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Abstract—We study price competition among primaries in a
Cognitive Radio Network (CRN) with multiple primaries and
secondaries located in a large region. In every slot, each primary
has unused bandwidth with some probability, which may be
different for different primaries. Also, there may be a random
number of secondaries. A primary can lease out its unused
bandwidth to a secondary in exchange for a fee. Each primary
tries to attract secondaries by setting a lower price for its
bandwidth than the other primaries. Radio spectrum has the
distinctive feature that transmissions at neighboring locations
on the same channel interfere with each other, whereas the
same channel can be used at far-off locations without mutual
interference. So in the above price competition scenario, each
primary must jointly select a set of mutually non-interfering
locations within the region (which corresponds to an independent
set in the conflict graph representing the region) at which to
offer bandwidth and the price at each location. In this paper,
we analyze this price competition scenario as a game and seek
a Nash Equilibrium (NE). For the game at a single location, we
explicitly compute a NE and prove its uniqueness. Also, for the
game at multiple locations, we identify a class of conflict graphs,
which we refer to as mean valid graphs, such that the conflict
graphs of a large number of topologies that commonly arise in
practice are mean valid. We explicitly compute a NE in mean
valid graphs and show that it is unique in the class of NE with
symmetric independent set selection strategies of the primaries.

I. INTRODUCTION

The emerging cognitive radio technology [1] promises effi-
cient usage of the available radio spectrum. In cognitive radio
networks (CRNs), there are two types of spectrum users: (i)
primary users who lease portions (channels or bands) of the
spectrum directly from the regulator, and (ii) secondary users
who lease channels from primaries and can use a channel when
it is not in use by the primary. Time is slotted, and in every slot,
each primary has unused bandwidth with some probability,
which it would like to sell to secondaries. Now, secondaries
buy bandwidth from the primaries that offer it at a low price,
which results in price competition among the primaries. If a
primary quotes a low price, it will attract buyers, but will
earn lower profit per sale. This is a common feature of an
oligopoly [7], in which multiple firms sell a common good to
a pool of buyers. Price competition in an oligopoly is naturally
modeled using game theory [2], and has been extensively
studied in economics using, for example, the classic Bertrand
game [7] and its variants.

However, a CRN has several distinguishing features, which
makes the price competition very different from oligopolies
encountered in economics. First, in every slot, each primary
may or may not have unused bandwidth available. Second,
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the number of secondaries will be random and not known
apriori as each secondary may be a local spectrum provider or
even a user shopping for spectrum in a futuristic scenario, e.g.,
users at airports, hotspots, etc. Thus, each primary who has
unused bandwidth is uncertain about the number of primaries
from whom it will face competition as well as the demand for
bandwidth; it may only have access to imperfect information
such as statistical distributions about either. A low price
will result in unnecessarily low revenues in the event that
very few other primaries have unused bandwidth or several
secondaries are shopping for bandwidth, because even with
a higher price the primary’s bandwidth would have been
bought, and vice versa. Third, spectrum is a commodity that
allows spatial reuse: the same band can be simultaneously
used at far-off locations without interference; on the other
hand, simultaneous transmissions at neighboring locations on
the same band interfere with each other. Thus, spatial reuse
provides an opportunity to primaries to increase their profit
by selling the same band to secondaries at different locations,
which they can utilize subject to satisfying the interference
constraints. So when multiple primaries own bandwidth in a
large region, each needs to decide on a set of non-interfering
locations in the region, which corresponds to an independent
set in the conflict graph representing the region, at which to
offer bandwidth. This is another source of strategic interaction
among the primaries— each primary would like to select a
maximum-sized independent set to offer bandwidth at; but if
a lot of primaries offer bandwidth at the same locations, there
is intense competition at those locations. So a primary would
have benefited by instead offering bandwidth at a smaller
independent set and charging high prices at those locations.
Pricing related issues have been extensively studied
in the context of wired networks and the Internet;
see [12] for an overview. Price competition among spec-
trum providers in wireless networks has been studied
in [13], [14], [15], [16], [17], [18]. Specifically, Niyato et. al.
analyze price competition among multiple primaries in CRNs
[17], [18]. However, neither uncertain bandwidth availability,
nor spatial reuse is modeled in any of the above papers. Also,
most of these papers do not explicitly find a Nash Equilibrium
(NE) (exceptions are [14], [17]). Our model incorporates
both uncertain bandwidth availability and spatial reuse, which
makes the problem challenging; despite this, we are able to
explicitly compute a NE. Zhou et. al. [19] have designed
double auction based spectrum trades in which an auctioneer
chooses an allocation taking into account spatial reuse and
bids. However, in the price competition model we consider,
each primary independently sells bandwidth, and hence a
central entity such as an auctioneer is not required. In the
economics literature, the Bertrand game [7] and several of its



variants [8], [9], [10], [11], [20] have been used to study price
competition. Osborne et al [8] consider price competition in a
duopoly, when the capacity of each firm is constrained. Chawla
et al. [20] consider price competition in networks where each
seller owns a capacity-constrained link, and decides the price
for using it; the consumers choose paths they would use in
the networks based on the prices declared and pay the sellers
accordingly. The capacities in both cases are deterministic,
whereas the availability of bandwidth is random in our model.

The closest to our work are [10], [11], which analyze price
competition where each seller may be inactive with some
probability, as also our prior work [22], [25], [26] in which we
analyzed price competition in a CRN. The above body of work
however suffers from the limitation that they either consider
(1) only the symmetric model where the bandwidth availability
probability of each seller is the same [10], [11], [22], [26]
or (ii) primaries and secondaries located at a single location
[10], [11], [25] (i.e., no spatial reuse) ! In addition, the results
in [10], [11] are restricted to the case of one buyer, and [25]
assumes a fixed, and apriori known number of secondaries,
whereas a CRN is likely to have an unknown and random
number of secondaries, which we consider in this paper. Char-
acterizing the Nash Equilibrium (NE) in either asymmetric
games (i.e., when different primaries have different bandwidth
availability probabilities in our context) or in games over
graphs (i.e., in presence of spatial reuse in our context) is
usually quite challenging, and the combination of the above
often turns out to be analytically untractable. This is the space
where we seek to contribute in this paper.

We consider price competition in a CRN with multiple
primaries and multiple secondaries, where each primary has
available bandwidth in a slot with a certain probability, which
may be different for different primaries. Also, the number of
secondaries may be random and unknown to the primaries,
with only their distribution being known. First, we analyze
the case of primaries and secondaries in a single location
(Section III). Since prices can take real values, the strategy
sets of players are continuous. In addition, the utilities of the
primaries are not continuous functions of their actions. Thus,
classical results, including those for concave and potential
games, do not establish the existence and uniqueness of NE
in the resulting game, and there is no standard algorithm for
finding a NE. Nevertheless, we are able to explicitly compute
a NE and show that it is unique in the class of all NE, even
allowing for player strategies that are arbitrary mixtures of
continuous and discrete probability distributions (Section III).

We subsequently model the scenario where each primary
owns bandwidth across multiple locations using a conflict
graph in which there is an edge between each pair of mutually
interfering locations (Section II-A). Each primary must simul-
taneously select a set of mutually non-interfering locations
(independent set) at which to offer bandwidth and the prices
at those locations. We focus on a class of conflict graphs that
we refer to as mean valid graphs. As we show in Section IV-B,
it turns out that the conflict graphs of a large number of

UIn [22], the asymmetric case is considered only for a toy model with two
primaries and one secondary; [25] largely focuses on a single location game,
except for a limited analysis of spatial reuse in the setting of a linear conflict
graph.

topologies that arise in practice are mean valid. We show that
a mean valid graph has a unique NE in the class of NE with
symmetric independent set selection strategies of the primaries
(Section IV-C). Also, this NE has a simple form and the NE
strategies can be explicitly computed by solving a system of
equations that we provide. Finally, we prove that in the limit
as the numbers of primaries and secondaries go to infinity,
the NE structure exhibits interesting threshold behavior: in
particular, the efficiency of this NE, which is the ratio of the
aggregate revenue of all the primaries under the NE and the
maximum possible aggregate revenue, changes from 1 to 0
as the average bandwidth availability increases relative to the
average bandwidth demand at each location.
We defer all the proofs until the Appendix.

II. MODEL AND OBJECTIVE
A. Model

Suppose there are n > 2 primaries, each of whom owns a
channel throughout a large region which is a geographically
well-separated or separately administered area, such as a state
or a country 2. The channels owned by the primaries are all
orthogonal to each other. Time is divided into slots of equal
duration. In every slot, each primary independently either uses
its channel throughout the region to satisfy its own subscriber
demand, or does not use it anywhere in the region. A typical
scenario where this happens is when primaries broadcast the
same signal over the entire region, e.g., if they are television
broadcasters. For ¢ € {1,...,n}, let ¢; € (0,1) be the
probability that primary ¢ does not use its channel in a slot
(to satisfy its subscriber demand). Without loss of generality,
we assume that:

q =492 > ...2 (Qn. (D

Now, the region contains smaller parts, which we refer to as
locations. For example, the large region may be a state, and
the locations may be towns within it.

Each secondary may be a local spectrum provider or even
a user seeking to lease spectrum bands to transmit data on
an on-demand basis at a location. In practice, the number
of secondaries seeking to buy bandwidth may be random
and unequal at different locations and also apriori unknown
to the primaries, due to user mobility, varying bandwidth
requirements of the secondaries, etc. Thus, the number of
secondaries seeking to buy bandwidth (henceforth referred to
as the number of secondaries for simplicity) at a location
v is K,, where K, is a random variable with probability
mass function (p.m.f.) Pr(K, = k) = . Also, the random
variables K, at different nodes v may be correlated. The
primaries apriori know only the s, but not the values of
K, for any given location v. We will make some technical
assumptions on the p.m.f. {v;}: (i) ZZ;(I, ve > 0 (ie., the
total number of primaries exceeds the number of secondaries
with positive probability, but not necessarily probability 1) (ii)
if 79 > 0, then y; > O (if the event that no secondary requires
bandwidth has positive probability, then the event that only 1
secondary requires bandwidth also has positive probability).
A large class of probability mass functions, including those

2We assume that all the primaries own bandwidth in the same region.



generated from the most common scenario, where each local
provider or user from a given pool requires bandwidth with
a positive probability independent of others, satisfy both the
above assumptions.

A primary who has unused bandwidth in a slot can lease
it out to secondaries at a subset of the locations, provided
this subset satisfies the spatial reuse constraints, which we
describe next. The overall region can be represented by an
undirected graph [6] G = (V, E), where V is the set of nodes
and FE is the set of edges, called the conflict graph, in which
each node represents a location, and there is an edge between
two nodes iff transmissions at the corresponding locations
interfere with each other. Note that graphs have been widely
used to model ad hoc networks, wherein wireless devices
are modeled as nodes in an undirected graph, with mutually
interfering nodes being connected by an edge (e.g., see [23]).
However, the concept of spatial reuse in our paper is more
closely related to the corresponding notion in cellular net-
works, where cells are represented by nodes in an undirected
graph, with interfering cells corresponding to neighbors in the
graph [24]. Recall that an independent set [6] (1.S.) in a graph
is a set of nodes such that there is no edge between any pair of
nodes in the set. Now, a primary who is not using its channel
must offer it at a set of mutually non-interfering locations, or
equivalently, at an 1.S. of nodes; otherwise secondaries® will
not be able to successfully transmit simultaneously using the
bandwidth they purchase, owing to mutual interference.

A primary ¢ who offers bandwidth at an 1.S. I, must also
determine for each node v € I, the access fee, p;,, to be
charged to a secondary if the latter leases the bandwidth at
node v. A primary incurs a cost of ¢ > 0 per slot per node
for leasing out bandwidth. This cost may arise, for example, if
the secondary uses its infrastructure to access the Internet. We
assume that p; ,, < v for each primary ¢ and each node v, for
some constant v > c. This upper bound v may arise as follows.
(1) The spectrum regulator may impose this upper bound to
ensure that primaries do not excessively overprice bandwidth
even when competition is limited owing to bandwidth scarcity
or high demands from secondaries, or when the primaries
collude. (2) Alternatively, the valuation of each secondary for
1 unit of bandwidth may be v, and no secondary will buy
bandwidth at a price that exceeds its valuation. We assume
that the primaries know this upper limit v.

Secondaries buy bandwidth from the primaries that offer
the lowest price. More precisely, in a given slot, let Z, be
the number of primaries who offer unused bandwidth at node
v. Then, since there are K, secondaries at the node, the
bandwidth of the min(Z,, K,) primaries that offer the lowest
prices is bought (ties are resolved at random) at the node.

If primary ¢ has unused bandwidth, then the utility or payoff
of primary i is defined to be its net revenue *. Also, we
consider an additive utility function, which is natural in the
context of monetary profits. So the utility of a primary ¢ who

3Note that secondaries usually purchase bandwidth for communication (and
not television broadcasts). Thus, two secondaries can not use the same band
simultaneously at interfering locations.

4If instead, the utility were defined to be primary i’s net revenue, uncondi-
tional on whether it has unused bandwidth or not, then the expected utilities
of primary % in the game analysis would all be scaled by g;.

offers bandwidth at an I.S. I and sets a price of p;, at node
v € I is given by > (pi» — ¢), where the summation is over
the nodes v € I at which primary ¢’s bandwidth is bought.
(The utility is O if bandwidth is not bought at any node).

Thus, each primary must jointly select an L.S. at which
to offer bandwidth, and the prices to set at the nodes in it.
Both the L.S. and price selection may be random. Thus, a
strategy, say ;, of a primary i provides a probability mass
function (p.m.f.) for selection among the LS., and the price
distribution it uses at each node (both selections contingent
on having unused bandwidth). Note that we allow a primary
to use different (and arbitrary) price distributions for different
nodes (and therefore allow, but do not require, the selection of
different prices at different nodes), and arbitrary p.m.f. (i.e.,
discrete distributions) for selection among the different I.S.
The vector (11, ..., 1, ) of strategies of the primaries is called
a strategy profile [7]. Let —; = (Y1, ..., Yi—1,Yit1, .-, ¥n)
denote the vector of strategies of primaries other than 7. Let
E{u;(v;,v¥_;)} denote the expected utility of primary ¢ when
it adopts strategy v; and the other primaries adopt ¢_;.

B. Nash Equilibrium

We use the Nash Equilibrium solution concept, which has
been extensively used in game theory in general and wireless
network applications in particular to predict the outcome of a
game.

Definition 1 (Nash Equilibrium (NE)): A Nash equilibrium
(NE) is a strategy profile such that no player can improve its
expected utility by unilaterally deviating from its strategy [7].
Thus, (¢7,...,%) is a NE if for each primary i:

E{ui(wF,9%)} > B{ui(th, 07}, ¥ o 2)

Equation (2) says that when players other than ¢ play ¥~ ,,
vy maximizes ¢’s expected utility; v} is said to be its best
response [7] to ¥~ ..

Note that the existence of a NE is not apriori clear even
in the simplest possible setting of a single location, far less
the uniqueness and characterization of NE strategy profiles.
This is because the prices can take real values and hence the
strategy sets of players are not finite. In addition, the utilities of
the primaries are not continuous functions of their actions. For
example, consider the game in which there is a single location
v, n = 2 primaries and K, = 1 secondary with probability 1.
If primary 1 has unused bandwidth, its expected utility is

lf P1w < P2,v
if Piv =P2w
if P1w > P2v-

Piov—C
(Prv—c)/2
(1 - QQ)(pl,v - C)

which is a discontinuous function of the prices. Thus, classical
results, including those for concave and potential games, do
not establish the existence of NE in the resulting game, and
there is no standard algorithm for finding a NE.

III. SINGLE LOCATION

In this section, we analyze price competition when all the
primaries and secondaries are present in a single location.
Let the (random) number of secondaries at this location be
denoted as K. Since there is only one location, there are no
spatial reuse constraints, and the strategy of a primary ¢ is



a distribution function (d.f.) 3 /;(.), which it uses to select
the price p;. For convenience, we define the pseudo-price of
primary ¢ € {1,...,n}, pj, as the price it selects if it has
unused bandwidth and p; = v + 1 otherwise °. Also, let ¢;(.)
be the d.f. of p,. For ¢ < z < v, p, < z for a primary
¢ iff it has unused bandwidth and sets a price p; < . So
¢i(z) = q@P(pi < x) = gibi(z). Thus, ¥;(.) and ¢;(.)
differ only by a constant factor on [c,v] and we use them
interchangeably wherever applicable.

A. Necessary Conditions for a NE

Consider a NE under which the d.f. of the price (respec-
tively, pseudo-price) of primary ¢ is 1;(.) (respectively, ¢;(.)).
In Theorem 1 below, we show that the NE strategies must have
a particular structure. Before stating Theorem 1, we describe
some basic properties of the NE strategies.

Property 1: ¢5(.), ..., ¢n(.) are continuous on [c, v]. ¢1(.)
is continuous at every x € [c,v), has a jump 7 of size q; — ¢2
at v if ¢; > g9 and is continuous at v if ¢; = ¢o.

Thus, there does not exist a pure strategy NE (one in which
every primary selects a single price with probability (w.p.) 1).

Now, let ©; mq. be the expected payoff that primary 4 gets
in the NE and L; be the lower endpoint of the support set 8

of ¥;(.), i.e.:

L; = inf{x : ¢;(x) > 0}. 3)
Also, let w; be the probability of the event that at least K
primaries among {1,...,n}\i have unused bandwidth. Let r

be the probability that K > 1. Note that r = 1 — v, and w;
can be easily computed using the p.m.f {7;} and the fact that
each primary j independently has unused bandwidth w.p. g;.

Property 2: Ly = ...L, = p, where p = c + M
Also, Ui ez = (P—C)r,i=1,...,n.

Thus, the lower endpoints of the support sets of the d.f.s
¥1(.),...,¥n(.) of all the primaries are the same.

Theorem 1: The following are necessary conditions for
strategies ¢1(.),...,®,(.) to constitute a NE:

1) ¢1(.),...,0n(.) satisfy Property 1 and Property 2.
2) There exist numbers R;,j = 1,...,n + 1, and a function
{é¢(z) : x € [p,v)} such that
ﬁ:Rn+1<Rn§Rn—1S~-~Sngya “4)
pi1(x)=...=¢;(x)=0¢(x), p<z <Ry, je{l,...,n},
&)
and ¢j(Rj):q]‘, jZl,...,’I’L. (6)

Also, every point in [p, R;) is a best response for primary j and
it plays every sub-interval in [p, R;) with positive probability.
Finally, Ry = Rs = v.

Theorem 1 says that all n primaries play prices in the range
[p, Ry), the d.f. ¢,,(.) of primary n stops increasing at R,,, the
remaining primaries 1,...,n — 1 also play prices in the range
[R,, Ry—1), the d.f. ¢,,_1(.) of primary n—1 stops increasing

SRecall that the d.f. of a random variable X is the function f(z) = P(X <
z),z € R, where R denotes the set of real numbers.

The choice v+ 1 is arbitrary. Any other choice greater than v also works.

7A df. f(x) is said to have a jump (discontinuity) of size b > 0 at x = a
if f(a) — f(a—) = b, where f(a—) = limgp, f(2).

8The support set of a d.f. is the smallest closed set such that its complement
has probability zero under the d.f.

at R,,_1, and so on. Also, primary 1’s d.f. ¢1(.) has a jump of
height ¢; — g2 at v if ¢1 > ¢». Fig. 1 illustrates the structure.
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Fig. 1. The figure shows the structure of a NE described in Theorem 1.
The horizontal axis shows prices in the range « € [p, v] and the vertical axis
shows the functions ¢(.) and ¢1(.), ..., Pn(.).

B. Explicit Computation, Uniqueness and Sufficiency
By Theorem 1, for each i € {1,...,n}:

bi(x) = { o) pEa st ™

So the candidate NE strategies ¢1(.), ..., ¢,(.) are completely
determined once p,Ri,...,R, and the function ¢(.) are
specified. Also, Property 2 provides the value of p, and
R1 = Rs = v by Theorem 1. First, we will show that
there also exist unique Rs,...,R, and ¢(.) satisfying (4),
(5), and (6) and will compute them. Then, we will show that
the resulting strategies given by (7) indeed constitute a NE
(sufficiency).

Let p’, be the K’th smallest pseudo-price out of the
pseudo-prices, {p; : I € {1,...,n},l # i}, of the primaries
other than ¢ (with p’ , = 0if K =0 and p’, = v+ 2 if
K >n—1). Also, let F_;(x) denote the d.f. of p’_,. Since
there are K secondaries, if primary 1 has unused bandwidth
and sets p; = z € [p, V), its bandwidth is bought iff * p’ | > =,
which happens w.p. 1 — F_; (z). Note that primary 1’s payoff
is (x — ¢) if its bandwidth is bought and O otherwise. So,
letting E{u;(x,1_;)} denote the expected payoff of primary
1 if it sets a price x and the other primaries use the strategy
profile ¥ _;, we have:

E{u(z,¢1)} = (z—c)(1 = Fa(2)) = (p—c)r, z € [p,v)

(®)
where the second equality follows from the facts that each
x € [p,v) is a best response for primary 1 by Theorem 1, and
U1,maz = (P — ¢)r by Property 2. By (8), we get:

F_1(z) =g(z), = € [p,v). )
C)T, x € [p,v).

roc=P=or (10)
c
Next, we calculate R;,7 =3,...,n and ¢(.) using (9).

where, g(z) =
T —

By Property 1, no primary has a jump at any = € [5,v). So P(p’_, =
z) =0.



1) Computation of R;,i = 3,...,n: For 0 < y < 1, let
fi(y) be the probability of K or more successes out of n —
1 independent Bernoulli events, (¢ — 1) of which have the
same success probability y and the remaining (n — ¢) have
success probabilities ¢; 11, . - . , g,. An expression for f;(y) can
be easily computed.

Now, to compute R;,i € {3,...,n}, we note that by (7)
and 4), ¢;(R;) = ¢i, j = 2,...,4, and ¢;(R;) = ¢qj, j =
i+1,...,n. So from the preceding paragraph, with the events
{p; < Ri},j =2,...,n as the n — 1 Bernoulli events, and
by the definition of F_q(.), we get:

F_1(R;) = fi(qi)- (11)
By (9) and (11):
g(Ri) = fi(a:)- (12)
By (10) and (12), R; is unique and is given by:
(p—or
R; = - 13
‘r1- fi(gi) ()

2) Computation of ¢(.): Now we compute the function
{#¢(.) : © € [p,v)} by separately computing it for each interval
[Ri+1,Ri), i € {2,...,n}. If R;11 = R;, then note that the
interval [R;11, R;) is empty. Now suppose R;; < R;. For
2 € [Rip1, Ry), by (7) and (4):

oj(x)=g¢q;, j=1+1,...,n (14)

and ¢1(z) = ... = ¢i(x) = ¢(x). (15)

By definition of the function f;(.), with the events {p} <
x},j =2,...,n as the n — 1 Bernoulli events, by definition

of F_(x) and using P{p; < z} = ¢;(z), (14) and (15):

F_i(z) = fi(¢(x)), Riy1 <x<R;. (16)
By (9) and (16):
fi(¢(x)) = g(x), Rit1 <z < R;. (17)

Lemma 1: For each z, (17) has a unique solution ¢(z). The
function ¢(.) is strictly increasing and continuous on [p, V).
For i € {2,...,n}, ¢(R;) = ¢;. Also, ¢(p) = 0.

Thus, there is a unique function ¢(.), and by (7), unique
@i(.),i=1,...,n that satisfy the conditions in Theorem I.

3) Sufficiency:

Theorem 2: The pseudo-price d.f.s ¢;(.),s = 1,...,n in
(7N, with Ry = Ry = v, R;, © = 3,...,n given by (13),
and ¢(.) being the solution of (17), constitute the unique NE.
The corresponding price d.f.s are ¢;(z) = éqﬁi(x), x € [e, ],
t=1,...,n.

Thus, in the price competition game at a single location,
there is a unique NE that can be computed explicitly. This
NE fetches equal expected payoffs for each primary, which by
Property 2 is given by:

(p—c)r=w-c)(1l—w). (18)

IV. MULTIPLE LOCATIONS

We now study the existence, computation and uniqueness
of NE in the presence of spatial reuse. Recall that a strategy
of a primary now consists of a p.m.f. over L.S. and price
distributions at individual nodes. Our first observation is that
in general, there may be multiple NE in this case. For
example, consider the simple setup with two nodes v; and
v9 connected by an edge, two primaries and one secondary
with probability 1 at each node. It can be easily verified
that both of the following strategy profiles constitute NEs:
primary 1 offers bandwidth at node v; (respectively, vg) if it
has unused bandwidth and primary 2 at node v» (respectively,
vy1) if it has unused bandwidth, and both primaries set the
maximum possible price of v. The results in games with
multiple locations may therefore fundamentally differ from
those for a single location.

Note that obtaining the structure of NE in games over graphs
is usually extremely challenging. As a result, in many prob-
lems of practical importance (e.g., base station deployment
games [21]), such characterizations have been done only in
small graphs with a few nodes. In spite of this, we will
establish the existence of a NE and explicitly compute it for
a fairly general class of graphs that we refer to as mean valid
graphs. In addition, we will also prove its uniqueness in the
class of NEs in which all primaries choose the 1.S. they would
offer bandwidth at with identical probability mass functions.

A. A Separation Result

We start by providing a separation framework from which
the price distributions at individual nodes follow once the L.S.
selection p.m.f.s are determined. Let .# be the set of all LS. in
G. For convenience, we assume that the empty L.S. Iy € .# and
we allow a primary to offer bandwidth at I, i.e. to not offer
bandwidth at any node, with some probability. Consider a NE
under which, if primary 7 has unused bandwidth, it selects I.S.
I €. wp. Bi(I), where >, , B;(I) = 1. The probability,
say o, with which primary i offers bandwidth at a node v € V
equals the sum of the probabilities associated with all the L.S.
that contain the node:

ab= > Bi(I).

Ie s wel

19)

Now, considering that primary ¢ has unused bandwidth w.p.
q;, it offers it at node v w.p. g;’. The price selection problem
at each node v is now equivalent to that for the single
location case, the difference being that primary i offers unused
bandwidth w.p. qiaf,, instead of ¢q;, at node v. Thus:

Lemma 2: Suppose under a NE primary ¢ € {1,...,n}

selects node v w.p. o if it has unused bandwidth. Then under
that NE the price distribution of primary ¢ at node v is the d.f.
;(.) in Section I1I, with gy, . .., gna™ in place of g1, . . . , ¢
respectively all through.
Thus, the strategy profile of the primaries in an NE is
completely specified once the 1.S. selection p.m.f.s {5;(1) :
Ie #ie{l,...,n}} (which will in turn provide the o’s
via (19)) are obtained.



B. Mean Valid Graphs

We now introduce mean valid graphs, which model the
conflict graphs of several topologies that commonly arise in
practice. In the next section, we show that these graphs have a
NE, which can be explicitly computed and has a simple form;
this NE will also turn out to be unique in a large class of
strategy profiles.

1) Definition:

Definition 2 (Valid Distribution): An assignment {c, : v €
V'} of probabilities to the nodes is said to be a valid distribu-
tion if there exists a probability distribution {3(I) : I € ¥}
such that for each v € V., ap, = Y /¢ s.per BU).

Definition 3 (Mean Valid Graph): We refer to a graph G =
(V, E) as mean valid if:

1) Its vertex set can be partitioned into d disjoint maxi-
mal 1° LS. for some integerd > 2: V = LU, U...Uly,
where I;, j € {l,...,d}, is a maximal LS. and
N1, =0,j+m.

Let |Ij| = Mj, I]' = {aj’l = ].7 .. .7Mj} and:

M; > My > ...> M. (20)

2) For every valid distribution ' in which a primary who
has unused bandwidth offers it at node a;; w.p. o,
j=1,...,d,1=1,...,M;,

d M

— — 1=1%,l .
E a; <1, Whereozj:T,je{l,...,d}.
j=1 /

2D

The first condition in Definition 3 says that G is a d-
partite graph '> and has the additional property that each of
I,...,1qis amaximal 1.S.. Next, let {o;; : j =1,...,d;l =

1,...,M;} be an arbitrary valid distribution. Consider the
distribution o}, = @;, with @; as in (21), ie for each
jand I = 1,...,M;, a;,l is set equal to the mean of
&jm,m = 1,...,M;. If (21) is true, then this distribution

of means is a valid distribution because it corresponds to
the LS. distribution {5(I;) = @;,j = 1,...,d;8(y) =
1— ¢ @;8(I) = 0,1 #1h,...,14,Iy}. Thus, Condition
2 in Definition 3 says that in G, the distribution of means
corresponding to every valid distribution is valid— a fact that
we extensively use in the proofs of the characterization of a
NE in Section IV-C.

2) Examples: Technical as Definition 3 may seem, it turns
out that several conflict graphs that commonly arise in practice
are mean valid. For example, consider the following graphs:

1) Let G,, denote a graph that is a linear arrangement of

m > 2 nodes as shown in part (a) of Fig. 2, with an edge
between each pair of adjacent nodes. As an example,
this would be the conflict graph for locations along a
highway or a row of roadside shops.

2) We consider two types of m xm grid graphs, denoted by

Gm,m (see part (b) of Fig. 2) and H,, ., (see part (a) of

10Recall that an LS. T is said to be maximal if for each node v ¢ I, TU{v}
is not an LS. [6].

"Note that we write a; in place of aq; ; to simplify the notation.

2Recall that a graph G = (V, E) is said to be d-partite if V' can be
partitioned into d disjoint L.S. I1,...,I4 [6]. For example, when d = 2, G
is a bipartite graph.

Fig. 3). In both these graphs, m? nodes (locations) are
arranged in a square grid. In Gy, .,,, there is an edge only
between each pair of adjacent nodes in the same row
or column. In H,, ,,, in addition to these edges, there
are also edges between nodes that are neighbors along
a diagonal as shown in part (a) of Fig. 3. For example,
Gm,m Of H., m, may represent a shopping complex, with
the nodes corresponding to the locations of shops with
WiFi Access Points (AP) for Internet access. Depending
on the proximity of the shops to each other and the
transmission ranges of the APs, the conflict graph could
be Gpn,m OF Hyn . Hm,m i8 also the conflict graph of a
cellular network with square cells as shown in part (b)
of Fig. 3.

3) Let 7T;,m,m be a three-dimensional grid graph (see
Fig. 4), which may, for example, be the conflict graph
for offices in a corporate building or rooms in a hotel.

4) The conflict graph (Fig. 6) of a cellular network with
hexagonal cells (Fig. 5).

5) Consider a clique '3 of size e, where e > 1 is any integer.
This is the conflict graph for any set of e locations that
are close to each other.

All of the above are mean valid graphs:

Theorem 3: The following graphs are mean valid, with d,
the number of disjoint maximal L.S., indicated in each case:

1) a clique of size e > 1 (d = e),

2) a line graph G,, (d = 2),

3) a two-dimensional grid graph G, ,,, (d = 2),

4) a two-dimensional grid graph H,, », (d = 4),

5) a three-dimensional grid graph 7Ty, m (d = 8).

6) a cellular network with hexagonal cells (d = 3)'4.
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Fig. 2. Part (a) shows a linear graph, Gy,, with m = 8 and part (b) shows
a grid graph, Gy m, with m = 5. Both graphs are mean valid with d = 2
and I; and Iz being disjoint maximal LS. (in the notation of Definition 3),
where the darkened and un-darkened nodes constitute /1 and I2 respectively.

C. Existence and computation of a NE in Mean Valid Graphs

Let G be a mean valid graph with d disjoint maximal L.S.
I, ..., 1. We start by considering a class of simple strategy
profiles. Every primary selects 1.S. I; with probability ¢; where

13Recall that a clique or a complete graph of size e is a graph with e nodes
and an edge between every pair of nodes [6].

4This holds under the following assumption that eliminates problems
arising due to boundary effects: There are an even number of rows of nodes,
each containing 39 nodes, for some integer § > 1.
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Fig. 3. Part (a) shows a grid graph H.n,mm with m = 7. It is mean valid
with d = 4 and the disjoint maximal 1.S. I1,...,Is (in the notation of
Definition 3), where the nodes labelled j, j € {1,2,3,4}, constitute LS.
I;. Part (b) shows a tiling of a plane with squares, e.g. cells in a cellular
network. Transmissions at neighboring cells interfere with each other. The
corresponding conflict graph is He 6.
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Fig. 4. Part (a) shows a three-dimensional grid graph 77 m,m for m = 5.
It consists of periodic repetitions of the graph shown in part (b). T, m,m is
mean valid with d = 8 and disjoint maximal I.S. Iy, ..., Ig (in the notation
of Definition 3). In part (b), the node labels show the I.S. the nodes are in,
i.e. a node with the label j is part of the LS. I, j € {1,...,8}.

Fig. 5. The figure shows a tiling of a plane with hexagons, e.g. cells in a
cellular network. Transmissions at neighboring cells interfere with each other.

{t; : 5 = 1,...,d} represents a p.m.f., ie, Z?Zl t; =1
and t; > 0 for each j. Interestingly enough, it turns out that
a NE strategy profile belongs in this class, and furthermore,
the corresponding p.m.f {t; : j = 1,...,d} constitutes the
unique solution of a set of equations that we provide, and can

Row 1

Row 3

Fig. 6. The figure shows the conflict graph of a hexagonal tiling of a plane,
which is mean valid with d = 3. Both the solid and dotted edges are part of the
graph. The nodes labelled j, j € {1,2, 3}, are in LS. I;. There are four rows
of nodes. The figure also shows the construction of the graph from cliques
of size 3 each, shown by the solid edges. The dotted edges are added later.
Note that no edge is between two nodes in the same I.S., so the hypothesis
of Lemma 17 is satisfied.

therefore be explicitly computed by solving them.

We first evaluate the expected payoff of a primary under an
NE in the above class. We introduce some notations towards
that end. Since primary 7 has unused bandwidth w.p. ¢; and
offers it at node v € I; w.p. t;, it offers bandwidth at node
v € I; w.p. g;t;. Analogous to the w;s that we introduced
in Section III-A, we introduce w;(¢;) that represents the
probability that K, or more out of primaries {1,...,n}\i
offer bandwidth at a given node v € I; under the above LS.
pmf. {t; : 7 = 1,...,d}. Under this pm.f, by Lemma 2,
and similar to (18) in the single location case, the primaries
choose the price at each node in I; as per the single-node NE
strategy with g1¢;,...,qnt; in place of g1, . .., q, respectively
throughout, and each primary obtains an expected payoff of
W (t;) at that node, where

W(x) = (1 —wi(z))(v—c).
Now, for simplicity, we normalize v — ¢ = 1. Then:

W(z) = (1 —wi(x)). (22)

Since 1.S. I; has M; nodes, each primary receives a total
expected payoff of M;W (t;) if it chooses I;.

We now state the main result of this section, which estab-
lishes the existence of a NE and also shows how it can be
explicitly computed.

Theorem 4: In a mean valid graph, the following strat-
egy profile constitutes a NE: each primary who has unused
bandwidth selects LS. I;, j € {1,...,d}, w.p. t;, where
(t1,...,tq) is the unique distribution satisfying the following
conditions. There exists an integer d’ such that 1 < d’ < d
and"

t; =0if j > d', and (23)

M1W(f1) =...= Md/W(td/) > Md’+1”’~ 24)

A]SO, tl > t2 R td.

We first explain the result: (23) states that under the above
NE, each primary selects with positive probability only some
or all I.S. out of the I.S. I, I, ..., I;. Since the total number
of I.S. is exponential in the number of nodes in most graphs,
it is surprising that an NE exists in which primaries offer

5For notational simplicity, let M; =0if j > d.



bandwidth at only a small number of LS. with positive
probability. In addition, note that among I, ..., I;, primaries
do not select I 11,...I;. Recall that by (20), I1,...,1I are
in decreasing order of size. So primaries do not choose L.S.
smaller than a certain size (out of Iy,...,I;). Similarly, the
fact that ¢1 > to... > tg4 is consistent with the intuition
that primaries offer bandwidth at the larger I.S. with a larger
probability. Next, since v — ¢ = 1 and at each location, there
exists at least one secondary w.p. 7, whenever a primary offers
bandwidth at a location, its expected payoff at that location is
r or less. Thus, by (20), if it would have selected an L.S. in
Iy 41, ... 14, it would have earned a payoff of at most Mg 417
As discussed above, a primary earns an expected payoff of
M;W(t;) if it selects I,. Thus, (24) states that a primary earns
equal expected payoffs by choosing L.S. in Iy, I5,..., I and
this payoff exceeds the maximum payoff it could have earned
by selecting an LS. in Iz 4;,...I;— hence it never opts for
the latter choice. Interestingly, although different primaries
have different bandwidth availability probabilities, there exists
at least one NE where all use the same LS. selection p.m.f.
They will however use different price distributions at the same
node: primary ¢ selects the d.f. ¢;(.) in Section III, with
qitj, ..., qnt; in place of qi,...,q, throughout at each node
in I; (Lemma 2).

The above theorem implies that every mean valid graph has
a NE, which can be explicitly computed by solving the system
of equations (23) and (24). Note that this is a system of non-
linear equations in the variables t1,...,tq and d’. It can be
solved using a standard solver for non-linear equations (e.g.,
fsolve in Matlab) in combination with a search procedure to
find d’. We now illustrate this NE using an example.

Example: Suppose there are n = 2 primaries with probabil-
ities of having unused bandwidth ¢; and g2, where ¢; > g9,
and K, = 1 secondary w.p. 1 at every node v. Consider a
grid graph H,, ,,, which was introduced in Section IV-B2,
with m =7 (see part (a) of Fig. 3). By part 4 of Theorem 3,
this is a mean valid graph and, in the notation of Definition 3,
d = 4, the LS. I,15,I3 and I, are as shown in part (a) of
Fig. 3, and M; = 16, My = M3 = 12, My = 9. In the
NE characterized in Theorem 4, it turns out that d’, ¢, s, t3
and t, are independent '¢ of ¢;, and their values for different
g2 € (0,1) are as follows:

1) FOFO<QQ<*,d/:1 t1=1,t =13 =14

2) Forb<aq< .4 =3t =4 (3+ )
1 1
3) For 8 < gy <1,d =14, tl——(9+13)

(qz +12) ts = & (16 - 12).

Note that t, >ty > tg > ty for each value of ¢o, consistent
with Theorem 4. In fact, for all g5, to = t3, which is because
I, and I3 are of the same size. Fig. 7 plots t1, 5 and ¢4 versus
q2. For small ¢o, primaries offer bandwidth at the largest I.S.
I, with probability 1; but as g» increases, the competition at

16This, in fact, holds in general because d’,t1,...,tq are the solution of
(23) and (24), which contain terms in the function W (o) = 1 — w1 () and
wi (.) is independent of ¢; by definition. However, the price distributions in
the NE do depend on q1.

I increases, inducing the primaries to shift probability mass
from I; to the other I.S. So ¢; decreases in go. However, note
that for all values of g2, t; > to > t4 and t4 is very small
(less than 0.02).

0.8 __-t

~ 0.6

~ 04

0.2

Fig. 7. The figure shows the NE probabilities ¢1, t2 and t4 for the example
in Section IV-C.

Finally, at the beginning of this section we showed that
a system with multiple locations may have multiple NE. In
fact, the example chosen was one where the conflict graph is
linear, and is therefore mean valid by part 2 of Theorem 3.
Nevertheless, the NE in Theorem 4 turns out to be the unique
one in a large class of strategy profiles— the class S in which
every primary uses the same distribution (p.m.f.) to select the
independent set at which to offer bandwidth.

Lemma 3: The NE characterized in Theorem 4 is unique in
class S.

Note that in a strategy profile in class S, primaries may
choose I.S. other than I, ..., ;. The above lemma rules out
the choice of any such L.S. under an NE.

D. Threshold behavior

We first define the efficiency, n, of aNE as n = 15 NE
RNg is the expected sum of payoffs of the n primaries at the
NE and Repr is the maximum possible (optimal) expected
sum of payoffs, attained when all primaries jointly select
the independent sets and prices to maximize their aggregate
revenue. Clearly, n < 1 quantifies the loss in aggregate revenue
incurred owing to lack of cooperation among primaries. Also,
since the above NE is unique (overall for the single location
game and in class & for multiple locations), 7 quantifies
fundamental limits on the performance of NE in the respective
categories.

Let limy, o ;1 4= = ¢ for some ¢ € (0,1). Here, ¢
represents the “average” bandwidth availability probability of
the primaries. For simplicity, we assume that each secondary
from a given pool independently seeks bandwidth, and let &,
be the expected number of secondaries at any given location'’
Then, the NE structure exhibits interesting threshold behavior
as n — oo; in particular, n switches from 1 to 0 depending
on the relations between ng (availability) and k,, (demand).

Lemma 4: Let '8 g, = @F=Fd» and let p; denote the
common lower endpoint of the price distributions of the

7We allow (but do not require) the number (rather statistics) of the
secondaries to scale with increase in n.

"8For simplicity, we state this lemma under the assumption that
My, ..., Mg are distinct. In the Appendix, we provide the lemma with this
assumption relaxed.



primaries who have unused bandwidth in the NE at nodes
in LS. I; (if they select LS. I).

1) If there exists an € > 0 such that for all large n, g <
kn/(n —1) —e, then n — 1 as n — oo. Also, for all
large n,d =1, t1 =1, to=t3=...t4 =0, p1 — v.

2) Let ! < d. If there exists an € > 0 such that for all large
n, lkn/(n—1)4+e<qg< (+1)k,/(n—1)—e, then
for all large n, d’ > 1 + 1, and ¢,g,, — k,/(n — 1) for
all j <.

3) If there exists an € > 0 such that for all large n, ¢ >
knd/(n —1) 4+ ¢, then n — 0 as n — oco. Also, for all
large n, d =dand p; — ¢, j=1,...,d

Intuitively, if availability is less than demand, then owing to

limited competition, primaries with available bandwidth select
only the maximum-sized 1.S. among Iy, ..., I, and choose
prices in a neighborhood of v. Thus,  — 1, since no other
strategy can enhance any primary’s payoff. As availability in-
creases, under NE, primaries diversify their choices among the
LS. I1,..., I, and are more likely to select low prices as well
(the lower limits of the price distributions hover around c once
availability exceeds demand), thereby drastically reducing the
efficiency of the NE.

V. NUMERICAL STUDIES

In this section, we describe numerical computations that
are directed towards assessing the impact of price competi-
tion among the primaries on the aggregate revenue of the
primaries and the affordability of spectrum for the secondaries.
We consider the specific case of a grid graph H,, ., (see
Section IV-B2). By part 4 of Theorem 3, this is a mean valid
graph and, in the notation of Definition 3, d = 4 and the 1.S.
I, I, Is and I, are as shown in part (a) of Fig. 3. Throughout,
we use the parameter values v = 1 and ¢ = 0, and a constant
number of secondaries k£ at each node. Also, ¢i,...,q, are
uniformly spaced in [qr,, gir] for some parameters ¢y, and qp.
Let ¢ = 2£29% be the mean bandwidth availability probability
of the primaries.

In H, m, the NE is of the form in Theorem 4 and the
plot on the left in Fig. 8 reveals, as expected, that price
competition significantly reduces the aggregate revenue of the
primaries under this NE relative to OPT, the optimal scheme in
which the primaries collaborate to attain Ropr, the maximum
aggregate revenue of the primaries (Note that under OPT,
the I.S. I,..., 1, are selected in order of size and all the
primaries always select the highest price v). Also, overall, the
efficiency (1) decreases as ¢ increases since the competition
increases. The plot on the right in Fig. 8 shows that the trends
are similar for a larger topology (larger m). The plot on the
left in Fig. 9 shows that n improves as k increases. This is
because, for small values of k, demand for bandwidth is scarce
at each node. Under the NE, bandwidth is wasted at several
nodes since k + 1 or more primaries offer bandwidth at those
nodes, resulting in a shortage of bandwidth at other nodes.
On the other hand, since all primaries cooperate in OPT, it
judiciously supplies bandwidth precisely where it is needed.
So OPT outperforms the NE by a large margin for small values
of k. For large values of k, the demand is high and so is the
tolerable margin of error in assigning the primaries to 1.S.; and

hence the performance of the NE improves relative to OPT.
The plot on the right in Fig. 9 shows that 7 increases as m
increases, which is because the four I.S. I1,...,I; become
closer to each other in size as m increases and hence the loss
in revenue resulting from choosing a smaller I.S. is lower.
Fig. 10 shows that under price competition, the expected
price per unit of bandwidth is lower at the nodes in the larger
L.S. This is because primaries prefer larger I.S. and hence the
competition is more intense there, driving down the prices.
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Fig. 8. Both figures plot the aggregate revenues of the primaries, Ry g and
Ropr, under the NE and OPT respectively, and the efficiency of the NE,
n= é%ONPE , versus g. In both figures, n = 10, k = 5 and q — qr, = 0.2
are used. Xlso, m = 15 (respectively, m = 25) for the figure on the left
(respectively, right). 0 is scaled by a factor of 500 (respectively, 1000) in the
figure on the left (respectively, right) in order to show it on the same figure
as the other plots.
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Fig. 9. The figure on the left (respectively, right) plots the efficiency n of
the NE versus k (respectively, m). For both figures, n = 10, q;, = 0 and
qp = 1 are used. Also, m = 15 for the figure on the left and k£ = 5 for the
figure on the right.

Fig. 10. The figure shows the mean price of bandwidth, given that it is
offered, at a (fixed) node in each of I, Is and I4 under the NE vs g. Note
that since |I3| = |I2|, the mean price of bandwidth at nodes in I3 is the
same as that at nodes in I2. The parameter values used are m = 15, n = 8
and k = 3. Also, g — qr, = 0.2.
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APPENDIX

A. Proofs of results in Section III-A

We first prove a series of lemmas and then deduce Proper-
ties 1 and 2 and Theorem 1 from them.
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Lemma 5: For i = 1,...,n, 1;(.) is continuous, except
possibly at v. Also, at most one primary has a jump at v.
Proof: Suppose 1;(.) has a jump at a point g, ¢ < zg <
v. Then for some ¢ > 0, no primary j # ¢ chooses a price
in [zo,x0 + €] because it can get a strictly higher payoff by
choosing a price just below zg instead. This in turn implies
that primary ¢ gets a strictly higher payoff at the price xy + ¢
than at zg. So x¢ is not a best response for primary ¢, which
contradicts the assumption that v;(.) has a jump at xq. Thus,
;(.) is continuous at all < v.
Now, suppose primary ¢ has a jump at v. Then a primary
j # i gets a higher payoff at a price just below v than at v.
So v is not a best response for primary j and it plays it with
0 probability. Thus, at most one primary has a jump at v. H
Lemma 6: For every € > 0, there exist primaries m and 7,
m # j, such that ¢,,,(v —€) < 1 and ¢;(v —€) < 1.
That is, at least two primaries play prices just below v with
positive probability.
Proof: Suppose not. Fix ¢ and let:

y =inf{z : Y (z) = 1 VI #i}.

By definition of y, 1;(x) = 1 VI # i and & > y. Also, since
¥i(.) is a distribution function, it is right continuous [5]. So

(25)

Yily) =1 VL # i (26)
Suppose y < v. By (26):
P{pi € (y.v]} =0, VI #1i. 27)

So every price p; € (y,v) is dominated by p; = v. Hence:
P{pi € (y,v)} =0 (28)
By (27) and (28):
P{pj e (y,v)} =0, j=1,...,n. (29)

By (25), Ve > 0, ¢;(y—e) < 1 for at least one primary [ # i;
otherwise the infimum in the RHS of (25) would be less than
y. So this primary [ plays prices just below y with positive
probability. Now, if primary [ sets a price p; < v, it gets a
payoff equal to the revenue, (p;—c), if bandwidth is sold, times
the probability that bandwidth is sold. Also, by Lemma 5,
¥;(.),7 =1,...,n are continuous at all prices below v. So by
(29), a price p; just below v yields a higher payoff than a price
just below y. This is because, p; — ¢ is lower by approximately
v — y for p; just below y than for p; just below v, but by
(29) and continuity of ;(.),j = 1,...,n, the probability that
bandwidth is sold for a price p; just below y can be made
arbitrarily close to the probability that bandwidth is sold for
a price p; just below v. This contradicts the assumption that
primary [ plays prices just below y with positive probability.

Thus, y in (25) equals v and hence at least one primary
j # 1 plays prices just below v with positive probability. The
above arguments with j in place of ¢ imply that at least one
primary other than j plays prices just below v with positive
probability. Thus, at least two primaries in {1,...,n} play
prices just below v with positive probability. [ ]

Let u; mae and L; be as defined in Section III-A.

Lemma 7: For ¢ = 1,...,n, L; is a best response for
primary 4.



Proof: By (3), either primary ¢ has a jump at L; or
plays prices arbitrarily close to L; and above it with positive
probability.

Case (i): If primary ¢ has a jump at L,, then L; is a best
response for ¢ because in a NE, no primary plays a price other
than a best response with positive probability.

Case (ii): If primary ¢ does not have a jump at L;, then by
(3), ¥;(L;) = 0. Since every primary selects a price in [c, v],
¥;(v) = 1. So L; < v. So by Lemma 5, no primary among
{1,...,n}\i has a jump at L;. Hence, primary i’s payoff at a
price above L; and close enough to it is arbitrarily close to its
payoff at L;. But since primary ¢ does not have a jump at L;,
by (3), it plays prices just above L; with positive probability
and they are best responses for him. So L; is also a best

response for primary 1. ]
Lemma 8: For some ¢ < p < wv, I, =...L, = p. Also,
Ui max = (ﬁ_C)T‘, 7 = 1,...,’[7,.

That is, the lower endpoint of the support set of the price
distribution of every primary is the same.

Proof: Let Ly, = min{L,, : m = 1,...,n}, and
Smin = {m : Ly = Ly} be the set of primaries with
the lowest endpoint. Let

kmin = m]}l’l{k Yk > 0}

Thus, kpin is the minimum number of secondaries at a
location. Note that ki, will be 0 if v > 0, and kpi, > 0
otherwise. First, we show by contradiction that:

|szn| Z kmin + 1. (30)

Clearly, the above holds if ki, = 0. We therefore show that it
holds even otherwise. Suppose |Smin| < kmin- If Linin = 0,
then all primaries play the price v w.p. 1, which does not
constitute a NE by Lemma 5. So L,,;, < v and again by
Lemma 5, no primary has a jump at Ly, ,. Also, by Lemma 7,
Ly is a best response for the primaries in S,,;,. Let L =
min{L,, : m ¢ Sy.n} be the second lowest endpoint. Now,
a primary m € Sy, who has unused bandwidth can get a
higher payoff at a price just below L than at L,,;, because
in both cases, since |Syin| < kmin, primary m’s bandwidth is
sold w.p. 1; however, it gets a higher revenue at a price just
below L than at L,,;,. This contradicts the fact that L,,;, is
a best response for primary m. Thus, (30) must hold.

Now, suppose L; < L; for some ¢,j. By Lemma 7, L; is
a best response for primary j. Now, the expected payoff that
primary j gets for p; = L; is strictly less than the expected
payoff that primary ¢ would get if it set p; to be just below L;.
This is because, if primaries 7 or j set a price of approximately
L;, then they see the same price distribution functions of the
primaries other than ¢ and j. But primary j may be undercut
by primary 4, since L; < L;, whereas primary 7 may not be
undercut by primary j. Also, by (30), primary j’s expected
payoff is strictly lowered due to this undercutting by primary
1. (Note that if kni, > 0, undercutting by primary ¢ would
not lower primary j’s probability of winning, and thereby the
expected payoff, if a total of < k,,;,, —1 primaries played prices
below L; with positive probability. This possibility is ruled out
by (30). If kpnin = 0, 9 > 0. If in addition y; = 0, and Spin =
1, it is possible that only 1 primary (i.e., 7) plays prices below
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L; with positive probability. In this case, note that whenever
at least 1 secondary is available, at least 2 secondaries are
available (as ; = 0), and hence undercutting by primary
does not lower primary j’s probability of winning, and thereby
the expected payoff. This possibility is ruled out by assumption
(i) on {~x} in Section II-A since 71 > 0 if 79 > 0.) Hence,
Ui, max > Uj mazx-

Now, by Lemma 7, L; is a best response for primary ¢. If
primary j were to play price L;, then it would get a payoff
of i max. This is because, when primary ¢ plays price Lj;,
it gets payoff ; maz. Since L; > L;, primary 7 is, w.p. 1,
not undercut by primary j. If primary j were to set the price
L;, then w.p. 1, it would not be undercut by primary i. Also,
the price distributions of the primaries other than ¢ and j are
exactly the same from the viewpoints of primaries ¢ and j.
Thus, primary j can strictly increase its payoff from u; ,max
to U; mae by playing price L;, which contradicts the fact that
L; is a best response for him.

Thus, L; < L; is not possible. By symmetry, L; > L; is
not possible. So L; = L;. Let Ly = ... = L, = p.

If p = v, then every primary plays the price v w.p. 1, which
does not constitute a NE. So p < v. So by Lemma 5, no
primary has a jump at p. Thus, since the lower endpoint of
the support set of every primary is p, by (3), a price of p is
a best response for every primary 7. Since no primary sets a
price lower than p, a price of p fetches a payoff of p — c if
K > 1 and a payoff of 0 if K = 0. S0 % maee = (p—c)P(K >
H=@p@-0or,i=1,...,n. [ |

Let w; be as defined in Section III-A. Using (1), it can be
easily shown that:

wy Swp <. 3D

L wy,.

Lemma 9: p=c+ (1*1017&

Proof: If primary 1 sets the price p; = v, then it gets
an expected payoff of at least (v — ¢)(1 — wy) because its
bandwidth is sold at least in the event that £ — 1 or fewer
primaries out of 2, ..., n have unused bandwidth. So %1 e >
(v —¢)(1 — wy). Since U1 maz = (P — ¢)r by Lemma 8, we
get:

(I—wy)(v—c)

r

p>c+ (32)

Now, by Lemma 6, at least two primaries, say m and j, play
prices just below v with positive probability. By Lemma 5, at
most one of them has a jump at v. So assume, WLOG, that
no primary other than j has a jump at v. Then a price of
p; = v is a best response for primary j and fetches a payoff
of Ujmar = (v —¢)(1 —w;) < (v—c)(1 —wp), where the
inequality follows from (31). Since wjmqer = (P — ¢)r by
Lemma 8, we get:

]_ _ _
F<c+ % (33)
The result follows from (32) and (33). |

Lemma 10: Let p < a < b < v. Then at least two primaries
play prices in (a,b) with positive probability.

Proof: If b = v, then the claim is true by Lemma 6. If

a = p, then the claim is true by Lemma 5 and Lemma 8,

since p < v is the lower endpoint of the support set of all



primaries and no primary has a jump at p; hence all primaries
play prices just above p with positive probability.
Now, fix any a, b such that p < a < b < v. Let:

a=inf{z <a:v¢;(x)=v,(a)Vj=1,...,n}

By Lemma 8, ¢ > p. Also, by definition of a, P{p; €
[a,a]} =0Vj=1,...,n.

By definition of a, at least one primary, say primary i, plays
prices just below a with positive probability. (If not, then the
infimum in (34) would be less than a.) This implies that at
least one primary j # 4 plays prices in (a,b) with positive
probability. (If not, then p;, = b would yield a strictly higher
payoff to primary ¢ than prices just below a.) Now, if primary
j is the only primary among primaries {1,...,n} who play
prices in (a, b) with positive probability, then p; = b yields a
strictly higher payoff than p; € (a, b), which is a contradiction.
So at least two primaries play prices in (a,b) with positive
probability. But P{p; € [a,a]} = 0 VI = 1,...,n by
definition of a. Hence, at least two primaries play prices in
(a,b) with positive probability. [ |

Let F_;(x) be as defined in Section III-B.

Lemma 11: For a fixed z € (p, v], and primaries ¢ and 7, (i)
F_i(z) = F_j(2) iff ¢i(x) = (). (i) F_y(x) < F_j(x)
i 64(x) > 6, (x).

Proof: Let p’(l) be the [’th smallest out of the pseudo-
prices of the primaries other than i and j. Let F_; j(x) be
the probability that p’ ; < =z given that K = k. Clearly,
F_;o(x)=1sincex >p>0,and F_; j(z) =0if k > n—1.
We evaluate F_; ;(z) for 1 < k < n — 1. Conditioning on
the event {p; < z} and using the fact that {p : [ # i} are
independent, we get:

= P{k'th smallest of {p] : | # i} <z}
= P{p/j < JI}P{pzk_l) <azx}+ P{p; > I}P{p'(k) <z}
05(@) P{p(—1) < @} + (1 = ¢;(2)) Pp() < o}
= ¢j($)[P{p/(k71) <z} — P{p’(k) < z}]
+P{p() <z}

(34)

(35)

Similarly,
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< z. Since z > p, all primaries play prices in (p,x) with
positive probability by Lemma 8. So:

G(x)=P{p,<a}>0,1=1,...,n. (38)
Also,
d(x) <p(v)=q <1, 1=1,...,n. 39)
By (38) and (39):
O<d(z)<l,i=1,...,n. (40)
Also, since 1 < k <n — 1, we have:
0<k—-1<n-2. 41)

Since aj equals the probability of exactly & — 1 successes
out of n — 2 independent Bernoulli events that have success
probabilities {¢;(x) : 1 =1,...,n,l # 4,5}, ax > 0 by (40)
and (41). This completes the proof. [ ]

Lemma 12: (i) ¢2(.),...,¢,(.) are continuous at v. (ii)
¢1(.) is continuous at v if ¢ = ¢o and has a jump of size
at most q1 — q2 at v if q; > 2. Also,

$1(v—) > qa.

Proof: If no primary ¢ > 1 has a jump at v, then primary
1 gets a payoff of (v — ¢)(1 — wy), which equals (p — ¢)r by
Lemma 9, for a price p; just below v in the limit as p; — v—.
So if a primary ¢ > 2 has a jump at v, primary 1 can get a
payoff strictly greater than (p — ¢)r by playing a price close
enough to v. This contradicts the fact that uy ez = (P — )7
(see Lemma 8). Thus, no primary ¢ > 2 has a jump at v and
¢2(.),...,¢n(.) are continuous.

First, suppose q; = ¢s. If primary 1 has a jump at v, then
similar to the preceding paragraph, primary 2 can get a payoff
strictly greater than (p — ¢)r by playing a price just below v,
which contradicts the fact that ug ez = (B —¢)7. So ¥1(.) is
continuous.

Now suppose q; > gs. First, suppose primary 1 has a jump
of size exactly q; — q2 at v. Then if primary 2 sets a price just
below v, then the probability of being undercut by primary
j € {3,...,n} is approximately ¢;. Also, since primary 1
has a jump of size ¢; — g2 at v, the probability of being
undercut by primary 1 is approximately ¢1 — (¢1 — ¢2) = ¢a.

(42)

F_jix(z) = (bi(m)[P{ka—U < .’I;}—P{pzk) < gg}]+P{pEk) < z}So at a price just below v, primary 2 sees the same set of
(36)

By (35) and (36):

Foip(z) — Fjk(z)

(85(x) = i(@) [P{p( 1) < 7} = P{p(s) < =}]
= (¢;(2) (x))ou, (37
where oy = P{p(;,_;) <z} — P{p(;, < x}. Thus,

—¢
7¢.

i\

Foilw) — Foy(e) = (65(2) — 6:(2) 3 o
k=1

We will next show that o, > 0 for 1 < k < n — 1. Both
parts of the result will then follow from the above.

Note that oy, equals the probability that exactly (k— 1) out
of the pseudo-prices of the primaries other than ¢ and j are

probabilities of being undercut by primaries other than itself
as primary 1 would see if it set a price just below v. Hence,
by the first paragraph of this proof, primary 2 gets a payoff
of approximately (p — c)r at a price just below wv.

Hence, if primary 1 has a jump of size, not equal to, but
greater than ¢; — g2 at v, primary 2 gets a payoff of strictly
greater than (p — ¢)r at a price just below v. This contradicts
the fact that us e = (P — )7

Thus, primary 1 has a jump of at most size ¢; — g2 at v.
So ¢1(v) — ¢1(v—) < 1 — ¢o. This, along with ¢1(v) = ¢1,
gives (42). |

Lemma 13: If p <z <y < v and ¢;(x) = 9;(y) for some
primary 4, then ¢;(v—) = ().

Thus, if z > p is the left endpoint of an interval of constancy
of ;(.) for some i, then to the right of z, the interval of
constancy extends at least until v (there may be a jump at v).



Proof: Suppose not, i.e.:

’L/)i(’l}—) > wz(x) 43)

Let:
g =sup{z >z :9;(2) = ;(x)} (44)

By (43), (44) and the fact that v;(.) is continuous below v
(by Lemma 5), we get ¥ < v. So again by Lemma 5, no
primary among {1,...,n}\¢ has a jump at 5. Also, primary 4
uses prices just above y with positive probability (if not, the
supremum in the RHS of (44) would be > %). So ¥ is a best
response for primary ¢ and hence:

E{uz(yv 7/}—1)} = (y - C)(l - F—z(y)) = Ui, max = (}5 - C)T'
45
where the last equality follows from Lemma 8.

Now, by Lemma 10, there exists a primary j # ¢ who plays
prices just below y with positive probability. Since no primary
among {1,...,n}\j has a jump at g, ¥ is a best response for
primary j. Hence:

E{u;j(@:¢-3)} = @ = o)1 = F;(¥)) = wjmaz = (P~ c()ztré)
By (45) and (46), F_,;(y) = F_;(y). So by Lemma 11:

¢i(y) = ¢;(¥)- (47)

But since primary j plays prices just below y with positive
probability, there exists € > 0 such that z < §J — € and §J — €
is a best response for primary j. So

¢ (Y —€) < ¢;(Y). (48)
But by (44) and the continuity of ¢;(.) at 7:
¢i(y) = ¢i(y —€). (49)

By (47), (48) and (49), ¢;(7—¢) > ¢,;(§—e). So by Lemma 11:
Fiy—e>F.i{y—e
This implies:
E{u;(y —e.v—;)}
= @-e-c)A-F;(F—¢)
< @-e—o1-Fi(y—e)
= BE{wi(y—e-i)}
which contradicts the fact that every primary gets a payoff of
(p — ¢)r at a best response in the NE. [ |

Lemma 14: Part 2 of Theorem 1 holds.
Proof: We prove the result by induction. Let:

R,=inf{z >p:Jy>xandis.t ¢(y) =¢i(x)} (50)

(B —or

Note that R,, is the smallest value > p that is the left endpoint
of an interval of constancy for some ¢;(.). For this i, ¢;(R,,) =
¢i(y) for some y > R,, '°. We must have R,, > p. This is
because, if R,, = p, then ¢;(y) = ¢;(p). But ¢;(p) = 0, since
p is the lower endpoint of the support set of ¢;(.) by Lemma 8.
So ¢;(y) = 0, which implies that the lower endpoint of the

19Note that ¢i(.) is a distribution function and hence is right continuous [5].
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support set of ¢;(.) is > y > p. This contradicts Lemma 8.
Thus, R, > p.

Now, by definition of R,, all primaries play every sub-
interval in [p, R,) with positive probability and hence every
price € [p, R,) is a best response for every primary. So

similar to the derivation of (8), for j € {1,...,n} and z €
[0, Rn), E{uj(z,¢—;)} = (x —c)(1 = F_;(x)) = (p— o).
Hence, F'_1(z) =... = F_,(z) and by Lemma 11,

d1(x) = ... =¢p(x) = ¢(x) (say), p<x < R,. (51)

which proves (5) for j = n.

Case (i): Suppose R, = v. Then ¢;(R,) = q, !l =1,...,n
(since v;(v) = 1), which proves (6).

Case (ii): Now suppose R,, < v. Then ¢;(.),j =1,...,n are
continuous at R,, by Lemma 5. So by (51):

¢1(Rn) = ¢2(Rn) =...= ¢n(Rn)

Since R,, is the left endpoint of an interval of constancy of
¢i(.), by Lemma 13:

(52)

¢i(Rn) = ¢i(v—) = ¢n(Rn) < gn (53)
where the second equality follows from (52).
Now, suppose ¢ = 1. Then by (42) and (53):
¢i(Rn) = g (54)
By (53), (54) and (1), ¢2 = g3 = ... = qu = ¢i(Ry).

Also, by (52), ¢;(Ry) = qj. j = 2,...,n. So 1j(Ry) = 1,
7 =2,...,n. This implies, since R, < v by assumption, that
at most one primary (primary 1) plays prices in the interval
(R, v) with positive probability, which contradicts Lemma 6.
Thus, i # 1.

So by Lemma 12, ¢;(.) is continuous at v and ¢;(v—) =
¢i(v) = gi. So by (53):

bi(Ry) = q;- (55)

By (52) and (55)’ (bn(Rn) = q;- If qi > Adn, then ¢n(Rn) > dn,
which is a contradiction because ¢, (R,) = ¢ntn(Ry) < ¢n.
So g; < gn. Also, since g; > g by (1), ¢; = ¢n. So:

which proves (6) for j = n.
Now, as induction hypothesis, suppose there exist thresh-
olds:

(56)

P<R, <R, 1<...<Riy1 <w
such that for each j € {i+1,...,n}, ¢;(R;) = g;,
$1(z) = ... = ¢;(x) = ¢(z), p <z < Ry,

and each of primaries 1,...,5 plays every sub-interval in
[p, R;) with positive probability.
First, suppose R;;;1 < v. Let:

R, =

(57)

inf{z > R;y1:Jy>xand je{l,...,i}
s.t. 9j(y) = ¢;(x)}.
If R; = R;41, then clearly by (57):

p1(z) = ... =di(z) = (), p< o < R; (58)



which proves (5) for j = ¢. Also, similar to (56), it can be
shown that ¢;(R;) = g¢;, which proves (6) for j = 4 and
completes the inductive step. Now suppose R; > R;;1. Then
similar to the proof of (51), it can be shown that:

By (57) and (59):
P1(x) =... = ¢i(x) = ¢(x), p<x < R;.

which proves (5) for j = 4. Also, similar to the proof of (56),
it can be shown that ¢;(R;) = g;, which proves (6) for j = i.
This completes the induction.

If R;4+1 = v, then the induction is completed by simply
setting Ry = ... = R; = v.

It remains to show that Ry = Ry = v. If Ry < v, then no
primary plays a price in (Ry,v), which contradicts Lemma 6.
So R; = v. If Ry < v, then only primary 1 plays prices
in (Rg,v) with positive probability, which again contradicts
Lemma 6. So Ry = v. [ |

Lemma 15: Tf ¢1 > ¢, then ¢ (.) has a jump of size ¢; — ¢
at v.

Proof: By Lemma 14, ¢1(x) = ¢o(x) forall z < Ry = v.

So:
P1(v—) P2(v—)
= ¢2(v) (since ¢(.) is continuous by Lemma 12)
q2
Also, ¢1(v) = 11 (v) = q1. S0 ¢1(v) — ¢1(v—) = @1 — @2

|

Finally, (i) Property 1 follows from Lemmas 5, 12 and 15;

(ii) Property 2 follows from Lemmas 8 and 9; (iii) Theorem 1
follows from Properties 1 and 2 and Lemma 14.

B. Proofs of results in Section IlI-B

We verify that with R; as in (13), R; > R;; as required by
(4) in Theorem 1. Recall from Section ITII-B1 that f;(g;) is the
probability of K or more successes out of n — 1 independent
Bernoulli events, ¢ — 1 with success probability ¢; and n — ¢
with ¢;+1,...,qn. Also, fi+1(¢i+1) is the probability of K
or more successes out of n — 1 Bernoulli events, ¢ — 1 with
success probability ¢;y; and n — ¢ with ¢;41,...,q,. Since
gi > ¢i+1 by (1), it is easy to check that f;(q;) > fit1(qit+1)-
So by (13), R; > R;+1, which is consistent with (4).

Proof of Lemma 1: First, let f;(.) be as defined in
Section III-B1. To compute f;(y), for i € {2,...,n}, let
fix(y) be the conditional probability given K = k, of K
or more successes out of n — 1 independent Bernoulli events,
(i — 1) of which have the same success probability y and
the remaining (n — ¢) have success probabilities g;1+1,. .., qn-
Clearly,

Fiw) =D fir)me-
k

Again, fio(y) =1and f;x(y) =0if k >n—1.

Consider 1 < k < n—1 Forl € {0,...,n — i}, let
v} (Gi+1,---,qn) be the probability of exactly ! successes out
of n—1 independent Bernoulli trials with success probabilities

Qi+1,- - -, qn. Conditioning on the number of successes, say [,
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out of the n — 1 trials with success probabilities g;41, - . .
we get:

’QHv

n—u
fi,k(y) = Zvll(qi+1a"'aQ77.)
=k

min(k—1,n—1)

DY

=0

v?(qi+1a R qn)hk(y)a (60)

where hy(y) = Z:n_:lkfl ( ;ni 1 ) y™(1 — y)i~1=™. Now,
for [ satisfying:

1<k—-1<i—-1, (61)

hi(y) is a strictly increasing function of y [3]. Also, it can
be checked that [ = min(k — 1,n — ¢), which is one of the
indices in the expression in (60), satisfies (61). So f; (y) is
a strictly increasing function of y. Also, note that f; (.) is a
continuous function. Thus, f;(y) is a strictly increasing and
continuous function of y as well (since by assumptions on
{Vk} Y& > 0 for some k between 1 and n — 1).

Now, it can be checked from the definition of the function

fi(.) that:

fildi+1) = fir1(gis1)- (62)
Also, replacing ¢ with ¢ + 1 in (12), we get:
fir1(qiv1) = g(Rit1). (63)
By (62) and (63), we get:
fi(gi+1) = g(Riy1). (64)

Now, as shown above, f;(y) is a continuous and strictly
increasing function of y. So f;(.) is invertible. By (17), ¢(.)
is unique and is given by:

o(z) = f;i ' (9(x)), Riz1 <z <R (65)

Also, by (64) and (12), fi(¢i+1) = g(Riz1) and fi(q:) =
g(R;). So f;(.) is a continuous one-to-one map from the
compact set [gi11,¢:] onto [g(Ri41), 9(Ri)], and hence f;'(.)
is continuous (see Theorem 4.17 in [4]). Also, g(x) in (10) is
continuous for all = € [p,v) since > p > ¢. So from (65),
¢(.) is a continuous function on [R;41, R;], since it is the
composition of continuous functions f[l and g (see Theorem
4.7 in [4]). Also, as shown above, f;(.) is strictly increasing;
so f1(.) is strictly increasing. Also, using = > p > ¢, it
can be checked from (10) that ¢'(x) > 0; so g(.) is strictly
increasing. By (65), ¢(.) is the composition of the strictly
increasing functions f; '(.) and g(.) and hence is strictly
increasing on [R;y1, R;]. Also, by (5), (6), (12) and (65),
¢(Ri) = [ (9(Ry)) = gs.

Thus, the function ¢(.) is strictly increasing and continuous
within each individual interval [R; 1, R;]; also, ¢(R;) = q;,
i =2,...,n, and hence ¢(.) is continuous at the endpoints
R;,i =2,...,n of these intervals. So ¢(.) is strictly increasing
and continuous on [p, v).

It remains to show that ¢(p) = 0. By definition of the
function f;(.), fn(0) =1 — r. As shown above, f,(.) is one-
to-one. So £, 1(1 —r) = 0. Also, by (10), g(p) = 1 —r and



by 4), R,+1 = p. Putting ¢ =n and z = R,,4+1 = p in (65),
we get (p) = £ (9(5) = f;1(1 — 1) = 0. "
Proof of Theorem 2: By Lemma 1 and equation (7), the
functions ¢;(.), ¢ = 1,...,n computed in Section III-B are
continuous and non-decreasing on [, v]; also, ¢;(p) = 0 and
¢i(v) = ¢;. This is consistent with the fact that ¢;(.) is the
d.f. of the pseudo-price p} and hence should be non-decreasing
and right continuous [5], and ¢;(v) = ¢;¥;(v) = ¢; (see the
beginning of Section III).
Now, we have shown in Sections III-A and III-B that (7) is
a necessary condition for the functions ¢;(.),i = 1,...,n to
constitute a NE. We now show sufficiency. Suppose for each
i €{1,...,n}, primary i uses the strategy ¢;(.) in (7). Similar
to the derivation of (8), the expected payoff that primary ¢ gets
at a price x € [p,v) is

E{ui(z,9_))} = (& —e)(1 — F_;()). (66)

Now, for z € [5, ;). by (4) and (7). ¢y(x) = é1(2) = d(z).
and hence by Lemma 11, F_;(x) = F_;(z). Also note that
¢(.) is the solution of (8), (16) and (17). By (8), (66) and the
fact that F'_;(x) = F_1(x), for primary i, prices = € [p, R;)
fetch an expected payoff of (p — c)r.

Now let 2 € [R;,v). Note that R; < x < v = Ry. So
by (1), ¢i(z) = ¢ and ¢1(z) = ¢(x) = ¢(Ri) = ¢i. So
¢1(x) > ¢i(x). Hence, by Lemma 11 F_i(z) < F_i(x),
which by (8) and (66) implies E{u;(x,v¥_;)} < (p—c)r.

Finally, note that a price below p fetches a payoff of less
than (p — ¢)r for primary 4. So each price in [p, R;) is a best
response for primary #; also, by (7), it randomizes over prices
only in this range under ¢;(.). So ¢;(.) is a best response.
Thus, the functions ¢;(.),i = 1,...,n constitute a NE. [ ]

C. Proof of Theorem 3

We first outline the proof in Section C1 and then provide
the details in Section C2.

1) Proof Outline: We first state a property of mean valid
graphs for later use.

Lemma 16: Let G = (V,E) be a graph that satisfies
Condition 1 in Definition 3. Suppose I € .# contains m;(I)
nodes from I;, j =1,...,d. G is mean valid if and only if:

d
>
j=1

Proof: Suppose G is mean valid. Fix an [ € .#. Let

I)gl\ﬂef

(67)

1, ifa; el
Li(aj.) = { 0, elsejﬁ
Consider a distribution {c;; : j = 1,...,d;l = 1,...,M;}

in which bandwidth is offered at node a;; € I; w.p. o1 =
1;(aj,;). This is a valid distribution because it corresponds to
the distribution {8(I) = 1,8(I') =0VI' € .#,I' # I}. Also,

M; M;
Z aj = Z 11(aj,l) = mj(I)7
=1 =1

Let @; be given by (21). Since the graph is mean valid, (21)
holds. Substituting >1% av;; = m;(I) from (68) into (21),
we get (67).

(68)
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To prove the converse, suppose (67) holds. Let {c;; : j =
., d;l=1,...,M;} be a valid distribution. By definition,
there exists a distribution {3(I) : I € .#} such that:

ai= >, B (69)
IcS:aj,€1
which can be written as:
aji=Y B(I)1i(a;) (70)
Ie.s
Now,
d M;
Z (Zl—l Qj l)
=1 M;
d 1 M;
= Z A B(I)11(az.) ¢ (by (70))
j=1 "7 |i=11Ies
d
21— Li(az)
= I d
B =57
Ies j=1
L (1) -
- BN ](4 (since Y 1s(aj;) = m;(I))
Ies j=1 J =1
< 1 (by (67)
So (21) holds and hence G is mean valid. |

We now outline the proof of Theorem 3. The proof of part 1
of Theorem 3 is straightforward: let {vy,...,v.} be the nodes
of the clique. I; = {v;},j = 1,..., e are disjoint maximal LS.
whose union is V. Also, these are the only L.S. in the graph;
so (67) holds and the clique is mean valid by Lemma 16.

Next, we state some lemmas, which we prove in Section C2,
and use to prove the other parts of Theorem 3.

Lemma 17: Let G = (V, E) be a mean valid graph, where
V=5LU...Ul;and I4,...,1; are disjoint maximal LS.
Let B/ O FE be any set such that no edge in E’ is between
two nodes in the same LS. I;, j € {1,...,d}. Then the graph
G’ = (V, E’) is mean valid.

Thus, if a graph G is mean valid, then the graph G’ obtained
by adding edges in any fashion to G, while ensuring that I,

j=1,...,d continue to be L.S. in G’, is a mean valid graph
as well. . o

Lemma 18: Suppose foreachi=1,..., N, G' = (V' E')
is a mean valid graph, where V' = I U... Ulg, If,..., I}
are disjoint maximal 1.S., and |I}| = M}, j = 1,...,d. Let
M = (M{,...,M}). If

Mi=¢MY, i=1,...,N (71)

for some vector M? = (M7,..., My) and positive scalars
c1,---,cn, then G = (U, Vi UN | E?) is mean valid.

Lemma 18 says that if G, = 1,..., N are mean valid
graphs, then their union G is a mean valid graph as well pro-
vided each of G*,i = 1,..., N contains (i) the same number,
d, of disjoint maximal L.S., and (ii) the same proportion of
nodes in the d LS. I{,...,I%. Since the union graph G is
a disconnected graph with N components, Lemma 18 is not
useful by itself to prove that a graph is mean valid. But it can



be effectively used in conjunction with Lemma 17 to combine
a set of NV mean valid graphs into a new connected mean
valid graph by (i) first considering their union, which is a
disconnected graph, (ii) and then adding some edges to it to
make it connected.

A useful special case is when each of these N graphs G is a
clique of size d (which is mean valid by Part 1 of Theorem 3)
with vertex set V' = {v},...,v}}. Note that these graphs
satisfy the hypothesis of Lemma 18 with I} = {v}}, M} =1,
Vi,j, M? = (1,...,1) and ¢; = 1 Vi. This special case can
be used to prove the mean validity of several of the graphs
mentioned in Theorem 3, as we explain below.

For an integer m > 1, let m. (respectively, m,) denote the
greatest even (respectively, odd) integer less than or equal to
m.

We now prove part 2 of Theorem 3. Consider a linear
graph G,, with node set {v1,va,...,v,,} as shown in part
(a) of Fig. 2. First, let m be even— say m = 2N. For
i=1,...,N,let G be the clique of size 2 with the node set
Vi= {v2i_1, v2;} and the edge between the two nodes. In the
notation of Lemma 18, let Ii = {vq;_1} and I§ = {vo;}. By
Lemma 18, G = G'UG?U...UGY is a mean valid graph with
d = 2 and the disjoint maximal LS. Iy = {v1,v3,v5,...0m,}
and Iy = {v2,v4, V6, ..., Um, }. We can obtain G,, by adding
the edges (vo,vs), (v4,v5), ..., (Van—2,Uan—1) to G as
illustrated in part (a) of Fig. 11. Note that no edge is between
two nodes in the same L.S. I}, j € {1,2}; so the hypothesis of
Lemma 17 is satisfied. Hence, G,,, is mean valid by Lemma 17.
The proof of the fact that G, is also mean valid for m odd is
deferred until Section C2.

Now, we prove part 3 of Theorem 3. Consider G,, ,,, where
m may be odd or even. Let v;; be the node in the ¢’th row
and j’th column i, 5 € {1,...,m}(see part (b) of Fig. 2). We
start with a line graph G,,2, which is mean valid by part 2 of
Theorem 3, and add some edges to obtain G,, ,, as shown in
Fig. 12. Specifically, let G,,2 be the line graph with the set
of nodes {v1,1, v1,2, --+s Vim» V2,m> V2m—1s ---» V2.1, V31,
V3.2, «++s U3,m» Vdm» Va,m—1, - .-} and an edge between each
pair of consecutive nodes in this order. G,,2 is mean valid
with d = 2, and the disjoint maximal LS. I; = {v11, v13,
coos Ulmy,s V22, V24, - o o5 V2,5 U31, U335 «vvs U3 imgs -+ - } and
.[2 = {UIZ, Vidy ooy ’ULmC, V21, V23, - .., ’Uzmo, V32, U34, -,
U3.mes -+ b+ Gm,m can be obtained from G,,> by adding the
remaining edges shown dotted in Fig. 12. Note that no edge
is between the same 1.S. I;,7 = 1,2. So G, is mean valid
by Lemma 17.

Next, we prove part 4 of Theorem 3. Consider H,, ., (see
part (a) of Fig. 3). As in G, , let v;; be the node in the
i’th row and j’th column. Let d = 4, Iy = {v11, v13, V15,
-5 U3,m,>» }, I, = {U12, V14, V16,
s Usmes « -« > I3 = {v21, Va3, Vs,
w5 V2my» V41, V43, V45, -5 V4 m,» } and I4 = {Ugg, V24,
V265 - vs U2,mys V42, V4d, V465 «--s Vames --- | (see part (b) of
Fig. 11). Note that [y, I, I3 and 14 are disjoint maximal IL.S.
Fori,j € {1,...,m — 1}, let C; ; be the clique consisting of
the nodes {v; j, Vi j1+1,Vit1,j,Vit1,j+1} and the edges among
them (see Fig. 13). First, let m be even. The proof that H,, »,
is mean valid is similar to the above proof of mean validity
of G,, with m even: we can obtain H,, ,, by considering the

<+ o5 U1,m,» V31, V33, U35, .-
<ees Ul,m,» U32, V34, V36, --
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union of the cliques C; ;, ¢,j € {1,3,5,...,m—1}, whichis a
mean valid graph by Lemma 18, and then adding the remaining
edges as illustrated in part (b) of Fig. 11. Note that no edge is
between two nodes in the same LS. I;, j € {1,2,3,4}; so the
hypothesis of Lemma 17 is satisfied. Hence, H,, ,, is mean
valid by Lemma 17. The proof of the fact that H,, ., is also
mean valid for m odd is deferred until Section C2.

The proof of part 5 of Theorem 3 is similar to that of
part 4: we outline the differences. For i,5,1 € {1,...,m},
let v;;; be the node in the ¢’th row, j’th column and [’th
level (in the direction normal to the plane of the paper). The
node set of Ty, m,m can be partitioned into 8 disjoint maximal
LS. Ih,...,Ig similar to Iy,...,1I4 for H,, . (see Fig. 4).
Also, cliques Cyj1, %,75,1 € {1,...,m — 1} of size 8 each
can be defined similar to the cliques C;; for H,, ;. For m
even, we can obtain 7y, ., by considering the union of the
cliques Cyj1, i,7,1 € {1,3,5,...,m — 1} and then adding the
remaining edges. The fact that 7, , », is mean valid then
follows from Lemmas 18 and 17. The proof of the fact that
Trn,m,m 18 also mean valid for m odd is outlined in Section C2.

1. 21 2

Fig. 11. Part (a) (respectively, part (b)) shows the construction of Gg
(respectively, Ha,4) from 3 (respectively, 4) cliques of size 2 (respectively,
4) each. The solid edges constitute the cliques G, G2, g3 (respectively,
C1,1, C1,3, C3,1 and C33) and the dotted edges are those that are added
later. The numbers next to the nodes shows the I.S. they are in, i.e., a node
labeled j is in I.S. I, where j € {1,2} (respectively, j € {1,2,3,4}). Note
that no edge is between two nodes in the same I.S. I;; so the hypothesis of
Lemma 17 is satisfied.

Fig. 12. The figure shows the construction of the grid graph Gy, m from the
line graph G2 for m = 4. The solid edges constitute G, > and the dotted
edges are later added to obtain G.n,m. The un-darkened and darkened nodes
constitute /1 and I2 respectively in both G, 2> and G, m . Note that no edge
is between a node in I; and a node in I3, so the hypothesis of Lemma 17 is
satisfied.



We now prove part 6 of Theorem 3. Consider a cellular
network as shown in Fig. 5, whose conflict graph is shown in
Fig. 6. The nodes in the graph can be partitioned into three
disjoint maximal L.S. I, I, and I3 as shown in Fig. 6. We
consider this conflict graph with the following assumption,
which eliminates problems arising due to boundary effects.

Assumption 1: There are an even number of rows of nodes,

each containing 34 nodes, for some integer 6 > 1.
Under this assumption, as illustrated in Fig. 6, the graph can
be obtained by considering the union of 77 disjoint cliques
of size 3 each, which is a mean valid graph by Lemma 18,
and then adding some edges. Note that no edge is between
two nodes in the same I.S. I;,j € {1,2,3} (see Fig. 6); so
the hypothesis of Lemma 17 is satisfied. Hence, the graph is
mean valid by Lemma 17.

Note that the above proof goes through if the graph can be
partitioned into cliques of size 3 even if Assumption 1 is not
satisfied. If the graph cannot be partitioned into cliques of size
3, then the analysis is more complicated because of boundary
effects. We omit this analysis for brevity.

2) Details of Proofs: We now provide the details of the
proofs in Section Cl1.

Proof of Lemma 17: Since no edge in E’ is between two
nodes in the same LS. I}, it follows that in G, I,...,1; are
disjoint maximal I.S. whose union is V. Using the notation
in Definition 3, let {a;; : j=1,...,d;l=1,...,M;} be a
valid distribution in G’. We will show that (21) holds. Then
it will follow from Definition 3 that G’ is mean valid.

Let Y5 (respectively, .#g) be the set of 1.S. in G’ (respec-
tively, G). Since £ C F’, each 1.S. in G’ is an LS. in G as
well, ie. Yo C Ha.

Now, since the distribution {c;;} is valid in G’, by def-
inition, there exists a distribution {5'(I) : I € g} such

that
a,= Y B WweV. (72)
IGJG/Z’UGI
Define a distribution on .Z; as follows:
_pa) ifIe Ao
5(1)_{ 0 iflede\ I (73)
By (72) and (73):
a= Y  BI) VeV (74)
IeIgwel

So by definition, {c; ;} is a valid distribution in G as well.
Since G is mean valid, (21) holds, which completes the proof.

|
Proof of Lemma 18: First, note that {(I;U...UIN): j =
1,...,d} are disjoint maximal L.S. in G; so the first condition
in Definition 3 is satisfied. _
Let {0‘},1 cj o= 1.4l = 1,...,M;} be a valid
distribution in G’. Since G is mean valid:
d My
o
> @ <1, i=1,...,N (75)
J=1 J
Now, it is given that:
i _ 0 s _ ci
M;=c¢M;, i=1,....N;j=1,....d (76)
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Adding (76) over : = 1,..., N:

M(ci+...4en) =M +...+ MY, j=1,....d (77
Multiplying (75) by c¢;, using (76) and adding over ¢ =
1,..., N, we get:

..+ cn

Dividing both sides by ¢; + ...+ cx and using (77):

d N Mo
Z Zi:l lejl 0‘;,1 <1

1 N —
S\ M+ M

So G satisfies the second condition in Definition 3 as well and
hence is mean valid. [ ]
Proof of part 2 of Theorem 3: First, we state a property
of bipartite graphs. Consider a connected bipartite graph [6]
of the form G = (V, E) where V = AU B and every edge
is between a node in A and a node in B. Without loss of
generality, suppose |A| < |B|. In the notation of Definition 3,
d =2,11 = Band I = A. Also, a necessary condition
for a node distribution {a;,7 € A;~;,j € B}, under which
bandwidth is offered at node i € A (respectively, j € B) w.p.
«ay; (respectively, v;), to be valid is that
a;+v; <1V(,j) € E. (78)
This is because, if a;+v; > 1 for some (4, j) € E, then with a
positive probability bandwidth would be offered at both nodes
7 and j, which are neighbors.

Now, in Section C1, we showed that G,,, is mean valid for
even m. Now, let m be odd, say m = 2N — 1 for some integer
N > 2. Consider a valid distribution {¢y; : 4 = 1,...,2N—1},
where «; is the probability with which bandwidth is offered
at node v;. With I; and I as defined in Section C1, note that
|I;]| = N and |I3] = N — 1. Let

alf o] +az+...+aaN—1
N

and
a2_042—|—oz4—|—...—|—042N_2
N N-1

To show that Condition 2 in Definition 3 is satisfied, we need
to show that @' + @2 < 1, i.e.

(N — 1)(0&1 +az+...+ 0421\/',1)

+ N(agt+as+...+any_2) < NIN-1) (79
Since Gan—1 is a bipartite graph and the distribution {«;} is
valid, the necessary condition in (78) holds and in this case
becomes:

dit+ai <1, i=1,2,...,2N —2 (80)



Now,
LHS of (79)
= {(N—-1)(o1 +az) + (a2 + a3)}
H{(N —2)(asz + ayq) + 2(aq + as)}
+{(N —3)(as + ag) + (a6 + a7)}
+..

+{2k042N—5 +aon—4) + (N —2)(aan—4 + @2n—3)}
+H{(an—3 + aan—2) + (N — 1)(aan—2 + @an—1)}

< {(N=1D)+ 1} +{(N=2)+2} +...
+{2+ (N =2)}+{1+ (N —=1)} (by (30))
= N(N-1)
which proves (79) and the result follows. [ |

Proof of part 4 of Theorem 3: In Section C1, we showed
that H,, ,, is mean valid for even m. Now, let m be odd.
With Iy, I, I3 and 14 as 2deﬁned in Section C1, it is easy to

2 2

check that || = (2)7, || = =, |I3] = 2~ and

m—1\2

1a| = (™55)"

Consider a valid distribution {«, : z € V'}, where «, is the

probability with which bandwidth is offered at node z. We

now show that the graph is mean valid by showing that (21)
holds, which in this case becomes:

(m — 1)2(2 o) + (m® — 1)(2 az) + (m2 - 1)(2 o)
z€ly z€1l> z€13
(m®—1)?

+m+1)%() o) < I

z€14

Consider cliques C;;, i,j € {0,...,m}. For i,j €
{1,...,m — 1}, C;; is as defined in Section Cl. For i or
j (or both) equal to 0 or m, let C;; be “dummy cliques”,
defined for convenience (see Fig. 13). For i,j € {0,...,m}:

Zazél,

z€Cyj

(82)

because, if not, then bandwidth would be offered simultane-
ously at two or more of the nodes in C;; (which are neighbors)
with a positive probability. For i € {0,...,m}, let:

m—1t, 1 odd
€, = .
7’7

1 even (83)
For i,5 € {0,...,m}, let

fij = €;€;. (84)

Note that by definition of the cliques {C; ;}, node v;;
belongs to each of the cliques C;—1 j—1, Ci—1;, C;j—1 and
C;,; as shown in Fig. 14. So multiplying (82) by f;; and

adding over 4,5 € {0,1,...,m} gives:
> geas < go (85)
zeV
where,
Gvi; = ficr,j-1+ ficrj+ fig—1+ fij (86)

18

and
m m m m m 2
IR 9 IR 3 SEER O o)
i=0 j=0 i=0 j=0 i=0
2
m m 2 2
. . m-—1
1=0,7 odd 1=0,7 even
We will show below that
(m — 1)27 zely
g-=4{ (m?>—-1), z€lhorzel; (88)
(m + 1)27 AS [4

Note that (81) follows from (85), (87) and (88), which shows
that H,, ,, is mean valid.

Now we show (88). By definition of the L.S. Iy, I, I3 and
1, (see Section C1), for v;; € Iy, 7 and j are odd, for v;; € I,
1 is odd and j is even, for v;; € I3, 7 is even and j is odd and
for v;; € Iy, 7 and j are even. So for v;; € Iy, by (83), (84)
and (86):

(=D =D+ G-1)m=5)+m—-i)(-1)
+(m —i)(m —j)
= (m—-1)?

Gu;; =

Similarly, for v;; € I:

G, (i=Dm—j+1)+(E—-1)j+m—i)(m—j+1)
+(m—1i)j
= m?2-1

. (81)

For v;; € I3, g,,; = m? — 1 by symmetry with the case
Vij € I5. For Vi € 1y:

oy = (m—i+L)m—j+1)+(m—i+1)]
+ilm—j+1)+1ij
= (m+1)?
Thus, we have shown (88), which completes the proof. |

Fig. 13.  The figure shows the cliques in H5 5. The cliques with dotted
outlines are the dummy cliques.

Proof of part 5 of Theorem 3: In Section Cl, we
considered the case m even. The proof of the fact that 7, . m
is mean valid for m odd is similar to that for H,, ., with m
odd; we outline the differences. We define the cliques Cjj;,
i,j,0 € {0,1,...,m}, similar to C;; for the case Hu, m.



Fig. 14. The node Vij and the cliques Cifl,jfl, Ciflyj, Ci’j,1 and Ciyj.

Consider a valid distribution {c, :

to (82), we get:
> s
ZECijL

z € V}. Then similar

(89)

Let e; be as in (83) and fii = eeje, 4,5, €
{0, ..., m}. Multiplying (89) by f;;; and adding over i, j,1 €
{0,1,...,m}, we get (85) for some numbers {g, : z € V'} and
go. Now, node v;;; is at the center of the cliques C_1 1,1,
Ci—1j-10 Cic151-1, Cic151, Cij—10-1, Ci j—10, Ciji-1,
and C; ;. Using this fact, g,,;, for v;; in each of Iy,..., g
can be computed similar to the derivation of (88). Also, go
can be calculated similar to (87). Substituting these values of
{g9. : z € V} and gy into (85), we get (21) for Ty, m,m and
thereby the mean validity follows from Definition 3. ]

D. Proofs of results in Section IV-C

We first provide the intuition and an outline of the proofs
in Section D1 and then provide the details in Section D2.

1) Intuition and Proof Outline: Let the function w1 (.) be
as defined in Section IV-C. We will later use the following
property, which is quite intuitive:

Lemma 19: w1 («) is a strictly increasing function of « on
[0, 1].

Proof: Let 0 < a < o < 1. It suffices to show that
’LUl(Oé) < wl(o/).

Let Y;,t = 2,...,n be independent Bernoulli random vari-
ables and let Y; have mean g¢;a. Also, let Z;,i = 2,...,n be
independent Bernoulli random variables that are independent

of Y;,i=2,...,n and let Z; have mean ql{{%.
For:=2,...,n, let:
X, — 1, ifY;=1or Z; =1 (or both) (90)
0, else
P(Xi=1) = P{Yi=1}U(z=1)})
= PY,=1)+P(Z;=1)
-P{Y; =1}n{Z =1})
— P(Yi=1)+P(Z =1) - P(Y; = 1)P(Z
(since Y; and Z; are independent)
L g’ — qiov s g’ — qiev

%0/
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So X; is Bernoulli with mean ¢;’. Also, since Y;, i =2,...,n

and Z;,7 = 2,...,n are independent, X;,7 = 2,...,n are
independent.
But by (90),
{Vi=1}c{X; =1}, i=1,...,n on
Also,
P{X;=1Y;=0} = P(Z;,=1Y,=0
P(Z; =1)P(Y; =0)
g — qi
= 2 2\ (1—gq
(52 (1= )
= qd —qo
> 0 92)
By (91) and (92):
P(X;,=1)>P(Y;=1). 93)

Now, let X = " , X, and Y = "', Y;. We interpret
X, (respectively, Y;) as the indicator of the event that primary
1 offers bandwidth at a node v with node probability a,, = o/
(respectively, a,, = «). So X(respectively, Y) is the number
of primaries who offer bandwidth at node v when «, = o/
(respectively, «,, = ). By definition of the function w (.):

wi(a') = P(X > k) (94)

and
wy(a) = P(Y > k). 95)

By (93), (94), (95) and the facts X = Z?:z X,and YV =
S, Y;, it follows that wy (o) < wy(a). [

Now, let the function W(.) be as defined in Section IV-C.
By Lemma 2, and similar to (18) in the single location case, in
a NE in class S, if primaries offer bandwidth at a node w.p.
« (and play the single-node NE strategy with qiq, ..., g,
in place of qi,...,q, respectively at that node), then W (a)
is the maximum expected payoff that each primary ¢ can get
at that node. In an NE with strategy profile (¢1,...,1¥y,), if
each primary offers bandwidth at node v € V' w.p. a,, then
the expected payoff of each primary ¢ is given by:

E{ui(vi, i)} = Z a, W(aw).

veV

(96)

Also, note that if primary 7 offers bandwidth at I.S. I’ € .Z,
its overall expected payoff, denoted by U;(I’), is the sum of
the expected payoffs at the nodes in I’, which, by (22) is given

by:
UL (I') =) W(a) = > (1 —wi(aw)).

vel’ vel’

o7)

Now, let G be a mean valid graph. Suppose there exists a
NE in class & in which each primary offers bandwidth at node
ny wp. o, j=1,...,d 1 =1,...,M;, where {¢,;} is
a’valid distribution. Let the corresponding strategy profile be
(¥1,...,%y). In the NE (21,...,1,), by (22), primary 1 2

20The arguments in this section are given from the point of view of primary
1 for concreteness; they also hold for any primary ¢ € {2,...,n} since the
LS. distributions of the primaries are symmetric in an NE in class S.



gets an expected payoff of W («;,;) at node a; ;; also, by (96),
its total expected payoff is:

<

J
o W (e
1

-3

Jj=1

E{us(¢1,¢ (98)

~

We now prove that for each j, oj; =a; Vi=1,..., Mj,
where @; is given by (21). Suppose not. By (22) and
Lemma 19, W () is a strictly decreasing function of «; so
primary 1 offers bandwidth with a high probability o;; at
nodes a;; at which it gets a low payoff W («;;). Suppose
now, primary 1 unilaterally switches to a strategy vy, under
which it offers bandw1dth at each node in [;, j € {1,...,d}
w.p. @;. Note that Z _,a; < 1 by (21) SO 1Y is a
valid distribution since 1t corresponds to the L.S. distribution
(B(L)) =y j € {1,...,d}: BIp) = 1-X0_, @, B(1) =0,
I # I,...,1;,1I3}. We will next show that this unilateral
switch to strategy 1o increases primary 1’s expected payoff,
which will in turn contradict the fact that (¢1,...,1,) is a
NE.

By (96), the total expected payoff of primary 1 if it plays
strategy g is:

d M;
E{ur (o, p-1)} = DY @ W(a) (99)
j=11=1
By (98) and (99):
E{Ul(T/J Y-1)} — E{u1 (o, 1-1)}
Z Zaj,lw ;i) ZW ;1) | [100)

Jj=1

Now, we have the following algebraic fact, proved in Sec-
tion D2:

Lemma 20: Let N > 2 be an integer, o,...,an be real

N .
numbers and @ = Z’:Tlo‘ Let f(x) be any strictly decreasing
function of x. Then:

(Z%NWSﬂZﬂM)

with equality iff a; = ... = ay =a.

Intuitively, since f(.) is strictly decreasing, in the LHS of
(101), the terms in which f(a;) is large are multiplied by
small factors «; and vice-versa; on the other hand, all terms
f(a;) on the RHS are multiplied by the same factor @. So the
LHS is smaller.

Now, as mentioned above, f(a) = W(a) = 1 — wi(e)
is a strictly decreasing function of «. So by Lemma 20, the
expression in (100) is < 0, since we have assumed that for
at least one value of j, o 1,...,a; p; are not all equal. This
contradicts the fact that (1, ... ,1/)") is a NE. Thus, «;; =
Oéj 5 | = 1 Mj

Now, suppose Z =1 @ < 1. Then primary 1 can unilat-
erally offer bandwidth at each node in I; with probability
1-> j_i a@; > 0 instead of @&y and increase its payoff. This

contradicts the fact that the distribution is a NE. So we must
have E?Zl @; = 1. Thus, we have shown:

(101)

20

Lemma 21: In a mean valid graph, under every NE in class
S, each primary offers bandwidth at each node in I; w.p.
tj, j € {1,...,d}, for some t; > 0, j = 1,...,d, where

d
Zj:l t] = 1'

The following result, proved in Section D2, provides nec-

essary conditions for a distribution {¢; : j = 1,...,d} as in
Lemma 21 to constitute a NE in class S.

Lemma 22: If a distribution {¢t; : j = 1,...,d} as in
Lemma 21 constitutes a NE in class S, then Iy,..., I are

best responses and Ig41,...,I; are not, for some integer
d €{1,...,d}. Also, each I € .# containing a node from I;
for some j > d’ is not a best response. Hence (23) holds.

Recall that by (20), I1,...,I; are in decreasing order of
size. So Lemma 22 says that primaries do not choose I.S.
smaller than a certain size (out of Iy,...,Iy).

Now, consider a NE in class S with {¢; : j = 1,...,d} as
in Lemma 21. The expected payoff of primary 1 if it offers
bandwidth at I; is the sum of the expected payoffs at the nodes
in I;, which, by (22), is given by:

)= Wlaw)=) W)

vel; vel;

= [;|W(t;) = MW (t;).
(102)

By Lemma 22, Iy,..., Iy are best responses and 4 is
not. So Ui(I1) = ... = Ui(Ig) > Uy(Igr41). Substituting
(102), and using (23) and the fact that W(0) = 1—w;,(0) = r,
we get (24).

Thus, we have shown the following:

Lemma 23: A distribution {t; : j = .,d} as in
Lemma 21 that constitutes a NE in class S must satisfy (23)
and (24) for some integer d' € {1,...,d}.

Lemma 23 provides necessary conditions for a distribution
{t; : j = 1,...,d} to constitute a NE in class S. The
following lemma shows that these conditions are sufficient as
well.

Lemma 24: Let 1 < d' < d and t4,...,t; be a probability
distribution such that (23) and (24) hold. Then the strategy
profile in which every primary offers bandwidth at each node
in I; wp. t;, j €{1,...,d}, is a NE in class S.

The proof of Lemma 24 (see Section D2) is based on the
fact that the graph, being mean valid, satisfies Condition 2 in
Definition 3.

The following technical lemma, proved in Section D2,
shows the existence and uniqueness of a distribution
(t1,...,tq) satisfying (23) and (24).

Lemma 25: There exists a unique integer d’ and a unique
probability distribution (¢1,...,t;) such that (23) and (24)
hold. Also, t1 > ty... > tq4.

Note that the fact that ¢ > ¢5... > tg4 is consistent with
the intuition that primaries offer bandwidth at the larger I.S.
with a larger probability.

Finally, putting together the above discussion, we prove both
Theorem 4 and Lemma 3.

Proof of Theorem 4 and Lemma 3: By Lemma 21, under
every NE in class S, each primary must offer bandwidth at all
the nodes in I}, j € {1,...,d}, w.p. t; for some probability
distribution (¢1,...,t4). Also, by Lemma 23, (23) and (24)
hold for this distribution. By Lemma 25, there exists a unique
distribution (¢1,...,t4) satisfying (23) and (24). Finally, by



Lemma 24, the strategy profile where each primary uses this
distribution is a NE in class S. The result follows. ]

Thus, every mean valid graph has a unique NE in class S,
which can be explicitly computed by solving the system of
equations (23) and (24).

2) Details of Proofs: Let W («) be as in (22). We will use
the following result throughout.

Lemma 26: (1)) For0 < a < 1,0 < W(a) <r, () W(0) =
r, and (iii) W (a) is strictly decreasing in cv.

Lemma 26 follows from (22), the fact that w;(0) = 1 —r and
Lemma 19.
The following lemma is used in the proof of Lemma 20.

Lemma 27: Let N > 2 be an
Qi,-..,QpN, f1,.-., fn be real numbers. Then:

integer and

> (y—a)fi— 1)

1<i<j<N
(103)

Proof: We prove the result by induction. For N = 2:

N N N
N(Z o fi) — (Z a)>_fi) =

i=1

LHS 2(a1 f1 + azfo) — (1 + a2)(f1 + f2)
(2 — a1)(f2 — f1)

RHS

Suppose the result is true for N. For N + 1:

N
(N+ 1) aifi + anpafvi) —

LHS =
i=1
N N
O aitani )OO fi+ fi)
i=1 1=1
N N N
SRROEE) S o)
i=1 i=1 i=1
N
+Non1fni + 3 aifi + anpifye
i=1
N N
—ani1 () fi) = Q@) fvi —aniifi
i=1 i=1
= Y (y—a)fi—f)
1<i<j<N
N
+ Z(aN+1fN+1 +a;fi —ant1fi — @i fns)
i=1
(by induction hypothesis and collecting terms)
= RHS
The result follows by induction. [ |

Proof of Lemma 20: By symmetry, we can assume
WLOG that a1 < ag... < ay. Since f(.) is strictly

21

decreasing, f(a1) > f(ag) > ...

> f(an). Now:
N

N
(Z ;i f(as)) — a(z flei))

i=1

1 N N N
- < (N(Z aif(ai)) = (D an) (Y f<ai>>>
i=1 =1 i=1
1
= N Z (aj -

1<i<j<N

a;)(f(a;) = f(eu)) (by (108)04)

Fori < j, a; < o5 and f(a;) > f(a;). So each term in (104)

is < 0. Hence, the expression in (104) is 0 iff each term is 0,

which happens iff a; = ... = ay =1a. [ ]
Proof of Lemma 22: Let

U* = max{Ui(I;):j€{1,...,d}}
= max{M;W(t;):je{l,...,d}} (by (102))
and B={j € {1,...,d} : M;W(t;) = U*}. Note that B is
the set of indices of the 1.S. out of Iy,...,I; that yield the

highest payoff and U* is the value of that payoff.
By definition of B:

U*
J
U*
Wi(t) <7 Vi B. (106)
J

Let I be any LS. containing m;(I) nodes from I;, j =
1,...,d. By (97):

d
(1) = > mi(DW(t))
j=1

M;
< U" (by (67))

So maxye.s Ut (I) < U*, and since Uy (I;) = U*, j € B, each
1;, j € B, is a best response. Now, for I as defined above,
suppose m;(I) > 1 for some j ¢ B. Then the inequality in
(107) is strict. So Uy(I) < U* and [ is not a best response.
Thus, each I € .# containing a node from I; for some j ¢ B
is not a best response. In particular, Vj ¢ B, | j 1s not a best
response and, since primaries offer bandwidth at I; w.p. ¢; in
the above NE, ¢; = 0 for all j ¢ B.

It now suffices to show that B = {1,...,d'} for some
1 < d’ < d. Suppose not. Then there exist j,I € {1,...,d}
such that j <[, j ¢ Band! € B. Since j ¢ B, t; = 0 by the
previous paragraph. Now, by (97):

Ui(1;) M;W (t;)

Mjr (by part (i) of Lemma 26)
Mr (by (20), since j <)
M;W(t;) (by part (i) of Lemma 26)
= U*

d *
< ij(l)(U> (by (105) and (106))107)
j=1

v 1V

So I, is a best response, which is a contradiction since j ¢ B.
|



Proof of Lemma 24: Suppose primaries 2, ..., n use the
strategy %, under which bandwidth is offered at the nodes in
Ij wp. t;,7 =1,...,d. By (23) and part (ii) of Lemma 26,
W(t;) =r,j > d. So by (97), the payoff of primary 1 if it
plays LS. I;, j € {1,...,d'} (resp., j € {d' +1,...,d}) is
Ui(I;) = MW (t;) (resp., Ui (I;) = M;r). Hence, by (24)
and (20), for some U™,

U = Ul(Il) =...= Ul(Id/) > Ul(ld’-i-l) > ... > Ul(Id).
The maximum payoff that primary 1 can get at a node v € I,
je{l,...,d'} equals
Ui(1;)  U*
= = . (108)
M; M
Now, for j > d', Mr = Ui(I;) < U*. So the maximum
payoff that primary 1 can get at a node v € I;, j > d’ is
U*
M;’
Now, let I be an LS. containing m;([) nodes from I;, j =
1,...,d. By (108) and (109):

Wi(tj)

r < (109)

(I
v < o[y md (110)
j=1
< U" (by (67))
Since U;(I1) = = Ui(ly) = U* 6L,...,1y are

best responses. Under the strategy ¢, primary 1 can only
play I,..., Iy with positive probability; hence, 1) is a best
response. ]

Proof of Lemma 25: Existence: For convenience, let
Mgy1 = 0. For ¢ € [M{W(1),M;r] and j € {1,...,d}, if
M;r > x, then we show that the equation:

M;W(t)) =z (111)
has a unique solution ¢;(z) € [0,1]. Let h(t;) = M;W(¢;).
By part (ii) of Lemma 26, h(0) = M;r > . Also,

h(1) MW (1)
MW (1) (by (20))
x

IAIA

Also, since w(.) is a continuous function and by (22), h(t;)
is a continuous function of ¢;. So by the intermediate value
theorem [4], h(t;) = x has a solution in [0, 1. By part (iii) of
Lemma 26, h(t;) is a strictly decreasing function of ¢;; so this
solution, say ¢;(z), is unique. For x = M,r, t; = 0 satisfies
(111) by part (ii) of Lemma 26. So t;(M;r) = 0.

Since h(t;) is strictly decreasing on 0 < ¢; < 1, it is
invertible. Also, since the inverse of a continuous function is
continuous (see Theorem 4.17 in [4]), h~1(x) is continuous.
But z = h(tj(z)). So tj(z) = h~(z). Thus, t;(x) is
continuous in x for x < M;r. For x > M;r, define ¢;(z) = 0.
As shown above, ¢;(M;r) = 0. So t;(x) is continuous on
[]\411}[/(].)7 MlT}. Let,

(112)

22

As shown above, h(t;) is strictly decreasing on 0 < ¢; < 1
for j=1,...,d. So t;j(z) = h~!(x) is strictly decreasing for
x < Mjr. Also, by definition, ¢;(x) = 0 on M;r < z < Myr.
So by (112), T'(z) is strictly decreasing on [M;W (1), M;r]
(note that tq(x) is strictly decreasing on = < M;jr). Also,
tj(M17“> =0, _j = 1,...,d. So

T(Myr) = 0. (113)

Now, for j = 1 and x = MW (1), t; = 1 satisfies (111). So
t1(M;W(1)) = 1 and hence, by (112):

T(M;W (1)) > 1. (114)

Now, since each t;(x), j = 1,...,d, is continuous on
(MW (1), Mr], so is T(z) by (112). Hence, by (113), (114)
and the intermediate value theorem, the equation T'(x) = 1
has a solution z* € [M;W (1), M;r], which is unique because
T(z) is strictly decreasing. Let d’ = max{j : M;r > z*}. By
definition of ¢;(x), for j = 1,...,d', M;W(t;(z*)) = z*
and for j > d', M;r < z* and hence t;(z*) = 0. Thus,
(t1(z*),...,tq(x*)) satisfy (23) and (24). Also, by (112),
S ti(at) = T(z*) = 1; so (ti(z*), ... ta(a*)) is a
probability distribution. The result follows.

Uniqueness: We now show the uniqueness of d’ and the
distribution (1, ...,tq) satisfying (23) and (24). Assume, to
reach a contradiction, that there exist e, f € {1,...,d} and
probability distributions ¢ = (t1,...,tqs) and s = (s1,...,8q4)
such that ¢; = 0 (respectively, s; = 0) for j > e (respectively,
j > f) and for some y and z:

Y = M1W(t1) =...= MGW(te) > Me+17"
z = M1W(Sl) =...= MfW(Sf) > Mf+17’

(115)
(116)

First, suppose e = f. If y = z, then by (115) and
(116), M;W(t;) = M;W(s;), j = 1,...,e. By part (iii)
of Lemma 26, W(.) is a one-to-one function; so t; = s;,
j=1,...,e.Also,t; =5;=0,7>e. Sot=s.

Now, suppose z > y. Then M;W (s;) > M;W(t;), j =
1,...,e. So W(s;) > W(t;), and by part (iii) of Lemma 26,
s5j<tjj=1,...,e.801 =37 s; <> _ t; =1 which
is a contradiction. Thus, z > y is not possible. By symmetry,
z < y is also not possible.

Now, suppose e < f. Then by (115) and (116), z =
MeiaW (Seq1) < Mejar <y. So for j € {1,...,e}:

M;W(s;) =z <y = M;W(t;)

which implies s; > t;. So >°°_, s; > >7_, t; = 1, which is
a contradiction. So e < f is not possible. By symmetry, e > f
is also not possible. The result follows.

Finally, we show that t; > t5... > tq. For 1 <i < j <d,
W (t;) < W (t;) and hence, by part (iii) of Lemma 26, ¢; > ¢;.
For [ > d’,t; = 0 by (23). The result follows. ]

E. Proof of Lemma 4

In Lemmas 28, 29 and 30 below, we state and prove a
generalization of Lemma 4 in which we relax the assumption
that M, ..., My are distinct.

Lemma 28: Let z = [{i : M; = My}|. If there exists an
e > 0 such that for all large n, ¢ < zk,/(n — 1) — ¢, then



n—1,p; »>v,j=1,...,2 as n — oo. Also, for all large
Tl,d/:Z,tl:...:tz=1/27t2+1:t2+2= .tdZO.

., Proof: Note that for all large enough n, for each 1,
M < (n —1)¢g/z + (n — 1)e/2z. Thus, if each
primary selects an L.S. w.p. 1/z, for a given primary with
available bandwidth, the expected number of primaries among
the rest minus the expected number of secondaries is less
than —(n — 1)e/2z. Clearly, then, for each i, w;(1/z) — 0
as n — oo (convergence is exponentially fast by Hoeffd-
ing’s inequality [27]). Thus, W(1/z) — 1 as n — oo.
Thus, for all large enough n, M1W(1/z) = MW (1/z) =

M W(1/z) > M,yqr. Thus, (1/2,...,1/2,0,...,0) sat-
isfies the requisite equations for the symmetric NE LS. se-
lection p.m.f. The last part follows. For j = 1,..., z, clearly
(v —c)(1l —wi(l/z)) < pj —c < v—c Thus, p; - v
as n — o0o. Thus, the expected utility of any primary with
available bandwidth converges to M, the maximum possible
value, and the error decays exponentially with increase in n.
Thus, n — 1. ]

Lemma 29: Consider [ < d. Let Ly, = min{i <1: M; =
M} and e = max{i > 1 : M; = M;}. If there exists
an € > 0 such that for all large n, lk,/(n — 1)+ € <G, <
(I 4+ 1)k,/(n — 1) — e, then for all large n, d/, > max(l +

1, lnaz)- AlSO, trnG, = kn/(n—1) form=1,... lpmin—1
— Umin=Dkn
and t,,,q,, — min qlmw—#’kn/(n_ 1)) for m =

lmin, s lma$~

Proof: First let d), < I. Then ty, > 1/d, > 1/l.
Thus, t1,q, > kn/(n — 1) + €/l. Thus, W(t1,) — 0 and
M1W(t1n) — 0 as n — oo. Thus, M1W(t1n) < Ml+1
for all large enough n (contradiction). Thus, d, > I + 1.
However, the fact that d/, > [ implies that d!, > l;;4.. ToO
prove this, suppose not. Then M;W (t;) > M, .r = Mr.
So W(t;) > r, which contradicts Lemma 26. So d], > lynax
and hence d/, > max(lnaz, + 1). Thus, the first part of the
lemma holds.

Now, consider a m < [,,4.. Let there exist a § > 0 such
that t,,,q,, > kn/(n — 1) + 0 for a certain subsequence
{@,,kn}. Then W(t,,) — 0 for that subsequence. Thus,
MW (tmn) — 0 for that subsequence. Let d), = d in a
subsequence of the above subsequence. In this subsequence
tdiL < 1/d, and thus td’nQn < kn/(n — 1) — €, W(td%) — 1
and Mg W (tg ) > 0. Thus, My, W (timn) # My W (tarr) for
all large enough n (contradiction). Thus, d], < d throughout
the above subsequence. But then M,,W (t;,) < Mas 41 for
all large enough n (contradiction). Thus, no such subsequence
exists. Thus, lim sup ¢, < kn/(n—1).

Now, for m € {1,...,lnin — 1}, let there exist a 6 > 0
such that ¢,,,,q, < k / (n — 1) — ¢ for a certain subsequence
{qn, kn}. Then W (t,,,) — 1 for that subsequence. Thus, in
that subsequence, M, W (¢,,) > M,, 41 for all large enough
n. Then for all large enough n, d,, = m < [ (contradiction).
Thus, lim inf ¢,,,,,g,, > k. /(n — 1). Hence,

tndn — kn/(n—1), m=1,... Ly — 1. (117)
Now, let m € {lmin,---,lmaz}. Since M; ., = ... =
M,,,, and M, W(t,,) = ... = M, W(t,,,) it
follows that ¢, , = ... = t,,,. = ;. Suppose for a

23

=z _Umin=Dkn

subsequence, t;g,, > 7(1;’ ,;,—l:;-:l — + 9. This implies
(lmam - lmin + 1)tl + <()) > — + 1
n n—1 qn

Taking limits as n — oo on both sides and using (117) and
the fact that ¢; =1 = t;, we get:

min max

lmax lmin—1

Zt+2t>1+f

M=lmin

which contradicts the fact that (¢g,...
distribution. Hence,

,tq) is a probability

(bmin—1)kn
n—1

limsup t;q, <
lmaz -
Now, we consider two cases.
Case (i):

(Umin—1)ks

n—1 S lim
—Ipmin+1 “noocon—1

qn -
lim
n—oo [

(118)

max

Suppose there exists § > 0 such that for a subsequence ¢;,,:

7, — Umin—1)kn
t1. q ) 119
buln < lma:r - lmzn + 1 ( )

For this subsequence, after accounting for the probability
masses put on Iy,...,[; . ., there is still some left. So
d’ > lymaz + 1 for this subsequence. However, by (118) and
(119): .
1,4, < 1 ]

for large enough n. So W(t;,) — 1 for the subsequence. So
in the subsequence, M; W (t;, ) > M;,, .. +1, which contradicts
the fact that d], > l,4 + 1. Thus,

max

l)kn

T — (lwmin -

. — dn n—1
1 ft > - 120
HIE P O = lmam - lmin + 1 ( )
g, — dmin=Dkn
and hence t;,q,, — Zn,am_l:;;;"rl .
Case (ii):
a _ (lﬂmn_l)kn
lim < lim ———n=1 121
n—00 M — =00 lae — lmin + 1 ( )
Suppose
kTL
1. q, < -4 122
Wl < -7 (122)
for a subsequence. Then
Wi(t,)—1 (123)
for that subsequence. Now, by (121) and (122):
— (min—1kn
t < n—1
Lo lmaz - lmin +1
for large enough n. So similar to Case (i), after accounting
for the probability masses put on Iy,...,1I;, ., there is still

some left. So

dl) > lpas + 1. (124)



But by (123), M;W (t;,,) > M;, .. +1, which contradicts (124).
Thus, in Case (ii), ¢, g, — nkjl.

Hence, in both cases, tmnd, —
min | ——>— k,/(n — 1) | and we are done. [ |

lmaz—lmin+1 7
Lemma 30: If there exists an € > 0 such that for all large
n, q > kyd/(n—1)+¢ n— 0asn— oco. Also, for all large
n,d =dand p; - ¢, j=1,...,d.

Proof: Clearly, t; > 1/d. Thus, t1q > k,/(n—1) +€/d.
Now, for all large enough n, for each i, Z;”Zl tiqj — tiq; >
(n — 1)t1q¢ — t1(n — 1)e/2. Thus, if a given primary with
available bandwidth selects I;, then the expected number of
other primaries he sees at a node there minus the expected
number of secondaries is greater than (n — 1)¢/2. Clearly,
then for each i, w;(t;1) — 1 as n — oo (convergence
is exponentially fast by Hoeffding’s inequality [27]). Thus,
W(t1) — 0 and MiW(t;) — 0 as n — oo. Thus,
MW (t1) < My for all large enough n. Thus, d’ = d. So
fOI'j = 1,...,d, MJW(tJ) = M1W(t]) — 0asn — o0
and hence p; — c. Thus, the second part of the lemma holds.
Since M1W (t1) — 0 as n — oo, expected utility of each
primary approaches 0, and the approach is exponentially fast.
Thus, the overall expected utility of all primaries approach 0.
Clearly, the expected utility attained by OPT is bounded away
from 0. The result follows. ]
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