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Abstract

Higherorderabstractsyntaxis a simpletechniquefor implement-
ing languagesvith functionalprogramming.Objectvariablesand
bindersareimplementedy variablesand bindersin the hostlan-
guage.By usingthis techniquepnecanavoid implementingcom-
mon and tricky routinesdealingwith variables,suchas capture-
avoiding substitution. However, despitethe advantageshis tech-
nique provides, it is not commonlyusedbecauset is dif cult to
write soundeliminationforms(suchasfolds or catamorphismsipr
higherorderabstracsyntax.To fold over suchadatatypepnemust
either simultaneouslyde ne an inverseoperation(which may not
exist) or shaw thatall functionsembeddedh thedatatypearepara-
metric.

In this paperwe shav how rst-class polymorphismcanbe usedto
guaranteehe parametricityof functionsembeddedn higherorder
abstracsyntax. With this restriction,we implementa library of it-
erationoperatorover data-structuresontainingfunctionals.From
this implementationwe derive “fusion laws” that functional pro-
grammergmay useto reasonaboutthe iterationoperator Finally,
we shav how this use of parametricpolymorphismcorresponds
to the ScHirmann,Despgroux and Pfenningmethodof enforcing
parametricitythroughmodaltypes. We do so by usingthis library
to give asoundandcompleteencodingof their calculusinto System
Fw- This encodingcansene asa startingpoint for reasoningabout
higherorderstructuresn polymorphiclanguages.
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1 Intr oduction

Higherorderabstracsyntax(HOAS) is anold andseductiely sim-
ple techniquefor implementinga languagewith functional pro-
gramming! The mainideais elegant: insteadof representingb-
ject variablesexplicitly, we use metalanguageariables. For ex-
ample, we might representhe object calculusterm (I x:x) with
the Haslell expressionam (\x -> x). Doing so eliminatesthe
needto implementa numberof tricky routinesdealingwith object
languagevariables. For example, capture-goiding substitutionis
merely function applicationin the metalanguage However, out-
sideof afew specializedlomains suchastheoremproving, partial
evaluation[26], logical framevorks [22] andintensionaktype anal-
ysis[27, 30], higherorderabstracsyntaxhasfoundlimited useas
animplementatiortechnique.

Oneobstaclepreventingthewidespreadiseof thistechniquds the
dif culty in usingeliminationforms, suchascatamorphisnts for
datatypegontainingfunctions.The generaform of catamorphism
for thesedatatypegequiresthat an inversebe simultaneouslyde-
ned for every iteration[16]. Unfortunately mary operationghat
we would like to de ne with catamorphismsequireinversesthat
do not exist or areexpensve to compute.

However, if we know thattheembeddedunctionsin a datatypeare
parametrig we canuseaversionof thecatamorphisnthatdoesnot
requireaninverse[9, 24]. A parametridunctionmay notexamine
its agument;it mayonly useit abstractlyor “pushit around”.Only

allowing parametricembeddedunctionsworks well with HOAS

becaus¢hetermswith non-parametriembeddedunctionsareex-

actlythosethathave nocorrespondend® ary | -calculusterm[24].

In this paper we useiterator to referto a catamorphisnrestricted
to argumentswith parametridunctions.

A type systemcan separateparametricfunctionsfrom thosethat

1while thenamecomesfrom PfenningandElliott [21], theidea
itself goesbackto Church.[4].

2Catamorphismgalso calledfolds) are sometimesepresented
with thebananagj j) notation[15].



arenot. For example, Fegarasand Sheard[9] add tagsto mark
the types of datatypeswhose embeddedunctions are not para-
metric, prohibiting iteration over those datatypes. Alternatively,
Schirmann, Despgroux and Pfenning[24, 8] usethe necessity
modality (“box”) to markthosetermsthatallow iteration.

However, mary moderntypedlanguageslreadyhave amechanism
to enforcethat an amgumentbe usedabstractly—parametric poly-
morphism It seemdesirableto nd away to usethis mechanism
insteadof addinga separatéacility to the type system.In this pa-
per, we shav how to encodedatatypeswith parametricfunction
spacesn the polymorphicl -calculus,includingiterationoperators
overthem.

Our speci ¢ contritutions are the following. For functional pro-
grammerswe provide an informal descriptionof how restricting
datatypesto parametricfunction spacescan be enforcedin the
Haslell languageising rst-classpolymorphism We provide asafe
andeasyimplementatiorof alibrary for iterationover higherorder
abstractsyntax. This Haslell library allows the naturalexpression
of mary algorithmsover the objectlanguageto illustrateits use,
we useit to implementa numberof operationsincluding Darvy
andFilinski's optimizing one-passCPSconversionalgorithm[6].
Furthermorebecausave encodethe iteration operatorwithin the
polymorphicl -calculus,we also derive “fusion laws” aboutthe
iteration operatorthat functional programmersnay useto reason
abouttheir programs.

To shaw the generalityof this techniquewe usethis implementa-
tion to shav aformaltranslationfrom the ScHirmann,Despgroux
and Pfenningmodal calculus[24] (called herethe SDP calculus)
to SystemF,. This encodinghasanaddedbene t to languagede-
signerswho wish to incorporatereasoningaboutparametricfunc-
tion spaces.It demonstratehowv systemshasedon the polymor
phicl -calculusmaybeextendedwith reasoningbouthigherorder
structure.

We do not claim that this encodingwill solve all of the problems
with programmingusinghigherorderabstracsyntax.In particular
algorithmsthat requirethe explicit manipulationof the namesof
boundvariablesremain outsidethe scopeof this implementation
technique.

The remainderof this paperis asfollows. Section2 startswith
backgroundnaterialon catamorphism&r HOAS, includingthose
developedby Meijer andHutton[16] andFegarasand Sheard9].
In Section2.1we shav how to use rst-classpolymorphismandab-
stracttypesto provide aninterfacefor FegarasandSheards imple-
mentationthat enforcesthe parametricityof embeddedunctions.
Using this interface,we shav someexamplesof iterationinclud-
ing CPScorversion (Section2.2). In Section3, we describean
implementatiorof thatinterfacewithin the partof Haslell thatcor
respondgo SystemF,, anddescribepropertiesof thatimplemen-
tation in Section3.1. Section4 describeshe SDP calculusand
Section5 presentsan encodingof that calculusinto Fy, usingthe
implementatiorthatwe developedin Section3. Section6 presents
future work, Section7 presentgelatedwork, and Section8 con-
cludes.We include GenericHaslell codefor the polytypic part of
ourimplementatiorin AppendixA andthefull encodingofthe SDP
calculusinto SystemF, in AppendixB.

2 Catamorphisms for datatypeswith embed-
dedfunctions

Thefollowing recursve datatypeepresenttheuntyped! -calculus
usingHigherOrderAbstractSyntax(HOAS).3

data Exp = Lam(Exp -> Exp) | App Exp Exp

The data constructor Lam representsl| -expressions. How-
ever, instead of explicitly representing bound | -calculus
variables, Haslell functions are used to implement binding
and Haslell variables are used to representvariables. For
example, we might representthe identity function (I xx) as
Lam(\x -> x) or the innite loop (I x(x¥)(Ix(xX)) as
App (Lam (\x -> App x X)) (Lam (\x -> App X X)) .

Using this datatype,we canimplementan interpreterfor the |l -
calculus. To do so, we mustalsorepresenthe resultvalues(also
usingHOAS).

data Value = Fn (Value -> Value)
unFn (Fn x) = x

It is tricky to de ne recursve operationssuchasevaluation,over
thisimplementatiorof expressionsTheamgumentx, to Lambelov
is afunctionof type Exp -> Exp. To evaluateit, we mustconvert
x to afunctionof typeValue -> Value. Thereforewe mustalso
simultaneouslyle ne aninverseto evaluation,calleduneval , such
thateval uneval = \x -> Xx. Thisinverseis usedto corvert
theargumentof x from aValue to anExp.

eval :: Exp -> Value

eval (Lam x) = Fn (eval . x . uneval)
eval (App y z) = unFn (eval y) (eval 2z)
uneval : Value -> Exp

uneval (Fn x) = Lam(uneval . x . eval)

Considerthe evaluationof ((1 x:x)(1 y:y)). Firsteval replacesApp
with unFnandpushesvaluationdown to the two subcomponents
of theapplication.Next, eachLamis replacedoy Fn, andthe argu-
mentis composedvith eval anduneval. The unFncancelsthe
rst Fn, andthe identity functionscanbe removed from the com-
positions.As uneval is right inverseto eval , we canreplaceeach
(eval . uneval) with theidentity function.

eval (App (Lam (\x -> x)) (Lam (\y -> vy)))
= unFn (eval (Lam (\x -> Xx)))

(eval (Lam (\y ->)))
unFn (Fn (eval . \x -> x . uneval))

(Fn (eval . \y -> y . uneval))
(eval . uneval) (Fn (eval uneval))
WX ->x) (Fn (y ->))
Fn(y ->y)

Mary functionsde ned over Exp will follow this samepatternof
recursion requiringan inversefor Lamand calling themselesre-
cursiely for the subcomponentsf App Catamorphismgapture
the generalpatternof recursionfor functionsde ned over recur
sive datatypes.For example,foldl is a catamorphisnfor thelist
datatypeandcanimplementmary list operations.For lists of type

SAll of thefollowing examplesarein the syntaxof the Haslell
languag€g19]. While someof the later examplesrequirean exten-
sion of the Haslell type system— rst-classpolymorphism—this
extensionis supportedby the Haslell implementationsGHC and
Hugs.



newtype Rec a = Roll (a (Rec a))

data ExpFa = Lam(a -> a) | Appa a

type Exp = Rec ExpF

lam w (Exp -> Exp) -> Exp
lam x = Roll (Lam x)

app © Exp-> Exp -> Exp

app x y = Roll (App x y)

xmapExpF: (a -> b, b -> a)
-> (ExpF a -> ExpF b, ExpF b -> ExpF a)

xmapExpF(f,g) = (\x -> case x of
Lamx -> Lam(f . x . @)
Appy z -> App (f y) (f 2),
\x -> case x of
Lamx -> Lam(g . x . f)
Appy z -> App (g ¥) (g 2)
cata

(ExpF a -> a) -> (a -> ExpFa) -> Rec ExpF-> a
cata f g (Roll x) =
f ((fst (xmapExpF (cata f g, anaf @) X)

ana
(ExpF a -> a) -> (a -> ExpFa) -> a -> Rec ExpF
anaf g x =
Roll (snd (xmapExpF(cata f g, anaf g)) (g X))

Figure 1. Meijer/Hutton catamorphism

[a] , foldr replaceq] with abasecaseof typeb and(:) with a
functionoftype(a -> b -> b).

Meijer and Hutton [16] shaved howv to de ne catamorphisms
for datatypeswith embeddedunctions, suchas Exp. The cata-

morphismfor Exp systematicallyreplacesLamwith a function

of type ((a -> a) -> a) and App with a function of type

(@ -> a -> a). However, just as we de ned eval simul-

taneously with uneval, the catamorphismfor Exp must be

simultaneouslyde ned with an anamorphism The catamor

phism provides a way to consumemembersof type Exp andthe

anamorphisnprovidesaway to generatehem.

In orderto easilyspecifythis anamorphismwe usea slightly more
complicatedversionof the Exp datatype shavn at the top of Fig-
urel. Thisversionmakestherecursiorin thedatatypesxplicit. The
newtype Reccomputeghe x ed point of type constructorgfunc-
tions from typesto types). The type Expis the x ed point of the
typeconstructoEXpF, wheretherecursve occurrencesf Exphave
beerreplacedvith thetypeparametea. The rst agumento cata
is of type ExpF a -> a (combiningthe two functionsmentioned
abore,of type((a -> a) -> a) and(a -> a -> a)). The rst
amgumentto ana hastheinversetypea -> ExpF a.

The functionscata andana arede ned in termsof xmapExpFa
generalizedversionof a mappingfunction for the type construc-
tor ExpE Becauseof the function agumentto Lam xmapExpF
mapstwo functions, one of type a -> b and the other of type
b -> a. Thede nition of xmapExpHks completelydeterminedy
the de nition of ExpFE With GenericHaslell [5], we cande ne
xmapand automaticallygeneratexmapExpHrom ExpF (seeAp-

data Reca b = Roll (a (Rec a b)) | Place b

data ExpFa =LlLam(a -> a) | Appa a
type Exp a = Rec ExpF a

lam © (Exp a > Expa) -> Expa
lam x = Roll (Lam x)

app i Expa-> Expa-> Expa
app xy = Roll (App X Y)

xmapExpF:: (a -> b, b -> a)

-> (ExpF a -> ExpF b, ExpF b -> ExpF a)

xmapExpF(f,g) = (\x -> case x of
Lamx -> Lam(f . x . Q)
Appy z -> App (f y) (f 2),

\x -> case x of

Lamx -> Lam(g . x . f)
Appy z -> App (g ¥) (9 2)

cata :: (ExpF a-> a) -> Expa -> a

cata f (Roll x) =

f ((fst (xmapExpF(cata f, Place))) x)

cata f (Place x) = x

Figure 2. Fegaras/Shearccatamorphism

pendixA).# Thatway, we caneasilygeneralizehis catamorphism
to otherdatatypes.Unlike map which is de ned only for covari-
ant type constructorsxmapis de ned for type constructorshat
have both positive andnegative occurrencesf the boundvariable.
Theonly typeconstructor®f Fy, for which xmapis notde ned are
thosewhosebodiescontain rst-class polymorphism.For example,
la :?:8b:?a! b.

We can usecata to implementeval. To do so we must de-
scribeone stepof turning an expressioninto a value (the function
evalAux) andonestepof turning a value into an expression(the
functionunevalAux).

evalAux :: ExpF Value -> Value
evalAux (Lam f) =Fnf
evalAux (App X y) = (unFn x) y

unevalAux :: Value -> ExpF Value
unevalAux (Fn f) = Lamf

eval : Exp -> Value
eval x = cata evalAux unevalAux X

Using cata to implementoperationssuchaseval is corvenient
becaus¢he patternof recursionis alreadyspeci ed. Noneof eval ,

evalAux orunevalAux arerecursvely de ned. However, for some
operationsthereis no obvious (or efcient) inverse. For exam-
ple, to usingcata to print out expressionsalsorequireswriting a
parser Fegarasand Sheard9] notedthatsometimeghe operation
of thecatamorphisnoftenundoeswith f whatit hasjustdonewith

4Meijer andHutton's versionof xmapExpnly createdhe rst
componentof the pair. In ana where the secondcomponentis
neededthey swaptheamgumentsThisis valid becausdst (xmap
(f,9)) = snd(xmap (g,f)) . However, while the versionthat
we usehereis a little more complicated,it can be de ned with
GenericHaslell.



g. This situationoccurswhenthe algumentto cata containsonly
parametric functions. A parametricfunction is onethat doesnot
analyzeits algumentwith case or cata.

When the algumentto cata is parametric Fegarasand Sheard
shavedhow to implementcata withoutana. Thebasicideais that

for parametridunctions,ary useof ana duringthe computatiorof

a catamorphisnwill alwaysbe annihilatedby cata in the nal re-

sult. Therefore,insteadof computingthe anamorphismthey use
aplaceholderto storethe original agument. Whencata reaches
thatplaceholder it returnsthe storedargument.

To implementFegarasand Sheards catamorphismye mustrede-
ne Rec In Figure 2, we extendit with an extra branch(called
Place) thatis the placeholder BecausePlace cancontainary
type of value, Rec (andconsequentlfexp) mustbe parameterized
with thetypeof theagumentto Place . Thistypeis theresultof the
catamorphisnover the expressionIn theimplementatiorof cata,,
Place is thesecondargumentto xmapExpknsteadof ana f. It is
arightinverseto cata f by de nition.

For example to countthenumberof occurrencesf boundvariables
in anexpressionwe might usethefollowing code.

countvarAux :: ExpFInt -> Int
countvarAux (App Xy) =X +Yy
countvarAux (Lamf) =f 1

countvar Exp Int -> Int
countvar = cata countvarAux

The function countvarAux describesvhatto doin onestep. The
numberof variablesin an applicationexpressionis the sumof the
numberof variablesin x andthe numberof variablesin y. In the
caseof al -expressionf is afunctionfrom the numberof variables
in avariableexpression(i.e. one)to the numberof variablesin the
body of thelam. For example to countthevariablesn (I x: X x):

countvar (lam (\x -> app x X))
= (countvar . (\x -> x +Xx) . Place) 1
= (\x -> (countvar (Place X))
+ (countvar (Place x))) 1
(countvar (Place 1)) + (countvar
2

(Place 1))

This de nition of cata only works for algumentswhosefunction
spacesre parametricandwho do not usePlace. Informally, we
call suchexpressionsoundandotherexpressionsinsound Apply-
ing cata to anunsoundexpressiorcanreturnameaninglessesult.
For example,saywe de ne thefollowing term:

badplace :: Exp Int

badplace = lam (\x -> Place 3)

Thencountvar badplace = 3, eventhoughit containmobound
variables.Evenmoreimportantlyfor higherorderabstracsyntax,
unsoundiatatypeslo notcorrespondo untyped -calculusexpres-
sions,soit is importantto beableto distinguishbetweersoundand
unsoundepresentations.

St is alsoimportantto distinguishbetweersoundandunsound
membersf datatypeghathave meaningfulnon-parametricepre-
sentations. For thesedatatypesthe behaior of the Fegarasand
Sheardcatamorphisnon unsoundargumentsdoesnot correspond
to the Meijer andHuttonversion.

Therearetwo waysfor parametricityto fail, correspondingo the
two destructordor thetype Exp a. A functionis not parametridf
it usescata or case to examineits algument,asbelow:

badcata :: Exp Int
badcata = lam (\x -> if (countvar x == 1)
then app x x
else x)
badcase :: Exp a
badcase = lam (\x -> case x of
Roll (App v w) -> app X X
Roll (Lam f) > X
Place v > X)

Fegarasand Shearddesigneda type systemto distinguishbetween
soundand unsoundexpressions.Datatypessuchas Exp were an-
notatedwith ags toindicatewhetherthey hadbeenexaminedwith
eithercase or cata, andif so,they werepreventedfrom appearing
inside of non- aggeddatatypes.Furthermoretheir languagepre-
ventedthe userfrom accessind?lace by automaticallygenerating
cata fromthede nition of theusers datatype.

2.1 Enforcing parametricity with type ab-
straction

Thetypeof badcata is Exp Int . Thistypetells usthatsomething
is wrong: the type parametef Exp is constrainedo beInt , so
we canonly usecata on this expressionto produceanInt . The
sameis true for badplace. Wheneer we usecata or Place in
anexpressionthis parametewill beconstrainedlf we canensure
thatonly soundexpressionhave type (forall a. Exp a), then
we canuse r st-classpolymorphisnto enforcethattheamgumentto
afunctionis sound.Thatway, we canbeassuredhatit will behae
asexpected.For example,de ne aversionof cata, callediterO
thatmay only be appliedto soundexpressionsbelon. Theimple-
mentationof cata usesheargumentatthespeci c type (Exp a),
soit is safefor iter0 to requirethatits agumenthasthe more
generatype(forall a. Exp a).

iter0 : (ExpF b -> b) -> (forall
iter0 = cata

a. Expa) > b

However, this new type doesnot preventexpressiondik e badcase
from beingtheargumentto iter0 . We canpreventsuchcaseanal-
ysisinsidelam expressiondy ruling out caseanalysidfor all terms
of typeExp t . If theusercannotusecase, thenthey cannotwrite
badcase. While thisrestrictionmeanghatsomeoperationsannot
be naturallyde ned in this calculus,cata alonecande ne alarge
numberof operationsaswe demonstratdelov andin Section2.2.

Thereare two waysto prohibit caseanalysis. The rst way is to
reimplemenExpin suchawaythatcata istheonly possibleoper
ation(in otherwordswithoutusingaHaslell datatype) Wediscuss
this alternatve in Section3.

Thesecondvayto prohibitcaseanalysiss to make Recanabstract
typeconstructarlf thede nition of Recis hiddenby somemodule
boundarysuchaswith theinterfacein Figure3, thenthe only way
to destructan expressionof type Exp a is with cata. Because
Roll andPlace aredatatypeconstructor®f Reg andcata pattern
matchestheseconstructorsthey mustall be de ned in the same
moduleasRec However, becauseve only needto prohibit case
analysiswe canexportRoll andPlace asthefunctionsroll and
place . Withroll we cande ne thetermsapp andlam arywhere.



type Reca b -- abstract
data ExpFa =LlLam(a -> a) | Appa a

type Expa = Rec ExpF a

roll :: ExpF (Exp a) -> Exp a

place :: a -> Exp a

cata : (ExpFa-> a) -> Expa -> a

Figure 3. lteration library interface

We canalsomalke gooduseof place . Thetypeforall a. Exp a
enforceghatall embeddedunctionsareparametrichut it canonly
representlosedexpressions.What if we would like to examine
expressionith free variables?in HOAS, an expressiornwith one
freevariablehastypeExp t -> Exp t. To computethe catamor
phismfor theexpressionwe useplace to provide thevaluefor the
freevariable.

openiter 1 :: (ExpF b -> b)
> (Exp b -> Expb) -> (b -> b)
openiter 1 f x =\y -> cata f (x (place vy))

If wewouldliketo make surethatthe expressioris sound we must
quantify over the parametertype and require that the expression
havetypeforall a. Exp a -> Exp a.

iterl : (ExpF b -> b)
-> (foral a. Expa -> Expa) -> (b -> b)
iterl = openiter 1

With iterl we candetermindf thatonefreevariableoccursin an
expression.

freevarused
freevarused e =
iterl (\x -> case x of
(App xy) > x| vy
(Lam f) -> f False) e True

(forall a. Exp a -> Exp a) -> Bool

An app expressioruseghefreevariableif eitherthefunctionor the
amgumentusesit. Theoccurrencef the boundvariableof alam is

notanoccurrencef thefreevariable,soFalse is theargumentto

f, but the expressiondoesusethe free variableif it appearsome-
wherein the body of the abstraction.Finally, the programworks
by feedingin True for thevalueof thefreevariable.If theresultis

True thenit musthave appearedomaevherein the expression.

Thereis noreasorto stopwith onefreevariable.Thereareanin -
nite numberof relatediterationoperatorseachindexed by thetype
insidethe forall . Thetypesof several suchiteratorsare shawvn
belan. For example thethird one,iterList , mayanalyzeexpres-
sionswith arbitrarynumbersof freevariables.

iter2 . (ExpF b -> b)

-> (forall a. Expa -> Expa -> Exp a)
> (b -> b -> b)

(ExpF b -> b)

-> (forall a. (Exp a -> Exp a) -> Exp a)
> ((b -> b) -> b)

(ExpF b -> b)

-> (forall a. ([Exp a] -> Exp a))

-> ([b] -> b)

iterFun

iterList

Eachof theseiteratorsis de ned by usingxmapto map(cata f)
andplace . Thuswe caneasilyimplementthemby de ning the
appropriateversionof xmap However, becausemapis a polytypic
function, we shouldbe ableto automaticallygenerateall of these
iteratorsusing GenericHaslell. The following codeimplements
theseoperations Below, the notationxmap{|g|} generateshein-
stanceof xmapfor thetype constructog.

openiter {|g * o> x|}
(ExpF a -> a) > g (Exp a) -> g a
openiter {|g|} f =

fst (xmap{|g|} (cata f,

place))

iter{flg = * > * |} =
(ExpF a -> a) -> (forall
iter{|g|} = openiter {|g|}

b. g (Exp b)) -> ga

Unfortunately the above GenericHaslell code cannotautomat-
ically generateall the iteratorsthat we want, such as iterl ,
iterFun anditerList . Becauseof type inference,g canonly
beatypeconstructothatis a constanor aconstantppliedto type
constructorg13]. In particular we cannotrepresenthe type con-
structor(la :?:a! a)in Haslell, sowe cannotautomaticallygen-
eratetheinstance

iterl = (f b->b)
-> (forall a. (Exp @) -> (Exp @) -> b ->b

Fortunatelyusingadifferentextensionof Haslell, calledfunctional
dependenciefl4], we cangenerateheseversionsof openiter .
For eachversionof iter thatwe want,we still needto rede nethe
generatedpeniter with themorerestrictive type.

iterl : (ExpF a -> a)

-> (forall b. Expb -> Expb) -> a -> a
iterl = openiter
Thelterable classde nesopeniter simultaneouslyith its in-

verse.Theparametergandn shouldbeg(Exp a) andg a, where
eachinstancespeci esg. (Thetype a is a parameteof the type
classsothatmandn mayreferto it.) Also necessanarethefunc-
tionaldependenciethatstatethatmdeterminedotha andn. These
dependenciesile outambiguitiesduringtypeinference.

class lterable
openiter
uniter

amn| m->a, m-> n where
(ExpF a->a) -> m->n
(ExpF a->a) -> n->m

If g is theidentity type constructorthenmandn areExp a anda
respectiely.

instance lterable
openiter
uniter f

a (Exp a) a where
= cata
= place

Usingtheinstancegor the subcomponentsye cande ne instances
for typesthatcontain->.
a mlnl, lterable

instance (Iterable a m2n2)

=> |terable a (ml-> m2) (n1 -> n2) where
openiter f x = openiter f . x . uniter f
uniter f x = uniter f . x . openiter f

With theseinstanceswe have ade nition for openiter {| la :a!
al} . Itis notdif cult to addinstancedor othertype constructors,
suchaslists andtuples.



2.2 Examplesof iteration

We next presentseveral additionalexamplesof the expressieness
of iter0 for agumentsof type (forall a. Exp a). Thepur
poseof theseexamplesis to demonstratéow to implementsome
of thecommonoperationdor | -calculustermswithout caseanaly-
sis.

For example,we canuseiter0 to corvert expressiongo strings.
Sothatwe have differentnamedor eachnestedindingoccurrence,
we must parameterizehis iterationwith a list of variablenames.
Haslell's list comprehensioprovidesuswith anin nite supplyof

strings.

vars :: [String]
vars = [ [i] | i < [&a..'7] ] ++
[ i : showj | j <- [1.1], i < [a..'z] ]
showAux:: ExpF ([String] -> String)
-> ([String] -> String)
showAux (App x y) vars =
(" 4+ (x vars) ++ " " ++ (y vars) ++")"
showAux (Lam z) (vivars) =
"fn " ++ v ++". " ++ (z (const v) vars) ++")"
show :: (forall a. Exp a) -> String

show e = iter0 showAuxe vars
Applying showto an expressionproducesa readableform of the
expression.

show (lam (\x -> lam (\y -> app x Y)))
=(fn a. (fn b. (a b))

Another operationwe might wish to performfor a |l -calculusex-
pressionis to reduceit to a simplerform. As anexample,we next
implementparallelreductionfor al -calculusexpressiorf Parallel
reductiondiffers from full reductionin thatit doesnot reduceary
newly createdredexes. Therefore,it terminateseven for expres-
sionswith no b-normalform. Parallelreductionmay be speci ed
by thefollowing inductive de nition.

M) MO
IxM) IxMO

M) M® N) NO
MN) MNO

X)X

M) MO N) NO
(I xMN) MFx=NY

We useiter0 to implementparallelreductionbelon. The tricky
partis the casefor applications. We mustdeterminewhetherthe
rst componentof an applicationis a lam expression,andif so,
performthe reduction. However, we cannotdo a caseanalysison
expressionsasthe type Exp a is abstract. Therefore,we imple-
mentparallelreductionwith a“pairing” trick’. As we iterateover
thetermwe producetwo results storedin thefollowing record:

data PARa = PAR{ par
apply ::

The rst componentpar, is theactualresultwe want—theparallel
reductionof the term. The secondcomponentapply, is a func-

Exp a,
Expa -> Expa}

6This exampleis from Schirmannet. al [24].

"Pairing was rst usedto implementthe predecessapperation
for Churchnumbers. The iteration simultaneouslycomputesthe
desiredresultwith auxiliary operations.

tion thatwe build up for the applicationcase.In the caseof alam
expression,apply performsthe substitutionin the reducedterm.
Otherwiseapply createsanapp expressiorwith its algumentand
thereducederm?®

parAux :: ExpF (PARa) -> PARa
parAux (Lamf) =
PAR{ par = lam (par . f . var),
apply = par . f . var }
where

var ;. Expa -> PARa
var x = PAR{ par = x, apply = app x }
parAux (App X y) =
PAR{ par = apply x (par vy),
apply = app (apply x (par y)) }

parallel
parallel

(forall
X = par (iterO

v. Expv) -> (forall
parAux X)

v. Expv)

For example:
show (parallel  (app (lam (\x -> app X X))
(lam (ty -> y))

="(fn a. a) (fn a. a))"

While we could not write the mostnaturalform of parallelreduc-

tion with iter0 , otheroperationsmay be expressedn a very nat-

ural manner For example,we canimplementthe one-pasgall-by-

valueCPS-conersionof Darvy andFilinski [6]. Thissophisticated
algorithm performs“administrative” redeces at the meta-level so

that the resultterm hasno moreredexesthanthe original expres-

sion. The algorithmis basedon two mutuallyrecursve operations:
cpsmeta performsclosureconversiongivenameta-level continua-
tion (atermof typeExp a -> Exp a), andcpsobj doesthesame
with anobject-level continuation(atermof type Exp a).

data CPSa = CPS{
cpsmeta :: (Exp a -> Exp a) -> Exp a,
cpsobj Expa -> Expa}

If we aregivenavalue(i.e. al -expressioror a variable)the func-
tion value belov describests CPScorversion. Given a meta-
continuatiork, we applyk to thevalue.Otherwise givenanobject
continuationc, we createanobjectapplicationof ¢ to thevalue.

value Exp a -> CPSa
value x = CPS{ cpsmeta = \k -> k x,
cpsobj =\¢c -> appc x}

The operationcpsAux takes an expressiorwhosesubcomponents
have alreadybeenCPScorvertedandCPScorvertsit. For applica-
tion, translationis the samein both caseexceptthatthe meta-case
corverts the meta-continuatiorinto an object continuationwith
lam.

cpsAux ;. ExpF (CPSa) -> CPSa
cpsAux (App el e2) =

CPS{ cpsmeta = \k -> appexp (lam k),

cpsobj = appexp }
where appexp ¢ =
(cpsmeta el) (\yl ->
(cpsmeta e2) (\y2 ->
app (app yl y2) c))

8|n Haslell, the notationapply x projectsthe apply compo-
nentfrom therecordx.



type Recf a=(f a-> a) > a
data ExpFa = Lam(a -> a) | Appa a
type Exp a = Rec ExpF a

roll 1 ExpF (Exp a) -> Exp a
roll  x =
\f o> f (fst

(xmapExpF(cata f, place)) x)

place :: a -> Exp a
place x = \f -> x

lam :: (Exp a -> Exp a) -> Exp a
lam x = roll (Lam x)

app . Expa-> Expa -> Expa
appy z =vroll (Appy 2)

xmapExpF: (a -> b, b -> a)
-> (ExpF a -> ExpF b, ExpF b -> ExpF a)
xmapExpF(f,g) = (\x -> case x of
Lamx -> Lam(f . x . @)
Appy z -> App (f y) (f 2),
\x -> case x of
Lamx -> Lam(g . x . f)

Appy z -> App (@ y) (9 2)

cata :: (ExpF a -> a) -> Expa -> a
cata f x = x f

iter0 :: (ExpF a -> a) -> (forall
iter0 = cata

b. Expb) > a

Figure 4. Catamorphism in the F,, fragment of Haskell

For functions,we usevalue , but we musttransformthe function
to bind boththe original andcontinuatiorargumentsandtransform
the body of the functionto usethis objectcontinuation.The outer
lam bindsthe original agument.We usevalue for this agument
inf andcpsobj yieldsabodyexpectinganobjectcontinuatiorthat
theinnerlam corvertsto anexpression.

cpsAux (Lam f) =

value (lam (lam . cpsobj . f . value))
Finally, we startcps with iter0 by abstractingan arbitrary dy-
namiccontet a andtransformingthe agumentwith respecto that

context.

cps :» (forall a. Exp a) -> (forall
cps x = lam (\a ->
cpsmeta (iterO

a. Exp a)
cpsAux x) (\m -> app a m))

show (cps (lam (\x -> app x x)))
="fn a. (@ (fn b. (fn c. (b b) )"

Above, ais theinitial continuationp is theargumentx, andc is the
continuationfor thefunction.

3 Encodingiteration in Fy

In the previous sectionwe implementedter asarecursve func-
tion andusedarecursve type, Reg to de ne Exp. To preventcase
analysis,we hid this de nition of Recbehinda moduleboundary
However, this moduleabstractiorandis nottheonly way to prevent
caseanalysis. Furthermoreterm andtype recursionis not neces-

saryto implementthis datatype.We may de ne iter andRecin
thefragmentof Haslell thatcorrespondso Fy, [10] sothatiteration
is theonly eliminationform for Rec Thisimplementatiorappears
in Figure4.

The encodingis similar to the encodingof covariantdatatypesn
the polymorphicl -calculus[3] (or to the encodingof Churchnu-
merals).We encodean expressiorof type Exp a asits elimination
form. For example,somethingof type Exp a shouldtake anelimi-
nationfunctionof type(ExpF a -> a) andreturnana. Toimple-
mentcata we applythe expressiorto the eliminationfunction.

To createanexpressionroll  mustencodethis elimination. There-
fore,roll returnsafunctionthatappliesits agumentf (theelimi-

nationfunction)to theresultof iteratingover x. Again,to usexmap
we needa right inversefor cata f. Thetermplace in Figure4

is an expressiornthatwhenanalyzedreturnsits argument. We can
shaw thatplace is aright inverseby expandingthe above de ni-

tions:

cata f . place = (\x -> cata f (place x))
= (\x -> (place x) f)
=X > ((y ->x) f)
= > x)

3.1 Reasoningaboutiteration

Thereare powerful tools for reasoningaboutprogramswritten in
the polymorphicl -calculus. For example,we know thatall pro-
gramsthatarewritten in Fy, will terminate. Therefore we canar
gue that the examplesof the previous sectionare total on all in-
putsthatmay be expressedn the polymorphicl -calculus,suchas
app (lam (x -> app x x))(lam (x -> app x X)) . Un-
fortunately we cannotargue that theseexamplesare total for ar-
bitrary Haslell terms.For example calling ary of theseroutineson
(lam (let f x =f x in f)) will certainlydiverge. Further
more,evenif theargumentgo iterationarewrittenin Fy, if theop-
erationitself usestype or termrecursionthenit couldstill diverge.
For example,using the recursve datatypeValue from Section2,
we canimplementtheuntyped! -calculusevaluatorwith iterO .

Parametricityis anotherway to reasonaboutprogramswritten in
Fw. As awkward asthey may be, one of the advantagedo pro-
grammingwith catamorphisminsteadof generalrecursionis that
we mayreasoraboutour programausingalgebraidaws thatfollow
from parametricity While thefollowing laws only hold for Fy,, we
may be ableto prove someform of themfor Haslell usingtech-
niguesdevelopedby Johanr{12].

Using parametricity we canderive a freetheoem[28] aboutex-
pression®f type(forall a. (b a -> a) -> a). If x hasthis
type,then

f.f =id andf . g =h . fst (xmap|b|(f,f)) =>
f (x g =xh
The equialencein this theoremis equivalencein someparametric
modelof Fy, suchasthe term modelwith bh-equivalence.Using
thefreetheoremwe canprove a numberof propertiesaboutitera-
tion. First, we canshaw thatiteratingroll is anidentity function,
thatiter0 roll = id . Usingthisresultwe canshav theunique-
nesspropertyfor iter , which describesvhena functionis equal
to anapplicationof iter . It resemblesn“induction principle” for
iter0 .



f.f =id andf . roll =h . fst
<=> f =ijter0 h

(xmap]b|(f,f))

The <= direction follows directly from the implementationof
iter0 androll . The=>directionfollows from thefreetheorem.

Finally, thefusionlaw canbe usedto combinethe compositionof
afunctionf andaniterationinto oneiteration. This law follows
directly from thefreetheorem.

f.f =id and f .
f . iter0 g =iter0 h

g = h . fst(xmap]b|(f,f)) =>

However, thereis animportantpropertyaboutthis encodingof the
| -calculusthat we have not proven. Adequacystatesthatif a Fy
termis of typeforall a. Exp a andis in canonicalform, then
it shouldbethe encodingof the canonicaform of somel -calculus
expression. In otherwords, thereis no extra “junk” in the type
forall a. Exp a, suchasbadcase. Asa rst steptowardsprov-
ing this result,we next shav how this F library canencodea lan-
guagewith iterationover HOAS thatitself adequatelyembedshe
| -calculus.

4 Enforcing parametricity with modal types

In the next section,we formally describethe connectionbetween
the interfacewe have provided for iteration over higherorder ab-
stractsyntaxand the modal calculusof Schirmann,Despgroux
andPfenning(SDP)[24]. We do so by usingthis library to give a
soundandcompleteembeddingf the SDPcalculusinto F,. First,
we provide abrief overview of the staticanddynamicsemanticof
this calculus.The syntaxof the SDPcalculusis shawvn in Figure5.

The SDP calculusenforcesthe parametricityof function spaces
with modaltypes.Modal necessityn logic is usedto indicatethose
propositionghataretruein all worlds. Consequentlythesepropo-
sitions can make useof only thoseassumptionghat are alsotrue
in all worlds. In PfenningandDavies' [20] interpretatiorof modal
necessitynecessarilyrue propositionscorrespondo thoseformu-
lae thatcanbe shawvn to be valid. Validity is de ned asderivable
with respecto only assumptionshatthemselesarevalid assump-
tions. As such,the typing judgmentshave two environments(also
calledcontexts), onefor valid assumptionsW, andonefor “local”
assumptions; . The termscorrespondingo the introductionand
elimination forms for modal necessityare box and let box. We
give themthefollowing typing rules:

W? > M:A
Wi " boxM: A

Wi M1 At W] fX:iAg0 - M2t Az
Wi * letboxx:A; = M1inMs: Ay

A boxedterm, M, hastype A only if it hastype A with respect
to thevalid assumptioni W, andno assumption# local environ-
ment. Thelet box eliminationconstruciallows for theintroduction
of valid assumptionito W, bindingthe contentsof theboxedterm
M1 in the body M. This bindingis allowed becausehe contents
of boxedtermsarewell-typedthemseleswith only valid assump-
tions. Anotherway to think aboutmodal necessityis that terms
with boxedtypeare“closed” anddo not containary freevariables,
exceptthosethatareboundto closedtermsthemseles.

Operationallyboxedtermsbehae lik e suspensionsyhile let box
substituteshe contentsf aboxedtermfor theboundvariable.Be-
causeaheoperationasemanticés de ned simultaneouslyvith con-

(Pure Type$ B:=bjljB;! ByjB1 By
(Types A== BjA! AjAT Aj A
(Termg M = xjcjhijl x:AMjMiM;y |

boxM jlet boxx: A= M1inMy
hM1;Mi j fstM j sndM j
iter [Aq; AZ][Q] M

(TermReplacement Q = ? jQ] fx7! MgjQ] fc7! Mg
(PureErvironment Y == ? jY] fx:Bg
(Valid Ervironmeny W := ? jW] fx:Ag
(LocalErvironment == ?jj] fx:Ag

(Signatueg S:= ?jS] fc:B! bg

Figure5. Syntax of SDP calculus

versionto canonicafforms, it is parameterizethy the environment
Y thatdescribeghe typesof free local variablesappearingn the
expression.
Y My} boxM{: A; Y MafMP=xg! V:A
Y " letboxx:A; = MiinMz ! V:Ay

To enforcetheseparatiobetweertheiterative andparametridunc-
tion spacesthe SDP calculusde nes thosetypes, B, that do not
containa typeto be“pure”. Objectsin thecalculuswith type B,

boxed puretypes,canbe examinedintensionallyusinganiteration
operatoy while objectsof arbitraryimpuretype, A, cannot. This
forcesfunctionsof puretype,l x: B1::M :B; ! By, to beparamet-
ric. Thisis becauseheinput, x, to sucha function doesnot have

a boxed puretype, andthereis no way to corvert it to one— x

will not be freeinside of a boxed expressionn M. Consequently
thefunctionsof puretypemayonly treattheirinputsextensionally
makingthemparametric.

Thelanguagés parameterizetly a constantypeb andasignatue,

S, of data constructorconstantsc, for thatbasetype. Eachof the
constructorsn this signaturemustbe of typeB! b. BecauseB is

apuretype,theseconstructorsnay only take parametricfunctions
asarguments.

For example, consider a signature describing the untyped | -
calculus,S= fapp:b b! bjlam:(b! b)! bg, wherethe
constantype b correspondso Exp. Using this signaturewe can
write a function to count the numberof bound variablesin an
expressionaswe did in Section 2.2

countvar, |x: b
iter[ b;int][fapp 7! | y:int:l z:int:y+ z
lam 7! [ f:int! int:f 1g] x

The term iter intensionally examinesthe structureof the amgu-
ment x and replaceseach occurrenceof app and lam with
ly:int:l z:int:y+ zandl f :int! int:f 1respectiely.

Thetypingrulefor iter is thefollowing:

Wi M: B Wi Q:ANS
Wi " iter[ B;A][Q] M : AhBI

The agumentto iteration, M, musthave a pure closedtype to be
analyzable.Analysis proceedsvsia walking over M and usingthe

9For simplicity, our formal presentatiorof SDP (in Figure 5)
doesnotincludeintegers. However, it is straightforvardto extend
this calculusto additionalbasetypes.



replacemen®, a nite mapfrom constantgo terms,to substitute
for the constantsn the term M. The type A is the type that will
replacethe basetypeb in theresultof iteration. The notationAhBi
substitutesA for the constantb in the puretype B. Eachtermin
therangeof thereplacementmustalsoagreewith replacingb with
A. We verify this factwith the judgmentW,; ~ Q : AhSi, which
requiresthatif Q(c) = M¢ andS(c) = B, thenM¢ musthave type
AhBgi .

Operationallyiterationin the SDP calculusworksin the following
fashion.

Y M, boxM% B
? " MO VOB
Y hAY:Qi(VY ! V:ABI
Y " iter[ B;A[QIM ! V:AMBi

First, the agumentto iterationM is evaluated,Y * M| boxMP:

B, producinga boxed objectM® M09is thenevaluatedto h-long
canonicafformvia? * M?%* v0: B. Next we performelimination
of thatcanonicaform, bA;Y ; Qi (V%, walking overVOandusingQ
to replacethe occurrence®f constants.Finally, we evaluatethat
result,Y * PAY:Qi(VY ] V:ARBI.

In orderto simplify the presentatiof theencodingwe have made
afew changego the SDP calculus. First, while the languagepre-
sentedn this papethasonly onepurebaseypeb, the SDPcalculus
allowsthesignatureS to containarbitrarily mary basetypes.How-
ever, theextensionof theencodingio severalbasetypesis straight-
forward. Also, in orderto make the constant®f the purelanguage
morecloselyresembledatatypeconstructorsye have forcedthem
all to beof theform B! b insteadof ary arbitrarypuretypeB. To
facilitatethis restriction,we addunit andpairing to the purefrag-
mentof the calculusso that constructorsmay take any numberof
arguments.

5 Encoding SDPin Fy

Thetermsthatwe de nedin Section3, roll anditer , correspond
very closelyto the constructoranditerationprimitive of the SDP
calculus.In this sectionwe strengtherthis obsenationby shaving

how to encodeall programswritten in the SDP calculusinto Fy

usingavariationof theseterms.

Therearetwo key ideasbehindour encoding:

We usetype abstractiorto ensurethatthe encodingof boxed
objectsobeystheclosurepropertyof thesourcdanguageand
preventsvariablesfrom thelocal environmentfrom appearing
insidetheseterms.To do so,we parameterizeurencodingoy
atypethatrepresentshe currentworld and maintainthe in-
variantthatall variablesin thelocal ervironmentmentionthe
currentworld in their types. Becausea term enclosedwithin
a box mustbe well-typedin ary world, whenwe encodea
boxedtermwe usea freshtypevariableto createanarbitrary
world. Wethenencodeheenclosedermwith thatnew world
andwraptheresultwith atypeabstractionAs aconsequence,
the encodingof a data-structurevithin a box cannotcontain
free local variablesbecauseheir typeswould mentionthat
freshtype variable outsideof the scopeof the type abstrac-
tion.

We encodeconstantsn the sourcelanguageastheir elimina-
tion form with roll . Furthermorewe restrictthe result of
eliminationto be of the type thatis the world in which the
termwasencoded.However, the encodingof boxed expres-

sionsquanti es over thatworld, allowing the resultingcom-
putationgto be of arbitrarytype.

The encodingof the SDPcalculuscanbe brokeninto four primary

pieces: the encodingsfor signaturestypes, terms, and replace-
ments.To simplify our presentationwe extendthetargetlanguage
with unit, void, products,andvariants. The syntaxof theseterms
appearsn Figure6. This extensiondoesnotwealen our resultsas

therearewell knowvn encodingof thesetypesinto Fy. In there-

mainderof this section,we presenthe detailsof the encodingand

describethe mostinterestingcases. The full speci cation of this

encodingappearsn AppendixB.

Signatures. The encodingof signaturesn the SDP calculus,no-
tatedthSi, correspondgo generatingthe type constructorwhose
x ed point de nes the recursve datatype. (For example,ExpFin
Section2.) Theargumentof theencodingaspeci edworld t, cor

respondgo theargumentof thetype constructor

For this encodingwe assumeheaid of aninjective functionL that
mapsdataconstructorsn the sourcelanguageto distinctlabelsin

thetarmgetlanguage We alsoneedan operationcalled parameteri-
zation notatedthBi andde ned in AppendixB.1. This operation
parameterizepure typesin the sourcecalculuswith respectto a
givenworld in the targetlanguageandproducesa typein the tar

getlanguage Essentiallyt hBi “substitutes’thetypet for thebase
type,b, in B.

We encodea signatureas a variant. Each eld correspondgo a
constant; in thesignaturewith alabelaccordingto L, andatype
thatis theresultof parameterizinghe agumenttypeof ¢; with the
providedtype.

8¢i2domS) S(c)=Bj! b

We oftenuseparameterizatioandthe signaturdranslatiorto build
typeconstructorsn thetargetlanguagesowe de ne thefollowing
two abbreiations:

B, la:?aBi S, la :?alSi

Types. As with the encodingof signaturesthe encodingof types
is parameterizedby the worldsin which they occur We write the
judgmentfor encodinga type A in the sourcecalculusin world t

asD" AB;t9 TheenvironmentD trackstype variablesallocated
duringthetranslationandallows usto chosevariablesthatarenot
in scope. The two interestingcasesfor encodingtypesfrom the
sourcecalculusarethosefor thebasetypeandfor boxedtypes.The
casefor b corresponds$o Rec ExpF a from Section3. Therefore,
wede ne theabbreiationRecS a, (Sa! a)! a,intuitively
a x edpointof S , to the sameideaof encodinga datatypeasits
eliminationform.

D® bBi{RecS t

Therule for boxed typesusestype abstractiorto ensurethe result
is parametricwith respectto its world. Navely, we might expect
to usea freshtype variableasthe new world andthenencodethe
contentsof the boxed type with thattype variable. This encoding
ensureshatthetypeis parametriavith respecto its world andthen
guanti esovertheresult.

a6D D] fa:?79° ABat?
D' AB;8a:7t°

WRONG!



1lj0jajty! tyj8a:kitjty tojHpi:tg;iinlh:tpijla (kitjajtats
xjhijl x:t:ejeeyjLa :kiejet]jher;ei jfstej sndejinj, eoft j

caseeofinj|, xpinep ::1inj Xninen

(Kinds) k = ?jk1! ko
(Types t =

(Termg e =

(TypeVariable Ervironmeny D ::= ? jD] fa:kg
(TermErnvironmeny G:= ?jG] fx:tg

Figure 6. Syntax of Fy, with unit, void, products,and variants

However, with this encodingwe violate the invariantthatthetypes
of all free local variablesmentionthe currentworld, becausehe
encodingdoesnot involve t. Instead,we usethe freshtype vari-

ableto createa new world from the currentworld andconsidera

asa“world transformer”.During thetranslationatermwill been-
codedwith a stackof world transformerssomevhat akin to stack
of ervironmentsin theimplicit formulationof modaltypes[7].

a6D D] fa:?! ?g° ABgtO
D' ABt8a:?! ?i°

Thendve translatiorof the unit type alsoforgetsthecurrentworld.

For thisreasonwe adda non-standardinit to F, thatis parameter
izedby the currentworld. In otherwords,the unit type 1 is of kind

?1 ?andtheunittermhi hastype8a:?:1(a). Ourtypetranslation
instantiateshis typewith the currentworld.

D' 1By 1]t]

Theremainingtypesin the SDPlanguageareencodedecursvely
in a straightforvard manner The completerules canbe found in
AppendixB.3.

Terms and replacements. We encodethe sourceterm, M, with
the judgmentD; X © M B¢ e. In additionto the currentworld, t,
andthe setof allocatedtype variables,D, the encodingof terms
is also parameterizedy a set of term variables,X. This set of
variablesallows the encodingto distinguishbetweervariablesthat
wereboundwith | andthoseboundwith let box. Wewill elaborate
onwhy this setis necessarghortly

Ourencodingof boxedtermsfollows immediatelyfrom theencod-
ing of boxedtypes.Herewe encodegheargumentermwith respect
to afreshworld transformerappliedto the presentworld andthen
wraptheresultwith atypeabstraction.

a6Dd D] fa:?! ?2g;X° MBga e
D;X" boxMBiLa:?! ?e

Weencoddet box by corvertingit to anabstractiorandapplication
in the tamgetlanguage.However, one might note the discrepang
betweerthetype of the variablewe bind in the abstractiorandthe
typewe mightnavely expect.

D AiBitg
D; X" M1Bteg D;X] fxg™ M2Bie

D; X" letboxx:A;= M1inM2B (I x:t1:e)er

Thetype of x is A; andsoonemight assumehatthetype of x in
the target shouldbe the encodingof A; in theworld t. However,
let box allows usto bind variablesthatareaccessiblén any world
andusingA; encodedagainstt would allow the resultto be used

cata:8a:?(Sa! a)! (RecS a)! a
cata, La:?:l1f:(Sa! a)ly:(RecS a):yf

place:8a:?:a! RecS a
place, La:?:Ix:a:l f:(Sa! a)x

xmapfjtg:8a:?:8b:?:(a!
(ta! tb thb! ta)

b b! a)!

openiterfitg: 8a:?:(Sa! a)! t(RecS a)! ta
openiterfitg, La:?l f:Sa! a:
fst(xmapfjt g[RecS a][a]hcata[a] f; placdali)

iterfitg:8g:?:8a:?:(Sa! a)!
(8b:?! ?it(RecS (bg)! ta
iterfitg, Lg:?:La:?2lf:Sa! a:
Ix:(8b:?! ?:t(RecS (bg)):openiterjtg[a] f(x[a])

roll:8a:?:S (RecS a)! RecS a
roll, La:?:1x:S (RecS a):
I f:Sa! a:f(openiterfiS g[a] f x)

Figure7. Library routines

only in the presentworld. Becauseahe encodingof My will evalu-
ateto a type abstractiona term parametridn its world, we do not
immediatelyunpackit by instantiatingit with the currentworld.

Insteadwe passit asx andthen,whenx appearswve instantiateit

with the currentworld. Consequentlywe useX to keeptrack of

variablesboundby let box. When encodingvariables,we check
whetherx occursin X andperforminstantiationsasnecessary

X 62X x2 X
D; X" xB¢x D; X" xBt Xla :?:t]

If thevariableis in X, thenit is appliedto aworld transformeithat
ignoresits amumentandreturnsthe presentvorld. Thisessentially
replaceghe bottomof the world transformerstackcapturecby the
typeabstractiorsubstitutedor x with theworld t. Doingsoensures
thatif we substitutehe encodingof aboxedterminto theencoding
of anotherboxed term, the type correctnes®f the embeddings
maintainedy correctlypropagatinghe enclosingworld.

Figure7 shavs thetypesandde nitions of thelibrary routinesused
by the encoding. The only differencebetweenit and Figure 4 is
thatiter abstractghe currentworld andrequiresthatits agument
be valid in ary transformationof the currentworld. Again, we
male useof the polytypic function xmap to lift cata to arbitrary
type constructors Becausexmap is de ned by the structureof
a type constructort, we cannotdirectly de ne it asatermin Fy.
Instead,we will think of xmapfjtjg as macrothat expandsto the



mappingfunction for the type constructort. (We usethe notation
fj jo to distinguishbetweenpolytypic instantiationand parametric
typeinstantiation.)This expansionis doneaccordingto thede ni-
tion in AppendixA. We do not cover theimplementatiorhere,see
Hinze[11] for details.

Encodingconstantsn the sourcecalculusmales straightforvard
useof thelibrary routineroll. We simply translateheconstaninto
anabstractiorthatacceptsa termthatis the encodingof the argu-
mentof the constantandthenusesroll to transformthe injection
into theencodingof thebasetype,RecS t.

S(c)=B! b D" BBttg
DX cBy I x:tgroll[t](inj_ ) x of S (RecS t))

The encodingof iterationis similarly straightforvard. We instanti-
ateour polytypicfunctioniter with atypeconstructoccreatedrom
parameterizin®, andthenapplyit to the currentworld andtheen-
codingsof theintendedresulttype A, the replacementerm Q and
argumenttermM.

D' ABita DX’ QBi*eq DX’ MBiey

D, X" iter[ B;AJ[Q] MByiterfiB glt][t aleg em
The encodingof replacements) is uncomplicatecand analogous
to theencodingof signaturesWe construcianabstractiorthatcon-
sumesaninstanceof anencodedsignaturedispatchinghe variant
usinga caseexpression.n eachbranch theencodingof the corre-
spondingreplacemenis appliedto the agumentof theinjection.

8ci2dom(Q) D;X" Q(Ci)Bt &
D, X" QBEAI X: S tacasexofinj ) y1in(eiy1)

iNj L (c,) Ynin (€nyn)

The encodingsfor the other termsin the sourcelanguageare
straightforvard and appearin AppendixB.4. Now thatwe have
de ned all of our encodingfor ary closedtermM in the SDPcal-
culus,we put everythingtogetherto construciatermein ourtarget
calculususingtheinitial judgment? ;? © M B ge. We usethevoid
type asthe initial world to enforcethe parametricityof unboxed
constants.

5.1 Propertiesof the encoding

We have proven a numberof desirablepropertiesconcerningthis

encoding.However, beforewe canstatethesepropertiesywe must
rst de ne therelationshipbetweerthe ervironmentsin thesource
andtamet calculi. Theserelationshold whenall typesfrom the
localenvironmentareencodedvith thecurrentworld, andall types
from the valid ervironmentare rst boxed thenencodedwith ary

world.

DEFINITION 5.1 (ENCODING TYPING ENVIRONMENTS). We
writeD™ | Bt G andD™ WB G, to meanthat

8x:A2i;x:ta2 G whenD® ABitp
8x:A2WxX:tpa2 & whenthereexistsD" t%sud that
D' ABpota

Therelationfor valid ernvironmentsabove is not parameterizety

the currentworld. A singlevalid ervironmentmay be encodedas
mary differenttamgetenvironments dependingon whatworlds are
chosenfor eachtypein the environment. However, in somesense
the encodingsare equivalent. If the translationof M type checks

with oneencodingof W, it will typecheckwith ary otherencoding
of W.

The encodingis type preserving.If we encodea well-typedterm
M, the resultingterm will be well-typed underthe appropriately
translatecervironment. Furthermorethe corverseis alsotrue. If
theencodingof atermM is well-typedin thetargetlanguagethen
M musthave beenwell-typedin the source. This meansthat the
targetlanguagepreseresthe abstractionsf the sourcdanguage.

THEOREM 5.2 (STATIC CORRECTNESS). AssumeD *~ t and
D' i BiG andD™ WB G,.
1. If D;dom(W) © M B ethen
Wi M:AandD® ABita, D/G] & e:tp
2. If D;dom(W) * QB{* gy then

Wi~ Q:ARSi andD™ ABita, DG] & eg:tahSi! ta
PrROOF. By mutual induction over the
of terms (D;domW) ™ MBie) and of
(D;dom(W) * QBi*eg). O

Furthermoresourceevaluationandcanonicalizations the sameas
bh-equialencein thetargetcalculus.

translation
replacements

?2;Y " M:A
ABtta and

THEOREM 5.3 (DYNAMIC CORRECTNESS). If
and ?2;Y " MB:e and ?:Y VB and ?°
?:X" ?:Y Bt Gthen

LY 'M! V:A, ?2:G e p,:ta

2.Y " M*V:A, ?2;G e et

PrRoOOF. The forward directionfollows by simultaneousnduction
ontheevaluationof M (Y © M} V : A) andthe corversionof M
to canonicalform (Y = M * V : A). Thereversedirectionfollows
from the forward directionandfrom the factthat evaluationin the
SDPcalculusis deterministicandtotal. [

6 Futurework

Although we have shavn a very close connectionbetweenSDP
andits encodingin Fy, we have not shawvn that this encodingis

adequate We would like to shaw thatif t is theimageof an SDP
type,thenall termsof typet areequivalentto theencodingof some
SDPterm. In otherwords,thereis no extra“junk” of typet. Show-

ing this resultwould alsoshav that encodingthe | -calculuswith

app andlam is adequatepecausehe SDP calculuscan already
adequatelyncodehel -calculus.

Alternatively, we couldtry to shav adequag with respecto thel -
calculudirectly usingadifferentmethod.lt mayalsobepossibleo
dosofor thesimplerencodingof modaltypes,informally presented
in the rst partof the paperthatusesrst-order quanti cationand
discardsthe currentworld. Whereashis simplerencodingallows
thetranslationof sometermsthatarerejectedby the SDP calculus
totypecheck(for example,l x: b: box x), it maystill beadequate
for encodinghe untyped -calculus.

Oneimportantextensionof this work is the caseoperator Because
therearelimitations to what may be de ned with iter , the SDP
calculusalsoincludesa constructor caseanalysisof closedterms.



However, we have not yet found an olvious correspondencéor
casen ourencoding.

Anotherfurther areaof investigationis into the dual operationto
iter , the anamorphisnover datatypeswith embeddedunctions.
An implementatiorof this operationcalledcoiter , is belov. The
coiter term is an anamorphism—itgeneratesa recursve data
structurefrom aninitial seed.

data Dia f a =1In (f (Dia f a), a)

coroll Dia f a-> f (Dia f a)

coroll (In x) =fst x

coplace :: Diaf a-> a

coplace (In x) = snd x

coiterO (@ >fa -> a-> (exists a. Diaf a)
coiter0 g b =

In (snd (xmap (coplace, coiter0 g) (g b)), b)
Insteadof embeddinghe recursve type in a sum,we embedit in
a product. Thetwo selectordrom this producthave the dualtypes
toroll andplace . In thede nition of coiter0 we usecoplace
astheinversewherewe would have usedcata in the de nition of
ana. A termof type(exists a. Dia b a) correspondso the
possibilitytype( b) in amodalcalculus.However, while ageneral
anamorphisnis an inverseof a catamorphismgoiter is not an
inverseto iter . In fact,iter cannotconsumewhatcoiter pro-
duces,giving doubtsto its practicaluse. (On the otherhand,ana
itself hasseerlittle practicalusefor datatypesvith embeddedunc-
tions.) From a logical point of view, this restrictionmakes sense.
Combininganamorphismand catamorphismgeven for datatypes
withoutembeddedunctions)leadsto generakecursion.

7 Relatedwork

The techniquewe present,using polymorphismto enforce para-
metricity, hasappearedindervariousguisesin the literature. For

example,Shaoetal. [27] usethis techniquegonelevel up)to imple-

menttype-level intensionalanalysisof recursve types. They use
higherorderabstracsyntaxto therepresentecursve typesandre-

mark that the kind of this type constructorrequiresa parametric
function asits agument. However, they do not make a connec-
tion with modaltype systemsnor do they extendtheir type-level

iterationoperatorto higherkinds. Xi etal. [31] remarkon the cor

respondencbetweenrHOAS termswith the placeoperator(which

they call HOASva) andclosedtermsof Mini-ML , but do notin-

vestigatetherelationshipor ary form of iteration.

While higherorderabstracsyntaxhasan attractie simplicity, the
dif culties programmingand reasoningaboutstructuresencoded
with this techniquehave motivatedresearchnto languageexten-
sionsfor working with higherorder abstractsyntaxor alternatve
approachesltogether Dale Miller developeda small language
calledML, [17] thatintroducesatypeconstructoffor termsformed
by abstractingout a parameter Thesetypescanbe thoughtof as
function typesthat can be intensionallyanalyzedthrough pattern
matching. Pitts and Gabbayhbuilt on the theory of FM-setsto de-
sign a languagecalled FreshML [23] that allows for the manipu-
lation and abstractionof fresh“names”. Nanesski [18] combines
freshnameswith modalnecessityto allow for the constructionof
moreef cient residuaterms,while still retainingtheability to eval-
uatethematruntime. The DelphinProject[25] by Schirmanretal.
developsa functionallanguageor manipulatingdatatypeghatare
termsin the LF logical framavork. Becauseéhigherorderabstract

syntaxis the primary representatiotechniquen LF, Delphin pro-
videsoperationgor matchingover higherorderLF termsin regular
worlds. The SDP calculususesmodalnecessityto restrictmatch-
ing to closedworlds, so regular worlds provide additional e xi-
bility without the dif culties of matchingin an openworld. The
Hybrid [2] logical framework providesinductionover higherorder
abstractsyntax by evaluationto de Bruijn terms, which provide
straightforvardinduction.

Thereis along history of encodingmodality in logic, but only re-

centlyhastheencodingof modaltype systemseenexplored. Acar

etal.[1] usemodaltypesin afunctionallanguagehatprovidescon-
trol over the useof memoizationandimplementit asa library in

SML. BecauseSML doesnot have modaltypesor rst-class poly-

morphism,they userun-time checksto enforcethe correctuse of

modality DaviesandPfenning[7] presentedin passinga simple
encodingof themodall -calculusinto the simply-typed -calculus
that preseres only the dynamic semantics. Washlurn expanded
uponthis encoding,shaving thatit bisimulatesthe sourcecalcu-
lus[29].

8 Conclusion

While other approachego de ning an induction operatorover
higherorderabstractsyntaxrequiretype systemextensionsto en-
surethe parametricityof embeddedunction spacesthe approach
thatwe presentn this paperequiresonly type polymorphism Be-
causeof thisencodingwe areableto implementiterationoperators
for datatypeswith embeddecparametricfunctionsdirectly in the
Haslell language.

However, despiteits simplicity, our approachs equialentto pre-
viouswork oninductionoperatorgor HOAS. We demonstraté¢his
generalityby shaving how the modalcalculusof ScHiermannDe-
spgroux and Pfenningmay be embeddednto F, usingthis tech-
nigue. In fact, the analogyof representindgoxed termswith poly-
morphictermsmakes semanticsense:a propositionwith a boxed
typeis valid in all worldsandpolymorphismmalesthatquanti ca-
tion explicit.
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A Generic Haskell implementation of xmap

type XMap{[*]} t1 t2 =(t1 -> t2, t2 -> t1)

type XMap{lk -> 1]} t1 t2 = forall ul u2.
XMap{[kl} ul u2 -> XMap{[}t1 ul)(t2 u2)

xmap{l t = k [} XMap{[k]} t t

xmap{ Unit [} = (id,id)

xmap{l :+: [}

xmap{| [}

(xmapAl,xmapA2)(xmapB1l,xmapB2)=

(\x -> case x of
(Inl @) -> Inl (xmapAla)
(Inr b) -> Inr (xmapB1lb),
\x -> case x of
(Inl @) -> Inl (xmapA2a)
(Inr b) -> Inr (xmapB2bh))

(xmapAl,xmapA2)(xmapB1,xmapB2)=

(Ma * b) -> (xmapAla) :*: (xmapBlb),
\(@ *: b) -> (xmapA2a) :*: (xmapB2b))
xmap{l (->) |} (xmapAl,xmapA2)(xmapBl,xmapB2)=
(\f -> xmapBl. f . xmapA2,
\f -> xmapB2. f . xmapAl)
xmap{ Int [} = (id, id)



xmap{| Bool |} = (id, id)

xmap{ 10 [} (xmapAl,xmapA2)=
(fmap xmapAl, fmap xmapA2)

xmap{ [] [} (xmapAl,xmapA2)=
(map xmapAl, map xmapA2)

B Full encodingof SDP

B.1 Parameterization

thByi, t; thBoi, t»
thoi , t thii, 1 thBy! Bai, t1! to

thBqi, t1 thBoi, t»
thBy Boi, t1 to

B.2 Signatures

8¢i2domS) S(c)=Bj! b
thSi, hL(cy) :thBqi;:ii;L(cn) : thByii

B.3 Types
D"t a6D D] fa:?! ?g° ABgt°
D' bB;RecS t D' AB:8a:?! 70
D' A;Bit; D" AyBity
D" 1B¢ 1(t) D A;! AsBity! to

D® A;Bit; D ApBits
D" Ay AyBit; t»

B.4 Terms
X 62X x2 X
D; X" xB¢x D; X" xBt Xla :?:t]

a6Db D] fa:?! ?2g;X° MBge
D; X" boxMB¢La:?! ?e

D; X" hiB¢ hi[t]
S(c)=B! b D BBitg
D, X" thIx:tB:roII[t](injL(C)xof(RecS t)hSi)

D;X*” MBie D° Ai1Bity
D)X I x:A:MB¢ I x:tg:e

D;X® MiBieg D)X MoBie
D X" MiM2Bt er&

D' A;Bitg
D; X" M1Bt e D;X] fxg‘ M>Bt &

D; X" letboxx:A;= MpinM2 B¢ (I x: 8a:t:e)er

D; X" M1 Bt e D; X" M>Bt &
D; X" hM1;Myi Bt hey; e

D;X® MBte
D; X" fstM B¢ fste

D;X* MBte
D; X" sndM B snde

D' ABita DX' QB{*eg D;X' MBiey
D; X" iter[ B;AJ[Q] MByiterfiB glt][ta] € ew

B.5 Replacements

8¢i2domQ) D; X Q(c)Big
D, X" QB{AI X:S tA:case<ofinjL(Cl)ylin(elyl)

inj L (c,) Ynin (enyn)



