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Abstract

Large-scale,multi-agentsystemsarebecomingextremelycom-
plex dueto therapidadvancesin computationandcommunica-
tion. A naturalapproachto dealwith theincreasedcomplexity
of suchsystemsis theuseof abstractions: givenacomplicated
modelandsomepropertiesof interest,extractsimplermodels
of the original systemthat propagatethe desiredpropertiesto
theabstractedmodel,while hiding detailsthatareof no inter-
est. In this paper, we review our methodologyfor extracting
hybrid systemsout of continuouscontrol systemswhile pre-
servingtimed languages.This allows us to extract high level
modelsthatcanbe usedfor real time schedulingwhile ensur-
ing that high level planshave feasibleimplementationsat the
lower level model. Our methodology, is thenfully illustrated
by asearchandrescuecasestudy.

1 Intr oduction

Complexity reductionin large scalesystemsis typically re-
ducedby imposingahierarchicalstructureonthesystemarchi-
tecture.In hierarchicalstructures,systemsof higherfunction-
ality utilize coarsermodelsasthey areunawareof unnecessary
lower level details.Extractingahierarchyof modelsatvarious
levelsof abstractionis critical for constructinghierarchiesin a
principledway.

Thenotionsof abstractionor aggregationreferto groupingthe
systemstatesinto equivalenceclasses.Dependingon thecar-
dinality of the resultingquotientspacewe may have discrete
or continuousabstractions.With this notionof abstraction,the
abstractedsystemis definedastheinducedquotientdynamics.
Discreteabstractionsof continuoussystemshavebeenconsid-
eredin [3] aswell as[4, 12].

In hierarchicalsystems,onewould alsolike to ensurethatcer-
tainpropertiespropagatefrom theabstractedmodelto theorig-
inal system.This would ensurethat the higherlevel modelis
aconsistentabstractionof thelower level. Dif ferentproperties
mayrequireplacingdifferentconditionson thequotientmaps.

In previous work, we have focusedon extractingcontinuous

abstractions from continuoussystems. In particular, in [10]
a hierarchicalframework for continuouscontrol systemswas
formallyproposed,andeasilycheckablecharacterizationswere
obtainedfor constructingreachabilitypreservingabstractions
of linearcontrolsystems.In [11], weextendedourhierarchical
approachto asignificantclassof nonlinearcontrolsystemsthat
consistsof analyticcontrolsystemson analyticmanifolds.

In [13], we presenteda methodologyfor extractinghybrid ab-
stractionsfrom hybrid systemswhile preservingtimed lan-
guages.This is a very importantproblemin variousdomains.
Considerschedulingair traffic nearanairport.For theperspec-
tive of air traffic control, the only aspectof aircraft dynamics
thatmaybeof interestis if theaircraft is at oneof finite num-
ber of checkpointsaswell aswhenit will reachthem. More
generally, from a schedulingperspective, the desiredproperty
at a higher level canbe describedasa timed language.Hav-
ing amethodologythatabstractssystemswhile preservingtime
languagesis critical for therealtime schedulingof continuous
processes.

In [13], our approachfocusedon compressingthe continuous
componentof thesystemwhile beingableto generateexactly
the sametimed language.Furthermore,compatibility condi-
tions betweenthe abstractingmap,and the finite partition of
thestatespaceneededto beimposed.Notethat,in general,the
abstractedsystemmay not be a timed automaton([2]) aswe
mayneeda richerdynamicalsystemin eachdiscretelocation
to preserve the timed language.In this paper, we review our
framework andillustrateits complexity reductionpropertieson
a detailedsearchandrescuecasestudy.

2 Abstraction Methodology

In this sectionwe will review the hybrid abstractionframe-
work of [13] whichbuildsontopof thecontinuousabstraction
framework of [10, 11]. We assumethat the readeris familiar
with differentialgeometricconceptsat thelevel of [1].

2.1 ProblemFormulation

Westartwith acontinuouscontrolsystem��� , affinein control
anddefinedon aanalyticmanifold 	 :
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where
�

is thecontrolspace.With this controlsystemwe as-
sociatea map , definedas:

, 
 ��� �.- (2)

where
-

is a finite setof symbols. Thus , resultsin a finite
partition of the statespaceandeachdiscretesymbol / (10 -
is associatedwith a block of thepartition. This mapdefinesa
qualitativebehavior of controlsystem(1) if regardedasaquan-
tizing or discretizingmapof its trajectories.We shall assume
that the partition is topologically nice without being specific
aboutwhatnicemeans1.

Insteadof retainingonly thesequenceof discretesymbolswe
wantto retainalsothetemporalpropertiesassociatedwith each
symbol, that is we want to propagatethe image of control
system(1) trajectoriesunder the map , . Thesetrajectories
can be seenas maps / 
�2�34 � �&- or as a family of pairs5 � 6 � / � 7 8 9 :�;< 0�=?> @ A�B C�D definedasfollows:= > @ A�B C�D�EGF � 6 H � / � 0 2 34 �I-J
?K � 
 2ML4 � �N�OO 6 ��� 6 � E 
�� � ��� 6 � � ��� 6 � �M� / E , � ��� 6 H � �PRQ S T8 � � 8 U ; , � ��� 6 � ��VE Q S T8 � � 8 U W , � ��� 6 � � X (3)

Theset

=?> @ A�B C�D is calledthetimedlanguagegeneratedby the
pair
� 
�� � , � . Thetimedlanguageabstractsawayunnecessary

detailsregardingthe particularvalueof the solutions,retain-
ing only thetime anda qualitative locationgivenby theparti-
tion blocks.This typeof trajectorydescriptionis sufficient for
many applicationswhereonly timing informationandacoarse
knowledgeof thetrajectoriesis necessary.

Ourobjectiveis thereforeto abstractthecontinuouscontrol(1)
into a simplerhybrid systemthat is ableto generatethe same
timedlanguage

= > @ A�B C�D . Furthermore,thishybrid abstraction
shouldbea consistentabstractionof (1), in thesensethatany
trajectoryof thehybridsystemcanalsobegeneratedby (1).

The main ideais to abstractthe continuousdynamicsin each
elementof thepartitiondifferently. Dependingonhow thepar-
tition interactswith the continuoussystem,differentabstrac-
tionscouldbeusedin differentelementsof thepartition. The
naturalway of patchingtogetherthesenew abstractedsystems
is by definingan hybrid systemwith several states,eachone
modelingthebehavior of theoriginal systeminsidea partition
element. Before we proceedto hybrid abstractions,we first
review theexisting theoryfor continuousabstractions.

1For example,subanalyticstratifications[7] or partitionsdefinablein o-
minimal theories[8] would suffice.

2.2 ContinuousAbstractions

A generalmethodologyfor abstractingcontinuoussystemshas
beenintroducedin [10] for linearsystemsandin [11] for non-
linearsystems.We will review someresultsnecessaryfor our
hybrid abstractionproblem. Given a control system
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on a

analyticmanifold
�

asin (1) wedefineasurjectiveabstracting
map:
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where
\

is a analyticsubmanifoldof
�

. Themap
Y

, which
is alsoassumedto bea submersion,is thequotientmapwhich
performsthestateaggregation2. Thequotientmapwill induce
a controlsystem
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\

referredastheabstraction. In [11],
conditionsontheabstractingmapwerederivedto ensureprop-
agationof local reachability([5], [9]). It is easyto extendthese
resultsto exact time controllability [6]. In order to do so we
needto definesomeobjects. Let ^ � denotethe distribution
associatedwith controlsystem


��
:

^ � E[_` 9 � _a 9 b 
 � ��� ��� (5)

If c and d are two distributionson
�

, definea distributione c � dgf by declaring
e c � dgf � hi� to bethesubspaceof

��j �
gen-

eratedby vectorsof the form
e kl� m f � hi� , where

k
,
m

areany
two analyticvectorfieldsin c andd respectively. By resorting
to this constructivemethodwe definealso:

^ � EZnZo ^ � o e n � ^ � f o e n � e n � ^ � f f olp p p (6)

wheren is thedistribution q�r s � �tY � . Distribution ^vu allows
usto specifytheabstractedcontrolsystemon

\
by:

^ ] � / � E ��Y ^ � � hi� (7)

for any
h 0 Y?w * � / � . Any controlsystem
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\

with control
distribution ^ ] is saidto becanonically

Y
-relatedto


��
. For

constructivecases,thereaderis referredto [10, 11].

Let xMy r z � 
�� � to be the lie algebra generated by5 + * � ��� � + { � ��� � p p p � + % � �i� 7 the main result of [11] can
now beextendedto thefollowing:

Theorem2.1 Let

�]

becanonically
Y

-relatedto

��

andas-
sumethat n�| x�y r z � 
�� � then


�]
is exact timecontrollable

iff

��

is.
2Notethatany map } givesriseto anequivalencerelationby definingstates~ and � equivalentiff }�� ~ �i� }�� � � . In orderfor theresultingquotientspace

to have amanifoldstructure,theequivalencerelationmustberegular[1].



Proof: Similar to [11]

Wehaveall thetoolsweneedtoabstractthecontinuousdynam-
ics while maintainingexact time controllability, in the sense
that if it is possibleto go from point �Z��� to point �����
in � unitsof time in theabstractedmodel( ��� ), thenit is also
possibleto go from �?��� � � � to �?��� � � � in � unitsof time in the
originalmodel( ��� ).

2.3 Partition Propagation

In order to be able to preserve the timed language,the ab-
stractedsystemneedsto be able to determinewhen the tra-
jectoriescrossthe partition blocks definedby � . To ensure
that thepartitionblockspropagatefrom � to � , furthercon-
ditionsmustbeimposedon theabstractingmap � . A partition
propagatingabstractionmapis definedasfollows:

Definition 2.2 An abstractingmap �����!� ��� propagates
a partition � iff there existsa partition on � definedbya map��� such that thefollowing diagramcommutes.

� ���
���� � � ���

� �
�

(8)

or equivalentlyiff �v� �i�g� ��� ¡?�¢� ��� .
Note that propagatingthe partitionsis a strongerthansimply
preservingthepartition,sincethis only requiresthat �t� � � �¢��v� ��£ ��¤[���i¡��¢� � � �v�¥�¢�i¡��¢� ��£ � andallows for example
merging two � blocksinto a singleblock in �¢� . This is not a
desirablesituationsincetheknowledgeof thequalitativeposi-
tion of theinitial systemis lost.

Although Definition 2.2 expressesthe fundamentalproperty
that the abstractingmapshouldpossessit doesnot character-
ize it directly. This characterizationis presentedin the next
propositionsfor bothlinearannonlinearsystems:

Proposition2.3 A smoothmap ��� �R� �N� betweensmooth
manifoldspreservesa partition � iff the partition blocks are
invariantundertheactionof thelie algebra ¦l§ ¨ � ���g� .
Proof: See[13].

2.4 ConsistentHybrid Abstractions

Merging all the conditionsthat must be imposedon the ab-
stractingmapwe cancharacterizetimed-languagepropagating
abstractionmapsasfollows:

Theorem2.4 An abstraction map �©�M�ª� �[� propagates
thetimedlanguage «?¬ ­ ®�¯ °�± generatedbya control system���
iff ¦�§ ¨ � �t�g�³².´Mµ § ¶ � ���I� and the partition � is invariant
undertheactionof thelie algebra ¦l§ ¨ � ���g� .

Proof: A direct applicationof Theorem(2.1) andProposi-
tion (2.3).

Equippedwith Theorem2.4 a generalmethodologyto extract
hybrid controlsystemgeneratingthetimed language« ¬ ­ ®�¯ °�±
canbedescribedasfollows:

For eachpartition block · ¸ find the largestlie algebra¹ that
leaves the partition block invariant. Reducethe control sys-
tem through an abstractingmap �g¸ such that ¦l§ ¨ � �g¸ º � ²¹�»?´Mµ § ¶ � ����� . Weshallusetheusualhybridautomataconven-
tionsto defineahybridcontrolsystemstate· ¸ by thefollowing
data:¼ Abstractedcontrolsystem:����½ .¼ Invariant: ¾ ¿�À�� · ¸ �g� �g¸ � ����� � · ¸ � � .¼ Guards:Á�Â�� ¨ Ã Ä � · ¸ �g���g¸ Å ����� � · Ä � Æ�Ç ÆMÈ ÉÊ Ë ����� � · È � Ì ÍÎ Ä Ê Ë�Ï � Ð Ñ1�IÒN�?· Ä is neighborof · ¸ Ó 3.¼ Transitions:Placeanarrow from · ¸ to · Ä for all Ñ1� Ï .¼ Resets:For eacharrow linking · ¸ to · Ä add the corre-

spondingresetmap Ô�§ Õ § Ö ¸ Ä¢� �MÄg¡?� ���¸ .

Notethatthehybridcontrolsystembuilt accordingto theabove
prescriptionis nondeterministicsince the resetmapscan be
set valued. However all possibletrajectoriesare equivalent
with respectto exact time controllability. Equivalently, if it
is possibleto go from ���×Ô�§ Õ § Ö ¸ Ä � �i� to somepoint � in �
unitsof time thenit is alsopossibleto go from any otherpointØ �lÔ�§ Õ § Ö ¸ Ä � ��� to � in � unitsof time. Thereaderis deferred
to [13] for furtherdetails.

Theaboveconceptsareillustratedin thefollowing example.

3 A search and rescueexample

In caseof seriousnaturalcatastrophessuchas earth-quakes,
tornadosor otherequallydevastatingnaturalphenomenait is
of specialimportanceto performsearchandrescuemissions.
In sucha scenariothereareseveral different locationswhere
thenecessaryinterventioncouldbeconductedby speciallyde-
velopedrobots.Howeverthesesearchandrescueroboticteams
arein limited numberandshouldbedistributedthroughthedif-
ferentemergency areasin themostefficientwaypossible.This
kind of resourceallocationmustbecarefullycoordinatedby a
tacticalplannerthatshouldtake into accountthespecifickine-
matic anddynamicconstraintsof eachindividual robot. This
plannerwill useasimplifiedmodelof thedifferentialequations
governingthedifferentrobotsthatpreservesthephysicalcon-
straintsof the robots. Sucha model will now be developed
usingtheabstractingframework presentedin theprevioussec-
tion.

3Consideringthat the partition Ù is nice the informal descriptionÚ Û is a

neighborof Ú Ü canbereplacedby ÙgÝiÞ ß Ú Û à á ÙMÝiÞ ß Ú Ü à�âãIä , wheretheover-
barrepresentsthetopologicalclosureof aset.



Considerthetwo-dimensionalversionof thesearchandrescue
problemfor simplicity of presentation.We will considerthat
the robotic teamsareinitially at theheadquartersmodeledas
a disk, andthat thereare å³æ×ç emergency areaswhereemer-
gency interventionis required. Theseareasarealsomodeled
by å�æ�ç diskson the planeascanbe seenin figure 1. Each
disk è is locatedat é êië ì í ë î andhasa radiusof ï ë .

Head
Quarters

Emergency

Zone 1

Emergency

Zone 3

Emergency

Zone 2

Figure1: Graphicalmodelof thecatastrophescenario.

By associatinga differentsymbolwith eachdisk andanother
symbolwith thecomplementof theunionof thediskswe nat-
urally definethepartition ð . Thetacticalplanneris interested
in retainingthetiming informationassociatedwith crossingof
thedisksbordersby therobots.This timing informationis es-
sentialfor aneffectiveplanningandcoordinationof theseveral
teams.

We shall illustrate the abstractingmethodologyfor a single
robot,sincetheprocessis similar for theothers.Considerthe
modelof a simplenonholonomicrobotgivenby:

ñ×òó æ�ôõ òö æ�÷òê�æ ógø ù ú ûòíüæ ógú ý þ?ûòû æ ö (9)

The ê andí coordinatesrepresentrobotposition,while thean-
gle û representsits headingangle.Thecontrolinputsaregiven
by thetotal force ô actingon therobotandthetotal torque÷ ,
both inducedby the torquesappliedon the robot wheels. By
invertingthethemassñ andtheinertia

õ
we rewrite (9) as:

ô�ÿ æ � é ê�î���� � é êiî � � ��� � é êiî � �� é ê�î�æ ó?ø ù ú û
		 ê � ógú ý þ?û�		 í � ö�		 û�
� é êiî[æ �ñ 		 ó� � é êiî[æ �õ 		 ö (10)

The partition ð doesnot dependon the coordinatesó or ö ,
thereforethepartition blocksareinvariantunderthe actionof
thevectors �� � and �� � . Sincethesevectorsarealsocontained
in ��è � � é ô�ÿIî we candefineanabstractingmapas:

� é ó ì ö ì ê�ì í�ì û îMæ �� ê íû �� (11)

This mapabstractsaway thedynamicsretainingonly informa-
tion concerningthekinematicsof thevehicle.To determinethe
abstractedcontrolsystemwecompute:

� æ����
� å! 		 ó ì 		 ö#"$ 		 ó ì %tÿ'& æ $ 		 ó ì � é ê�î &�æ ø ù ú û�		 ê � ú ý þ?û(		 í$ 		 ö ì %tÿ'& æ $ 		 ö ì � é ê�î &�æ 		 û (12)

therefore%1ÿ and
�*) %vÿ aregivenby:

%vÿ¥æ����
� å! �� � ì �� � ì ógø ù ú û �� + � ó?ú ý þ?û �� , � ö �� - ìø ù ú û �� + � ú ý þ?û �� , ì.�� - "�*) %vÿ¥æ����
� å! ógø ù ú û �� + � ógú ý þ?û �� , � ö �� - ìø ù ú û �� + � ú ý þ?û �� , ì.�� - " (13)

andthenew controlsystemis givenby:

òê æ ógø ù ú û � ø ù ú ûòíªæ ógú ý þ?û � ú ý þ?ûòû æ ö � � (14)

Thevariablesó and ö arenow regardedascontrol inputsand
by definingnew inputsas � � æ ó � � and ó � æ ö � � we get
theusualkinematicmodelfor thenonholonomicrobot.Further
simplificationsarepossibleby performinganotherabstraction
definedas:

� é ê�ì í�ì û îgæ0/ ê í 1 (15)



Q Description2 3 Head-Quarters2 4 Emergency Zone12 5 Emergency Zone22 6 Emergency Zone32 7 Remainingterritory

Table1: Labelingsassociatedwith thepartition 8 .

andtheresultingcontrolsystemis:

9:<;>=�4 ? @ A B CED�B F G*C H9IJ;>=�4 ? @ A B CLKMB F G*C H (16)

ThevariableC is now alsoa controlinput sothesystemcanbe
rewrittenas:

9:N; =�49IJ; =
5 (17)

by identifying =�4 with =�4 ? @ A B C!D#B F G.C H and=�5 with =�4 ? @ A B C�KB F G*C H . Whentherobot is insideoneof thedisksits dynamics
canbe even further reducedby realizingthat thedisksarein-
variantundertheactionof thealgebraO�P
Q R!S ? I.D#I T H*UU V D'? :WD:�T H*UU X
Y which suggeststheabstractingmap:

Z ? :�[ I H\;�]#;^? :'D�:�T H 5 K_? I`D�I T H 5 (18)

resultingin theabstractedcontrolsystem
9]E;_= , which is valid

only insidethedisks.

To completethe hybrid control systemthe invariants,guards
andresetsarecomputedaccordingtheprescriptionof Section2
andtable3. For any disk a ;cb [ d [ e theinvariantis givenby:

f R�g ? 2 T Hh; Z T i S ? :![ I H*j(k 5^l ? :'D�:�T H 5 K�? I#D�I T H 5EmMn 5T Y o; S ]#j(k l ] mMn Y (19)

andtheguardby:

p = Q n q 7 ? 2 T Hr; Z T s 8Et 4 ? 2 7 H�uMi u!v wx 7 8Lt 4 ? 2 v H o y; Z T i z|{ 8Et 4 ? 2 T H o; S ]`j(k l ]`} n Y (20)

Finally theresetmapis givenby:

~L� � � � T 7 ? 2 T Hr; Z 7.� Z t 4T ? ] H (21); S ? :�[ I H.j(k 5^l ? :'D
:
T H 5 K�? I#D�I T H 5 ;�] 5 Y
Usingthesameprocesswe getthefollowing datafor state2 7 :

f R�g ? 2 7 Hr;�k 5 { i u\T x 3 � 4 � 5 � 6 Z 7.� 8Et 4 ? 2 T H op = Q n q T ? 2 7 Hr; Z 7.� 8Et 4 ? 2 T H a ;�� [ b [ d [ e (22)~L� � � � 7 T ? 2 7 Hr;�? :'D�:�T H 5 K_? I#D
I T H 5 a ;�� [ b [ d [ e
Theresultinghybridcontrolsystemis displayedin figure2.
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Figure2: Simplifiedmodelof thehybridcontrolautomaton.

The abstractingprocessreducedthe initial control system(9)
incorporatingdynamicsandnonholonomicrestrictionsto the
trivial controlsystems

9:
; =�4 [ 9I(; =
5 and
9]`;�= on a hybrid

controlsystem.Theresultingabstractionhasthereforereduced
thecomplexity of theoriginal systemto theminimumamount
necessaryto generatethesametimedlanguage.

4 Conclusions

In this papera methodologyfor abstractingcontrolsystemsto
simplerhybrid control systemswasdiscussed.The proposed
abstractionframework allowsthehybridcontrolsystemto gen-
eratethe sametimed languagedefinedby the original control
systemanda finite partition of the statespace.More impor-
tantis thatthelanguagegeneratedin thehybridabstractioncan
alsobegeneratedby the low level model. A detailedexample
of applicationwasconsideredshowing the complexity reduc-
tion achievedthroughtheabstractingprocess.Thetight condi-
tionsontheabstractingmapsuggestthatmoregeneralmethod-
ologiesshouldbeconsideredfor complexity reduction,allow-
ing for examplemergingseveralsymbolsinto macro-symbols.
Thiswouldallow for complexity reductionin thediscretelevel
aswell asin thecontinuouslevel.
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