
F(X,Y,2Z) = XYZ + XYZ + XYZ + XYZ
reduces to F(X,Y,Z2) =Z

You could verify e ¥z 00 01 11 10
this reduction —
with identities 0 ofr]1]p0
or a truth table. 1 0 | 1 1 | 0
L
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Kmap - Three Variable (SOP Form): Example 2

* Now for a more complicated Kmap. Consider the
function:

F(X,Y,Z) = XYZ + XYZ + XYZ + XYZ + XYZ + XYZ

* Its Kmap is shown below. There are (only) two
groupings of 1s.
» Can you find them?

YZ
» 00 01 11 10
0 1‘1‘1‘1
1 1‘0‘0‘1
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Kmap - Three Variable (SOP form): Example 2

< In this Kmap, we see an example of a “group that
wraps around the sides” of a Kmap.

« This group tells us that the values of x and y are not
relevant to the term of the function that is
encompassed by the group

» What does this tell us about this term of the function?
= Itis dependent on Z

What about the X e 00 01 11 10
green group in 0 (_1“ 1 ‘ 1 ()
the top row? | 2
1| 1) 0 ‘ ol
CIT 595 3-52
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Kmap - Three Variable (SOP): Example 2

» The “green group” in the top row tells us that only
the value of x is significant in that group.

* We see input value of x is 0 i.e. minterm is
complemented in that row, so the other term of the
reduced function is X

+ Our reduced functionis: F(x,y,z) =X +Z

Recall that we had Yz
six minterms in our X 00 01 11 10

original function ! Uﬁ‘ 5 ‘ 1 rTJ

The function is ’ J |

considerably 1 ‘ 0 ‘ o {1

minimized
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Kmap Simplification for Four
Variables (SOP Form)

* The model can be extended to accommodate the
16 minterms that are produced by a four-input
function

e This is the format for a 16-minterm Kmap

YZ
WX 00 01 11 10
00 | WXYZ| WXYZ| WRKYZ| WXYZ
01 WXYZ| WXYZ| WXYZ| WXYZ
11 WXYZ| WXYZ| WXYZ| WXYZ
10 WXYZ| WXYZ| WXYZ| WXYZ
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Kmap Four Variables (SOP Form) Example

* We have populated the Kmap shown below with
the nonzero minterms from the function:
F(W,X,Y,2)=WXYZ + WKYZ + WEYZ
+ WXYZ + WXYZ + WXKYZ + WXYZ

» Can you identify (only) three groups in this

Kmap?
Yz
WX 00 01 11 10
00 1 1 1
Recall the 1
Rules of 01
Simplification 11
10 1 1 1
CIT 595 3-55

Kmap Four Variables (SOP Form) Example

» The three groups consist of:
> A purple group entirely within the Kmap at the right
» A pink group that wraps the top and bottom
» A green group that spans the corners

» Thus we have three terms in our final function:

F(W,X,¥,2)= vz
R + RZ + WYZ wx [0 01| 11 107
00 1 1 (/1/
o1 | 1
11
IR
CIT 595 3-56
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Choosing Kmap Groups

* Itis possible to have a choice as to how to pick
groups within a Kmap, while keeping the groups
as large as possible

» The (different) functions that result from the
groupings below are logically equivalent

Yz Yz
WX 0_0 01 11 10 WX 00 01 11 10
oo [1 1 oo [1 1]
o ]
01 |1]) 1t | o1 |2 (3]l 1)
\ J
11 |1 11 |1
10 (1] ol (B
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Don’t Care Conditions

« Real circuits don’t always need to have an output
defined for every possible input
» For example, some calculator displays consist of 7-
segment LEDs. These LEDs can display 27 -1
patterns, but only ten of them are useful

« If a circuit is designed so that a particular set of
inputs can never happen, we call this set of inputs
a don't care condition

a
» They are very helpful to us in Kmap circuit flilb
simplification e' lc
d "t
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Don’t Care Example (SOP Form)

* In a Kmap, a don’t care condition is identified by
an X in the cell of the minterm(s) for the don'’t care
inputs, as shown below

* In performing the simplification, we are free to
include or ignore the X’s when creating our groups

YZ

WX 00 01 11 10
00 X | 1 1| X
01 X 1
11 X 1
10 1
CIT 595 3-59

Don’t Care Example (SOP Form)

* In one grouping in the Kmap below, we have the
function:

F(W,X,Y,Z2)=WX + Y2

Y%
WX 00 01 11 10
oo (x [ 1] [1]] X)
01 X

11 X 1

10 1]

CIT 595 3-
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Don’t Care Example w/ Different Grouping

« A different grouping gives us the function:

F(W,X,Y,Z)=W2 + Y2

YZ
wx . 00 01

[y
[y

10

00 X [1] 1]} x
01 k>< 1)
11 X 1
10 1
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Don’t Care Condition Example

« The truth table of: ~ F(W,X,Y¥,2)=W2 + Y2
is different from the truth table of:

F(W,X,Y,Z2)=WX + Y2

« However, the values for which they differ, are the
inputs for which we have don't care conditions

YZ Yz
Wx . 00 01 11 10 .- 00 01 11 10

1 3

o0 (X 1 [i] x) o0 X El X
1

01 X 01 X 1

11 X 1 11 X 1

10 1 10 1
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Recapping the rules of Kmap Simplification
using Sum-Of-Product Form

» Groupings can contain only 1s; no Os

» Groups can be formed only at right angles;
diagonal groups are not allowed

» The number of 1s in a group must be a
power of 2 — even if it contains a single 1

» The groups must be made as large as
possible

» Groups can overlap and wrap around the
sides of the Kmap

» Use don't care conditions when you can
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Kmap using Product-of-Sum (POS) Form

* The output values placed in each cell are
derived from the “maxterm” of a Boolean
function

* A maxterm is a sum term that contains all of
the function’s variables exactly once, either
complemented or not complemented

CIT 595 3-64
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Maxterm Example

X 1Y |Maxterm
0 |0 X+Y

0 |[1] X+Y
1 0] X+Y
1 (1| X+Y

Note: If variable input is 0, then it is written as it is

else the complement of that variable is written
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Kmap Rules using Product-of-Sum Form

» Groupings can contain only 0s; no 1s

» Groups can be formed only at right angles;
diagonal groups are not allowed

* The number of Os in a group must be a power
of 2 — even if it contains a single 0

* The groups must be made as large as possible

» Groups can overlap and wrap around the sides
of the Kmap

» Use don't care conditions when you can
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Kmap Conclusion

« Kmaps provide an easy graphical method of
simplifying Boolean expressions

* A Kmap is a matrix consisting of the outputs of
the minterms of a Boolean function

* In this section, we have discussed 2- 3- and 4-
input Kmaps. This method can be extended to
any number of inputs through the use of multiple
tables

CIT 595 3-67
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