FEASIBLE FORMATIONS OF MULTI-AGENT SYSTEMS

PAULO TABUADA^∗, GEORGE J. PAPPAS, AND PEDRO LIMA

Abstract. Formations of multi-agent systems, such as mobile robots, satellites. and aircraft, require individual agents to satisfy their kinematic equations while constantly maintaining inter-agent constraints. In this paper, we develop a systematic framework for studying formation feasibility of multi-agent systems. In particular, we consider undirected formations for centralized formations, and directed formations for decentralized formations. In each case, we determine differential geometric conditions that guarantee formation feasibility given the individual agent kinematics. Our framework also enables us to extract a smaller control system that describes the group kinematics while maintaining all formation constraints.

1. Introduction

Advances in communication and computation have enabled the distributed control of multi-agent systems. This philosophy has resulted in next generation automated highway systems [27], coordination of aircraft in future air traffic management systems [26], as well as formation flying aircraft, satellites, and multiple mobile robots [2, 3, 10, 9]. The control of multi-agent systems is greatly simplified when the agent’s mission can be executed by means of a formation. In several applications, maintaining a formation is even fundamental as in multiple aircraft where the formation is used to explore aerodynamic effects [18, 6] or in robotic exploration of large areas with restricted sensor capabilities [8].

The various approaches to formation control of a group of agents can roughly be divided into three categories: Behavior-based, Leader-Follower, and Rigid-Body type formations. Behavior based approaches [2, 17, 15] start by designing simple and intuitive behaviors or motion primitives for each individual agent. Then, by a weighted sum of this simple primitives more complex motion patterns are generated through the interaction of several agents. These motion patterns are usually called the group behavior that is said to emerge from the individual ones. Although this approach is characterized by being difficult to analyze in a rigorous and formal way, there have been some attempts to formally define and model behavior-based control schemes [11] and some of these simple schemes have already been proven to be stable and convergent [14]. In leader-follower

The first author was partially supported by Fundação para a Ciência e Tecnologia under grant PRAXIS XXI/BD/18149/98 while the second author was partially supported by DARPA/AFRL Software-Enabled Control F33615-01-C-1848 grant.

∗Corresponding author. 1

approaches [28, 10, 16, 25] one or more agents are designated as leaders and are responsible for guiding the formation. The remaining agents are required to follow the leader with a predefined offset. Finally, in Rigid- Body type formations [24, 4, 19, 20, 12] the distance between the agents configurations (usually their positions) is required to be constant during all formation motions.

Many fundamental questions remain unanswered in these recent area of formation control. The control of a formation requires individual agents to satisfy their kinematics while constantly satisfying inter-agent constraints. In typical leader-follower formations, the leader has the responsibility of guiding the group, while the followers have the responsibility of maintaining the inter-agent formation. Distributing the group control tasks to individual agents must be compatible with the control and sensing capabilities of the individual agents. As the inter-agent dependencies get more complicated, a systematic framework for controlling formations is vital. In this paper, we propose a framework to determine formation feasibility of multi-agent systems. Formations are modeled using formation graphs which are graphs whose nodes capture the individual agent kinematics, and whose edges represent inter-agent constraints that must be satisfied. A similar modeling framework has been proposed in [10], and in [25] graph theoretical methods are used to analyze formation stability properties. Similar problems arise in the study of formation rigidity properties [20, 12]. In [13] graphs are also used in the context of formation control, but the emphasis is on the communication flow and not on formation constraints. We assume kinematic models for each agent described by drift free control systems. This class of systems is rich enough to capture holonomic, nonholonomic, or underactuated agents. Two distinct types of formations are considered : undirected formations and directed formations.

In undirected formations each agent is equally responsible for maintaining the formation. For each edge constraining two agents of the formation graph, both agents cooperate in order to satisfy the constraint. Undirected formations therefore present a more centralized approach to the formation control problem as communication between agents is, in general, necessary. In directed formations, for each edge constraining two agents, only one of the agents (the follower) is responsible for maintaining the constraint. Directed formations, therefore, represent a more decentralized solution to the formation control problem. Not only the required information flow is restricted to the pairs of agents linked by an edge as also the synthesis of feedback control laws enforcing the constraints is also simpler.

In this paper, we focus on the feasibility problem: Given the kinematics of several agents along with the inter-agent constraints, determine whether there exist agent trajectories that maintain the constrains. For both directed and undirected formations we obtain differential-geometric conditions that determine formation feasibility. A related problem is to determine formation rigidity and in [12] it is shown how rigidity can be determined through the rigidity matrix which is the matrix representation of the codistribution Ω introduced in Section 4. However, we focus on formation feasibility for a larger class of formations including, but not restricted to rigid formations. When a formation is feasible, the formation control abstraction problem is then considered: Given a feasible formation, extract a smaller control system that maintains formations along its trajectories. The extracted control system allows to control the formation as a single entity, therefore being well suited for higher levels of control. A different type of formation abstraction was considered in [5] were only center of mass and variance information is retained about the group of agents. In the case of undirected formations, the centralized nature of the problem allows us to determine feasibility using a single mathematical object. A unified approach that captures both the agent kinematics as well as the formation constraints is offered by differential forms and exterior differential systems [21]. A preliminary version of the results presented in this paper appeared in [22, 23].

The structure of this paper is as follows: In Section 2 we introduce some mathematical notions to establish notation, and in Section 3 we define the notion of a formation graph. In Section 4, we consider the feasibility problem for undirected formations, whereas in Section 5, we consider it for directed formations. Finally, Section 6 describes many interesting directions of further research.

2. Mathematical Preliminaries

In this section we review some facts from differential geometry in order to establish consistent notation. The reader may wish to consult numerous books on these subject such as [1] and [7].

Let M be a differentiable manifold. We denote by T_xM its tangent space at x ∈ M while the tangent bundle of M is denoted by T M = ∪_{x∈M} T_xM. Dually, the cotangent bundle is denoted by T^∗M = ∪_{x∈M} T^∗_x M, where T^∗_x M is the cotangent space of M at x. Given a smooth map f : M → N, we denote by T f the tangent map of f, taking vectors X ∈ T_xM to T_xf(X) ∈ T_{f (x)}N.

A distribution is a smooth assignment of a subbundle of the tangent bundle, that is, at each point x ∈ M a distribution Δ assigns a linear subspace Δ_x of T_xM. In this paper we will assume that all distributions and codistributions have constant rank which implies that, locally, there exist vector fields X_1, X_2, . . . , X_n such that span{X_1(x), X_2(x), . . . , X_n(x)} = Δ_x. Furthermore, we define the dimension of Δ at x as the dimension of the basis generating Δ_x. Given a distribution Δ, there is a unique annihilating codistribution Δ^⊥ defining Δ. This codistribution is defined as: Δ^⊥ = {α ∈ T^∗M | α(X) = 0 ∀X ∈ Δ} (2.1)

Conversely, a codistribution Δ^⊥ defines a unique distribution Δ given by the set of all vector fields X ∈ T M such that Δ^⊥(X) = 0, that is, α(X) = 0 for every α ∈ Δ^⊥.

Consider, for example, a unicycle type robot. If we model its state space by the manifold M = R^2 × S^1, denoting a point in M by (x, y, θ) where x and y represent the position of the robot, and θ its orientation we can define its kinematics by:

ẋ = u_1 cos θ ẏ = u_1 sin θ θ̇ = u_2 (2.2)

Introducing the vector fields:

X_1 = 0 0 1 X_2 = cos θ sin θ 0 (2.3)

we can rewrite (2.2) as:

ẋ = X_1u_1 + X_2u_2

(2.4)

Expression (2.4) shows that the possible directions of motion allowed by (2.2) are captured by the distribution:

Δ = span{X_1, X_2}

(2.5)

or equivalently by its annihilating codistribution:

Δ^⊥ = span{− sin θdx + cos θdy}

(2.6)

Given distributions Δ on M_1 and Δ^′ on M_2 we define their direct sum Δ ⊕ Δ^′ as the direct sum of the vector space Δ_{x1} with the vector space Δ^′_{x2} for every (x_1, x_2) ∈ M_1 × M_2 [1].

3. Formation Graphs

Consider n heterogeneous agents with states x_i(t) ∈ M_i, i = 1, . . . , n and kinematics defined by:

ẋ_i = l_i∑

j=1 X^i_j (x)u^i_j (3.1) where u_j are the control inputs and X_j vector fields on M_i. With each control system we associate a distribution Δ_i defined by:

Δ_i = span{X^i_1, X^i_2, . . . , X^i_{li} }

(3.2)

These distributions are general enough to model nonholonomy and underactuation and provide an alternative, but equivalent description of each agent kinematics.

Making use of the above distributions we model the formation of a set of agents by formation graphs which completely describe individual agent kinematics and global inter-agent constrains.

Definition 3.1 (Formation Graph). A formation graph F = (V, E, C) consists of:

• A finite set V of n vertices, where n is the number of agents in the formation. Each vertex v_i is a distribution Δ_i modeling agent i kinematics, as described in (3.2).

• A binary relation E ⊆ V × V representing a bond or link between the agents. • A family of constraints C indexed by the set E, C = {c_e}_{e∈E} . For each edge e = (v_i, v_j ), c_e is a vector of ϕ(e) ∈ N smooth real valued functions c^k_e : M_i × M_j → R, k = 1, 2, . . . , ϕ(e) defining the formation constraints between agents i and j. The constraint is enforced when c^k_e (x_i, x_j ) = 0.

Two different types of formation graphs will be considered: undirected formations where (V, E) will be an undirected graph and directed formations where (V, E) will be a directed graph. In undirected formations, for each edge e = (v_i, v_j ) both agents are equally responsible for maintaining the associated constraint c_e. Undirected formations are represented by the underlying undirected graph (V, E) as displayed in Figure 1 for a formation with two agents and an edge between them. In directed formations the constraint c_e associated

Figure 1. Undirected graph representing an undirected formation consisting of 2 agents and a constraint between them.

with the edge e must only be enforced by agent i. Directed formations are represented by the underlying directed graph as in Figure 2. At this point no further structure is assumed on the edge set E. Additional structure will be explicitly mentioned when needed throughout the paper. In this paper, we focus on the formation feasibility problem, more precisely:

Figure 2. Directed graph representing a directed formation consisting of 2 agents and a constraint between them

Problem 3.2 (Feasibility). Given a formation graph F = (V, E, C) determine whether there are solutions x_i(t) of all agent kinematics (3.1) that maintain the constraints c_e for all e ∈ E and t ∈ R^+_0 .

We will solve Problem 3.2 for both undirected and directed formations. In case the formation is feasible, a new problem immediately emerges, the extraction of a formation control abstraction which characterizes the solution space of Problem 3.2 :

Problem 3.3 (Abstraction). Given a feasible formation graph F = (V, E, C), extract a smaller control system that describes all feasible formation motions.

Problem 3.3 will also be solved for the undirected case. In the directed case, the kinematics of the leaders is already an abstraction of the formation, since by defining the leaders motion we are also defining (up to some degrees of freedom) the motion of the followers.

4. Undirected Formations

4.1. Feasibility. In undirected formations each agent is equally responsible for maintaining constraints. Because of this property it will be useful to collect all agent kinematics and constraints on a single manifold: M = n∏ i=1 M_i (4.1)

Given an element x of M the canonical projection on the ith agent: π_i : M → M_i (4.2)

allow us to denote the state of the individual agents by x_i = π_i(x). The formation kinematics is obtained by appending the individual kinematics through direct sum, that is:

Δ = ⊕^n_{i=1}Δ_i

(4.3)

This new control system Δ on M describes the kinematics of all agents, however it does not model any interaction between them. This interaction will be induced by the formation constraints that we now lift to the group manifold M. Each constraint c^k_e linking agent i to agent j induces a constraint C^k_e on M defined by:

C^k_e (x) = c^k_e (π_i(x), π_j (x))

(4.4)

All of these constraints can now be grouped in a single map from M to R^d with d = ∑ e∈E ϕ(e). This constraint map C is obtained by stacking all individual constraints as follows:

C = [C^1_1 C^2_1 . . . C^{ϕ(1)}_1 C_2 C^2_2 . . . C^{ϕ(2)}_2 . . . C^1_m C^2_m . . . C^{ϕ(m)}_m ]^T

(4.5)

where we have considered an enumeration {1, 2, . . . , m} of the edge set E. Without loss of generality^1 we assume that C has constant rank on a neighborhood of 0, consequently the set C^{−1}(0) = {x ∈ M | C(x) = 0} defines a submanifold N of M. This manifold N characterizes the interaction between the agents since the state variables of each agent are required to live on this submanifold. Formation feasibility requires that the constraints are satisfied along the formation trajectories, that is, that the submanifold N is invariant under Δ trajectories: d dt C^k_e = L_X C^k_e = dC^k_e (X) = 0 ∀X ∈ Δ, k ∈ {1, 2, . . . , ϕ(e)}, e ∈ E (4.6)

To develop a single mathematical object that will allow us to check for feasibility we will adopt a differential forms approach instead of working directly with the vector fields. Denoting by dC the codistribution:

dC = span{dc^1, dc^2_1, . . . dc^{ϕ(1)}_1 , dc^1_2, dc^2, . . . , dc^{ϕ(2)}_2 , . . . , dc^m_1 , dc^m_1 , . . . dc^{ϕ(m)}_m }

(4.7)

we see that a vector field X ∈ T M satisfies (4.6) iff α(X) = 0 for every α ∈ dC. This we shall denote by:

dC(X) = 0

(4.8)

The kinematics of the formation agents can also be modeled by differential forms through the annihilating codistributions Δ^⊥_i of each distribution Δ_i. This lead us to define a single codistribution Δ^⊥ modeling the kinematics of all formation agents as:

Δ^⊥ = ⊕^n_{i=1}Δ^⊥_i

(4.9)

Vector fields X ∈ T M satisfying Δ^⊥(X) = 0 represent directions of motion respecting the individual agent kinematics, while vector fields X satisfying dC(X) = 0 represent directions of motion respecting the formation

1Since we can use Sard’s theorem [1] on the map obtained from C by removing all the linearly dependent constraints. This local rank assumption ensures that C is a subimmersion and therefore C^{−1}(0) is a submanifold of M [1]. Note that although the map C depends on the chosen enumeration, the submanifold it defines does not.

constraints. Therefore by merging both objects into:

Ω = dC + Δ^⊥

(4.10)

we can check for formation feasibility in a single equation:

Ω_x(X) = 0 ∀x ∈ N

(4.11)

Note that this equation only needs to hold for points belonging to N, since outside N the agents are no longer in formation. The previous discussion leads to the following solution of Problem 3.2:

Theorem 4.1. An undirected formation is feasible iff equation (4.11) has solutions, equivalently iff

dim Ω_x < dim T^∗M

for every x ∈ N.

A solution of equation Ω_x(X) = 0 with x ∈ N specifies the motion of each individual agent. When more than one independent solution exists, a change in the direction of a single agent may require that all other agents also change their actions to maintain formation. This shows that, in general, solutions for undirected formations are centralized and require more inter-agent communication for their implementation.

4.2. Example. As an example of the methodology developed so far we consider an undirected formation consisting of three mobile robots of the unicycle type as displayed in Figure 3. The kinematics of each agent

Figure 3. Undirected 3 agents formation.

is given by codistributions of the form (2.6). To completely specify the formation graph we need to define the constraints between the agents. Denoting by e_1 the edge between agent 1 and 2 we define the associated constraint as:

c_{e1} = x_1 − x_2 − δ_x y_1 − y_2 − δ_y θ_1 − θ_2

(4.12) where δ_x and δ_y are positive constants. The edge between agents 1 and 3 is denoted by e_2 and the associated constraint given by:

c_{e2} =

[_1 2 (x_1 − x_3)^2 +^1_2 (y_1 − y_3)^2 −^1_2 (θ_1 − θ_3)^2 − δ ] (4.13)

with δ a positive constant. The constraint between agents 1 and 2 requires them to perform the same trajectories with an offset between their position coordinates given by δ_x and δ_y. It is intuitive that it is always possible to do so. However the constraint between agents 1 and 3 states that the distance between their positions should always equal √ 2δ +^1_2 (θ_1 − θ_3)^2. This is clearly a non-intuitive constraint and no a priori answer can be given regarding feasibility. We will now study feasibility of this formation according to the methods developed so far. First we compute Δ^⊥ which is given by:

Δ^⊥ = span{− sin θ_1dx_1 + cos θ_1dy_1, − sin θ_2dx_2 + cos θ_2dy_2, − sin θ_3dx_3 + cos θ_3dy_3}

(4.14)

Since C is given by:

C = x_1 − x_2 − δ_x y_1 − y_2 − δ_y θ_1 − θ_2 1 2 (x_1 − x_2)^2 +^1_2 (y_1 − y_2)^2 −^1_2 (θ_1 − θ_3)^2 − δ

(4.15)

the codistribution dC will be given by:

dC = span{ dx_1 − dx_2, dy_1 − dy_2, dθ_1 − dθ_2, (x_1 − x_3)dx_1 + (y_1 − y_3)dy_1 + (θ_3 − θ_1)dθ_1 + (x_3 − x_1)dx_3 + (y_3 − y_1)dy_3 + (θ_1 − θ_3)dθ_3}

(4.16)

Combining dC and Δ^⊥ into Ω one easily verifies that dim Ω is at maximum 7 since a basis for Ω is formed by the 4 forms spanning dC and more 3 forms spanning Δ^⊥. This means that the formation is indeed feasible since dim Ω ≤ 7 < 9 = dim T^∗M. We can therefore conclude by Theorem 4.1, that there are trajectories for each agent satisfying the formation constraints as well as its kinematics. In the next section we will see how one can control the individual agents while maintaining the formation and gain some insight into the group trajectories.

4.3. Group Abstraction. Whenever more than one independent solutions exist, the solution space of equation Ω(X) = 0 can be used to extract a smaller control system that will preserve the formation along its trajectories. This new control system, Δ_G = {X ∈ T M : ω(X) = 0 ∀ω ∈ Ω} is an abstraction that hides away low-level control necessary to maintain the formation, and can be used in higher levels of control. If we now denote by {K_1, K_2, . . . , K_k} a basis for the kernel of Ω, we can write the solution of Problem 3.3 as Δ_G

given by:

Δ_G = k∑ j=1 K_j v_j (4.17)

The centralized nature of the problem is also reflected on the control abstraction. When one or more of the

control inputs v_i are used, inter-agent cooperation is necessary to implement the new direction of motion since

each vector K_j specifies the motion for all formation agents.

Example:(Cont.) Continuing with the previous example we will extract an abstraction representing the

formation as a whole. Straightforward computations provide the following basis for the kernel of Ω:

K_1 = (θ_3 − θ_1) cos θ_1 ∂ ∂x_1 + (θ_3 − θ_1) sin θ_1 ∂ ∂y_1 + (θ_3 − θ_1) cos θ_1 ∂ ∂x_2 + (θ_3 − θ_1) cos θ_1 ∂ ∂y_2 + ( (x_1 − x_3) cos θ_1 + (y_1 − y_3) sin θ_1 ) ∂ ∂θ_3 K_2 = ( (x_1 − x_3) cos θ_3 + (y_1 − y_3) sin θ_3 ) cos θ_1 ∂ ∂x_1 + ( (x_1 − x_3) cos θ_3 + (y_1 − y_3) sin θ_3 ) sin θ_1 ∂ ∂y_1 + ( (x_1 − x_3) cos θ_3 + (y_1 − y_3) sin θ_3 ) cos θ_1 ∂ ∂x_2 + ( (x_1 − x_3) cos θ_3 + (y_1 − y_3) sin θ_3 ) sin θ_1 ∂ ∂y_2 + ( (x_1 − x_3) cos θ_1 + (y_1 − y_3) sin θ_1 ) cos θ_3 ∂ ∂x_3 + ( (x_1 − x_3) cos θ_1 + (y_1 − y_3) sin θ_1 ) sin θ_3 ∂ ∂y_3 K_3 = (θ_1 − θ_3) cos θ_1 ∂ ∂x_1 + (θ_1 − θ_3) sin θ_1 ∂ ∂y_1 + ( (x_1 − x_3) cos θ_1 + (y_1 − y_3) sin θ_1 ) ∂ ∂θ_1 + (θ_1 − θ_3) cos θ_1 ∂ ∂x_2 + (θ_1 − θ_3) sin θ_1 ∂ ∂y_2 + ( (x_1 − x_3) cos θ_1 + (y_1 − y_3) sin θ_1 ) ∂ ∂θ_2 These vector fields define the abstraction through control system:

Δ_G = K_1v_1 + K_2v_2 + K_3v_3

(4.18)

To gain some insight on the abstraction control system and the formation trajectories we display in Figure 4 the formation evolution when the open loop control v_1 = 1, v_2 = 0 and v_3 = 0 is used. Agent 1 is represented

Figure 4. Formation flow along vector field K_1.

by a trapezoid, agent 2 by a square and agent 3 by rectangle. The formation evolution is characterized by agent 3 rotating around the same point while agent 1 and 2 perform straight line motions. When the formation flows along vector field K_2 corresponding to the open loop control v_1 = 0, v_2 = 1 and v_3 = 0 all the agents in the formation move along parallel trajectories as displayed in Figure 5. This was achieved since their initial orientations where identical, when this is not the case more complex motions characterize the flow along K_2. However it is always possible to achieve identical orientations by flowing along K_1 or K_3. The formation flow

Figure 5. Formation flow along vector field K_2.

along basis vector K_3 is somewhat dual to K_1. Instead of agent 1 rotating around itself to achieve different configuration errors regarding agent 1, agent 3 is now stopped and the remaining agents revolve around it as suggested in Figure 6. To generate more complex motions for the formation other open or closed loops control laws can be used with the group abstraction (4.18).

Figure 6. Formation flow along vector field K_3.

5. Directed Formations

Another important class of formations can be modeled by directed graphs. A directed graph assigns responsibilities to the formation members in an asymmetric way. For each edge e = (v_i, v_j ) agent i is responsible for maintaining the constraints c_e, while agent j is not affected by the edge constraint. Once agent j determines its motion, agent i should always be capable of locally computing a control strategy enforcing the formation constraint in order to render the formation feasible. From an implementation point of view, directed formations simplify the synthesis of the low level control laws responsible for maintaining the agents in formation. These control laws require only local information since each agent control actions depend only on its state and the state of the agents linked to it by outgoing arrows (its neighbors). The information flow is also simplified (unidirectional) since each agent determines its motion without the need of coordination/cooperation with other agents.

5.1. Directed feasibility for two agents. To illustrate the fundamental idea we start by considering a formation with two agents as displayed in Figure 2. Our goal is to determine if it is possible for agent i to be the single agent responsible for constraint c_e. To formalize this problem, let Δ_G be the set of vector fields in T M = T M_i × T M_j representing directions of motion satisfying the kinematics of each agent, as well as the formation constraint c_e, as discussed in Section 4. The question we are trying to solve can now be put in the following terms: is the distribution Δ_G such that its projection on T M_j is Δ_j ? If this is the case, then agent i can be assigned the responsibility of the constraint, as for any direction of motion X_j ∈ Δ_j for agent j, there exists a direction of motion [X_i X_j ]^T ∈ Δ_G for the group behavior respecting the formation constraints imposed by c_e. Instead of computing explicitly the projection of Δ_G we will provide an equivalent characterization directly in terms of the basis of one-forms spanning Δ_G.

To state our main result in a concise way, we need some additional notation. Given a one-form ω ∈ Ω, which we may write locally as ω = a(x_i, x_j )dx_i + b(x_i, x_j )dx_j for smooth real valued maps a and b, we denote by ω|_i the form a(x_i, x_j )dx_i and similarly by ω|_j the form b(x_i, x_j )dx_j . Decentralization can now be characterized by: Theorem 5.1. Let F be a formation graph modeling a formation with two agents (i and j) and a single constraint c_e associated with the undirected edge e = (v_i, v_j ). The constraint c_e can be realized as a directed edge from v_i to v_j (agent i has the responsibility of enforcing the constraint) iff the following condition holds for any ω ∈ Ω, smooth real valued maps r_l and one-forms α_l ∈ Ω, α_l ≠ ω, l = 1, 2, . . . , k:

if ω|_i = k∑ l=1 r_lα_l|_i then ω − k∑ l=1 r_lα_l ∈ Δ^⊥_j

(5.1)

Proof: Assume, for the sake of contradiction, that condition (5.1) holds and that there exists a X_j ∈ Δ_j such that for any X ∈ T π^{−1}_j (X_j ) we have Ω(X) ≠ 0. We start by fixing a basis {ω_1, . . . , ω_n} for Ω and expressing X as X = [X_i X_j ]^T . We now see that ω_l(X) = ω_l|_i(X_i) + ω_l|_j (X_j ) ≠ 0 implies that ω_l|_i(X_i) ≠ −ω_l|_j (X_j ). To take into account every form ω_l ∈ Ω we define the vector Y by:

Y = ω_1|_j (X_j ) ω_2|_j (X_j ) . . ω_n|_j (X_j )

(5.2)

and rewrite Ω(X) ≠ 0 as:

L(X_i) = ω_1|_i(X_i) ω_2|_i(X_i) . . ω_n|_i(X_i) ≠ −Y (5.3)

Regarding L as a pointwise linear operator we conclude that L is not surjective as −Y does not belong to its range implying that not all of the forms ω_1|_i, ω_2|_i, . . . , ω_n|_j are linearly independent. As such, we can

Figure 7. Single follower with two leaders.

write one of these forms, ω_1|_i for example, as ω_1|_i = ∑_n l=2 r_lω_l|_i. It then follows that ω_1 − ∑_n l=2 r_lω_l cannot belong to Δ^⊥_j as this implies that ω_1 is linearly dependent of the remaining forms, violating the fact that {ω_1, ω_2, . . . , ω_n} is a basis for Ω. We thus conclude that ω_1|_i = ∑_n l=2 r_lω_l|_i and ω_1 − ∑_n l=2 r_lω_l /∈ Δ^⊥_j which contradicts (5.1) and proves sufficiency.

Necessity is also proved by contradiction by assuming that T π_j (Δ_G) = Δ_j , ω_1|_i = ∑_n l=2 r_lα_l|_i and ω_1 − ∑_n l=2 r_lω_l = β /∈ Δ^⊥_j . Since

dim(T π_j (Δ_G)) ≤ dim(T M_j ) − dim(Δ^⊥_j ) − dim(span{β}) = dim(T M_j ) − dim(Δ^⊥_j ) − 1 < dim(Δ_j )

(5.4)

it follows that T π_j (Δ_G) ≠ Δ_j which contradicts T π_j (Δ_G) = Δ_j and concludes the proof. □ We have thus solved Problem 3.2 for the simple case of a formation with two agents a single constraint. In the next section we describe how the developed results can also be applied to formations of several agents with multiple constraints. We also note that condition 5.1 is simple to check since it amounts to determine linear independence of one-forms.

5.2. From two agents to acyclic formations. We now briefly describe, through examples, how Theorem 5.1 can be applied to acyclic formations containing more then two agents.

We start by analyzing the formation displayed in Figure 7. Restricting our attention to edge e_1 we will determine if agent 3 is capable of fulfilling that constraint. We assume that all the agents have kinematics defined by codistributions of the form (2.6). The constraint associated to edge e_1 is given by c_{e1} = x_1 − x_3 − δ, where δ is a positive scalar. The codistribution Ω defining the space of solutions is given by: Ω = Δ^⊥_1 ⊕ Δ^⊥_3 + dc_{e1} Ω = span{ω_1, ω_2, ω_3} ω_1 = sin θ_1 dx_1 − cos θ_1 dy_1 ω_2 = sin θ_3 dx_3 − cos θ_3 dy_3 ω_3 = dx_1 − dx_3 and we can see by inspection, that ω_1|_3 = 0 dx_3 + 0 dy_3 + 0 dθ_3, ω_2|_3 = sin θ_3 dx_3 − cos θ_3 dy_3 + 0 dθ_3 and ω_3|_3 = −dx_3 + 0 dy_3 + 0 dθ_3 are linearly independent. Theorem 5.1 now ensures that agent 3 is indeed capable of fulfilling this constraint.

We now determine if it is possible for agent 3 to fulfill the constrains associated with both edges e_1 and e_2. The constraint associated with edge e_2 is defined by c_{e2} = y_2 − y_3 − δ. Group agent 1 and 2 into a new agent with kinematics given by: Δ^⊥_{12} = Δ^⊥_1 ⊕ Δ^⊥_2 = span{sin θ_1 dx_1 − cos θ_1dy_1, sin θ_2 dx_2 − cos θ_2dy_2}

(5.5) allows to regard this formation as one with only two agents, agent 3 and the group agent linked by a single edge associated with the constraint: c_e = x_1 − x_3 − δ y_2 − y_3 − δ Computing Ω one obtains: Ω = span{ω_1, ω_2, ω_3, ω_4, ω_5} ω_1 = sin θ_1 dx_1 − cos θ_1 dy_1 ω_2 = sin θ_2 dx_2 − cos θ_2 dy_2 ω_3 = sin θ_3 dx_3 − cos θ_3 dy_3 ω_4 = dx_1 − dx_3 ω_5 = dy_2 − dy_3

(5.6) Applying Theorem 5.1 one determines that ω_3|_3 = cos θ_3ω_5|_3 − sin θ_3ω_4|_3 and ω_3 − cos θ_3ω_5 + sin θ_3ω_4 = − cos θ_3dy_2 + sin θ_3dx_1 which cannot be written as a linear combination of ω_1 and ω_2 spanning Δ^⊥_{12}. This

Figure 8. Platoon type formation.

implies, by Theorem 5.1, that edges e_1 and e_2 cannot be decentralized simultaneously. This agrees with our intuition, since if agents 1 and 2 move arbitrarily, then agent 3 cannot enforce both constraints. We now consider the formation displayed in Figure 8 where we analyze the feasibility of the edge linking agent 3 with agent 2. Agent 1 and 3 kinematics are are modeled by a codistribution of the form (2.6), while agent 2 is assumed to be holonomic. This means that its kinematics can be described by:

ẋ_2 = X_1u_1 + X_2u_2 + X_3u_3

for

X_1 = 0 0 1 X_2 = cos θ_2 sin θ_2 0 X_3 =

− sin θ_2 cos θ_2 0 leading to the codistribution Δ^⊥_2 = {0}. The several formation constraints are defined by:

c^1_{e1} = x_1 − x_2 − δ^2_1 c^2_{e1} = y_1 − y_2 − δ^2 c^1_{e2} = x_2 − x_3 − δ^2_3 c^2_{e2} = y_2 − y_3 − δ^2_4

(5.7)

grouping agent 1 with agent 2 we obtain a new agent defined by:

Δ^⊥_{12} = Δ^⊥_1 ⊕ Δ^⊥_2 + span{dc^1_{e1} , dc^2_{e1} } = span{sin θ_1 dx_1 − cos θ_1dy_1, dx_1 − dx_2, dy_1 − dy_2}

(5.8)

To employ Theorem 5.1 we determine Ω:

Ω = Δ^⊥_{12} ⊕ Δ^⊥_3 + span{dc^1_{e2} , dc^2_{e2} } = span{ω_1, ω_2, ω_3, ω_4, ω_5, ω_6} ω_1 = sin θ_1 dx_1 − cos θ_1dy_1 ω_2 = dx_1 − dx_2 ω_3 = dy_1 − dy_2 ω_4 = sin θ_3 dx_3 − cos θ_3dy_3 ω_5 = dx_2 − dx_3 ω_6 = dy_2 − dy_3

(5.9)

and quickly determines that ω_4|_3 = − sin θ_3ω_5|_4 + cos θ_3ω_6|_3 and ω_4 + sin θ_3ω_5 − cos θ_3ω_6 = sin θ_3dx_2 − cos θ_3dy_2 /∈ Δ^⊥_{12}. Theorem 5.1 now tell us that agent 3 will not respect the constraint imposed by edge e_2, except when θ_3 = θ_1 which leads to ω_4+sin θ_3ω_5−cos θ_3ω_6 = sin θ_1dx_2−cos θ_1dy_2 = − sin θ_1ω_2+cos θ_1ω_3+ω_1 ∈ Δ^⊥_{12}. We thus see that imposing the additional constraint θ_3 = θ_1 renders the formation feasible. This shows that the proposed methodology is useful not only for analysis as well as for synthesis by providing guidelines regarding the formations topology and the nature of the constraints.

6. Conclusions

In this paper we have proposed a framework to determine formation feasibility of multi-agent systems. Two different types of formations were considered: undirected formations were inter-agent cooperation is required to maintain formation and directed formations were control responsibilities are distributed between the agents. Differential geometric conditions were developed to determine formation feasibility for undirected formations. The abstraction problem was also addressed and solved by constructing a model of the formation as a whole, guaranteeing that the formation constraints are preserved along any of its trajectories. This model, representing the group kinematics, significantly reduces the complexity associated with the formation trajectory generation problem. For directed formations, the feasibility problem was also solved by providing necessary and sufficient conditions at the level of linear independence of differential forms. Besides its simplicity, these results are important in decentralized formations where no cooperation between agents is required, the informations flow is reduced, and the design of feedback control laws to enforce the formation constraints is also much simpler.

There are several interesting directions along the presented results. If a directed formation is not feasible one could consider the problem of extracting the largest feasible directed subformation. This would allow to maximally decentralize the control effort in the formation. Also one can consider a fixed communication topology and study feasibility under those communication constraints. Another promising direction is to study the interplay between “quality” of formation control and the formation topology. Recent results along these lines are reported in [25] when “quality” is taken as formation stability.

References

[1] R. Abraham, J. Marsden, and T. Ratiu. Manifolds, Tensor Analysis and Applications. Applied Mathematical Sciences.

Springer-Verlag, 1988.

[2] T. Balch and R. Arkin. Behavior-based formation control for multirobot systems. IEEE Transactions on Robotics and Automation, 14(12), 1998.

[3] R.W. Beard, J.Lawton, and F.Y. Hadaegh. A coordination architecture for spacecraft formation control. IEEE Transactions on Control Systems Technology, 9(6), November 2001.

[4] Calin Belta and Vijay Kumar. Motion generation for formations of robots: a geometric approach. In Proceedings of the International Conference on Robotics and Automation, Seoul, Korea, 2001.

[5] Calin Belta and Vijay Kumar. Towards abstraction and control for large groups of agents. In Proceedings of the 2nd International Workshop on Control Problems in Robotics and Automation, Las Vegas, NV, December 2002.

[6] Willian Blake and Dieter Multhopp. Design, performance, and modeling considerations for close formation flight. American Institute of Aeronautics and Astronautics Journal, 1998.

[7] W. M. Boothby. An Introduction to Differentiable Manifolds and Riemannian Geometry. Academic Press, 1975. [8] D. J. Cook, P. Gmytrasiewicz, and L. B. Holder. Decision-theoretic cooperative sensor planning. IEEE Transactions on Pattern Analysis and Machine Intelligence, 18(10):1013–1023, 1996.

[9] Jorge Cortes, Sania Martinez, Timur Karatas, and Francesco Bullo. Coverage control for mobile sensing networks. In Proceedings of the IEEE Conference on Robotics and Automation, pages 1327–1332, Arlington, VA, May 2002.

[10] J. Desai, V. Kumar, and J. Ostrowski. Control of changes in formation of multi-robot teams. In Proceedings of the 1999 International Conference on Robotics and Automation, Detroit 1998.

[11] Magnus Egerstedt. Behavior based robotics using hybrid automata. In Hybrid Systems: Computation and Control, Lecture Notes in Computer Science. Springer-Verlag, 2000.

[12] Tolga Eren, Peter N. Belhumer, Brian D. O. Anderson, and A. Stephen Morse. A framework for maintaining formations based on rigidity. In Proceedings of 15th IFAC World Congress on Automatic Control, Barcelona, Spain, July 2002.

[13] Fabrizio Giulietti, Lorenzo Pollini, and Mario Innocenti. Autonomous formation flight. IEEE Control Systems Magazine, 20(6):34–44, 2001.

[14] A. Jadbabaie, J. Lin, and A. S. Morse. Coordination of groups of mobile autonomous agents using nearest neighbor rules.

IEEE Transactions on Automatic Control, 2002.

[15] D. Lager, J. Rosenblatt, and M. Hebert. A behavior-based systems for off-road navigation. IEEE Transaction on Robotics and Automation, 10(6):776–783, 1994.

[16] Naomi E. Leonard and Edward Fiorelli. Virtual learders, artificial potentials and coordinated control of groups. In Proceedings of the 40th IEEE Conference on Decision and Control, Orlando, FL, December 2001.

[17] Pedro Lima, Rodrigo Ventura, Pedro Aparício, and Luis Custódio. A functional architecture for a team of fully autonomous cooperative robots. In Manuela Veloso and Hiroaki Kitano, editors, RoboCup-99: Robot Soccer World Cup III, Lecture Notes in Computer Science. Springer-Verlag, 2000.

[18] Brian Maskew. Formation flying benefits based on vortex lattice calculations. Technical report, NASA-CR-151974.4, 1977. [19] Petter Ogren, Magnus Egerstedt, and Xiaoming Hu. A control lyapunov function approach to multi-agent coordination.

IEEE Transactions on Robotics and Automation, 2002. To appear.

[20] Reza Olfati-Saber and Richard M. Murray. Graph rigidity and distributed formation stabilization of multi-vehicle systems.

In Proceedings of the 41st IEEE Conference on Decision and Control, Las Vegas, NV, December 2002. To appear. [21] George J. Pappas, John Lygeros, Dawn Tilbury, and Shankar Sastry. Exterior differential systems in control and robotics.

In J. Baillieul, S. Sastry, and H. Sussmann, editors, Essays on Mathematical Robotics, volume 104 of IMA Volumes in Mathematics and its Applications, pages 271–372. Springer Verlag, New York, 1998.

[22] Paulo Tabuada, George J. Pappas, and Pedro Lima. Feasible formations of multi-agent systems. In Proceeding of the American Control Conference, American Control Conference, Arlington, VA, June 2001.

[23] Paulo Tabuada, George J. Pappas, and Pedro Lima. Decentralizing formations of multi-agent systems. In Proceedings of the 10th Mediterranean Conference on Control and Automation, Lisbon, Portugal, July 2002.

[24] Kar-Han Tan and M. Anthony Lewis. Virtual structures for high-precision cooperative mobile robot control. Autonomous Robots, 4(4):387–403, October 1997.

[25] Herbert G. Tanner, George J. Pappas, and Vijay Kummar. Input-to-state stability on formation graphs. In Proceedings of the 41st IEEE Conference on Decision and Control, Las Vegas, NV, December 2002. To appear.

[26] C. Tomlin, G. J. Pappas, and S. Sastry. Conflict resolution for air traffic management : A study in multi-agent hybrid systems. IEEE Transactions on Automatic Control, 43(4):509–521, April 1998.

[27] P. Varaiya. Smart cars on smart roads: problems of control. IEEE Transactions on Automatic Control, 38(2):195–207, 1993. [28] P. K. C. Wang. Navigation strategies for multiple autonomous mobile robots moving in formation. Journal of Robotic Systems, 8(2):177–195, 1991.

GRASP Lab, 3401 Walnut Street, Suite 300C, University of Pennsylvania, Philadelphia, PA 19104-6228, Fax: (215) 573 2048 E-mail address: tabuadap@seas.upenn.edu

Department of Electrical and Systems Engineering, 200 South 33rd Street, University of Pennsylvania, Philadelphia, PA 19104 E-mail address: pappasg@ee.upenn.edu

Instituto de Sistemas e Robótica, Instituto Superior Técnico, Torre Norte, Piso 6, Av. Rovisco Pais, 1049-001 Lisboa, Portugal E-mail address: pal@isr.ist.utl.pt