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Abstract

Large-scalemulti-agentsystemsrebecomingextremelycom-

plex dueto therapidadvancesn computatiorandcommunica-
tion. A naturalapproacho dealwith theincreasedomplexity

of suchsystemss the useof abstiactions givenacomplicated
modelandsomepropertiesof interest,extract simplermodels
of the original systemthat propagatehe desiredpropertiesto

the abstractednodel, while hiding detailsthatareof no inter-

est. In this paper we review our methodologyfor extracting
hybrid systemsout of continuouscontrol systemswhile pre-
servingtimed languages.This allows us to extract high level

modelsthat canbe usedfor realtime schedulingwhile ensur

ing that high level planshave feasibleimplementationst the

lower level model. Our methodologyis thenfully illustrated
by a searchandrescuecasestudy

1 Intr oduction

Complity reductionin large scalesystemsis typically re-
ducedby imposingahierarchicaktructureonthesystemarchi-
tecture.In hierarchicalstructuressystemsf higherfunction-
ality utilize coarsemodelsasthey areunavareof unnecessary
lower level details.Extractinga hierarchyof modelsatvarious
levels of abstractioris critical for constructinghierarchiesn a
principledway.

Thenotionsof abstiactionor aggregationreferto groupingthe
systemstatesnto equivalenceclasses.Dependingon the car

dinality of the resultingquotientspacewe may have discrete
or continuousabstractionsWith this notion of abstractionthe
abstractedystemis definedastheinducedquotientdynamics.
Discreteabstraction®f continuoussystemsave beenconsid-
eredin [3] aswell as[4, 12].

In hierarchicakystemspnewould alsolik e to ensurethatcer
tain propertiepropagatérom theabstractednodelto theorig-
inal system. This would ensurethatthe higherlevel modelis
aconsistentbstiactionof thelower level. Differentproperties
mayrequireplacingdifferentconditionson the quotientmaps.

In previous work, we have focusedon extracting continuous
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abstractionsfrom continuoussystems. In particulay in [10]
a hierarchicalframeawork for continuouscontrol systemswvas
formally proposedandeasilycheckableharacterizationaere
obtainedfor constructingreachabilitypreservingabstractions
of linearcontrolsystemsin [11], we extendedour hierarchical
approacho asignificantclassof nonlinearcontrolsystemghat
consistof analyticcontrol systemson analyticmanifolds.

In [13], we presente methodologyfor extractinghybrid ab-
stractionsfrom hybrid systemswhile preservingtimed lan-
guages.Thisis a very importantproblemin variousdomains.
Considerschedulingair traffic nearanairport. For the perspec-
tive of air traffic control, the only aspectof aircraft dynamics
thatmaybe of interestis if the aircraftis at oneof finite num-
ber of checkpointsaswell aswhenit will reachthem. More
generally from a schedulingperspecire, the desiredproperty
at a higherlevel canbe describedasa timed language.Hav-
ing amethodologythatabstractsystemawvhile preservingime
languagess critical for the realtime schedulingof continuous
processes.

In [13], our approachifocusedon compressinghe continuous
componenbf the systemwhile beingableto generatesxactly

the sametimed language. Furthermore compatibility condi-

tions betweenthe abstractingmap, and the finite partition of

thestatespaceneededo beimposed.Notethat,in generalthe

abstractedsystemmay not be a timed automaton([2]) aswe

may needa richer dynamicalsystemin eachdiscretelocation

to presere the timed language. In this paper we review our

framework andillustrateits complexity reductionpropertieson

adetailedsearchandrescuecasestudy

2 Abstraction Methodology

In this sectionwe will review the hybrid abstractionframe-
work of [13] which builds ontop of thecontinuousabstraction
framework of [10, 11]. We assumehatthe readeris familiar
with differentialgeometricconceptsat thelevel of [1].

2.1 ProblemFormulation

We startwith acontinuouscontrolsystem#,, affinein control
anddefinedon aanalyticmanifold M :
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whereU is the control space.With this control systemwe as-
sociateamap¥ definedas:

U:M—Q 2
where( is afinite setof symbols. Thus ¥ resultsin a finite
partition of the statespaceand eachdiscretesymbolg; € @
is associateavith a block of the partition. This mapdefinesa
gualitative behavior of controlsystem(1) if regardedasaquan-
tizing or discretizingmap of its trajectories.We shallassume
that the partition is topologically nice without being specific
aboutwhatnicemeans.

Insteadof retainingonly the sequenc®f discretesymbolswe
wantto retainalsothetemporalpropertiesassociateevith each
symbol, that is we want to propagatethe image of control
system(1) trajectoriesunderthe map ¥. Thesetrajectories
canbe seenasmapsq : Rf — @ or asa family of pairs
{(t,0)}crz € Z(ru,w) definedasfollows:

E(FM,\II) = {(t',q)ER{)" XQ : HUR?; — U
Ex(t)
A dim B(z(t)) # lim T(2(8)}

ThesetX r,, v is calledthetimedlanguage generatedy the

pair (Fy, ¥). Thetimedlanguageabstractsway unnecessary

detailsregardingthe particularvalue of the solutions,retain-
ing only thetime anda qualitative locationgiven by the parti-
tion blocks. This type of trajectorydescriptionis sufficient for
mary applicationsvhereonly timing informationanda coarse
knowledgeof thetrajectoriess necessary

Ourobjectiveis thereforeto abstracthe continuouscontrol (1)

into a simplerhybrid systenthatis ableto generatehe same
timedlanguage:r,, w). Furthermorethis hybrid abstraction
shouldbea consistentbstractiorof (1), in the sensehatary

trajectoryof the hybrid systemcanalsobe generatedby (1).

The mainideais to abstractthe continuousdynamicsin each
elemenbf thepartitiondifferently. Dependingon how thepar
tition interactswith the continuoussystem,different abstrac-
tions could be usedin differentelementf the partition. The
naturalway of patchingtogetherthesenew abstractedystems
is by definingan hybrid systemwith several states,eachone
modelingthe behavior of the original systeminsidea partition
element. Before we proceedto hybrid abstractionsye first
review the existing theoryfor continuousabstractions.

1For example, subanalyticstratifications[7] or partitions definablein o-
minimal theorieg8] would sufice.

2.2 Continuous Abstractions

A generaimethodologyfor abstractingcontinuoussystemsas
beenintroducedn [10] for linearsystemsandin [11] for non-

linear systems We will review someresultsnecessaryor our

hybrid abstractiorproblem. Given a control systemF,s on a

analyticmanifold M asin (1) we defineasurjective abstracting
map:

®: M > N 4)

whereN is a analyticsubmanifoldof M. The map®, which
is alsoassumedo be a submersionis the quotientmapwhich
performsthe stateaggregatior?. The quotientmapwill induce
acontrolsystemFy on N referredastheabstraction In [11],

conditionsontheabstractingnapwerederivedto ensureprop-
agationof local reachability([5], [9]). It is easyto extendthese
resultsto exacttime controllability [6]. In orderto do sowe
needto definesomeobjects. Let Dy, denotethe distribution
associateavith controlsystemF;:

Dy = U U F(z,u)

zeEM uelU

(5)

If A andB aretwo distributionson M, definea distribution
[A, B] by declaring[A, B](p) to bethe subspacef T, M gen-
eratedby vectorsof the form [X,Y](p), where XY areary
two analyticvectorfieldsin .A andB respectrely. By resorting
to this constructve methodwe definealso:

51\4 :KUDMU[IC,DM]U[K, [IC,DM]]U (6)

wherek is thedistribution Ker(T'®). Distribution Dx allows
usto specifythe abstracted¢ontrolsystemon N by:

Dn(q) = T®Du(p) @)
forany p € ®~1(q). Any controlsystemFx on N with control
distribution Dy is saidto be canonically®-relatedto Fas. For
constructve casesthereaderis referredto [10, 11].

Let Lie,(Fp) to be the lie algebra generated by
{g1(z),92(z),...,gx(z)} the main result of [11] can
now be extendedo thefollowing:

Theorem 2.1 Let Fiy becanonically®-relatedto Fj; andas-
sumethat £ C Liey(Far) thenFl is exacttime controllable
iff Fas is.

2Notethatary map® givesriseto anequivalencerelationby definingstates

z andy equivalentiff ®(z) = ®(y). In orderfor theresultingquotientspace
to have amanifold structure the equivalencerelationmustberegular[1].

Proceedings of the European Control Conference 2001

3865



Proof: Similarto[11] [

We haveall thetoolswe needo abstracthecontinuouslynam-
ics while maintainingexact time controllability, in the sense
thatif it is possibleto go from pointa € N to pointb € N

in T unitsof time in theabstractednodel(Fy), thenit is also
possibleto gofrom @1 (a) to ®~1(b) in T unitsof timein the

originalmodel(Far).

2.3 Partition Propagation

In orderto be able to presere the timed language,the ab-
stractedsystemneedsto be able to determinewhen the tra-

jectoriescrossthe partition blocks definedby ¥. To ensure
thatthe partition blockspropagatdrom M to N, furthercon-
ditionsmustbeimposedon theabstractingnap®. A partition

propagatingabstractiormapis definedasfollows:

Definition 2.2 An abstractingmap® : M — N propagates
a partition ¥ iff there existsa partition on N definedby a map
¥’ sud thatthefollowing diagramcommutes.

Q (8)
or equivalenthyiff U(z) = ¥’ o ®(x).

Note that propagatinghe partitionsis a strongerthan simply
preservinghe partition, sincethis only requiresthat ¥ (z,) =
U(xs) & U o &(x1) = U o &(z2) andallows for example
meming two ¥ blocksinto a singleblockin ¥'. Thisis nota
desirablesituationsincethe knowledgeof the qualitative posi-
tion of theinitial systemis lost.

Although Definition 2.2 expresseghe fundamentalproperty
that the abstractingmap shouldpossesét doesnot character
ize it directly. This characterizations presentedn the next
propositiongor bothlinearannonlinearsystems:

Proposition2.3 A smoothmap® : M — N betweersmooth
manifoldspreserves partition ¥ iff the partition blocks are
invariantunderthe actionof thelie algebra Ker(T'®).

Proof: See[13]. [

2.4 ConsistentHybrid Abstractions

Merging all the conditionsthat must be imposedon the ab-
stractingmapwe cancharacterizéimed-languag@ropagating
abstractiormapsasfollows:

Theorem2.4 An abstactionmap® : M — N propagates
thetimedlanguage ¥ r,, v genentedbya contiol systen¥,
iff Ker(T'®) C Liey(Far) and the partition ¥ is invariant
undertheactionof thelie algebra Ker(T'®).

Proof: A directapplicationof Theorem(2.1) and Proposi-
tion (2.3). ]

Equippedwith Theorem?2.4 a generalmethodologyto extract
hybrid control systemgeneratinghe timed language: r,, )
canbedescribedasfollows:

For eachpartition block ¢; find the largestlie algebral that
leaves the partition block invariant. Reducethe control sys-
tem through an abstractingmap ®; suchthat Ker(®;) C
LN Liey(Far). Weshallusetheusualhybrid automataorven-
tionsto definea hybrid controlsystemstatey; by thefollowing
data:

¢ Abstractedcontrolsystem:Fy;.
;T (g:))-

Guards:Guard;(g;) = ®; (lIl_l(qj) u (Uk¢JlIl_1(qk)))
VjeJ J = {J €N : q; is neighborof qi}e’.

Invariant: Inv(g;) =

Transitions:Placeanarrov from g; to g; for all j € J.

Resets: For eacharraw linking ¢; to g; add the corre-
spondingesetmapReset;; = &; o &;".

Notethatthehybrid controlsystentuilt accordingo theabove
prescriptionis nondeterministicsince the resetmapscan be
setvalued. However all possibletrajectoriesare equivalent
with respectto exact time controllability. Equivalently; if it
is possibleto go from a € Reset;;(x) to somepointb in T
units of time thenit is alsopossibleto go from ary otherpoint
¢ € Reset;;(z) tobin T unitsof time. Thereaderis deferred
to[13] for furtherdetails.

Theabove conceptareillustratedin thefollowing example.

3 A searcch and rescueexample

In caseof seriousnatural catastrophesuch as earth-quaks,
tornadosor otherequally devastatingnaturalphenomendt is
of specialimportanceto perform searchand rescuemissions.
In sucha scenariothereare several differentlocationswhere
thenecessarynterventioncouldbe conductedy speciallyde-
velopedrobots.Howeverthesesearchandrescueoboticteams
arein limited numberandshouldbedistributedthroughthedif-
ferentemepgeng areasn themostefficientway possible.This
kind of resourceallocationmustbe carefully coordinatedy a
tacticalplannerthatshouldtake into accountthe specifickine-
matic anddynamicconstraintsof eachindividual robot. This
plannemwill useasimplifiedmodelof thedifferentialequations
governingthe differentrobotsthat preseresthe physicalcon-
straintsof the robots. Sucha modelwill now be developed
usingthe abstractingramework presentedh the previoussec-
tion.

3Consideringthat the partition ¥ is nice the informal descriptiong; is a

neighborof ¢; canbereplacecy ¥ —1(g;) N ¥—1(g;) # &, wheretheover-
barrepresentshetopologicalclosureof aset.
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Considertthetwo-dimensionalersionof thesearchandrescue
problemfor simplicity of presentation.We will considerthat

the robotic teamsareinitially atthe headquartersmodeledas Fu = f@)+¢' @u+g (@)uz
adisk, andthattherearen = 3 emegeng areasvhereemer flz) = v cosgﬁ +o Singﬁ + wg
geng interventionis required. Theseareasare alsomodeled Oz oy 06
by n = 3 diskson the planeascanbe seenin figure 1. Each 1 190
diski is locatedat (z;, y;) andhasaradiusof r;. g(@) = m v
\ 10
9@ = 755 (10)

Emergency

The partition ¥ doesnot dependon the coordinate or w,
Zone 1 thereforethe partition blocksareinvariantunderthe action of
thevectors% and%. Sincethesevectorsarealsocontained
in Lieg (Far) we candefineanabstractingnapas:

Head T
Quarters ®(v,w,2,,6) = |y (12)

0
Emergency Emergency This mapabstractaway the dynamicsretainingonly informa-
Zone 2 Zone 3 tion concerninghekinematicsof thevehicle. To determinghe

abstracteaontrolsystemwe compute:

Figurel: Graphicalmodelof the catastrophscenario. K = Span{ 2}
o’ dw
I . . . 7] 0 )
By associatinga differentsymbolwith eachdisk and another [=,DPm] = [5,f(x)] =cosf-— +sinf—
i ) . Ov Ov 0 0
symbolwith the complementf the unionof the diskswe nat- P) 5 P
urally definethe partition ¥'. Thetacticalplanneris interested [+, DPu] = [z f@)]= = (12)
in retainingthetiming informationassociatedvith crossingof dw dw el
thedisksbordersby therobots. This timing informationis es-  thereforeD,; and®, Dy, aregivenby:
sentialfor aneffective planningandcoordinationof the several
teams.
5. _ 8 8 00 8
We shall illustrate the abstractingmethodologyfor a single Dy = Span{ g5, 5,5,V c08b5; +vsinbp; +wgg,
robot, sincethe processs similar for the others. Considerthe cos 9% 4 sin 98@, 88_0}
modelof a simplenonholonomiaobotgivenby: — o . ;’ o
®,. Dy = Spand veoslg, +vsinb g + wyp,
COSQ% +sin08%, g—o} (13)
andthenew controlsystemis givenby:
my=F
Io=N £ = wcosf +cosb
& =wvcosf = wvsinf +siné
Y = vsinf f = w+l (14)
f=w (9)

The variablesv andw arenow regardedascontrol inputsand
by definingnew inputsasu; = v + 1 andve = w + 1 we get
theusualkinematicmodelfor thenonholonomiaobot. Further
simplificationsare possibleby performinganotherabstraction
Thez andy coordinatesepresentobotposition,while thean- definedas:
gle 8 representds headingangle. Thecontrolinputsaregiven

by thetotal force F' actingon therobotandthetotal torqueN,
bothinducedby the torquesappliedon the robotwheels. By ®(z,y,6) = [x] (15)
invertingthethemassn andtheinertial we rewrite (9) as:
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Q Description

g0 Head-Quarters Resetiu(q)) = ®,087'(2) (21)
¢1 Emegeny Zonel _ R2 : (2 — 2:)2 — )2 = 22
¢ Emegeng Zone2 = {@ye o) ) <3
g3 Emegeng Zone3

¢4+ Remainingterritory Usingthe sameprocessve getthefollowing datafor stateg,:

Tablel: Labelingsassociatedvith the partition ¥.

Inv(@) = B\ (Uizo,1,2,5 @40 T (g;))
_ -1 L
andtheresultingcontrol systemis: Guardi(qs) = ®40¥ ' (¢) i=0,1,2,3 (22)
Resetsi(q) = (z—z)°+@w-w)? i=0,1,2,3
= wui(cosd —sinf) Theresultinghybrid control systemis displayedn figure 2.

= uy(cosf +sinf) (16)

Thevariabled is now alsoa controlinput sothe systemcanbe
rewritten as:

i = m
= U 17)

by identifying@; with u, (cos 8 —sin ) anda. with u; (cos 6+
sin #). Whenthe robotis insideone of the disksits dynamics
canbe evenfurtherreducedy realizingthatthe disksarein-
variantundertheactionof thealgebraSpan{(y —y;) % —(z—
;) %} which suggestshe abstractingnap:

Figure2: Simplified modelof the hybrid controlautomaton.

B(z,y)=z=(z—2:)" + (y —9:)° (18) The abstractingorocesseducedthe initial control system(9)
incorporatingdynamicsand nonholonomicrestrictionsto the

resultingin the abstractedontrolsystem: = u, whichisvalid trivial controlsystemsi = %, § = % andz = » onahybrid
only insidethedisks. controlsystem.Theresultingabstractiorhasthereforereduced
the compleity of the original systemto the minimum amount

To completethe hybrid control systemthe invariants,guards necessaryo generatéhe sametimedlanguage.

andresetsarecomputedaccordinghe prescriptiorof Section2

andtable3. For ary disk: = 1, 2, 3 theinvariantis givenby: .
4 Conclusions

In this papera methodologyfor abstractingcontrol systemsgo

Inv(g;) = ®i({(z,y) €R® : (z—2:)* + (y —v:)* <r¥})simplerhybrid control systemswas discussed.The proposed
= {zeR:2<r} (19)abstractioriramewnork allows the hybrid controlsystento gen-
eratethe sametimed languagedefinedby the original control
. systemand a finite partition of the statespace. More impor-
andtheguardby: tantis thatthelanguagegeneratedh thehybrid abstractiorcan
alsobe generatedby thelow level model. A detailedexample
of applicationwas consideredshaving the complexity reduc-
Guards(¢;) = @ (‘I’_l(%) U (Uk#‘I’_l(Qk))) tion achievedthroughthe abstractingprocess Thetight condi-
= & (M \ ‘IJ_I(Qi)) tions_ontheabstracting_napsuggesthatm_oregener_arnethod—
ologiesshouldbe consideredor compleity reduction,allow-
= {seR:z2r} (20)  ing for examplemenging severalsymbolsinto macro-symbols.
Thiswould allow for compleity reductionin thediscretdevel
Finally theresetmapis givenby: aswell asin thecontinuoudevel.
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