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Abstract

Higher-orderabstractsyntaxis a simpletechniquefor implement-
ing languageswith functionalprogramming.Objectvariablesand
bindersareimplementedby variablesandbindersin the host lan-
guage.By usingthis technique,onecanavoid implementingcom-
mon and tricky routinesdealingwith variables,suchas capture-
avoiding substitution. However, despitethe advantagesthis tech-
niqueprovides, it is not commonlyusedbecauseit is dif�cult to
write soundeliminationforms(suchasfoldsor catamorphisms)for
higher-orderabstractsyntax.To fold oversuchadatatype,onemust
eithersimultaneouslyde�ne an inverseoperation(which may not
exist) or show thatall functionsembeddedin thedatatypearepara-
metric.

In thispaper, weshow how �rst-classpolymorphismcanbeusedto
guaranteetheparametricityof functionsembeddedin higher-order
abstractsyntax.With this restriction,we implementa library of it-
erationoperatorsover data-structurescontainingfunctionals.From
this implementation,we derive “fusion laws” that functionalpro-
grammersmay useto reasonaboutthe iterationoperator. Finally,
we show how this useof parametricpolymorphismcorresponds
to theScḧurmann,Despeyroux andPfenningmethodof enforcing
parametricitythroughmodaltypes.We do soby usingthis library
to giveasoundandcompleteencodingof theircalculusinto System
Fw. This encodingcanserve asa startingpoint for reasoningabout
higher-orderstructuresin polymorphiclanguages.
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1 Intr oduction

Higher-orderabstractsyntax(HOAS) is anold andseductively sim-
ple techniquefor implementinga languagewith functional pro-
gramming.1 Themain ideais elegant: insteadof representingob-
ject variablesexplicitly, we usemetalanguagevariables. For ex-
ample, we might representthe object calculusterm (l x:x) with
the Haskell expressionlam (\x -> x) . Doing so eliminatesthe
needto implementa numberof tricky routinesdealingwith object
languagevariables. For example,capture-avoiding substitutionis
merely function applicationin the metalanguage.However, out-
sideof a few specializeddomains,suchastheoremproving, partial
evaluation[26], logical frameworks[22] andintensionaltypeanal-
ysis[27, 30], higher-orderabstractsyntaxhasfoundlimited useas
animplementationtechnique.

Oneobstaclepreventingthewidespreaduseof this techniqueis the
dif�culty in usingeliminationforms,suchascatamorphisms2, for
datatypescontainingfunctions.Thegeneralform of catamorphism
for thesedatatypesrequiresthat an inversebe simultaneouslyde-
�ned for every iteration[16]. Unfortunately, many operationsthat
we would like to de�ne with catamorphismsrequireinversesthat
donot exist or areexpensive to compute.

However, if weknow thattheembeddedfunctionsin adatatypeare
parametric, wecanuseaversionof thecatamorphismthatdoesnot
requireaninverse[9, 24]. A parametricfunctionmaynot examine
its argument;it mayonly useit abstractlyor “pushit around”.Only
allowing parametricembeddedfunctionsworks well with HOAS
becausethetermswith non-parametricembeddedfunctionsareex-
actlythosethathavenocorrespondenceto any l -calculusterm[24].
In this paper, we useiterator to refer to a catamorphismrestricted
to argumentswith parametricfunctions.

A type systemcan separateparametricfunctionsfrom thosethat

1While thenamecomesfrom PfenningandElliott [21], theidea
itself goesbackto Church.[4].

2Catamorphisms(alsocalledfolds) aresometimesrepresented
with thebananas(j � j) notation[15].



are not. For example,Fegarasand Sheard[9] add tagsto mark
the types of datatypeswhoseembeddedfunctions are not para-
metric, prohibiting iteration over thosedatatypes. Alternatively,
Scḧurmann,Despeyroux and Pfenning[24, 8] use the necessity
modality(“box”) to markthosetermsthatallow iteration.

However, many moderntypedlanguagesalreadyhaveamechanism
to enforcethat an argumentbe usedabstractly—parametricpoly-
morphism. It seemsdesirableto �nd a way to usethis mechanism
insteadof addinga separatefacility to the typesystem.In this pa-
per, we show how to encodedatatypeswith parametricfunction
spacesin thepolymorphicl -calculus,includingiterationoperators
over them.

Our speci�c contributions are the following. For functional pro-
grammers,we provide an informal descriptionof how restricting
datatypesto parametricfunction spacescan be enforcedin the
Haskell languageusing�rst-classpolymorphism.Weprovideasafe
andeasyimplementationof a library for iterationoverhigher-order
abstractsyntax.This Haskell library allows thenaturalexpression
of many algorithmsover the object language;to illustrateits use,
we useit to implementa numberof operationsincluding Danvy
andFilinski's optimizing one-passCPSconversionalgorithm[6].
Furthermore,becausewe encodethe iterationoperatorwithin the
polymorphic l -calculus,we also derive “fusion laws” about the
iterationoperatorthat functionalprogrammersmay useto reason
abouttheirprograms.

To show thegeneralityof this technique,we usethis implementa-
tion to show a formal translationfrom theScḧurmann,Despeyroux
andPfenningmodal calculus[24] (calledherethe SDPcalculus)
to SystemFw. This encodinghasanaddedbene�t to languagede-
signerswho wish to incorporatereasoningaboutparametricfunc-
tion spaces.It demonstrateshow systemsbasedon the polymor-
phic l -calculusmaybeextendedwith reasoningabouthigher-order
structure.

We do not claim that this encodingwill solve all of the problems
with programmingusinghigher-orderabstractsyntax.In particular,
algorithmsthat requirethe explicit manipulationof the namesof
boundvariablesremainoutsidethe scopeof this implementation
technique.

The remainderof this paperis as follows. Section2 startswith
backgroundmaterialoncatamorphismsfor HOAS, includingthose
developedby Meijer andHutton [16] andFegarasandSheard[9].
In Section2.1weshow how to use�rst-classpolymorphismandab-
stracttypesto provide aninterfacefor FegarasandSheard's imple-
mentationthat enforcesthe parametricityof embeddedfunctions.
Using this interface,we show someexamplesof iteration includ-
ing CPSconversion(Section2.2). In Section3, we describean
implementationof thatinterfacewithin thepartof Haskell thatcor-
respondsto SystemFw, anddescribepropertiesof that implemen-
tation in Section3.1. Section4 describesthe SDP calculusand
Section5 presentsan encodingof that calculusinto Fw, usingthe
implementationthatwe developedin Section3. Section6 presents
future work, Section7 presentsrelatedwork, andSection8 con-
cludes.We includeGenericHaskell codefor thepolytypic partof
ourimplementationin AppendixA andthefull encodingof theSDP
calculusinto SystemFw in AppendixB.

2 Catamorphisms for datatypeswith embed-
ded functions

Thefollowing recursive datatyperepresentstheuntypedl -calculus
usingHigher-OrderAbstractSyntax(HOAS).3

data Exp = Lam (Exp -> Exp) | App Exp Exp

The data constructor Lam representsl -expressions. How-
ever, instead of explicitly representing bound l -calculus
variables, Haskell functions are used to implement binding
and Haskell variables are used to representvariables. For
example, we might representthe identity function (l x:x) as
Lam (\x -> x) or the in�nite loop (l x:(xx))( l x:(xx)) as
App (Lam (\x -> App x x)) (Lam (\x -> App x x)) .

Using this datatype,we can implementan interpreterfor the l -
calculus. To do so, we mustalsorepresentthe resultvalues(also
usingHOAS).

data Value = Fn (Value -> Value)
unFn (Fn x) = x

It is tricky to de�ne recursive operations,suchasevaluation,over
this implementationof expressions.Theargument,x, to Lambelow
is a functionof typeExp -> Exp. To evaluateit, we mustconvert
x to a functionof typeValue -> Value. Therefore,we mustalso
simultaneouslyde�ne aninverseto evaluation,calleduneval , such
thateval . uneval = \x -> x. This inverseis usedto convert
theargumentof x from a Value to anExp.

eval :: Exp -> Value
eval (Lam x) = Fn (eval . x . uneval)
eval (App y z) = unFn (eval y) (eval z)
uneval :: Value -> Exp
uneval (Fn x) = Lam (uneval . x . eval)

Considertheevaluationof (( l x:x)( l y:y)) . First eval replacesApp
with unFnandpushesevaluationdown to the two subcomponents
of theapplication.Next, eachLamis replacedby Fn, andtheargu-
ment is composedwith eval anduneval . The unFn cancelsthe
�rst Fn, andthe identity functionscanbe removed from thecom-
positions.As uneval is right inverseto eval , we canreplaceeach
(eval . uneval) with theidentity function.

eval (App (Lam (\x -> x)) (Lam (\y -> y)))
= unFn (eval (Lam (\x -> x)))

(eval (Lam (\y -> y)))
= unFn (Fn (eval . \x -> x . uneval))

(Fn (eval . \y -> y . uneval))
= (eval . uneval) (Fn (eval . uneval))
= (\x -> x) (Fn (\y -> y))
= Fn (\y -> y)

Many functionsde�ned over Exp will follow this samepatternof
recursion,requiringan inversefor Lamandcalling themselvesre-
cursively for the subcomponentsof App. Catamorphismscapture
the generalpatternof recursionfor functionsde�ned over recur-
sive datatypes.For example,foldl is a catamorphismfor the list
datatypeandcanimplementmany list operations.For lists of type

3All of thefollowing examplesarein thesyntaxof theHaskell
language[19]. While someof thelaterexamplesrequireanexten-
sion of the Haskell type system—�rst-classpolymorphism—this
extensionis supportedby the Haskell implementationsGHC and
Hugs.



newtype Rec a = Roll (a (Rec a))

data ExpF a = Lam (a -> a) | App a a
type Exp = Rec ExpF

lam :: (Exp -> Exp) -> Exp
lam x = Roll (Lam x)

app :: Exp -> Exp -> Exp
app x y = Roll (App x y)

xmapExpF:: (a -> b, b -> a)
-> (ExpF a -> ExpF b, ExpF b -> ExpF a)

xmapExpF(f,g) = (\x -> case x of
Lam x -> Lam (f . x . g)
App y z -> App (f y) (f z),

\x -> case x of
Lam x -> Lam (g . x . f)
App y z -> App (g y) (g z))

cata ::
(ExpF a -> a) -> (a -> ExpF a) -> Rec ExpF -> a

cata f g (Roll x) =
f ((fst (xmapExpF (cata f g, ana f g))) x)

ana ::
(ExpF a -> a) -> (a -> ExpF a) -> a -> Rec ExpF

ana f g x =
Roll (snd (xmapExpF(cata f g, ana f g)) (g x))

Figure1. Meijer/Hutton catamorphism

[a] , foldr replaces[] with a basecaseof typeb and(:) with a
functionof type(a -> b -> b) .

Meijer and Hutton [16] showed how to de�ne catamorphisms
for datatypeswith embeddedfunctions,suchas Exp. The cata-
morphism for Exp systematicallyreplacesLamwith a function
of type ((a -> a) -> a) and App with a function of type
(a -> a -> a) . However, just as we de�ned eval simul-
taneously with uneval , the catamorphismfor Exp must be
simultaneouslyde�ned with an anamorphism. The catamor-
phism provides a way to consumemembersof type Exp and the
anamorphismprovidesa way to generatethem.

In orderto easilyspecifythisanamorphism,weusea slightly more
complicatedversionof theExp datatype,shown at the top of Fig-
ure1. Thisversionmakestherecursionin thedatatypeexplicit. The
newtype Reccomputesthe �x ed point of type constructors(func-
tions from typesto types). The type Exp is the �x ed point of the
typeconstructorExpF, wheretherecursiveoccurrencesof Exphave
beenreplacedwith thetypeparametera. The�rst argumentto cata
is of type ExpF a -> a (combiningthe two functionsmentioned
above,of type((a -> a) -> a) and(a -> a -> a) ). The�rst
argumentto ana hastheinversetypea -> ExpF a.

The functionscata andana arede�ned in termsof xmapExpF, a
generalizedversionof a mappingfunction for the type construc-
tor ExpF. Becauseof the function argumentto Lam, xmapExpF
mapstwo functions, one of type a -> b and the other of type
b -> a. Thede�nition of xmapExpFis completelydeterminedby
the de�nition of ExpF. With GenericHaskell [5], we can de�ne
xmapand automaticallygeneratexmapExpFfrom ExpF(seeAp-

data Rec a b = Roll (a (Rec a b)) | Place b

data ExpF a = Lam (a -> a) | App a a
type Exp a = Rec ExpF a

lam :: (Exp a -> Exp a) -> Exp a
lam x = Roll (Lam x)

app :: Exp a -> Exp a -> Exp a
app x y = Roll (App x y)

xmapExpF:: (a -> b, b -> a)
-> (ExpF a -> ExpF b, ExpF b -> ExpF a)

xmapExpF(f,g) = (\x -> case x of
Lam x -> Lam (f . x . g)
App y z -> App (f y) (f z),

\x -> case x of
Lam x -> Lam (g . x . f)
App y z -> App (g y) (g z))

cata :: (ExpF a -> a) -> Exp a -> a
cata f (Roll x) =

f ((fst (xmapExpF (cata f, Place))) x)
cata f (Place x) = x

Figure2. Fegaras/Sheardcatamorphism

pendixA).4 Thatway, we caneasilygeneralizethis catamorphism
to otherdatatypes.Unlike map, which is de�ned only for covari-
ant type constructors,xmapis de�ned for type constructorsthat
have bothpositive andnegative occurrencesof theboundvariable.
Theonly typeconstructorsof Fw for which xmapis not de�ned are
thosewhosebodiescontain�rst-classpolymorphism.For example,
la : ?:8b : ?:a ! b.

We can use cata to implementeval . To do so we must de-
scribeonestepof turning anexpressioninto a value(the function
evalAux) andonestepof turning a value into an expression(the
functionunevalAux).

evalAux :: ExpF Value -> Value
evalAux (Lam f) = Fn f
evalAux (App x y) = (unFn x) y

unevalAux :: Value -> ExpF Value
unevalAux (Fn f) = Lam f

eval :: Exp -> Value
eval x = cata evalAux unevalAux x

Using cata to implementoperationssuchas eval is convenient
becausethepatternof recursionis alreadyspeci�ed.Noneof eval ,
evalAux orunevalAux arerecursively de�ned. However, for some
operations,there is no obvious (or ef�cient) inverse. For exam-
ple, to usingcata to print out expressionsalsorequireswriting a
parser. FegarasandSheard[9] notedthatsometimestheoperation
of thecatamorphismoftenundoeswith f whatit hasjustdonewith

4Meijer andHutton'sversionof xmapExpFonly createdthe�rst
componentof the pair. In ana where the secondcomponentis
needed,they swapthearguments.This is valid becausefst (xmap
(f,g)) = snd(xmap (g,f)) . However, while the versionthat
we usehere is a little more complicated,it can be de�ned with
GenericHaskell.



g. This situationoccurswhentheargumentto cata containsonly
parametric functions. A parametricfunction is onethat doesnot
analyzeits argumentwith case or cata .

When the argumentto cata is parametric, Fegarasand Sheard
showedhow to implementcata withoutana. Thebasicideais that
for parametricfunctions,any useof ana duringthecomputationof
a catamorphismwill alwaysbeannihilatedby cata in the�nal re-
sult. Therefore,insteadof computingthe anamorphism,they use
a placeholderto storetheoriginal argument.Whencata reaches
thatplaceholder, it returnsthestoredargument.

To implementFegarasandSheard's catamorphism,we mustrede-
�ne Rec. In Figure 2, we extend it with an extra branch(called
Place) that is the placeholder. BecausePlace can containany
typeof value,Rec(andconsequentlyExp) mustbeparameterized
with thetypeof theargumentto Place. Thistypeis theresultof the
catamorphismover theexpression.In theimplementationof cata ,
Place is thesecondargumentto xmapExpFinsteadof ana f . It is
a right inverseto cata f by de�nition.

Forexample,tocountthenumberof occurrencesof boundvariables
in anexpression,we mightusethefollowing code.

countvarAux :: ExpF Int -> Int
countvarAux (App x y) = x + y
countvarAux (Lam f) = f 1

countvar :: Exp Int -> Int
countvar = cata countvarAux

ThefunctioncountvarAux describeswhat to do in onestep.The
numberof variablesin anapplicationexpressionis thesumof the
numberof variablesin x andthe numberof variablesin y. In the
caseof a l -expression,f is a functionfrom thenumberof variables
in a variableexpression(i.e. one)to thenumberof variablesin the
bodyof thelam. For example,to countthevariablesin (l x: x x):

countvar (lam (\x -> app x x))
= (countvar . (\x -> x + x) . Place) 1
= (\x -> (countvar (Place x))

+ (countvar (Place x))) 1
= (countvar (Place 1)) + (countvar (Place 1))
= 2

This de�nition of cata only works for argumentswhosefunction
spacesareparametricandwho do not usePlace. Informally, we
call suchexpressionssoundandotherexpressionsunsound. Apply-
ing cata to anunsoundexpressioncanreturnameaninglessresult.
For example,saywe de�ne thefollowing term:

badplace :: Exp Int
badplace = lam (\x -> Place 3)

Thencountvar badplace = 3, eventhoughit containsnobound
variables.Evenmoreimportantlyfor higher-orderabstractsyntax,
unsounddatatypesdonotcorrespondto untypedl -calculusexpres-
sions,soit is importantto beableto distinguishbetweensoundand
unsoundrepresentations.5

5It is alsoimportantto distinguishbetweensoundandunsound
membersof datatypesthathave meaningfulnon-parametricrepre-
sentations.For thesedatatypes,the behavior of the Fegarasand
Sheardcatamorphismon unsoundargumentsdoesnot correspond
to theMeijer andHuttonversion.

Therearetwo waysfor parametricityto fail, correspondingto the
two destructorsfor thetypeExp a. A functionis not parametricif
it usescata or case to examineits argument,asbelow:

badcata :: Exp Int
badcata = lam (\x -> if (countvar x == 1)

then app x x
else x)

badcase :: Exp a
badcase = lam (\x -> case x of

Roll (App v w) -> app x x
Roll (Lam f) -> x
Place v -> x)

FegarasandShearddesigneda typesystemto distinguishbetween
soundandunsoundexpressions.DatatypessuchasExp werean-
notatedwith �ags to indicatewhetherthey hadbeenexaminedwith
eithercase or cata , andif so,they werepreventedfrom appearing
insideof non-�aggeddatatypes.Furthermore,their languagepre-
ventedtheuserfrom accessingPlace by automaticallygenerating
cata from thede�nition of theuser's datatype.

2.1 Enforcing parametricity with type ab-
straction

Thetypeof badcata is Exp Int . This typetellsusthatsomething
is wrong: the type parameterof Exp is constrainedto be Int , so
we canonly usecata on this expressionto producean Int . The
sameis true for badplace. Whenever we usecata or Place in
anexpression,this parameterwill beconstrained.If we canensure
thatonly soundexpressionshave type(forall a. Exp a) , then
wecanuse�r st-classpolymorphismto enforcethattheargumentto
a functionis sound.Thatway, wecanbeassuredthatit will behave
asexpected.For example,de�ne a versionof cata , callediter0
thatmayonly beappliedto soundexpressions,below. The imple-
mentationof cata usestheargumentat thespeci�c type(Exp a) ,
so it is safefor iter0 to requirethat its argumenthasthe more
generaltype(forall a. Exp a) .

iter0 :: (ExpF b -> b) -> (forall a. Exp a) -> b
iter0 = cata

However, thisnew typedoesnot preventexpressionslike badcase
from beingtheargumentto iter0 . Wecanpreventsuchcaseanal-
ysisinsidelam expressionsby ruling outcaseanalysisfor all terms
of typeExp t . If theusercannotusecase, thenthey cannotwrite
badcase. While this restrictionmeansthatsomeoperationscannot
benaturallyde�ned in this calculus,cata alonecande�ne a large
numberof operations,aswedemonstratebelow andin Section2.2.

Thereare two ways to prohibit caseanalysis. The �rst way is to
reimplementExpin suchawaythatcata is theonly possibleoper-
ation(in otherwordswithoutusingaHaskell datatype).Wediscuss
this alternative in Section3.

Thesecondwayto prohibitcaseanalysisis to makeRecanabstract
typeconstructor. If thede�nition of Recis hiddenby somemodule
boundary, suchaswith theinterfacein Figure3, thentheonly way
to destructan expressionof type Exp a is with cata . Because
Roll andPlace aredatatypeconstructorsof Rec, andcata pattern
matchestheseconstructors,they must all be de�ned in the same
moduleasRec. However, becausewe only needto prohibit case
analysis,we canexportRoll andPlace asthefunctionsroll and
place . With roll wecande�ne thetermsapp andlam anywhere.



type Rec a b -- abstract
data ExpF a = Lam (a -> a) | App a a
type Exp a = Rec ExpF a

roll :: ExpF (Exp a) -> Exp a
place :: a -> Exp a
cata :: (ExpF a -> a) -> Exp a -> a

Figure3. Iteration library interface

Wecanalsomakegooduseof place . Thetypeforall a. Exp a
enforcesthatall embeddedfunctionsareparametric,but it canonly
representclosedexpressions.What if we would like to examine
expressionswith freevariables?In HOAS, anexpressionwith one
freevariablehastypeExp t -> Exp t . To computethecatamor-
phismfor theexpression,weuseplace to provide thevaluefor the
freevariable.

openiter 1 :: (ExpF b -> b)
-> (Exp b -> Exp b) -> (b -> b)

openiter 1 f x = \y -> cata f (x (place y))

If wewould liketo makesurethattheexpressionis sound,wemust
quantify over the parametertype and require that the expression
have typeforall a. Exp a -> Exp a.

iter1 :: (ExpF b -> b)
-> (forall a. Exp a -> Exp a) -> (b -> b)

iter1 = openiter 1

With iter1 we candetermineif thatonefreevariableoccursin an
expression.

freevarused :: (forall a. Exp a -> Exp a) -> Bool
freevarused e =

iter1 (\x -> case x of
(App x y) -> x || y
(Lam f) -> f False) e True

An appexpressionusesthefreevariableif eitherthefunctionor the
argumentusesit. Theoccurrenceof theboundvariableof a lam is
not anoccurrenceof thefreevariable,soFalse is theargumentto
f , but theexpressiondoesusethe freevariableif it appearssome-
wherein the body of the abstraction.Finally, the programworks
by feedingin True for thevalueof thefreevariable.If theresultis
True thenit musthave appearedsomewherein theexpression.

Thereis no reasonto stopwith onefreevariable.Thereareanin�-
nitenumberof relatediterationoperators,eachindexedby thetype
insidethe forall . The typesof several suchiteratorsareshown
below. For example,thethird one,iterList , mayanalyzeexpres-
sionswith arbitrarynumbersof freevariables.

iter2 :: (ExpF b -> b)
-> (forall a. Exp a -> Exp a -> Exp a)
-> (b -> b -> b)

iterFun :: (ExpF b -> b)
-> (forall a. (Exp a -> Exp a) -> Exp a)
-> ((b -> b) -> b)

iterList :: (ExpF b -> b)
-> (forall a. ([Exp a] -> Exp a))
-> ([b] -> b)

Eachof theseiteratorsis de�ned by usingxmapto map(cata f)
andplace . Thuswe caneasily implementthemby de�ning the
appropriateversionof xmap. However, becausexmapis apolytypic
function,we shouldbe ableto automaticallygenerateall of these
iteratorsusingGenericHaskell. The following codeimplements
theseoperations.Below, thenotationxmap{|g|} generatesthein-
stanceof xmapfor thetypeconstructorg.

openiter {|g :: * -> * |} ::
(ExpF a -> a) -> g (Exp a) -> g a

openiter {|g|} f =
fst (xmap{|g|} (cata f, place))

iter{|g :: * -> * |} ::
(ExpF a -> a) -> (forall b. g (Exp b)) -> g a

iter{|g|} = openiter {|g|}

Unfortunately, the above GenericHaskell code cannotautomat-
ically generateall the iterators that we want, such as iter1 ,
iterFun and iterList . Becauseof type inference,g can only
bea typeconstructorthatis aconstantor aconstantappliedto type
constructors[13]. In particular, we cannotrepresentthe typecon-
structor(la : ?:a ! a) in Haskell, sowecannotautomaticallygen-
eratetheinstance

iter1 :: (f b -> b)
-> (forall a. (Exp a) -> (Exp a)) -> b -> b

Fortunately, usingadifferentextensionof Haskell, calledfunctional
dependencies[14], we cangeneratetheseversionsof openiter .
For eachversionof iter thatwewant,westill needto rede�nethe
generatedopeniter with themorerestrictive type.

iter1 :: (ExpF a -> a)
-> (forall b. Exp b -> Exp b) -> a -> a

iter1 = openiter

TheIterable classde�nesopeniter simultaneouslywith its in-
verse.Theparametersmandn shouldbeg(Exp a) andg a, where
eachinstancespeci�es g. (The type a is a parameterof the type
classso thatmandn mayrefer to it.) Also necessaryarethefunc-
tionaldependenciesthatstatethatmdeterminesbotha andn. These
dependenciesruleoutambiguitiesduringtypeinference.

class Iterable a m n | m -> a, m -> n where
openiter :: (ExpF a -> a) -> m -> n
uniter :: (ExpF a -> a) -> n -> m

If g is the identity typeconstructor, thenmandn areExp a anda
respectively.

instance Iterable a (Exp a) a where
openiter = cata
uniter f = place

Usingtheinstancesfor thesubcomponents,wecande�ne instances
for typesthatcontain-> .

instance (Iterable a m1 n1, Iterable a m2 n2)
=> Iterable a (m1 -> m2) (n1 -> n2) where
openiter f x = openiter f . x . uniter f
uniter f x = uniter f . x . openiter f

With theseinstances,wehaveade�nition for openiter {| la :a !
a|} . It is not dif�cult to addinstancesfor othertypeconstructors,
suchaslistsandtuples.



2.2 Examplesof iteration

We next presentseveral additionalexamplesof theexpressiveness
of iter0 for argumentsof type (forall a. Exp a) . The pur-
poseof theseexamplesis to demonstratehow to implementsome
of thecommonoperationsfor l -calculustermswithout caseanaly-
sis.

For example,we canuseiter0 to convert expressionsto strings.
Sothatwehavedifferentnamesfor eachnestedbindingoccurrence,
we mustparameterizethis iterationwith a list of variablenames.
Haskell's list comprehensionprovidesuswith anin�nite supplyof
strings.

vars :: [String]
vars = [ [i] | i <- ['a'..'z'] ] ++

[ i : show j | j <- [1..], i <- ['a'..'z'] ]

showAux :: ExpF ([String] -> String)
-> ([String] -> String)

showAux (App x y) vars =
"(" ++ (x vars) ++ " " ++ (y vars) ++ ")"

showAux (Lam z) (v:vars) =
"(fn " ++ v ++ ". " ++ (z (const v) vars) ++ ")"

show :: (forall a. Exp a) -> String
show e = iter0 showAuxe vars

Applying showto an expressionproducesa readableform of the
expression.

show (lam (\x -> lam (\y -> app x y)))
= (fn a. (fn b. (a b)))

Anotheroperationwe might wish to performfor a l -calculusex-
pressionis to reduceit to a simplerform. As anexample,we next
implementparallelreductionfor a l -calculusexpression.6 Parallel
reductiondiffers from full reductionin that it doesnot reduceany
newly createdredexes. Therefore,it terminateseven for expres-
sionswith no b-normalform. Parallel reductionmay be speci�ed
by thefollowing inductive de�nition.

x ) x
M ) M0

l x:M ) l x:M0
M ) M0 N ) N0

MN ) M0N0

M ) M0 N ) N0

(l x:M)N ) M0f x=N0g

We useiter0 to implementparallel reductionbelow. The tricky
part is the casefor applications.We mustdeterminewhetherthe
�rst componentof an applicationis a lam expression,and if so,
performthe reduction.However, we cannotdo a caseanalysison
expressions,as the type Exp a is abstract.Therefore,we imple-
mentparallelreductionwith a “pairing” trick7. As we iterateover
thetermweproducetworesults,storedin thefollowing record:

data PARa = PAR{ par :: Exp a,
apply :: Exp a -> Exp a }

The�rst component,par , is theactualresultwewant—theparallel
reductionof the term. The secondcomponent,apply , is a func-

6This exampleis from Scḧurmannet. al [24].
7Pairing was�rst usedto implementthepredecessoroperation

for Churchnumbers. The iteration simultaneouslycomputesthe
desiredresultwith auxiliaryoperations.

tion thatwe build up for theapplicationcase.In thecaseof a lam
expression,apply performsthe substitutionin the reducedterm.
Otherwise,apply createsanapp expressionwith its argumentand
thereducedterm.8

parAux :: ExpF (PAR a) -> PARa
parAux (Lam f) =

PAR{ par = lam (par . f . var),
apply = par . f . var }

where
var :: Exp a -> PARa
var x = PAR{ par = x, apply = app x }

parAux (App x y) =
PAR{ par = apply x (par y),

apply = app (apply x (par y)) }

parallel :: (forall v. Exp v) -> (forall v. Exp v)
parallel x = par (iter0 parAux x)

For example:

show (parallel (app (lam (\x -> app x x))
(lam (\y -> y))))

= "((fn a. a) (fn a. a))"

While we couldnot write themostnaturalform of parallelreduc-
tion with iter0 , otheroperationsmaybeexpressedin a very nat-
uralmanner. For example,we canimplementtheone-passcall-by-
valueCPS-conversionof Danvy andFilinski [6]. Thissophisticated
algorithm performs“administrative” redexes at the meta-level so
that the result term hasno moreredexesthanthe original expres-
sion.Thealgorithmis basedon two mutuallyrecursive operations:
cpsmetaperformsclosureconversiongivenameta-level continua-
tion (a termof typeExp a -> Exp a), andcpsobj doesthesame
with anobject-level continuation(a termof typeExp a).

data CPSa = CPS{
cpsmeta :: (Exp a -> Exp a) -> Exp a,
cpsobj :: Exp a -> Exp a }

If we aregivena value(i.e. a l -expressionor a variable)thefunc-
tion value below describesits CPSconversion. Given a meta-
continuationk, we applyk to thevalue.Otherwise,givenanobject
continuationc, we createanobjectapplicationof c to thevalue.

value :: Exp a -> CPSa
value x = CPS{ cpsmeta = \k -> k x,

cpsobj = \c -> app c x }

The operationcpsAux takesan expressionwhosesubcomponents
havealreadybeenCPSconvertedandCPSconvertsit. For applica-
tion, translationis thesamein bothcasesexceptthatthemeta-case
converts the meta-continuationinto an object continuationwith
lam.

cpsAux :: ExpF (CPS a) -> CPSa
cpsAux (App e1 e2) =

CPS{ cpsmeta = \k -> appexp (lam k),
cpsobj = appexp }

where appexp c =
(cpsmeta e1) (\y1 ->

(cpsmeta e2) (\y2 ->
app (app y1 y2) c))

8In Haskell, the notationapply x projectsthe apply compo-
nentfrom therecordx.



type Rec f a = (f a -> a) -> a
data ExpF a = Lam (a -> a) | App a a
type Exp a = Rec ExpF a

roll :: ExpF (Exp a) -> Exp a
roll x =

\f -> f (fst (xmapExpF (cata f, place)) x)

place :: a -> Exp a
place x = \f -> x

lam :: (Exp a -> Exp a) -> Exp a
lam x = roll (Lam x)

app :: Exp a -> Exp a -> Exp a
app y z = roll (App y z)

xmapExpF:: (a -> b, b -> a)
-> (ExpF a -> ExpF b, ExpF b -> ExpF a)

xmapExpF(f,g) = (\x -> case x of
Lam x -> Lam (f . x . g)
App y z -> App (f y) (f z),

\x -> case x of
Lam x -> Lam (g . x . f)
App y z -> App (g y) (g z))

cata :: (ExpF a -> a) -> Exp a -> a
cata f x = x f

iter0 :: (ExpF a -> a) -> (forall b. Exp b) -> a
iter0 = cata

Figure4. Catamorphism in the Fw fragment of Haskell

For functions,we usevalue , but we musttransformthe function
to bindboththeoriginalandcontinuationargumentsandtransform
thebodyof the functionto usethis objectcontinuation.Theouter
lam bindstheoriginal argument.We usevalue for this argument
in f andcpsobj yieldsabodyexpectinganobjectcontinuationthat
theinnerlam convertsto anexpression.

cpsAux (Lam f) =
value (lam (lam . cpsobj . f . value))

Finally, we start cps with iter0 by abstractingan arbitrary dy-
namiccontext a andtransformingtheargumentwith respectto that
context.

cps :: (forall a. Exp a) -> (forall a. Exp a)
cps x = lam (\a ->

cpsmeta (iter0 cpsAux x) (\m -> app a m))

show (cps (lam (\x -> app x x)))
= "(fn a. (a (fn b. (fn c. ((b b) c)))))"

Above,a is theinitial continuation,b is theargumentx, andc is the
continuationfor thefunction.

3 Encoding iteration in Fw

In theprevioussection,we implementediter asa recursive func-
tion anduseda recursive type,Rec, to de�ne Exp. To preventcase
analysis,we hid this de�nition of Recbehinda moduleboundary.
However, thismoduleabstractionandis nottheonly wayto prevent
caseanalysis.Furthermore,term andtype recursionis not neces-

saryto implementthis datatype.We may de�ne iter andRecin
thefragmentof Haskell thatcorrespondsto Fw [10] sothatiteration
is theonly eliminationform for Rec. This implementationappears
in Figure4.

The encodingis similar to the encodingof covariantdatatypesin
the polymorphicl -calculus[3] (or to the encodingof Churchnu-
merals).We encodeanexpressionof typeExp a asits elimination
form. For example,somethingof typeExp a shouldtake anelimi-
nationfunctionof type(ExpF a -> a) andreturnana. To imple-
mentcata we applytheexpressionto theeliminationfunction.

To createanexpression,roll mustencodethiselimination.There-
fore, roll returnsa functionthatappliesits argumentf (theelimi-
nationfunction)to theresultof iteratingoverx. Again,to usexmap
we needa right inversefor cata f . The term place in Figure4
is anexpressionthatwhenanalyzedreturnsits argument.We can
show thatplace is a right inverseby expandingthe above de�ni-
tions:

cata f . place = (\x -> cata f (place x))
= (\x -> (place x) f)
= (\x -> ((\y -> x) f))
= (\x -> x)

3.1 Reasoningabout iteration

Therearepowerful tools for reasoningaboutprogramswritten in
the polymorphicl -calculus. For example,we know that all pro-
gramsthatarewritten in Fw will terminate.Therefore,we canar-
gue that the examplesof the previous sectionare total on all in-
putsthatmaybeexpressedin thepolymorphicl -calculus,suchas
app (lam (\x -> app x x))(lam (\x -> app x x)) . Un-
fortunately, we cannotargue that theseexamplesare total for ar-
bitraryHaskell terms.For example,callingany of theseroutineson
(lam (let f x = f x in f)) will certainlydiverge. Further-
more,evenif theargumentsto iterationarewritten in Fw, if theop-
erationitself usestypeor termrecursion,thenit couldstill diverge.
For example,using the recursive datatypeValue from Section2,
we canimplementtheuntypedl -calculusevaluatorwith iter0 .

Parametricityis anotherway to reasonaboutprogramswritten in
Fw. As awkward as they may be, one of the advantagesto pro-
grammingwith catamorphismsinsteadof generalrecursionis that
wemayreasonaboutourprogramsusingalgebraiclawsthatfollow
from parametricity. While thefollowing laws only hold for Fw, we
may be able to prove someform of themfor Haskell using tech-
niquesdevelopedby Johann[12].

Using parametricity, we canderive a freetheorem[28] aboutex-
pressionsof type(forall a. (b a -> a) -> a) . If x hasthis
type,then

f . f' = id and f . g = h . fst (xmap|b|(f,f')) =>
f (x g) = x h

Theequivalencein this theoremis equivalencein someparametric
modelof Fw, suchasthe term modelwith bh-equivalence.Using
thefreetheorem,we canprove a numberof propertiesaboutitera-
tion. First, we canshow that iteratingroll is anidentity function,
thatiter0 roll = id . Usingthis resultwecanshow theunique-
nesspropertyfor iter , which describeswhena function is equal
to anapplicationof iter . It resemblesan“inductionprinciple” for
iter0 .



f . f' = id and f . roll = h . fst (xmap|b|(f,f'))
<=> f = iter0 h

The <= direction follows directly from the implementationof
iter0 androll . The=>directionfollows from thefreetheorem.

Finally, the fusionlaw canbeusedto combinethecompositionof
a function f andan iteration into one iteration. This law follows
directly from thefreetheorem.

f . f' = id and f . g = h . fst(xmap|b|(f,f')) =>
f . iter0 g = iter0 h

However, thereis animportantpropertyaboutthis encodingof the
l -calculusthat we have not proven. Adequacystatesthat if a Fw
term is of type forall a. Exp a andis in canonicalform, then
it shouldbetheencodingof thecanonicalform of somel -calculus
expression. In other words, thereis no extra “junk” in the type
forall a. Exp a, suchasbadcase. As a�rst steptowardsprov-
ing this result,we next show how this Fw library canencodea lan-
guagewith iterationover HOAS that itself adequatelyembedsthe
l -calculus.

4 Enforcing parametricity with modal types

In the next section,we formally describethe connectionbetween
the interfacewe have provided for iterationover higher-orderab-
stractsyntaxand the modal calculusof Scḧurmann,Despeyroux
andPfenning(SDP)[24]. We do soby usingthis library to give a
soundandcompleteembeddingof theSDPcalculusinto Fw. First,
we provide abrief overview of thestaticanddynamicsemanticsof
this calculus.Thesyntaxof theSDPcalculusis shown in Figure5.

The SDP calculusenforcesthe parametricityof function spaces
with modaltypes.Modalnecessityin logic is usedto indicatethose
propositionsthataretruein all worlds. Consequently, thesepropo-
sitionscanmake useof only thoseassumptionsthat arealso true
in all worlds. In PfenningandDavies' [20] interpretationof modal
necessity, necessarilytruepropositionscorrespondto thoseformu-
lae that canbe shown to be valid. Validity is de�ned asderivable
with respectto only assumptionsthatthemselvesarevalid assump-
tions. As such,the typing judgmentshave two environments(also
calledcontexts), onefor valid assumptions,W, andonefor “local”
assumptions,¡ . The termscorrespondingto the introductionand
elimination forms for modal necessityare box and let box. We
give themthefollowing typing rules:

W;? ` M : A
W;¡ ` boxM : � A

W;¡ ` M1 : � A1 W] f x : A1g;¡ ` M2 : A2

W;¡ ` let box x : A1 = M1 in M2 : A2

A boxed term, M, hastype � A only if it hastype A with respect
to thevalid assumptionsin W, andnoassumptionsin localenviron-
ment.Thelet box eliminationconstructallows for theintroduction
of valid assumptionsinto W, bindingthecontentsof theboxedterm
M1 in the body M2. This binding is allowed becausethe contents
of boxedtermsarewell-typedthemselveswith only valid assump-
tions. Another way to think aboutmodal necessityis that terms
with boxedtypeare“closed”anddonotcontainany freevariables,
exceptthosethatareboundto closedtermsthemselves.

Operationally, boxedtermsbehave like suspensions,while let box
substitutesthecontentsof aboxedtermfor theboundvariable.Be-
causetheoperationalsemanticsis de�nedsimultaneouslywith con-

(Pure Types) B ::= b j 1 j B1 ! B2 j B1 � B2
(Types) A ::= B j A1 ! A2 j A1 � A2 j � A
(Terms) M ::= x j c j hi j l x : A:M j M1M2 j

boxM j let box x : A = M1 in M2 j
hM1;M2i j fstM j sndM j
iter [A1;A2][Q] M

(TermReplacement) Q ::= ? j Q] f x 7! Mg j Q] f c 7! Mg
(Pure Environment) Y ::= ? j Y ] f x : Bg
(Valid Environment) W ::= ? j W] f x : Ag
(LocalEnvironment) ¡ ::= ? j ¡ ] f x : Ag
(Signatures) S ::= ? j S] f c : B ! bg

Figure5. Syntax of SDPcalculus

versionto canonicalforms, it is parameterizedby theenvironment
Y that describesthe typesof free local variablesappearingin the
expression.

Y ` M1 ,! boxM0
1 : � A1 Y ` M2f M0

1=xg ,! V : A2

Y ` let box x : A1 = M1 in M2 ,! V : A2

To enforcetheseparationbetweentheiterativeandparametricfunc-
tion spaces,the SDPcalculusde�nes thosetypes,B, that do not
containa� typeto be“pure”. Objectsin thecalculuswith type� B,
boxedpuretypes,canbeexaminedintensionallyusinganiteration
operator, while objectsof arbitrary impure type, A, cannot. This
forcesfunctionsof puretype,l x : B1::M : B1 ! B2, to beparamet-
ric. This is becausethe input, x, to sucha functiondoesnot have
a boxed pure type, and thereis no way to convert it to one— x
will not be free insideof a boxedexpressionin M. Consequently,
thefunctionsof puretypemayonly treattheir inputsextensionally,
makingthemparametric.

Thelanguageis parameterizedby aconstanttypeb andasignature,
S, of dataconstructorconstants, c, for thatbasetype. Eachof the
constructorsin this signaturemustbeof typeB ! b. BecauseB is
a puretype,theseconstructorsmayonly take parametricfunctions
asarguments.

For example, consider a signature describing the untyped l -
calculus,S = f app : b � b ! b; lam : (b ! b) ! bg, wherethe
constanttype b correspondsto Exp. Using this signature,we can
write a function to count the numberof bound variablesin an
expression,aswe did in Section 2.9

countvar , l x : � b:
iter [� b; int][f app 7! l y : int:l z : int:y+ z;

lam 7! l f : int ! int: f 1g] x

The term iter intensionallyexaminesthe structureof the argu-
ment x and replaceseach occurrenceof app and lam with
l y : int:l z : int:y+ z andl f : int ! int: f 1 respectively.

Thetyping rule for iter is thefollowing:

W;¡ ` M : � B W;¡ ` Q : AhSi

W;¡ ` iter [� B;A][Q] M : AhBi

The argumentto iteration,M, musthave a pureclosedtype to be
analyzable.Analysisproceedsvia walking over M andusing the

9For simplicity, our formal presentationof SDP(in Figure 5)
doesnot includeintegers.However, it is straightforward to extend
this calculusto additionalbasetypes.



replacementQ, a �nite mapfrom constantsto terms,to substitute
for the constantsin the term M. The type A is the type that will
replacethebasetypeb in theresultof iteration.ThenotationAhBi
substitutesA for the constantb in the pure type B. Eachterm in
therangeof thereplacementsmustalsoagreewith replacingb with
A. We verify this fact with the judgmentW;¡ ` Q : AhSi , which
requiresthat if Q(c) = Mc andS(c) = Bc, thenMc musthave type
AhBci .

Operationally, iterationin theSDPcalculusworksin thefollowing
fashion.

Y ` M ,! boxM0: � B
? ` M0* V0: B

Y ` hA;Y;Qi (V0) ,! V : AhBi

Y ` iter [� B;A][Q] M ,! V : AhBi

First, theargumentto iterationM is evaluated,Y ` M ,! boxM0:
� B, producinga boxedobjectM0. M0 is thenevaluatedto h-long
canonicalform via ? ` M0* V0 : B. Next we performelimination
of thatcanonicalform, hA;Y;Qi (V0), walkingoverV0andusingQ
to replacethe occurrencesof constants.Finally, we evaluatethat
result,Y ` hA;Y;Qi (V0) ,! V : AhBi .

In orderto simplify thepresentationof theencoding,wehavemade
a few changesto theSDPcalculus.First, while the languagepre-
sentedin thispaperhasonly onepurebasetypeb, theSDPcalculus
allows thesignatureS to containarbitrarilymany basetypes.How-
ever, theextensionof theencodingto severalbasetypesis straight-
forward. Also, in orderto make theconstantsof thepurelanguage
morecloselyresembledatatypeconstructors,we have forcedthem
all to beof theform B ! b insteadof any arbitrarypuretypeB. To
facilitatethis restriction,we addunit andpairing to thepurefrag-
mentof the calculusso that constructorsmay take any numberof
arguments.

5 Encoding SDPin Fw

Thetermsthatwede�ned in Section3, roll anditer , correspond
very closelyto theconstructorsanditerationprimitive of theSDP
calculus.In thissection,westrengthenthisobservationby showing
how to encodeall programswritten in the SDPcalculusinto Fw
usingavariationof theseterms.

Therearetwo key ideasbehindourencoding:

� We usetypeabstractionto ensurethattheencodingof boxed
objectsobeystheclosurepropertyof thesourcelanguage,and
preventsvariablesfrom thelocalenvironmentfrom appearing
insidetheseterms.To doso,weparameterizeourencodingby
a type that representsthe currentworld andmaintainthe in-
variantthatall variablesin thelocalenvironmentmentionthe
currentworld in their types.Becausea termenclosedwithin
a box mustbe well-typed in any world, whenwe encodea
boxedtermwe usea freshtypevariableto createanarbitrary
world. Wethenencodetheenclosedtermwith thatnew world
andwraptheresultwith atypeabstraction.As aconsequence,
theencodingof a data-structurewithin a box cannotcontain
free local variablesbecausetheir typeswould mentionthat
freshtype variableoutsideof the scopeof the type abstrac-
tion.

� We encodeconstantsin thesourcelanguageastheir elimina-
tion form with roll . Furthermore,we restrict the result of
elimination to be of the type that is the world in which the
term wasencoded.However, the encodingof boxedexpres-

sionsquanti�es over thatworld, allowing the resultingcom-
putationsto beof arbitrarytype.

Theencodingof theSDPcalculuscanbebrokeninto four primary
pieces: the encodingsfor signatures,types, terms, and replace-
ments.To simplify our presentation,we extendthetargetlanguage
with unit, void, products,andvariants. The syntaxof theseterms
appearsin Figure6. This extensiondoesnot weakenour resultsas
therearewell known encodingsof thesetypesinto Fw. In the re-
mainderof this section,we presentthedetailsof theencodingand
describethe most interestingcases.The full speci�cation of this
encodingappearsin AppendixB.

Signatures. The encodingof signaturesin the SDPcalculus,no-
tatedt hSi , correspondsto generatingthe type constructorwhose
�x ed point de�nes the recursive datatype.(For example,ExpFin
Section2.) Theargumentof theencoding,aspeci�edworld t , cor-
respondsto theargumentof thetypeconstructor.

For thisencoding,weassumetheaidof aninjective functionL that
mapsdataconstructorsin thesourcelanguageto distinct labelsin
the target language.We alsoneedanoperationcalledparameteri-
zation, notatedt hBi andde�ned in AppendixB.1. This operation
parameterizespure typesin the sourcecalculuswith respectto a
givenworld in the target language,andproducesa type in the tar-
getlanguage.Essentially, t hBi “substitutes”thetypet for thebase
type,b, in B.

We encodea signatureas a variant. Each�eld correspondsto a
constantci in thesignature,with a labelaccordingto L , anda type
thatis theresultof parameterizingtheargumenttypeof ci with the
providedtype.

8ci 2 dom(S) S(ci ) = Bi ! b

t hSi , hL (c1) : t hB1i ; : : : ;L (cn) : t hBnii

Weoftenuseparameterizationandthesignaturetranslationto build
typeconstructorsin thetargetlanguage,sowe de�ne thefollowing
two abbreviations:

B� , la : ?:ahBi S� , la : ?:ahSi

Types. As with the encodingof signatures,the encodingof types
is parameterizedby the worlds in which they occur. We write the
judgmentfor encodinga type A in the sourcecalculusin world t
asD ` AB t t 0. TheenvironmentD trackstypevariablesallocated
during thetranslationandallows usto chosevariablesthatarenot
in scope. The two interestingcasesfor encodingtypesfrom the
sourcecalculusarethosefor thebasetypeandfor boxedtypes.The
casefor b correspondsto Rec ExpF a from Section3. Therefore,
wede�ne theabbreviationRecS� a , (S� a ! a) ! a, intuitively
a �x ed point of S� , to the sameideaof encodinga datatypeasits
eliminationform.

D` bB t RecS� t

The rule for boxed typesusestypeabstractionto ensurethe result
is parametricwith respectto its world. Nä�vely, we might expect
to usea freshtype variableasthenew world andthenencodethe
contentsof the boxed type with that type variable. This encoding
ensuresthatthetypeis parametricwith respectto its world andthen
quanti�esover theresult.

a 62D D] f a : ?g ` AB a t 0

D` � AB t 8a :?:t 0 WRONG!



(Kinds) k ::= ? j k1 ! k2
(Types) t ::= 1 j 0 j a j t 1 ! t 2 j 8a :k:t j t 1 � t 2 j hl1 : t 1; : : : ; ln : t ni j la : k:t j a j t 1t 2
(Terms) e ::= x j hi j l x : t :e j e1e2 j La :k:e j e[t ] j he1;e2i j fste j sndej inj l eof t j

caseeof inj l1 x1 in e1 : : : inj ln xn in en
(TypeVariableEnvironment) D ::= ? j D] f a : kg
(TermEnvironment) G ::= ? j G] f x : t g

Figure6. Syntax of Fw with unit, void, products,and variants

However, with this encodingwe violatetheinvariantthatthetypes
of all free local variablesmentionthe currentworld, becausethe
encodingdoesnot involve t . Instead,we usethe freshtype vari-
ableto createa new world from the currentworld andconsidera
asa “world transformer”.During thetranslation,a termwill been-
codedwith a stackof world transformers,somewhat akin to stack
of environmentsin theimplicit formulationof modaltypes[7].

a 62D D] f a : ? ! ?g ` AB at t 0

D` � AB t 8a :? ! ?:t 0

Thenä�ve translationof theunit typealsoforgetsthecurrentworld.
For this reason,weaddanon-standardunit to Fw thatis parameter-
izedby thecurrentworld. In otherwords,theunit type1 is of kind
? ! ? andtheunit termhi hastype8a :?:1(a). Ourtypetranslation
instantiatesthis typewith thecurrentworld.

D` 1B t 1[t ]

Theremainingtypesin theSDPlanguageareencodedrecursively
in a straightforward manner. The completerulescanbe found in
AppendixB.3.

Terms and replacements. We encodethe sourceterm, M, with
the judgmentD;X ` M B t e. In addition to the currentworld, t ,
and the set of allocatedtype variables,D, the encodingof terms
is also parameterizedby a set of term variables,X. This set of
variablesallows theencodingto distinguishbetweenvariablesthat
wereboundwith l andthoseboundwith let box. Wewill elaborate
onwhy this setis necessaryshortly.

Ourencodingof boxedtermsfollows immediatelyfrom theencod-
ing of boxedtypes.Hereweencodetheargumenttermwith respect
to a freshworld transformerappliedto thepresentworld andthen
wraptheresultwith a typeabstraction.

a 62D D] f a : ? ! ?g;X ` M B at e

D;X ` boxM B t La :? ! ?:e

Weencodelet box by convertingit to anabstractionandapplication
in the target language.However, onemight note the discrepancy
betweenthetypeof thevariablewe bind in theabstractionandthe
typewe mightnä�vely expect.

D` � A1 B t t 1
D;X ` M1 B t e1 D;X] f xg ` M2 B t e2

D;X ` let box x : A1 = M1 in M2 B t (l x : t 1:e2)e1

The type of x is A1 andsoonemight assumethat the type of x in
the target shouldbe the encodingof A1 in the world t . However,
let box allows usto bind variablesthatareaccessiblein any world
andusingA1 encodedagainstt would allow the result to be used

cata: 8a :?:(S� a ! a) ! (RecS� a) ! a
cata, La :?::l f : (S� a ! a):l y : (RecS� a):yf

place: 8a :?:a ! RecS� a
place, La :?:l x : a:l f : (S� a ! a):x

xmapfjt jg : 8a :?:8b:?:(a ! b � b ! a) !
(ta ! tb � tb ! ta )

openiterfjt jg : 8a :?:(S� a ! a) ! t (RecS� a) ! ta
openiterfjt jg , La :?:l f : S� a ! a:

fst (xmapfjt jg[RecS� a][a]hcata[a] f ;place[a]i )

iter fjt jg : 8g:?:8a :?:(S� a ! a) !
(8b:? ! ?:t (RecS� (bg)) ! ta

iter fjt jg , Lg:?:La :?:l f : S� a ! a:
l x : (8b : ? ! ?:t (RecS� (bg))) :openiterfjt jg[a] f (x[a])

roll : 8a :?:S� (RecS� a) ! RecS� a
roll , La :?:l x : S� (RecS� a):

l f : S� a ! a: f (openiterfjS� jg[a] f x)

Figure7. Library routines

only in thepresentworld. Becausetheencodingof M1 will evalu-
ateto a typeabstraction,a termparametricin its world, we do not
immediatelyunpackit by instantiatingit with the currentworld.
Insteadwe passit asx andthen,whenx appearswe instantiateit
with the currentworld. Consequently, we useX to keeptrack of
variablesboundby let box. Whenencodingvariables,we check
whetherx occursin X andperforminstantiationsasnecessary.

x 62X
D;X ` xB t x

x 2 X
D;X ` xB t x[la : ?:t ]

If thevariableis in X, thenit is appliedto a world transformerthat
ignoresits argument,andreturnsthepresentworld. Thisessentially
replacesthebottomof theworld transformerstackcapturedby the
typeabstractionsubstitutedfor x with theworld t . Doingsoensures
thatif wesubstitutetheencodingof aboxedterminto theencoding
of anotherboxed term, the type correctnessof the embeddingis
maintainedby correctlypropagatingtheenclosingworld.

Figure7 shows thetypesandde�nitions of thelibrary routinesused
by the encoding. The only differencebetweenit andFigure4 is
that iter abstractsthecurrentworld andrequiresthat its argument
be valid in any transformationof the currentworld. Again, we
make useof the polytypic function xmap to lift cata to arbitrary
type constructors. Becausexmap is de�ned by the structureof
a type constructort , we cannotdirectly de�ne it asa term in Fw.
Instead,we will think of xmapfjt jg asmacrothat expandsto the



mappingfunction for the typeconstructort . (We usethenotation
fj�jg to distinguishbetweenpolytypic instantiationandparametric
typeinstantiation.)This expansionis doneaccordingto thede�ni-
tion in AppendixA. We do not cover theimplementationhere,see
Hinze[11] for details.

Encodingconstantsin the sourcecalculusmakes straightforward
useof thelibrary routineroll. Wesimply translatetheconstantinto
anabstractionthatacceptsa termthat is theencodingof theargu-
mentof the constant,andthenusesroll to transformthe injection
into theencodingof thebasetype,RecS� t .

S(c) = B ! b D` BB t t B

D;X ` cB t l x : t B:roll[t ](inj L(c) x ofS� (RecS� t ))

Theencodingof iterationis similarly straightforward. We instanti-
ateourpolytypic functioniter with a typeconstructorcreatedfrom
parameterizingB, andthenapplyit to thecurrentworld andtheen-
codingsof the intendedresulttypeA, thereplacementtermQ and
argumenttermM.

D` AB t t A D;X ` QB t A
t eQ D;X ` M B t eM

D;X ` iter [� B;A][Q] M B t iter fjB� jg[t ][t A]eQ eM

The encodingof replacementsQ is uncomplicatedandanalogous
to theencodingof signatures.Weconstructanabstractionthatcon-
sumesaninstanceof anencodedsignature,dispatchingthevariant
usinga caseexpression.In eachbranch,theencodingof thecorre-
spondingreplacementis appliedto theargumentof theinjection.

8ci 2 dom(Q) D;X ` Q(Ci ) B t ei

D;X ` QB t A
t l x : S� t A:casexof inj L(c1) y1 in (e1y1)

: : :
inj L(cn) yn in (enyn)

The encodingsfor the other terms in the source languageare
straightforward and appearin Appendix B.4. Now that we have
de�ned all of our encodingfor any closedtermM in theSDPcal-
culus,weputeverythingtogetherto constructa terme in our target
calculususingtheinitial judgment? ;? ` M B 0 e. Weusethevoid
type as the initial world to enforcethe parametricityof unboxed
constants.

5.1 Propertiesof the encoding

We have proven a numberof desirablepropertiesconcerningthis
encoding.However, beforewe canstatetheseproperties,we must
�rst de�ne therelationshipbetweentheenvironmentsin thesource
and target calculi. Theserelationshold when all typesfrom the
localenvironmentareencodedwith thecurrentworld, andall types
from the valid environmentare�rst boxed thenencodedwith any
world.

DEFINITION 5.1 (ENCODING TYPING ENVIRONMENTS). We
write D` ¡ B t G1 andD` WB G2 to meanthat

8x : A 2 ¡ ;x : t A 2 G1 whenD` AB t t A
8x : A 2 W;x : t A 2 G2 whenthere existsD` t 0such that

D` � AB t 0t A

Therelationfor valid environmentsabove is not parameterizedby
thecurrentworld. A singlevalid environmentmay beencodedas
many differenttargetenvironments,dependingon whatworldsare
chosenfor eachtype in theenvironment. However, in somesense
the encodingsareequivalent. If the translationof M type checks

with oneencodingof W, it will typecheckwith any otherencoding
of W.

The encodingis type preserving.If we encodea well-typedterm
M, the resultingterm will be well-typed underthe appropriately
translatedenvironment. Furthermore,the converseis alsotrue. If
theencodingof a termM is well-typedin thetargetlanguage,then
M musthave beenwell-typedin the source. This meansthat the
targetlanguagepreservestheabstractionsof thesourcelanguage.

THEOREM 5.2 (STATIC CORRECTNESS). Assume D ` t and
D` ¡ B t G1 andD` WB G2.

1. If D;dom(W) ` M B t e then

W;¡ ` M : A andD` AB t t A , D;G1 ] G2 ` e : t A

2. If D;dom(W) ` QB t A
t eq then

W;¡ ` Q : AhSi andD` AB t t A , D;G1 ] G2 ` eq : t AhSi ! t A

PROOF. By mutual induction over the translation
of terms (D;dom(W) ` M B t e) and of replacements
(D;dom(W) ` QB t A

t eq).

Furthermore,sourceevaluationandcanonicalizationis thesameas
bh-equivalencein thetargetcalculus.

THEOREM 5.3 (DYNAMIC CORRECTNESS). If ? ;Y ` M : A
and ? ;Y ` M B t e and ? ;Y ` V B t e0 and ? ` AB t t A and
? ;X ` ? ;Y B t Gthen

1. Y ` M ,! V : A , ? ;G` e� bh e0: t A.

2. Y ` M * V : A , ? ;G` e� bh e0: t A.

PROOF. The forwarddirectionfollows by simultaneousinduction
on theevaluationof M (Y ` M ,! V : A) andtheconversionof M
to canonicalform (Y ` M * V : A). The reversedirectionfollows
from theforwarddirectionandfrom thefact thatevaluationin the
SDPcalculusis deterministicandtotal.

6 Future work

Although we have shown a very closeconnectionbetweenSDP
and its encodingin Fw, we have not shown that this encodingis
adequate.We would like to show that if t is the imageof anSDP
type,thenall termsof typet areequivalentto theencodingof some
SDPterm. In otherwords,thereis noextra “junk” of typet . Show-
ing this resultwould alsoshow that encodingthe l -calculuswith
app and lam is adequate,becausethe SDP calculuscan already
adequatelyencodethel -calculus.

Alternatively, we couldtry to show adequacy with respectto thel -
calculusdirectlyusingadifferentmethod.It mayalsobepossibleto
dosofor thesimplerencodingof modaltypes,informally presented
in the�rst partof thepaper, thatuses�rst-order quanti�cationand
discardsthe currentworld. Whereasthis simplerencodingallows
thetranslationof sometermsthatarerejectedby theSDPcalculus
to typecheck(for example,l x : � b: box x), it maystill beadequate
for encodingtheuntypedl -calculus.

Oneimportantextensionof this work is thecaseoperator. Because
therearelimitations to what may be de�ned with iter , the SDP
calculusalsoincludesa constructfor caseanalysisof closedterms.



However, we have not yet found an obvious correspondencefor
casein ourencoding.

Another further areaof investigationis into the dual operationto
iter , the anamorphismover datatypeswith embeddedfunctions.
An implementationof this operation,calledcoiter , is below. The
coiter term is an anamorphism—itgeneratesa recursive data
structurefrom aninitial seed.

data Dia f a = In (f (Dia f a), a)

coroll :: Dia f a -> f (Dia f a)
coroll (In x) = fst x
coplace :: Dia f a -> a
coplace (In x) = snd x

coiter0 :: (a -> f a) -> a -> (exists a. Dia f a)
coiter0 g b =

In (snd (xmap (coplace, coiter0 g) (g b)), b)

Insteadof embeddingthe recursive type in a sum,we embedit in
a product.Thetwo selectorsfrom this producthave thedual types
to roll andplace . In thede�nition of coiter0 we usecoplace
astheinversewherewe would have usedcata in thede�nition of
ana. A termof type (exists a. Dia b a) correspondsto the
possibilitytype(� b) in amodalcalculus.However, while ageneral
anamorphismis an inverseof a catamorphism,coiter is not an
inverseto iter . In fact, iter cannotconsumewhatcoiter pro-
duces,giving doubtsto its practicaluse. (On the otherhand,ana
itself hasseenlittle practicalusefor datatypeswith embeddedfunc-
tions.) From a logical point of view, this restrictionmakessense.
Combininganamorphismsandcatamorphisms(even for datatypes
withoutembeddedfunctions)leadsto generalrecursion.

7 Relatedwork

The techniquewe present,using polymorphismto enforcepara-
metricity, hasappearedundervariousguisesin the literature. For
example,Shaoetal. [27] usethis technique(onelevel up) to imple-
ment type-level intensionalanalysisof recursive types. They use
higher-orderabstractsyntaxto therepresentrecursive typesandre-
mark that the kind of this type constructorrequiresa parametric
function as its argument. However, they do not make a connec-
tion with modal type systems,nor do they extendtheir type-level
iterationoperatorto higherkinds. Xi et al. [31] remarkon thecor-
respondencebetweenHOAS termswith theplaceoperator(which
they call HOASvar) andclosedtermsof Mini-ML �

e but do not in-
vestigatetherelationshipor any form of iteration.

While higher-orderabstractsyntaxhasanattractive simplicity, the
dif�culties programmingand reasoningaboutstructuresencoded
with this techniquehave motivatedresearchinto languageexten-
sionsfor working with higher-orderabstractsyntaxor alternative
approachesaltogether. Dale Miller developeda small language
calledML l [17] thatintroducesatypeconstructorfor termsformed
by abstractingout a parameter. Thesetypescanbe thoughtof as
function typesthat can be intensionallyanalyzedthroughpattern
matching. Pitts andGabbaybuilt on the theoryof FM-setsto de-
sign a languagecalledFreshML[23] that allows for the manipu-
lation andabstractionof fresh“names”. Nanevski [18] combines
freshnameswith modalnecessityto allow for the constructionof
moreef�cient residualterms,while still retainingtheability to eval-
uatethematruntime.TheDelphinProject[25] by Scḧurmannetal.
developsa functionallanguagefor manipulatingdatatypesthatare
termsin the LF logical framework. Becausehigher-orderabstract

syntaxis theprimaryrepresentationtechniquein LF, Delphinpro-
videsoperationsfor matchingoverhigher-orderLF termsin regular
worlds. TheSDPcalculususesmodalnecessityto restrictmatch-
ing to closedworlds, so regular worlds provide additional �e xi-
bility without the dif�culties of matchingin an openworld. The
Hybrid [2] logical framework providesinductionover higher-order
abstractsyntaxby evaluation to de Bruijn terms,which provide
straightforwardinduction.

Thereis a long historyof encodingmodality in logic, but only re-
centlyhastheencodingof modaltypesystemsbeenexplored.Acar
etal. [1] usemodaltypesin afunctionallanguagethatprovidescon-
trol over the useof memoization,andimplementit asa library in
SML. BecauseSML doesnot have modaltypesor �rst-classpoly-
morphism,they userun-timechecksto enforcethe correctuseof
modality. DaviesandPfenning[7] presented,in passing,a simple
encodingof themodall -calculusinto thesimply-typedl -calculus
that preserves only the dynamicsemantics.Washburn expanded
upon this encoding,showing that it bisimulatesthe sourcecalcu-
lus [29].

8 Conclusion

While other approachesto de�ning an induction operatorover
higher-orderabstractsyntaxrequiretype systemextensionsto en-
surethe parametricityof embeddedfunction spaces,the approach
thatwepresentin thispaperrequiresonly typepolymorphism.Be-
causeof thisencoding,weareableto implementiterationoperators
for datatypeswith embeddedparametricfunctionsdirectly in the
Haskell language.

However, despiteits simplicity, our approachis equivalent to pre-
viouswork on inductionoperatorsfor HOAS. We demonstratethis
generalityby showing how themodalcalculusof Scḧuermann,De-
speyroux andPfenningmaybeembeddedinto Fw usingthis tech-
nique. In fact,theanalogyof representingboxedtermswith poly-
morphictermsmakessemanticsense:a propositionwith a boxed
typeis valid in all worldsandpolymorphismmakesthatquanti�ca-
tion explicit.
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A GenericHaskell implementation of xmap

type XMap{[*]} t1 t2 = (t1 -> t2, t2 -> t1)
type XMap{[k -> l]} t1 t2 = forall u1 u2.

XMap{[k]} u1 u2 -> XMap{[l]}(t1 u1)(t2 u2)

xmap {| t :: k |} :: XMap{[k]} t t
xmap {| Unit |} = (id,id)
xmap {| :+: |} (xmapA1,xmapA2)(xmapB1,xmapB2)=

(\x -> case x of
(Inl a) -> Inl (xmapA1 a)
(Inr b) -> Inr (xmapB1 b),
\x -> case x of
(Inl a) -> Inl (xmapA2 a)
(Inr b) -> Inr (xmapB2 b))

xmap {| :*: |} (xmapA1,xmapA2)(xmapB1,xmapB2)=
(\(a :*: b) -> (xmapA1 a) :*: (xmapB1 b),
\(a :*: b) -> (xmapA2 a) :*: (xmapB2 b))

xmap {| (->) |} (xmapA1,xmapA2)(xmapB1,xmapB2)=
(\f -> xmapB1. f . xmapA2,
\f -> xmapB2. f . xmapA1)

xmap {| Int |} = (id, id)



xmap {| Bool |} = (id, id)
xmap {| IO |} (xmapA1,xmapA2)=

(fmap xmapA1, fmap xmapA2)
xmap {| [] |} (xmapA1,xmapA2)=

(map xmapA1, map xmapA2)

B Full encodingof SDP

B.1 Parameterization

t hbi , t t h1i , 1

t hB1i , t 1 t hB2i , t 2

t hB1 ! B2i , t 1 ! t 2

t hB1i , t 1 t hB2i , t 2

t hB1 � B2i , t 1 � t 2

B.2 Signatures

8ci 2 dom(S) S(ci ) = Bi ! b

t hSi , hL (c1) : t hB1i ; : : : ;L (cn) : t hBnii

B.3 Types

D` t
D` bB t RecS� t

a 62D D] f a : ? ! ?g ` AB at t 0

D` � AB t 8a :? ! ?:t 0

D` 1B t 1(t )
D` A1 B t t 1 D` A2 B t t 2

D` A1 ! A2 B t t 1 ! t 2

D` A1 B t t 1 D` A2 B t t 2

D` A1 � A2 B t t 1 � t 2

B.4 Terms

x 62X
D;X ` xB t x

x 2 X
D;X ` xB t x[la : ?:t ]

a 62D D] f a : ? ! ?g;X ` M B at e

D;X ` boxM B t La :? ! ?:e D;X ` hiB t hi[t ]

S(c) = B ! b D` BB t t B

D;X ` cB t l x : t B:roll[t ](inj L(c) xof(RecS� t )hSi )

D;X ` M B t e D` A1 B t t 1

D;X ` l x : A1:M B t l x : t 1:e

D;X ` M1 B t e1 D;X ` M2 B t e2

D;X ` M1M2 B t e1e2

D` � A1 B t t 1
D;X ` M1 B t e1 D;X] f xg ` M2 B t e2

D;X ` let box x : A1 = M1 in M2 B t (l x : 8a:t 1:e2)e1

D;X ` M1 B t e1 D;X ` M2 B t e2

D;X ` hM1;M2i B t he1;e2i
D;X ` M B t e

D;X ` fstM B t fste

D;X ` M B t e
D;X ` sndM B t snde

D` AB t t A D;X ` QB t A
t eQ D;X ` M B t eM

D;X ` iter [� B;A][Q] M B t iter fjB� jg[t ][t A] eQ eM

B.5 Replacements

8ci 2 dom(Q) D;X ` Q(ci) B t ei

D;X ` QB t A
t l x : S� t A:casexof inj L(c1) y1 in (e1y1)

: : :
inj L(cn) yn in (enyn)


