GADTs

1 Definitions

termuvar, x, y, 2

tyvar, X, Y, Z
termcon, c
tycon, C
index, i, j, m, n
A = type contexts: finite maps from tyvars to kinds
X n= signature: finite map from termcons to types and tycons to kinds
P = substitution: finite map from tyvars to types
t, u = term:

| =z variable

| Az:S.t abstraction

[ application

|  AX =K.t type abstraction

|  ¢[T] type application

| c A datatype constructor

| case[S]tof {c;Ajz; = t; ’ } case analysis
v = value:

| Az:T.t abstraction value

| AX K.t type abstraction value

| c m ‘v data constructor application
S = (poly)types:

| X type variable

| TT type application

| S -9 type of function

| C datatype operator

| VX:K.S universal type
T, U n= monotypes:

| X type variable

| TT operator application

| T — T type of function

| C datatype operator type
Tr = term contexts:

| 0 empty context

| T,z:8 termvar binding
K = kinds:

| * kind of proper types

| K=K kind of operators



t — t’| Evaluation

tl b t{
——  E_Arprl
tl t2 — t{ t2
t t
L{ E,APP2
vy — vl
E_APPABS
()\IZTll.tlg)’UQ — tlg{’vg/l'}
h— 4 E_TApp
W[To] — H[T2]
E_TAPPTABS
(AXIIKll.tlg)[TQ] Htlg{Tg/X}
; Z E_CASE
case[S|tof { ¢; Ao, =t } — case[ S|t of { c;Az; =t }
A,L' = XjISij
— - 7 E_CASECON
case[S](cl- [Tj] U)Of{ ClA1l’z = tl‘ } — (tz{ Tj/Xj }){U/{L’l}
Multi-subst well-formed
X K € Ay implies (Mg (X)) KANX dom A
1 implies (Ag (X) ¢ dom Ao) MSWE

P Al = AQ
Compatibility

(I)IA12>A2 AlgA AQQA

N COMPAT
AF S : K| Kinding
X :KeA K TVAR
AFX oK -
C:KeXx I
AFC:= K - N
AFT125K11:>K2 AFTQISKll
K_APP
A}_TlTQZZKQ
AFS s AR Sy K_ARROW
AF S — Sy -
A, X 2 KFE Sy % K ALL
AFVX o K.Sy % -
Context well-formed
AFD C_EMPTY
AFT AFS:x z ¢ domT C VAR
ArFT,z:8 -
AT F t: S| Typing
z:S5el’” AFT
T_VAR

ATz : S



AFES % ATl 2z : 51 F 6 S

T_A
AT )\CE:S].tQ : Sl - 52 53
AF F tl . Sll — 512 AF F t2 . 511
T_AppP
AFI—tltnglg
(A X:2K)TFH¢t: S T TAB
ATFAX=Ki{:VX:K.5 0P
AT Ft: VX K.S AT K
T_TAprP

AT+ ¢[T]:S{T/X}
c:VA'.S - CTeY 0FVA'.S - CT:=x AFT

AT F c: S T-Con

AT FHt: CT

Ve: (VA;.S — CT;) € ¥.exists¢;.c = ¢

VO ~ A, A (P € mgu(T, T;) implies (P (A, A;)P (T, 2 = S;) F @(t;) : (9))
domA; ¢ ftv S

- T_CASE
AT F case[S|tof { ¢;Ajz; =t }: S

2 Additional Definitions

e @ is a substitution: an unordered finite map from type variables to types. The empty map is (). The composition
of two maps is written ®; o @,.

e Ifd : Ay = Agand® ~ Athen® (A)=A— A;.
e If A1 Ty :xand Ag b T :: xthen ® € mgu ( Ty, T2 ) when

1. & ~ Ay, Ay
2.9(T)=9(1T2)
3. Forall @' ~ A;, Agand &' (11 ) = @' ( Ty ) there exists a @ ~ & (A1, Ay) s.t.d' = d" 0 P,

3 Notes

o This language has explicit type abstraction and application.

o Like Haskell, this language has predicative polymorphism. Type variables may only be instantiated with mono-
types.

e For simplicity, data constructor take exactly one term argument and their indexed types take exactly one type
argument.

e However, data constructors can be polymorphic over several type variables.

4 Metatheory
Lemma 1 (Regularity)
1. If AT+t : Tthen AF T ::xand A F T.
Lemma 2 (Type substitution) Suppose ® ~ A:
1. fAF S : Kthen®(A)F®(S): K
2. IfAFTthen®(A) F &(T)



3IFAT b t: Sthen® (A)D(T)F ®(t): &(T)

Lemma 3 (Term substitution in terms) I[fA (T, 2 : Ty, o) b ¢t : Toand ATy F u : TothenA(T1,T5) B
t{u/z}: To.

Lemma 4 (MGU existance) [f A1 - T} = xand 0+ Ty - xand ® : Ay = Qand @ (Ty) = Ty then ® €
mgu (11, Ta).

Lemma 5 (MGU renaming) If®; € mgu ( Ty, To) and ®s € mgu ( Ty, Ts), thenexists 3 = X1/Y1..Xn/Yn
such that ®; = &3 o ®,.

Theorem 6 (Preservation) If00 -t : Tandt — t' thenQO ¢ : T

Lemma 7 (Canonical Forms) 1. If)0 + v : S — Sythenvis Az:S.t.
22 If00F v : VX Ky.Sthenvis AX :: Ko.t.

%

30000 F v : CTthenvisc|T;] v

Theorem 8 (Progress) If)) = t : T then either t is a value or there exists a t’ such that t — t'.



